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Abstract. Let ¥ be a 2-torsion free +-ring having a unital element and a non-trivial symmetric idempotent.

In the present paper, we demonstrate that, under certain mild conditions, if a map W : ¥ — ¥ (not
necessarily additive) satisfies

W(UK o L) = VUK o L+ USW(K) o L+ UK o V(L)

for all U, K, L € ¥, then W is an additive »-derivation. Particularly, we apply our main result to certain

special classes of #-algebras such as prime *-algebra, von Neumann algebras with no central summands of
type I; and standard operator algebras.

1. Introduction

Over the entire article, ¥ denotes an associative ring with centre Z(#). A map * : ¥ — F is called
an involution on ¥ if it satisfies the following properties: (i) (UK) = KU*; (i) (U + K) = U + K"
and (U*)* = U for all U, K € F. F is called 2-torsion free if 2U =0 = U =0, forall U € F¥. If 7
admits an involution ‘#’, then ¥ is called a *-ring. Suppose that ¥ is a *-ring, then an element & € ¥
with €2 = & = & is termed as a symmetric idempotent. Furthermore, if & ¢ {0, 1}, then & is known as
a non-trivial symmetric idempotent. An additive map W : ¥ — ¥ is termed as an additive derivation
if W(UK) = V(U)K + UV (K) for any U, K € F. Furthermore, if F has an involution ‘+’ and the
additive derivation W also satisfies W(U*) = W(U)* for every U € F, then W is referred to as an additive
+-derivation. Let W : # — ¥ be a map (not necessarily additive). Then WV is termed as a Jordan *-derivation
if W(UoK)=W(U)oK+UeWV(K)holds for all U, K € ¥ and is termed as a bi-skew Jordan derivation if
WU oK) =W (U) oK +U oV (K) for any U, K € F respectively. Amap WV : ¥ — F (without additivity
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assumption) is known as a skew Lie derivation if ¥([U, K1.) = [Y(U), K]. + [U, YV (K)]. for all U, K € F
and a bi-skew Lie derivation if W([U,K].) = [V(U), K], + [U, V(K)]s for all U, K € F. Let A be an
algebra, then a map W (not necessarily additive) on A is coined as a nonlinear mixed Lie triple derivation,
if

Y(([U, K., £]) = [[¥(U), K], L] + [[U, Y(FOL, L] + [[U, K], P ()]

for all U, K, L € A (see [17]). In the present article, we define a map W (not necessarily additive) on
¥ and we call it a mixed biskew Jordan triple derivation, i.e.,, a map W : ¥ — ¥ such that W satisfies
WYUK o L) =V( UKo L+ UV (K)o L+ UK oV (L) forall U, K, L € F,where, (UOK o L) is defined
as (UOK)o L.

In the last few years, there has been a significant interest from algebraists in exploring the constraints
under which a map becomes an additive *-derivation in the setting of rings and algebras. For example
Yu et al. [29], showed that on a factor von Neumann algebra N over H, where H is a Hilbert space with
dim(H) > 2 thatif W : N'— N is a skew Lie derivation, then W is an additive *-derivation. Lately, Kong and
Zhang [13], extended this result to prime *-rings and demonstrated that if A is a 2-torsion free unital prime
+-ring with a non-trivial symmetric idempotent, then amap ¥ : A — Ais a skew Lie derivation if and only
if W is an additive *-derivation. Liang and Zhang[17] proved that on a factor von Neumann algebra N,
every nonlinear mixed Lie triple derivable mapping is an additive *-derivation. Moreover, Zhou et al. [30]
discussed that on prime *-algebra, every nonlinear mixed Lie triple derivation is an additive *-derivation.
Li et al.[15] discussed that any nonlinear *Jordan derivation is an additive *-derivation. Very recently,
Kong and Li [12], showed that on a 2-torsion free unital prime *ring with a symmetric idempotent, every
mixed Lie triple derivation is an additive *-derivation. Also, Siddeeque and Shikeh [26], established that
every skew Jordan *-derivation on a *-ring is an additive *-derivation.

