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Amenability and inner amenability of transformation groups
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Abstract. In this paper, we investigate the amenability of transformation groups constructed by the
semidirect product of groups. We introduce the inner amenability of transformation groups and characterize

this property. As an interesting result, we show that every inner amenable transformation group has
property (W).

Let G be a locally compact group and X be a locally compact space. Then X is called a transformation
group if it is a left G-space, i.e., (x,s) — s - x is a continuous left action from X X G — X. Note that X is a
unitary G-space, i.e., for any x € X, we have ¢; - x = x. Following [1I], if g € Cc(X X G), then g* will be the
map t — g*(t) = g(x, t), and g(t) will be the map x — g(t)(x) = g(x, t).

The transformation group (X, G) (or the G-action on X, or the G-space X) is amenable if there is a net

(mi)ier of continuous maps x + m7 from X into the space Prob(G) (the set of probability measures on G,
equipped with the weak*-topology) such that

tim flsm — m3"lh = 0,
1

uniformly on compact subsets of XX G. Such a net (1m;);c; will be called an approximate invariant continuous
mean (a.i.c.m. for short).

The amenability of transformation groups and semigroups are investigated in many literatures that we
refer to [1} 12,11} [16,[17], for more details. In [1} 2], Anantharaman-Delaroche by characterizing amenability
of transformation groups gave some applications related to amenability of C*-dynamical systems, nuclearity
of the corresponding crossed products and operator algebras.

A locally compact group G is amenable if there is a left invariant mean on L*(G), where L*(G) denotes
the Banach space of complex-valued essentially bounded functions on G with respect to the Haar measure
Ag and equipped with the essential supremum norm. A left invariant mean is a functional m in L*(G)"
such that |[m|| = 1 and for all ¢ € L*(G), m(ls¢) = m(¢) for every s € G, where Lip(t) = ¢(s7't), for all s, t € G.

The left and right actions of G on elements of L!(G) that they are called the left and right translations are
defined as follows:

Lf(t) = f(s7'D) = f(t), rf(t) = f(ts) = £i(1),
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for all f € L'(G) and s, € G. For more about amenability of locally compact groups and equivalence
relations to the amenability of them, we refer to [14].

A locally compact group G is called inner amenable if there is a linear functional m on L*(G) such
that m(;-1 ;) = m(f), for all f € L®(G) and s € G. The class of inner amenable locally compact groups
includes all amenable and [IN]-groups. See [5HZ, [12} (13} [18] [19] 21} 22|, for inner amenable locally compact
groups and its applications. Moreover, a new version of inner amenability of semigroups namely character
inner amenability of semigroups is defined in [4]. Let S be a semigroup, A(S) be the set of characters on the
semigroup S and ¢ € A(S). Then S is called @-inner amenable if there is a linear functional m € €*(S)* such
that m(s- f) = m(f-s) and m(p) = 1, for every s € S, and f € £*(S), where S, = {s € S : ¢(s) = 1}. If, for every
@ € A(S), S is p-inner amenable, then we say it is character inner amenable. We call a linear functional
m € £*(S)* which satisfies in the above conditions, ¢-inner mean on £%(S).

In this work, in the next Section, we study on the amenability of transformation groups constructed by
semidirect product of locally compact groups. In Section 3, we define inner amenability of transformation
groups and characterize this new notion which our aim for this definition is giving an answer to the
following question:

Which transformation groups have property (W)?

1. Amenability of Transformation Groups

We recall the following result from [1]]:

Proposition 1.1. The following conditions are equivalent:

1. (X, G) is an amenable transformation group.
2. There is a net (g;)i € I of nonnegative continuous functions on X X G such that

(a) foreveryi € Iand x € X, [ g¥(t) dAc(t) = 1;

(b) lim; fG (gf."(st) - g;.*(t)| dAg(t) = 0 uniformly on compact subsets of X X G.
3. There is a net (g;)i € I in Cc(X X G)* such that

(a) lim; fc g1 (t) dAG(t) = 1 uniformly on compact subsets of X;

(b) lim; fc (gf"(st) - g;‘(t)| dAc(t) = 0 uniformly on compact subsets of X X G.

Let N and H be two locally compact groups with H acting on N; i.e., there is a group homomorphism
from H to Aut(N), such that (n,h) — 7,(n) is continuous with respect to the product topology on N x H,
where Aut(N) is the group of continuous group automorphisms of N.

We say that G := N = H is the semidirect product of N and H with respect to 7 if G is the group consisting
of elements of the form (1, h), where n € N and h € H, equipped with multiplication given by:

(n1, 1) * (n2, h2) = (n17p,, (n2), hihy).

