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Existence and uniqueness of entropy solution for nonlinear periodic
parabolic problem with Orlicz growth and L' data
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Abstract. In this paper we prove the existence and uniqueness of entropy solution for a nonlinear periodic
parabolic problem in the setting of Orlicz spaces represented by the following equation :

X4 A = flx

where A is a Leray-Lions operator defined on a subset of W(l,’xLM(QT) and f belongs to L'(Qr).

1. Introduction

In this paper, our aim is to investigate the existence and uniqueness of a periodic solution to a nonlinear
parabolic problem with an Orlicz growth condition and L! data, represented as follows:

% - div(ﬂ(x, tu, VT/!) = f(xr t) in QT/

u(x,t) =0, on (0,T)xdQ, (1)
u(x, T) = u(x,0) in Q.

Here, Q) is a bounded open subset of RN (N > 2) with a smooth boundary JQ, the measurable function
f belongs to Ll(QT), anda: Qx(0,T) X R x RN > Risa Carathéodory function satisfying the classical
Leray Lions assumptions of Orlicz type. The motivation for studying partial differential equations in Orlicz
spaces come from various physical phenomena, particularly the problems related to Non-Newtonian fluids
exhibiting strongly inhomogeneous behaviors with a high ability to increase viscosity under different
stimuli such as shear rate, magnetic or electric fields (see, for example [10], [16], [23],[24] and [32]).

In the classical Sobolev space setting, Lions in [26] established the existence, regularity, and uniqueness of

weak periodic solutions to the problem (1) when f belongs to L¥(0, T, W-17(Q)). This was achieved using
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the theory of maximal monotone operators. In [11], Duel and Hess extended the results of [26] to a class
of quasilinear periodic equations with critical growth and nonlinearity with respect to the gradient, using
the sub and super-solution method. Further exploration of related topics can be found in ([6], [9], [15], [14],
[13] and [12]).

When replacing LP(0, T, W'#(Q)) with an inhomogeneous Sobolev space W'*Ly(Qr), where M is the N-
function related to the actual growth of a. A large literature exists on this setting and numerous researchers
have expressed interest in this area. Cite Mahi and Meskine in [19] demonstrated the existence of solutions
for the following parabolic initial-boundary value problem:

%—‘t’ —div(a(x, t,u, Vu) + g(x, t,u, Vu) = f(x,t) in Qr,
u(x,t) =0, on (0,T)x0Q,
u(x,0) = ug in Q.

Where f belongs to L!(Qr) and without assuming the Ap—condition. Their approach utilized the concept
of entropy solutions, originally introduced by P. Bénilan and al. in [7] for the analysis of nonlinear elliptic
problems. For additional instances, refer to [4] where g = 0, a depends only on u, and u € K, with K
representing a closed convex space. Further references on this topic can be found in [2],[29] and [30] .
However, when we shift our focus to the periodic condition instead of the initial one, the existence of a
solution for problem (1) has been established by [21], where f belongs to W*Ex(Qr), 4 depends only on u,
and there are no restrictions on M, the proof relies on classical approximating methods and Leray Schauder’s
fixed point theorem to guarantee the existence of the periodic approximating problem. Furthermore, we
refer to [20] for the case where f belongs to L! and with an additional term g = g(x, t, u, Vu) satisfies a growth
condition with respect to the gradient.

Our innovation in this paper lies in providing an existence result for entropy solutions to the problem (1)
within the framework of inhomogeneous Orlicz Sobolev spaces. One of the challenges arises from the
dependence on u of the operator g, resulting in the loss of uniqueness of the approximating problem, This
uniqueness is crucial for applying Leray Schauder’s theorem to prove the existence of these approximating
problems. Another challenge involves showing the uniqueness of the entropy solution, which is not
guaranteed in general. Additionally, further difficulties appears due to the lack of reflexivity of these
spaces .