In recent years, many authors have studied these types of maps in nonassociative structures such
as alternative algebras and alternative rings. For instance, Pieren et al. [19] showed that if A is a unital
alternative =-algebra with a distinguished idempotent element, then a map W : A — A is a nonlinear mixed
+-Jordan type derivation on A if and only if W is an additive *-derivation. Ferreira et al. [10] investigated the
structural properties of reverse multiplicative +-Lie n-maps between two *-Jordan algebras. Andrade et al.
[1] study the characterization of multiplicative *-Lie-type maps and as application, they obtained the result
on alternative W*-algebras. Moreover, Ferreira et al. [8] investigated that on an alternative ring R, under
some conditions, if W on R satisfies W(U.VU) = V(U). VU + UV (V)U + UVIY(U) for all U,V € R,
then W is additive. For other works see [9, 11, 20]

Inspired by the aforementioned findings, in the present article, we discuss the mixed biskew Jordan
triple product on *-rings and in particular, we investigate the structure of mixed biskew Jordan triple
derivations in *-rings. Mainly, we show under certain mild assumptions, every mixed biskew Jordan triple
derivation on a *-ring is an additive *-derivation.

Before discussing our main result, it is vital to provide an example of a non-trivial map W on ¥ that
satisfies

W(UOIK o L) = V(U)K o L+ USV(K) o L+ UK o V(L)
foral U, K,LeF.
Example 1.1. Consider ¥ = My(IR), the 2-torsion free unital ring of all 2 X 2 matrices over real field. Define the
maps *, W : F — F as
LT U g LT 2L 2T e
M3 14 M2 14 M3 14 Ma—M —M2-13
Then it can be easily verified that '+’ is an involution and \V satisfies
W(UOK 0o L) = V(U)K o L+ UV (K)o L+ UK o V(L) (1)
forall U, K, L € F. In order to prove (1), first of all we prove that \V satisfies the following:
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(i). ¥ is additive, i.e., V(U + K) = V(U) + Y(K) for any U, K € F.

Let U = [a b]and‘K = [x y] . Then
c d zZ w
W(U +K) = [;:;*_z:i f;_“z‘_‘;‘_xz] = W(U) + W(K).
Hence V is additive.
(ii). \V preserves *, i.e., V(U*) = V(U)* forall U € F.
Let U = [a b] . Then
c d
" b+ d— .
WU = [d_fz _b_”c] = W(U)".

Hence W preserves *.

(iii)) V(UK) = V(U)K + UY(K) for any U, K € F.
Let U = [a b] and K = [x y] . Then
c d z w

by+bw+cx+dz cy+dw—cx—dz

qj(ﬂ(]():[cy+dw—cx—dz —by —bw —cx —dz

] =¥Y(U)YK + UY(K).

Now using (i), (ii) and (iii) in (1), we have

WYUK 0o L) = V(UK + KU) o L)
=VY(UK + KUNL+ LUK + KU))
=Y UKL+ KU L+ LUK + LKU)
=V UK L)+ V(KU L)+ V(LUK + V(LKU)
= V(U (K)V(L) + V(KV(U)P(L)
+ V(LOY(UY (L) + V(LW(K)V(U)Y
=W (UNWOK o L+ UV (K)o L+ UK o V(L).

00

0 1]and‘1’zsa

Thus \V satisfies (1). Moreover F contains a non-trivial symmetric idempotent element P = [
non-trivial map.
In various research fields of algebra, the products listed in the table below are gaining importance, leading to

increased attention and study from numerous researchers, see ([4, 5, 7, 14, 16, 21-28]) and their bibliographic
content.

Name Notation | Definitions

Jordan Product UoK UK + KU

Lie product [U, K] UK — KU

Jordan #-product UeK | UK +KU

Skew Lie product [U, K. | UK -KU
Bi-skew Lie product (U, Kl | UK-KU
Left bi-skew Jordan Product UK | UK+KU
Right bi-skew Jordan Product | UK | UK + KU"
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2. Results
Theorem 2.1. Consider a 2-torsion free »-ring F with unity I and a symmetric idempotent & # 0,1 such that
UFE=0 = U=0,te{l,2} ()
where &, =1— &, U € F. Suppose that a map VW : F — F (not necessarily additive) satisfies
W(UOK 0o L) = V(U)K o L+ UOWV(K) o L+ UK o V(L)

forall U, K,L € F. Then WV is an additive map. Furthermore, if W(&E;),i € {1,2} is self adjoint, then \V is a
s-derivation.