If G is equipped with the product topology, then G is a locally compact group. Let Ay and Ay be two
left Haar measures on N and H, respectively, then the left Haar measure on G is as follows:

dAc(n, h) = o(MdAn(n)dAn(h),
where o(h) = /\;\j\(’if,?)})) , for each measurable A C H and ¢ is a continuous group homomorphism from H into
[0, =0), see [8]], for more details.
The action related to 7 defines a linear isometry and convolution preserving map T : H — B(L}(N)) by
h v+ Ty, such that T,(f)(n) = f(t;-1(n))a(h), for all f € L'(N), n € N and h € H. Amenability and the topics
equivalent to it such as constructions of Felner and Rieter nets on the semidirect product of groups and
semigroups are studied in [9] [10} 20].
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Let H, N be two locally compact groups and X be a locally compact space such that X is both a left
H-space and a left N-space such that X is a trivial left N-space, i.e., nx = x, for all n € N and x € X. Suppose
that G := N > H is the semidirect product of N and H with respect to 7. Then X x X by the following action
becomes a G-space

(n,h) - (x, y) = (x, hy),

forall x,y € X and (n,h) € G.
If (X,N) and (X, H) are amenable transformation groups, then Proposition [I.1[2) implies that there are
nets (fi)ier and (g]) jeJ of nonnegative continuous functions on X x N and X X H, respectively, such that

J frmydAy(n) = 1, fH (hdAp(h) = 1, foralli € I, j € ], x € X, and lim; [ |£¥(sn) — f*(n)ldAn = 0,
lim; fH Igg?‘ (th) — ;‘ (h)ld/\H = 0 uniformly on compact subsets of X X N and X X H, respectively.
By keeping in mind the above discussion, we have the following result.

Theorem 1.2. Let (X, N) and (X, H) be amenable transformation groups such that nx = x, foralln € N and x € X.
Consider the following assertions:

(i) Thereis a net (e j)ierjey foralli € Iand j € Jon X X X X G is as e; j(x, y,n,h) = fi(x,n)g(y, h)o~1(h) for every
x,y € X, n € Nandh € H such that

(a) fG ef’;’y)(r) dAg(ry=1foreveryicl, je ], x,ye Xandr e G.
(b) Forevery (s,t),a € Gand x,y € X,

lim f
L] G

(i) ITif = filloyvyy — O uniformly in t on compact subsets of H.

,£)-(x, ,
e (s, 1) ra) = & @) dAcla) =

(ii1) (X x X, G) is an amenable transformation group.
Then (i) «—> (ii) > (ii).

Proof. (ii)—(i) According to the definition of (e; )i, jej, it is a net of nonnegative continuous functions on
X X G such that

f e (1) dAg(r)
¢

f f fi (n)g](h) dAp(h) dAn(n)

f £ (n)( f gk dAHm))dAN(n)

Il
—
—_
~

and

f (O t)*a)—exy)(a)’ dAc(a) = f (./x].’fy)((sn(n),th))—el(.f;’y)(a)| dAc(n, h)

.1,
SfN

LT £ () — F(m)g )| dA () An )

g () = L £t dAs (AN ()

|l g} ) = g )| anGaan

FE00g () = £X0)g! ()| dAn()dAN ()
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L),

o [ Jrem = g200) 2w uarncn
+ fN fH £20n) (9t - g700))| AA AN (D)
<l (T £ = £ o aollg?

[ 1fon) = ] drn g

Lo (T fr(m) = FE(m)) g (th)| A\ (AN ()

1 [ |0 = g0 druen,

This implies that

lim f
1,] G

Thus, (1) and (2) together with Proposition [I.1[2) imply that (X x X, G) is an amenable transformation
group, this means that (i)—(iii) holds.

(i)—(ii) Assume that (e; )ie jej, (fi)ier and (g;)iej are as given. From fH g}‘(h)d/\H(h) =1,forall j e Jand
x € X,

IT:f; = fill)

eEIN (s, 1)+ a) — eV (@)| dAg(a) = 0. )
,] 7]

fN IT,f5(n) - £2(n)| dAn()

f|thiX(n) _fix(n)|(f g’]‘,(h)d)\H(h)) dAn(n)
N H

[ [ [resongsn - gz arate daven

IN

fN fH |Ttﬂ-x(n)g}‘(h)—Ttﬁ‘(n)g;’f(th)|dAH(h) dAn(n)
+LL’TtﬁX(n)g;x(th)_ﬁx(n)g;?(h)’d/\H(h) dAn(n)