This paper is organized as follows: In the second section, we are going to recall some important definitions
and results of Orlicz-Sobolev spaces. In the third section we specifies the essential assumptions, we
introduce the Definition of an entropy solution and the main result. In the fourth section, we establish the
uniqueness of the entropy solution. We conclude this work by proving the existence of the approximating
problem of (1) in Appendix 1.

2. Preliminaries

2.1. Orlicz-Sobolev Spaces-Notations and Properties

1. let M : R* — R* be an N-function, i.e continuous, convex, with M(t) > 0 for t > 0, M(t)/t > O0ast — 0
and M(t)/t > coast — 0.
Equivalently, M admits the representation: M(t) = fot m(t)dt where m : R* — R" is non-decreasing,
right continuous, with m(0) = 0, m(t) > 0 for ¢ > 0 and m(t) = oo ast — oo.
The N-function M conjugate to M is defined by M(t) = fot m(t)dt where m : R* — IR* is given by
m(t) = supfs : m(s) < t}.
The N-function M is said to satisfy a A, condition if, for some k > 0:

M@t <kM() Vt>0

When this inequality holds only for t > ty > 0, M is said to satisfy the A;—condition near infinity .
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2. Let Qbe an open subset of RN. The Orlicz class £(Q) (resp. the Orlicz space Ly(Q) ) is defined as the
set of (equivalence classes of) real-valued measurable functions 1 on Q such that fQ M(u(x))dx < +oo

(resp. [, M(u(x)/A)dx < +co for some A > 0).
Lp(Q)) is a Banach space under the norm:

lullma = inf{A >0: LM(%)Q& < 1}

and Ly(Q) is a convex subset of Ly(QQ). The closure in Ly(Q) of the set of bounded measurable
functions with compact support in Q is denoted by Ex(Q).

The equality Ep(QQ) = Ly(€2) holds if and only if M satisfies the A, condition, for all ¢ or for ¢ large
according to whether Q has infinite measure or not.

The dual of Ey(€) can be identified with Ly(Q)) by means of the pairing fQ u(x)v(x)dx, and the dual
norm on L37(Q2) is equivalent to || - ”MQ‘

The space Ly(Q) is reflexive if and only if M and M satisfy the A, condition (near infinity only if Q
has finite measure).

3. We now turn to the Orlicz-Sobolev spaces. WLy(Q) (resp. W'Epn(Q) ) is the space of all functions u
such that u and its distributional derivatives up to order 1 lie in Ly;(Q2) (resp. Ep(Q) ). It is a Banach
space under the norm:

il o = Y D" ullg

la|<1

Thus W!Ly(Q) and W!Ep(Q) can be identified with subspace of the product of (N +1) copies of Ly (Q).
Denoting this product by I'1Ly;, we will use the weak topologies o (HLM, HEM) and o (HLM, HLM).
The space Wé Em(Q) is defined as the (norm) closure of the Schwartz space D(Q2) in W!E;;(Q) and the
space WiLu(Q) as the o (HLM, HEM) closure of D(Q) in W' Ly(Q).

4. We say that u, converges to u for the modular convergence in W!Ly(Q) if for some A > 0
f M ((D*u,, — D%u) /A)dx — 0 for all |a| < 1
Q

This implies convergence for o (HLM, HLM). Note that, if u,, — uin Ly (Q) for the modular convergence
and v, — v in Ly(Q) for the modular convergence, we have

f U, Updx — uvdx asn — o
Q Q

2.2. Inhomogeneous Orlicz-Sobolev spaces

Let Q) be a bounded open subset of RN, T > 0and set Qr = Qx]0, T[. Let M be an N-function. For each
a € NV, denote by D¢ the distributional derivative on Q of order a with respect to the variable x € RN. The
homogeneous Orlicz-Sobolev spaces of order 1 are defined as follows

WY La(Qr) = {u € Lm(Qr) : D§u € Lm(Qr), Yial < 1)

and
W' Em(Qr) = {u € Em(Qr) : Dfu € Ep(Qr), Ylal < 1}

The latter space is a subspace of the former. Both are Banach spaces under the norm

= )" |D3u,, o

la]<1
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The space W(l)’XLM(QT) is defined as the (norm) closure in W*Ly;(Qr) of D(Qr) and we have .