Proof. Let Fi; = EFE; for i,j = 1,2. Through Peirce decomposition of ¥ related to & and &,, we have
F =F11 @ F12® F21 @ Too. Observe that every U € F can be represented as U = Uy + Ui + U + Un,
where (L{ij € ﬁ-]- fori, j = 1,2. Now to prove the additivity of ¥ on ¥, we use the above partition of ¥ and
prove certain lemmas that will show that W is additive on each F;; fori,j = 1,2. O

Thus the proof is completed by the following subsequent lemmas.
Lemma 2.2. W(0) =0.

Proof. 1t is trivial to see that for any U € ¥, we have

W(0) W(000 o U)
= W(0)00 o U + 00W(0) o U + 000 o W(U)
0.

[
Lemma 2.3. Let Uy, € Fro and Usy € For. We have W(Uip + Ust) = V(Urn) + V(Un).

Proof. Let M =W (U1 + Un) — V(Urp) — Y (Ux). Since IN(E, — E1) o Ui = I0(E; — E1) o Uyy = 0, utilizing
Lemma 2.2, we can see

W()O(Er — &) o (U2 + Un)

+

I0W(Ey — &1) o (U2 + Uar)

+I0(E2 — &1) o V(Ui + Un)

= WI6(&E — &) o (U + Uan))

= W(I0(& — &E1) o Upp) + W(IO(E2 — &E1) 0 Un)
= WI)O(&E —&E1) o (U + Un)

+ RW(E — &) o (U + Un)

+ 10(E — &) o (V(Ur2) + W (Un)).

From this, we have
[0(E — &) o M =0,

which implies that 2E, M — 26, M + 2 ME, — 2 ME; = 0. Multiplying both sides by &, we get 46, ME; = 0.
As F is 2-torsion free, we get E;ME; = 0. Similarly, multiplying both sides by &, and using 2-torsion
freeness of F, we obtain E; ME, = 0.
Now, for any V11 € F11, we have U208 o Vip = 0. Utilizing Lemma 2.2, we observe
W(Upp + Un)OE oV + (Un + Un)OW(Er) o Vi + (Ui + Un)0E1 0 W(V11)
W((Urz + U )0E 0 V1)
W(U20E1 0 V1) + V(U 0E1 0 V1)
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= (W(U)+ WY (U))0E o Vi + (Uin + Un)OW(Er) o Vi
+ (Uiz + Upn)0E1 o W(Va).
Hence, we get M0&E; o Vi1 =0, ie, MV + EM Vi1 + ViuME + ViuM* = 0. Multiplying by &, from

left, we get E; MV11 = 0. Using (2), we get My, = 0. Similarly, we can show that Mj, = 0. Hence, M =0,
ie, V(U +Un) =VY(Up)+V(Un). O

Lemma 2.4. For every Ui € F11, Uiz € Fi2, Uz € F21 and Uyp € Fo, we have
() V(U + U + Uxp) = V(Urp) + V(Uxn) + V(Uy);
(i) W(Un + Up + Un) = V(Un) + ¥ (Ur) + V(Un).

Pi’OOf. (l) Let M = \I]((L{u + (LI21 + (lez) - ‘I’((L{u) - \I]((lel) - \I’((lez). Since 1081 o (lez =0, using Lemma
2.3, we have

W(I)0E o (Uro + Ui + Uyp)

+

[0W(&E1) o (Unz + Uny + Un) + 1061 0 W(Urz + U + Uaz)
= WI06E o (Urx + Uy + Uy))
= W(I0E1 o Up) + W(I0E1 o (Ui + Un))
= W(I0E1 o Unp) + W(I0E1 0 Un) + W(I0E © Upo)
= W(I)o&E o (Ura + Uz + Up) + I0W(Er) o (Una
+ Un + Uxn) + 108 o (V(Ur) + V(Un) + V(U)).
Hence, we get  [0E; o M = 0. Thus, we yield 26, M +2M&; = 0. Solving it and invoking 2-torsion freeness

of ¥, we obtain EEME; = E;ME; = E\ME, = 0.
Also, we have

10(E2 — E1) o Urp = I0(E2 = &1) o U = 0.
Applying Lemma 2.2, it follows that

WDO(Ey —E1) o (U + U + Up) + TOW(E — E1) o (U + U + Un)
+0(Ea = &) o W(Urn + Uay + Up) = YIO(E —E1) o (Ui + Un + Un))
= WIN(E — E1) o Upp) + W(IN(E2 — &E1) o Un)
+ W(I0(E — &1) 0 Un)
= W& — E1) o (Unz + Un + Unn)
+ I0W(E; — E1) o (Urz + Uy + Un)
+I0(Ex — &) o (W(Ur2) + W(Un) + V(U)).
Solving this, we get [0(E;—&1)o M = 0, which implies that 2E, M—2E; M+2ME,-2ME; = 0. Multiplying

both sides by &, and using 2-torsion freeness of 7, we get E; ME; = 0. Thus M = 0. Analogously, we can
verify the other part also. [