< ”thix“L](N)f

H

* f D (e, 1)+ (1, 1)) — €5, )| dAgn, ).
G

ij i
Thus, the proof completes.
(iii)—(ii) Assume that (X X X, G) is an amenable transformation group, then there is a net (E;);e; such
that

A

g = g% dAs () dAn ()

f EX(a) dAc(a) = 1, (3)
G

limf
i Jg

foralliel, x,y € Xanda,(s,t) € G. For every i € I, define

and

ES (5,0 +.0) - E*(@)] dAg(a) =0, (4)

fi(x,n) = fH EX (n, h)a(h) dA(h),
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for all x € X and n € N. Clearly, (f)ies is a net of nonnegative continuous functions on X x N. Moreover

[ roane = [ [ £ m00) drs) drsen
N N JH

f EX (n,h) dAg(n, h) = 1, (5)
G

and

f |f55(sm) = £ ()] dAn(n) = f ’ f (ES e sn, By = EXY (n, )) o () d/\H(h)' dAn(n)
N NIJH

<.

lim fN |f(sm) = fF(n)| dAn(n) = 0. (7)

ES o, b — B (1, )| dAg o, ). ®)

From (@) we have

For every t € H,
T = Pl = fN IT,f(m) = F(m)| dAn()
- fN |5t (m)o(t) — £5()| din ()

-J,

< f f 'Efx’y)(’[t_l(n),h)a(t)—Efx’y)(n,h)|a(h) A (R)dAN (1)
N JH

fH (E(a(n), )a(t) - EX (n, 1)) o(h)d/\H(h)‘ dAn(n)

- f f 'Ef"w(m(n),t-lh)—Eﬁ"'y>(n,h)|o(h) dAs(h) dAn ()
NJH

= f |E$‘fy>(ft,1(n), t—lh)—Eﬁ"'”(n,h)| dAc(n, h)
G

_ |E<ew,rl)-<x,y>((e 1 1)) — &Y h

= i N/ )*(7’1, )) Ei (n/h) dAG(Tl, )
G

Again by (4) we have
hfﬂ”thiJC — filluey =0,

uniformly in ™! on compact subsets of H. This completes the proof. []

Let Cy(X) be the space of all bounded functions on X vanishes at infinity and (X, G) be a transformation
group. The space Cyo(X) is a well-known C*-algebra that is a G-C*-algebra with the following action:
s+ f(x) = f(s™'x), for every s € G, x € X and f € Co(X). The corresponding crossed products are denoted by
C(X >~ G) and C,(X = G) respectively. Note that, when X is a point, then the above crossed products are the
full and reduced C*-algebras of G, denoted by C*(G) and C;(G), respectively.

Let G be a locally compact group, N be a closed normal subgroup of G and H be a closed subgroup
such that NN H = {ec} and G = NH. We now, define 7 : H — Aut(N) by ©(h)(n) = hnh™!, for all h € H
and n € N. Also, there is a map such as ¢ : N »<; H — G defined by (1, h) + nh which is an isomorphism
between locally compact groups. This means that we can suppose that G = N <, H. Let Ay and Ay be the
Haar measures on N and H, respectively. Then a Haar measure on G is given by

fHfNf(nh)OH(h)_ldAN(n)dAH(h):LLf(hn)dAN(n)dAH(h)'
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As a result of [1) Theorem 5.3], we have the following result:

Proposition 1.3. Let G, N and H be as the above. Let (X, N) and (X, H) be two transformation groups. If (X X X, G)
is amenable transformation group, then C;((X x X) = G) is nuclear.

2. Inner Amenability of Transformation Groups

In this section, by a transformation group (X, G), we mean the both left and right actions, i.e., (x,s) = s-x
and (x,s) = x - s are continuous. We define the inner amenability of transformation group (X,G) and
characterize the inner amenability of locally compact groups that is different from [3]. As we mentioned in
the first section, our aim in this section is to show that the inner amenable transformation groups have the
property (W).