1x —————o (1L TLy;)
Wy Lm(Qr) = D(Qr) .

Furthermore, Wy Ex(Qr) = Wy Lut(Qr) N TIE.
Poincare’s inequality also holds in Wé’xLM(QT) and then there is a constant C > 0 such that for all

ue W(l)'xLM(QT) one has
Y Ipsuly, < € 3 sl

lar|<1 la|=1

thus both sides of the last inequality are equivalent norms on Wé’xLM(QT). We have then the following
complementary system

(WQ}'XLM(QT) F )
Wy Em(Qr) Fo

F being the dual space of W(l)’xLM(QT). It is also, up to an isomorphism, the quotient of I'Ly; by the polar set
Wé”‘EM(QT)l, and will be denoted by F = W‘LXLM(QT) and it is shown that

W Li(Qr) = {f = Z Difa : fa€ LM(QT)}-
la|<1

This space will be equipped with the usual quotient norm:

1A =inf Y [|fallis o

o<1

where the inf is taken over all possible decomposition f = ¥ ;<1 D§ fa, fa € Ly;(Qr). The space Fy is then
given by

Fo= {f =Y Difaitic EM<QT>},

lal<1

and is denoted by Fy = W™*Ez+(Qr).
2.3. Compactness results
Theorem 2.1. Let B be a Banach space and let T > 0 be a fixed real number. If F c L'(0, T; B) is such that

tr
{f f(t)dt} is relatively compact in B, forall 0 <t; <t, <T. (2)
t f

”Thf - f”Ll(O,T;B) — 0 uniformly in f € F, when h — 0. 3)
Then F is relatively compact in L'(0, T; B).

Lemma 2.2. (see [17]) Let Y be a Banach space such that L1(Q) C Y with continuous embedding. If F is bounded in
Wé'XLM(QT) and is relatively compact in LY(0, T; Y) then F is relatively compact in L*(Qr).

Theorem 2.3. (see [27]) Let M be an N-function. If F is bounded in WS’XLM(QT) and {g—{ 1 fe F} is bounded in
WLs:(Qr) then F is relatively compact in L' (Qr).
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Theorem 2.4. (see [27]) If u € WLy (Qr) N L (Qr) (resp. Wy La(Qr)
NLY(Qr)) and du/dt € W*Lzr(Qr) + LY(Qr) then there exists a sequence (v;) inD(Q) such that

- do;  Ju 1, 1
vj > uin W~ Ly(Qr) and 8_ > in W Li7(Qr) + L' (Qr)

for the modular convergence.
Corollary 2.5. (see [27]) Let M be an N-function and u, be a sequence of W**La(Qr) such that
Uy, —u weaklyin WY Ly(Qr) for o(T1Lyy, I1E;)

and

ou, .
%:hn+k,, in D(Qr)

with hy, bounded in W’l”‘LM(QT) and k,, bounded in the space M(Qr) of measures on Qr then :

1. u, — u strongly in L} (Qr)
2. If further u, € Wé *Lm(Qr) then u, — u strongly in LY(Qr)

Lemma 2.6. (see [22]) Forall v € Wé”‘LM(QT) there exist two positive constants 0 and A such that
M(v)dxdt < 6 M(A|Vo|)dxdt. 4)
Qr Qr
Lemma 2.7. [27] Let Q) be a bounded open subset of RN. Then,

{u € W*Lu (Q1) : 5+ € WLz (Qr) + L1 (QT)} c C (1o, 71, L1).