Lemma 2.5. Let U;; € Fij, i,j € {1,2}. Then

2 2
W(Z Uj) = Z W(Uij).

ij=1 ij=1

Pi’OOf. Let M = W(Uy1 + Urp + Uy + Uxn) — V(U) — V(Upn) — VY (Uz) — W(Uap). Since E;01 o Uy =0,
invoking Lemma 2.4, we have
W(E)0lo (U + Uiz + Uny + Uxn) + E0W(I) o (U + Uiz + Un + Un)
+&E01 o W(U11 + U + Ux + Up)
= \I’((SzOI o ((L[n +Up + U + (lez))
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= W(E0[ o (Uiz + Un + Up)) + W(E20L 0 Unn)
= W(&E0IoUn)+ V(E0I 0 Urn)

+ W(ER0I 0o Uzp) + W(E20I 0 U)
= W(&)0lo (U + Uy + Un + Uyp)

+ E0W() o (U + Uiz + Ux + Uap)

+ &0l o (W(Un) + V(Ur)

+W(Uxn) + V(U2n)).

Hence, E,01 o M = 0, from which we obtain &, ME, = E;ME; = E;ME, = 0. Similarly, we can show that
81M81 =0. Thus M = 0, i.e.,

2 2
WY Uy = ) WU,

ij=1 ij=1
O

Lemma 2.6. For any (L[,']', 7(1']' € 7'-,']' withi # J \P((L{i]' + 7(1]) = \y(ﬂi]') + \I’(%])

Proof. For simplicity, suppose i = 1,j = 2. Analogous is the case i = 2,j = 1. Let N = V(U2 + K1) —

W(Urp) — Y (Kiz). Since (E; — E1)0] o Uip = 0 = (& — E1)0I o Kip, applying Lemma 2.2, we have

W(E — &E1)0l o (U + Ki2) (&2 = E1)OW(I) o (U1 + K1) + (E2 — E1)01 o W (U1 + K12)
= W((& = &E)0l o (Urz + K12))
= W((&E = &E1)0loUpp) + W((Er — E1)01 0 K1)
= W& -&E )00 (Upnp+Un)+ (E—E)OV) o (Urz + Ua)
+ (62 — &)oLl o (V(Ur2) + W(U2)).

+

Thus we arrive at
(E—&E1)0I[o N =0,

which implies that 26, N = 26N + 2N &, — 2NE; = 0. Multiplying both sides by &1, we get 46, NE; = 0.
Using 2-torsion freeness of ¥, we get &{N&; = 0. Similarly, multiplying both sides by & and applying
2-torsion freeness of F, we conclude that &; NE, = 0.
Noticing that U1,0E1 o &1 = 0 for any U, € F1p, we can easily obtain that
W(Urz + K12)0E1 0 & (Urz + K12)oW(E1) 0 &1 + (Unz + Ki2)0E1 0 W(E)

= W(Urpx + K12)0E1 0 &)

= W(U20E1 0 E1) + W (K120E1 0 &)

= (\y(ﬂlz) + \I’(7(12))<>81 o0& + ((Lllz + 7(12)0‘1’(81) o0&

+ (Urz + K12)0E1 o W(&E).

Thus we get, No&E; o & = 0, which implies that E;NE; = 0, ie,, Ny = 0. Similarly, we can show that
EINE, = 0. Thus, ‘lj(ﬂlz + (](12) = \Ij(ﬂu) + \Ij((](lz)

Lemma 2.7. Let U;;, K € Fii, (1 =1,2). Then V(U; + K;) = V(U;) + Y (K).

+

Proof. Let Z = W(U; + Ki;) — W(U;i) — P (Kii). Since 106 o Ui = 108 o Kii = 0, it follows that
W(D)OE; o (Ui + Kii) IOW(E)) o (Ui + Kii) + 10E; o V(Ui + Kii)

W(I0E; o (Ui + Kii))

W08, o Uy) + W(I0E; o Ki)

+
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From this, we get

108]' oZ=0.