Definition 2.1. Let (X, G) be a transformation group. We say that (X, G) is inner amenable if there is a net (1y)qer
of continuous maps x +— my, from X into the space Prob(G) such that

tim [ss™! = s~ = 0, ®
uniformly on compact subsets of X X G.
Similar to Proposition[I.I]and its proof we have the following result.
Proposition 2.2. The following conditions are equivalent:
(i) (X, G) is an inner amenable transformation group.
(ii) There is a net (fy)aer 0f nonnegative continuous functions on X X G such that
(a) foralla e land x € X, fcfg(t) dAg(t) =1;
(b) lim, fG )f;x(s‘lt) - fjs(ts‘1)| dAg(t) = 0 uniformly on compact subsets of X X G.
(iii) There is a net (fu)aer in Co(X X G)* such that
(a) lim, fc fx(t) dAg(t) = 1 uniformly on compact subsets of X;
(b) lim, [ |[f5¥(s7') = f25(ts™)| dAg(t) = O uniformly on compact subsets of X X G.
Proof. (i)—>(ii) Let (11,)ae1 be a net of continuous maps x — m? from X into the space Prob(G) such that

-1

. -1
hcrynllmfj‘s —smyllh =0 9)

uniformly on compact subsets of X X G. Pick f € Cc(G)* such that fG f(s) dAg(s) = 1. Define

fuls) = fG ) dm (),

for every (x,s) € (X, G). Then, forallx € Xand a € [,

-1 X
chf(t s) dmi(t) dAg(s)

-1 X
L j;f(t s) dAc(s) dmi,(t)
1. (10)

[ ro a0
G
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Thus (10) implies (a). For any s € G and x € X,

SX(o—1p\ _ fXS(4o—1 — -1.-1 SX _ =141 Xxs
[lret- el arcw = [ | [ fartstango- [ fats dn
= f ’ f f s s d(ms™ ) (u) - f f s s d(sT ) (u)
f f f s d|mSs™ — s (u) dAg(t)

f ( f f(u-ls-lts-l)d)\c(t))

<|lmi's 15 1m"slll. (11)

dAg(t)

dAg(t)

sx -1 _ —1 xs| (u)

Then by (9) and (1I) we obtain (b).

(ii)—(@) Let (fa)ier be as (ii). Define m} = fiAg, forall@ € I and x € X. Then dm(t) = fi(t) dAc(t), for all
a €l teGandx e X. Applying (a) shows that m}, is a probability measure on G foralla € and x € X.
Moreover, (b) implies that

lignllmif —s'm¥llh =0

uniformly on compact subsets of X X G.

(ii)—>(iii) Since compactly supported functions are dense in continuous functions, the proof is clear.

(iii)—(ii) Similar to the proof of Proposition define

fa(x,8) + 3 £(5)
& fue, p dAc(t) + L

where (fy)qer is a net that satisfies (iii) and f € Cc(G)*. O

fan =

Remark 2.3. 1. Let (X, G) be an inner amenable transformation group such that X is a point. Proposition
implies that there is a net (fy)aer such that foa(t) dAg(t) = 1and fG )fa(st) - fa(ts)( dAg(t) — O uniformly
on compact subsets of X X G. This implies that

fG s = fults™)| dAc)

fc L £u(8) = rofu(®)] dAc®)

fG 6 £2)(0) — (= 68| dAc(t)
“65 *fa - fa * 65“1-

This shows that ||0s * fo — fa * Osll1 tends to 0 uniformly on compact subsets of G. Thus G is inner amenable
(13| Proposition 1].

2. Let G be an inner amenable locally compact group and X be a locally compact G-space. Inner amenability of G
implies that there is a net (fy)aer of probability measures such that ||0s * fo — fo * Oslli — 0 for every s € G.
Now, we define m, on X X G such that its value on X is a constant value and on G is equal to f, dAg. Thus,
(my) satisfies in (8). This means that every transformation group (X, G) is inner amenable whenever G is inner
amenable.

Example 2.4. 1. We give an example of transformation groups which show that the converse of[2.3(2), in general,
is not true. Let IF, be the free group with two generators a and b and JIF, be the boundary of F, that is the set
of all infinite reduced words w = a1a; - - in the alphabet S = {a, al,b,b71). Suppose that X = JIF,, then
(X, IEy) becomes a transformation group. By [ 1, Example 2.7(4)], (X, IF,) is inner amenable. But IF, is not inner
amenable [14] Proposition 22.38].
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2. Let N € N such that N > 2. The generalized Thompson group F(N) is the set of piecewise linear homeomor-

phisms from the closed unit interval [0, 1] to itself that are differentiable except at finitely many N-adic rationals

and such that at intervals of differentiability the derivatives are powers of N. This group is inner amenable [15]

Corollary 3.7]. Thus, by Remark[2.3(2), for any F(N)-space X, the transformation group (X, F(N)) is inner
amenable.

Corollary 2.5. Let G be a unimodular locally compact group. Then the transformation group (X, G) is inner amenable
if and only if there is a net (Ey)aer in Cc(X X G)* such that the following statements hold:

(i) lim, fc |Ealx, i,‘)l2 dAg(t) = 1 uniformly on compact subsets of X;

(ii) lim, fc |éa(sx,s‘1t) — &alxs, ifs‘l))2 dAg(t) = 0 uniformly on compact subsets of X X G.

Proof. Suppose that (X, G) is inner amenable. Then by Proposition 2.2(iii) there is a net (f)aer such that
satisfies the implications (a) and (b). Set &, = \/]Ta, for any a € I and define

hal, ) = fc Eaon, s DS, 157G (),
for all (x,s) € X X G. Then, for any x € X and s € G, we have,
halsx, ) = fc B, DEalor, HAG(H) = fc Ealon, s TDE(s3, 57 ()
and
o) = [ Es Beates A = [ B0 BTG, 15 MG,
Then

ho(sx,ec) + ho(xs, eq) — 2h,(x,s) = f (Ea(sx,s_lt) —&alxs, xs‘l)|2 dAg(t).
G

I

f |falsx,s71) = fulxs, xs™")| dAg(t)
G

By the above equality we get

IN

f |alsx,57) = Eqlxs, x5 dA(t) Ealsx, 571 — Ea(xs, xs71)?| dAc(t)
G

f |55 67') = f2(s™h)|dAc(t).
G
Then by the phrase (b) of Proposition iii), the statement (ii) holds. We, also for every x € X, have

ha (x/ eG)

f Ea0 DEa(x, DG (D) = f Eal, HP dAc(D
G G

= f fa(x, DdAG(t) = f Ja(BO)dAG(H).
G G

By the phrase (a) of Proposition 2.2iii), the statement (i) holds.
Conversely, suppose that there is a net (£,)aer in Co(X X G) such that satisfies (i) and (ii). Set f, = |Eal?
for any a € I. Then, the statement (a) of Proposition[2.2/holds. By the Cauchy-Schwarz inequality, we have

f |fx 7' - fo(s™)|dAc() = f |fa(sx, 5718 = fulxs, xs71)| dAg(t)
G G
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I

(fc (|éa(sx,s‘1t)( + |Ealas, xs‘1)|)2 d)\G(f))2

f

Then by the statement (ii), on compact subsets, we have,

|atsx, s — Eatxs, xs_1)|2| dAc(t)

IN

ga(sx/ S_lt) - EH(XS, XS_1)|2 d/\G(t))2 .

lim f |57 = f(as™h)|dAc(t) = 0.
@ Je

Thus, the statement (iii) of Proposition[2.2]holds. Hence, (X, G) is inner amenable. [J

Following [1], we call a complex-valued function / defined on the transformation group X X G a positive
type function if, foreveryx € X, n € N, t;,...,t, € Gand o, ..., a, € C, we have

Y 6 ey > 0.
7

Let (X, G) be a transformation group. Then with the following action the product space X x X becomes
a G X G-space:

(S/ t) ' (JC, y) = (Sx/ ty)/

for every (x,y) € X X X and (s,t) € G X G. Then, according to the definition of positive type function on
X x G, a complex-valued function / defined on X x X X G X G is called positive type function if, for every
(x,y) € XxX,n € Nand (s1,t1),...,(Su, t:) € G X G, the matrix [h(si‘lx, ty,s7ts), ti‘ltj)] is positive. A closed
subset B of (X X G) X (X X G) is called proper with respect to projections or m-proper if for every compact
subset K of x X G, the sets [K X (X X G)]NB and [(X X G) x K]NB are compact [1]. A continuous function  on
(Xx G)x (X G) is called properly supported if its support is m-proper. The property (W) is introduced in [1}
Definition 4.3]; a transformation group (X, G) has property (W) if, for every compact subset K of X X G and
every ¢ > 0 there is a continuous bounded positive type, properly supported, function 1 on (XX G) X (X X G)
such that |h(x, t,x,t) — 1| < ¢, for all (x,t) € K.

Corollary 2.6. Every inner amenable transformation group has property (W).

Proof. Let (X, G) be an inner amenable transformation group. Given ¢ > 0 and compact subset K of X X G, in
light of Proposition|2.2(iii), there exists f € Cc(XXG)* such that |f(x, t)—1| < ¢, for every (x, f) € K. Similar to
the proof of Corollary define & = \/]_( . We now define h on (X X G) X (X X G) by h(x,s,y,t) = &(x,5)E(y, 1),
for every (x,5,1,t) € (X X G) X (X X G). Then h is a continuous of positive type function and compactly
supported on (X X G) X (X X G) and from Corollary we have

|h(xr t,x, t) -1 = |(E(x/ t)z -1 = |f(x/ t) -1/<e,

for every (x,t) € X X G. Thus, (X, G) has property (W). O
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