W(OEj o (Ui + Kii) + TOW(E)) o (Ui + Kii)
+I0 & o (W(U;) + V(Kii)).

11233

Now solving this, we get 26, Z + 2Z&; = 0, which implies that §;Z&; = §;Z&; = §;Z&; = 0. Thus, upto

this stage, we arrive at Z = Z;;.

Now, for any V;; € F;; with i # j and applying Lemmas 2.5 and 2.6, we have

W(Vij)0E; o (Ui + Kii)

+

Vi dW(E)) o (Ui + Kii) + Vij0E; o V(Ui + Ki)

= \I’((Vi]'ogj o (Ui + Ki))
= W((Vij + Vi) (Ui + Ki) + (Ui + Ki)(Vig +V5)
= W(Vij0E; o Uy) + W(V;;0E; o Kii)

W(Vi)o&j o (Ui + Kii) + Vij0W(E)) o (Ui + Kii)
+ V308 o (W(Ui) + W(Ki)).

Hence V;j0&; o Z = 0. Solving this relation, we get V;;Z + (V:].Z +ZVii + Z(V;f]. = (0. Finally, we have
ZiiVij = 0. It follows from (2) that & Z&; = 0. Thus, Z=0. O

Lemma 2.8. VWV is additive.

Proof. For every U, K € ¥, we have U = ZZ

2 2
‘I’(Z U + Z Kij)

YU+ K)

=1

_ V2
i,j=1 7/{1] and 7( — Zi,j=1

ij=1

2
= WO (U + %K)

=1

2
= Y WU+ %K)

ij=1

2 2
= ) WU+ Y WK

=1

ij=1
2

2
= WY Up+Y() Ky

ij=1

i,j=1

= Y(U)+Y(K).

O

Kij. By using Lemmas 2.5 - 2.7, we get

Lemma 2.9. (Z) 81‘1’(81)82 = —81\1’(82)82,’
(i) & W(&1)E = -EW(6:)Ey;
(lll) 81\11(82)81 = 82\11(81)82 =0.

Proof. (i)
0

W(E,0E7 0 &)

\11(82)082 o 81 + 820‘1’(82) o 81 + 82(}82 o \11(81)

282‘1’(82)*81 + 281‘1’(82)82 + 282\11(81) + 2‘1’(81)82

From &0&, 0 & = 0 and Lemmas 2.2 and 2.8, it follows that
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By multiplying both sides on the left by & and on the right by &,, we obtain
EV(E1)E = —EV(E)Es.

(if) Since £0&1 0 &, = 0, using Lemmas 2.2 and 2.8, we have

0 W(E1081 0 &)
W(E1)0E1 0 Ex + E10W(E1) 0 & + E1081 0 V(&)
281‘11(81)*82 + 282\1—[(81)81 + 281\Ij(82) + 2\11(82)81

By multiplying both sides on the left by & and on the right by &;, we arrive at
EV(E)E = -EY(E1)Er.
(iif)  From (i) just above, we have
0 = 25Y(E)E1 +26,V(E)E; +2E6,¥(E1) +2W(E1)Es. 3)
Multiplying (3) by &, from both left and right, we get
4E¥(&E1)E, = 0.

Using ¥ as a 2-torsion free in last relation, we get & W(E1)E; = 0. Multiplying (3) by &, from both left and
right and invoking 2-torsion freeness of ¥, we get &;W(E1)E, = 0. Similarly, from (ii) just above, we have

0 = 2G5W(E)E +26,¥(E1)E + 265 W(Ey) + 2W(E)E. (4)
Multiplying (4) by & from both left and right, we get
46, V(E:)E1 = 0.

Using ¥ as a 2-torsion free in last relation, we get &, W(&,)&E; = 0. Multiplying (4) by &; from both right and
left, we get &;W(6,)E1 = 0. O

Lemma 2.10. E;VY(E1)E1 = E;V(E,)E, = 0.

Proof. For every Uy, € F1y, it follows from Lemma 2.8 that
W(E10E1 0 Urn) = 2W(U).

On the other hand, we have

W(E10E1 o Urz) W(E1)0E1 o Ura + EOW(Er) o Ura + E1061 0 W(U12)
2‘1’(81)%112 + 281\11(81)*%(12 + 27/112\y(81)81 + 281‘1’((1/{12) + 2‘1’((1/[12)81

By comparing the above two relations, we get

2\11(81 )7/(12 + 281\11(81)*(1/112 + 2%{12‘11(81 )81
+ 26:¥(Urz) +2W(U12)E - 2W(Uy2) = 0.

Multiplying the above relation on the left by & and on the right by &, and using given hypothesis, we get
EV(E)U =0,ie, E1V(E1)EIUE, = 0forall U € F. It follows from (2) that & W (E1)E1 = 0. Analogously,
we can verify that &, W(E,)E, =0. O

Lemma 2.11. (l) W(Sl) = 81\11(81)82 + 82\11(81)81 and
V(&) = E1V(E2)E, + EW(62)E1;
(i) W(I) = 0and V() = V().
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Proof. (i) By Peirce decomposition, we have

2
W(E) = Z EV(E)E;.
ij=1

Now, using Lemmas 2.9 - 2.10, we get W(&1) = E;W(E1)E; + EW(E1)E1. Analogously, we can show that
V(&) = E1V(E2)Er + EW(E2)En-
(i) Clearly from Lemmas 2.8-2.10 , we have
W(I) V(& + &)
W(&Er) + V(&)
EIW(E1)E + EW(E1)E1 + EW(E2)E, + EW(E2)En
= 0.

Hence W(I)* = W(I) O

Lemma 2.12. WV preserves '+, i.e., V(U*) = W(U)" for every U € F.
Proof. Invoking Lemma 2.8, we can see
W(UOLo D) =2W(U + U) = 2W(U) +2¥(U").
On the other way, using Lemmas 2.8 and 2.11, we observe
WU ol) = W(U)IoI
= 2W(U)+2¥(U)".
By analyzing the preceding two relations, we obtain W(U*) = W(U) forallU € F. O

Now, set D = EW(E1)E — E;W(E1)E1. Then D = —D*. Consider a map 7 : ¥ — ¥ defined by
TWY) = YY) - (YD -DY) for all Y € F. It is simple to check that 7 is an additive map and also
fulfills the condition 7(&1) = T(&) =TI =0, T(Y) = TY) forall Y € F and T (UK o L) =
T(UWK o L+ UT (K)o L+ UK o T (L) forall U, K, L € F. Moreover, T is a *-derivation if and only

if W is a #=-derivation.

Lemma 2.13. For any R;; € ¥ij, we have T (R;j) € Fij, 1,j € {1,2}.

Proof. Forany R;; € F;; (1 <i # j < 2),since §;0loR;; = 2R;;, 7 (&;) = 7 (I) = 0 and using additivity, we have
2T(Rl]) = 7-(8101 o Rl])

&0l o T(Ryj)

ZS{T(R{]‘) + ZT(RI']‘)Si.

Thus, multiplying by &; on bothsides of the previous relation and using 2-torsion freeness, we get
ET (Rij)E; = 0. Similarly from 2R;; = ;01 o R;;, we conclude ;7 (R;))E; = 0.
As R;j0&; 0 & = 0 and using 7 (&;) = 0, we have
0 T (Rij0Ei 0 &;)
T (Ri))0Ei 0 &;
T(Rii)& + SiT(RI']')*Si + SiT(Rij)& + SiT(Ri]')*.
Multiplying left by &; in previous relation, we obtain &;7 (R;;)&; = 0. Hence
‘T(R,‘j) = SiT(R,'j)Sj € 7",']' fori#j.
Now let R;; € Fi;,i = 1,2. Then fori # j € {1,2} with §;0I o R;; = 0and 7(&;) = 7 (I) = 0, we have
0 = T(&oloRy)
= 8]'01 o T (Ry)
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= 28]»‘7'(Rﬁ) + ZT(Rii)S]’.

Applying 2-torsion freeness of #, we deduce that &;7 (Ri)E; = &7 (Ri)E; = &ET (Ri))E; = 0 and hence
T (Ri) = ET (Ry)E; € Fifori=1,2. O
Lemma 2.14. For any R, Sii € Fii, Rij/ S,‘j € 7’7‘]‘, Rj,‘, Sj,‘ € 7:]',', Rjj/ S]‘j € ‘7:]‘]‘(1 <i# ] < 2), we have

(1) T (RiiSij) = T (Rii)Sij + RiT (Sij);

(@) T(R;;Sji) = T (Rij)Sji + RijT (Sji);

(ii)) T(R;jSjj) = T (Ri)Sj; + RijT (Sjj);

(1) T (RiiSii) = T (Rit)Sii + RiiT (Sii)-
Proof. (i) On the one way, using additivity of 7, we have

T (10Sij o Rii) = T (S;;Rii) + T (RiSij).
On the other way, using Lemma 2.13 and 7 (I) = 0, we have

TI0SijoR;i) = T (I)0Sij o Rii + 10T (Sij) o Rii + 10S;; 0 T (R;i)
10T (Sij) o Rji + 10S;; o T (Ry;)
= T(Sij) Rii + RiT (Sij) + S;7 (Rii) + T (Rii)Sij.

By examining the preceding two relations, we obtain 7 (R;;S;;) = 7 (R)S;; + Ry 7 (S;)-

(i) On the one way, additivity of 7~ gives
T (IOR;j 0 Sji) = T(R;jSji) + T (S;iRy)).
On the other way, using Lemma 2.13 and 7 (I) = 0, we arrive at
TI0R;j0Sji) = T (I)OR;j0Sji + 0T (R;j) o Sji + IOR;j o T(S;i)
10T (Ryj) o Sji + I0R;j 0 T (S;)
T R)Sji + SjiT (Rij) + RijT (S;i) + T (Sji)Ryj.

From the preceding two relations and using 2-torsion freeness of , we obtain
T R;jSji) = T (Rij)S;i + Rij T (Sji).
(iii) As (R;j0&; 0 Sjj) = RS + Sij’l.‘j, using additivity of 7, Lemmas 2.13 - 2.14 (i), we have

T(R,‘]‘O‘g]‘ o S]‘]‘) = T(R,']‘Sjj + S]']'R;j)
T(Ri]'Sjj) + T(S]‘jR:j)
T(Ri]'S]‘j) + 7-(Sjj)R;j + S]-]-T(Ri]-)*.
On the other way, from 7(&;) = 0 (j = 1,2), we have

TR;j0E;0S5j;) = T(Rij)0Ej0Sjj +Rij0T (E)) 0 Sjj + R;ij0E; 0 T(Sj))

= T(R,']')S]‘]‘ + S]']'T(Rij)* + R,']'T(S]']') + T(S]']')R;j.

From the aforementioned two relations, we derive 7 (R;;S;;) = 7 (R;)S;; + R;;7 (5))).
(iv) For any X;; € Fj, it emerges from the Claim 2.14 (i) that
T (RiiSi) Xij + RiSi 7 (Xij) = T (RiiSiiXij)
= T (Ri)SiiXij + RiT (SiiXij)
= T Ri)SiXij + RyT (Si)Xij + RiiSiiT (Xi)-
Hence (7 (R;iSii) = T (Ri))Sii — Ry T (Sii))Xij = 0. In view of (2), it follows that 7 (R;;S;;) = 7 (R;)Sii + Ry T (Sy)-
|
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Lemma 2.15. 7(RS) = 7(R)S + RT(S) for any R,S € F.

Proof. LetR,S € . Then we can write R = Z% -1 Rijand S = Zijzl Sij. From additivity of 7~ and Lemma
2.14, we find that

2
T() | R;Si)

ij=1

2
Z T (R;jSij)

ij=1

2 2 2 2
T RS+ (Y R) T () Sy)

ij=1 i,j=1 i,j=1 ij=1
= TR)S+RT(S).

T(RS)

O

Hence, 7 is an additive *-derivation. Consequently, by Lemmas 2.8, 2.12 and 2.15, we have proved that W
is an additive *-derivation. Hence this concludes the proof of Theorem 2.1.
|

Lastly, we have provided an example that demonstrates the necessity of the 2-torsion freeness condition for
¥ in Theorem 2.1.

Example 2.16. Let F = M,(K) be the ring of all 2 X 2 matrices over any field K of characteristic 2 equipped with
the standard transpose involution '+". Then ¥ is a unital *-ring. Define the map W : ¥ — F by

gl il _|mtns 2t
U M+7s M+
Then it is straightforward to verify that \V satisfies

WYUK 0o L) = V(U)K o L+ UV (K)o L+ UK o V(L)

forall U, K, L € F but WV is not an additive +-derivation.

3. Corollaries

Let ¥ be aring. Then ¥ is prime if for any U, K € F, whenever UF K = 0 implies that either U = 0 or
K =0. If ¥ is a prime ring, then its maximal symmetric ring of quotients exists and is denoted by Q,,s(7).
Also Q5(F) is itself prime with F C Q,s(F) and “+’ can be uniquely extended to Q,s(F) (see [3]). Therefore,
if # is unital and includes a non-trivial symmetric idempotent, then (2) holds automatically.

Theorem 3.1. Consider ¥, a 2-torsion free prime *-ring with unity and including a non-trivial symmetric idempo-
tent. Suppose that a map W : F — Qus(F) satisfies

W(UOK o L) = V(U)K o L+ UGV (K)o L+ UK o V(L)

forall U, K,L € F. Then WV is an additive map. Furthermore, if W(E;),i € {1,2} is self adjoint, then V is a
+-derivation.

Proof. It is clear from the definition of a prime ring that F satisfies condition (2). Thus by Theorem 2.1, W
is an additive *-derivation. [
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Let H be a complex Hilbert space. Suppose F(H) and Z represent the standard operator algebra and
von Neumann algebra respectively. Since every standard operator algebra is prime and it is also well
known that if a von Neumann algebra has no central summands of type I;, then Z fulfills the condition
outlined in (2) of Theorem 2.1. Consequently, we have the following immediate corollaries.

Corollary 3.2. Consider ¥ as a standard operator algebra over H, an infinite dimensional complex Hilbert space
such that ¥ possesses the identity and is closed under adjoint operation. Suppose that a map ¥V : ¥ — F satisfies

W(UOK o L) = V(U)K o L+ UKW (K) o L+ UK o V(L)

forall U, K,L € F. Then WV is an additive map. Furthermore, if W(E;),i € {1,2} is self adjoint, then \V is a
+~derivation.

Proof. A standard operator algebra, denoted as ¥, which is a conventional operator algebra is a prime
algebra that follows directly from the Hahn-Banach theorem. Since this algebra ¥ inherently satisfies the
condition (2). Therefore, we deduce, by Theorem 2.1 that W is an additive *-derivation. [

Corollary 3.3. Consider a von Neumann algebra Z having no central summands of type 1. Suppose that a map
WV : Z — Z satisfies

W(UOK 0o L) = V(U)K o L+ UOWV(K) o L+ UK o V(L)

forall U, K,L € Z. Then WV is an additive map. Furthermore, if W(&E;),i € {1,2} is self adjoint, then \V is a
s-derivation.

Proof. Let Z be a von Neumann algebra. As shown in [2, 18], any von Neumann algebra Z without central
summands of type I; satisfies condition (2). Consequently, by Theorem 2.1, it follows that the previously
defined map is an additive *-derivation. [

Open Problem
A natural direction for future research is to examine the extent to which the principal results of this study
(Theorem 2.1 and the related Lemmas) may be generalized to wider categories of algebraic structures, with
particular attention to non-associative rings and algebras, including alternative rings, alternative algebras,
Wr-algebras.

In the context of alternative rings, Ferreira and Ferreira established the following characterization of
prime rings [8, Theorem 1.1],

Theorem 3.4. Let R be a 3-torsion-free alternative ring. Then R is a prime ring if and only if UR.V = 0 or
URYV =0impliesU =00r V=0 YVUVeR

It is well known that the 3-torsion-free condition is unnecessary in the case of associative rings. This raises
an interesting open question:

Can the main results of our work be extended to non-associative settings, particularly to alternative rings
and other structured algebras, without additional torsion-free assumptions? or W(&;),i € {1,2} is self
adjoint?

Investigating this problem could lead to new insights into the structural properties of non-associative
algebras and their prime ideals, potentially uncovering deeper connections between associative and non-
associative algebraic systems. So we have mentioned a conjecture for future work in this direction as given
below.

Conjecture 1 (Extension to alternative *rings). Consider a 2-torsion free alternative *-ring # with unity I
and a symmetric idempotent &; # 0, I such that

UFE=0 = U=0,tell,2} (5)
where & =1- 861, U € F. Suppose thatamap W : £ — F (not necessarily additive) satisfies
W(UOK 0o L) = V(U)K o L+ UV (K)o L+ UK o V(L)
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all U, K, L € F. Then V¥ is an additive map. Furthermore, if W(&;),i € {1,2} is self adjoint, then W is a

s-derivation.
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