3. Assumptions and main result

Let Q be a bounded open subset of RN (N > 2) with the segment property, and Qr be the cylinder
Q% (0, T) with some given T > 0. Let M and P be two N-function such that P << M .
Consider the second order operator A : D(A) C Wé’xLM(QT) -
W*Li:(Qr) of the form :
A(u) = —div(a(x, t,u, Vu))

wherea : Q x (0,T) x Rx RN — RN is a Carateodory function satisfying for almost every (x,t) € Q x (0, T),
foralls € Rand all £ # & € RY we have the following assumptions :

la(x,t,5, )| < By (x, £) + M Pls)) + M M(SI])), (5)
[a(x,t,5, &) — a(x, t,5, EN[E - £ >0, ©)
a(x, t,s, E)E > aM(la) 7)

Where hy(x, t) € E4;(Qr), c1 2 0and , ,a,A > 0.
la(x,t,s,&) —a(x,t,5,&) < (d(x, t) + B(E])Is — 5|, (8)

where d € L*(Qr) and B € L*(RN).
feLYQr). )
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Furthemore, let s’ > 0 such thats > s , and for a positive constant 6 we have
sl < SoM(ls)). (10)

Throughout this paper (-, -) means for either the pairing between Wé’xLM(QT) and W‘MLM(QT), or between

W, Lm(Qr) N L*(Qr) and W™ L(Qr) + L(Qr).
Now, let as defined the set W(0,T) by :

0
WO,T) = (o e Wy Lu(Qn)/5; € WLy(Qr) and v(x, 0) = o(x, )},
equipped with the norm

T e
won) = Wwituen * | 3¢ llw-er_on

Consider then the following periodic parabolic problem :

% — div(a(x, t,u,Vu)) = f(x,t)  in Q,
u(x, t) =0 on 9Qx(0,T), (11)
u(x,0) = u(x, T) in Q.

Let us now precise in which sense the problem (11) will be solved.

Definition 3.1. A measurable function u : Q X (0,T) — R is called entropy solution of (11) if u belongs to
L>(0, T, LY(Q)), Tx(u) belongs to D(A) N Wé’xLM(Q) forevery k >0

)

(5

Ti(u —v))o, + f a(x, t,u, Vu)VTi(u — v)dxdt < f fTi(u — v)dxdt, (12)

forallve W(0,T) N L®(Qr). Ty is defined by Ty (s) = min(k; max(s, —k)).

Remark 3.2. Equation (12) is obtained pointwise multiplication by Ti(u — v) in (11) and using the periodicity
condition .

Note that, all terms of equation (12) make sense, since Ti(u — v) belongs to W(l)'xLM(QT) N L*(Qr). Moreover lemma
2.7 implies that v € C(0, T, LY(Q)) and then the periodicity condition is well defined in L}(Q).

Theorem 3.3. Assume that (5)-(10) hold true, then there exist a unique entropy solution u € C(0, T; LY(Q)) for
problem (11) satisfying u(x,0) = u(x, T) a.e in Q.

3.1. Proof of the main result
We divide the proof into five steps:

Proof. Stepl: Approximate problem
Let f, be asequence of smooth functions, such that | f,|l;1,) < I|flliiopand fu — fin LY(Qr),leta,(x,t,s,&) =
a(x, t, Ty(s), £). Consider the following approximate problem :

1, € W(0,T) N CO, T, [2(Q)),
% - div(an(x, £, Uy, V”n)) = fn in QT, (13)
un(x,£) =0 on JdQx(0,T).

The existence of weak soltuion to (13) be based on the research of fixed points for the following mapping

\I’:LZ(Q) S LZ(Q)
uon + uu(T)
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Where 1y, is the initial condition of the following problem:

iy € D(A) N Wy*L(Qr) N C(0, T, L*(QY)),

% —div(a,(x, t, u,, Vuy)) = f, in Qr, 14)
un(x, ) =0 on 9dQx(0,T),
uu(x,0) = uopn in Q.

The existence of solution of (14) is proved in [17]. See the prove of uniqueness in (4.1), then the mapping W
is well defined.

To prove the existence of a fixed point we will use Schauder’s fixed point theorem (i.e we will prove that W
is continous and compact)

Proof. See the proof in (4.1). O

Steps 2: A priori estimates
By taking Ti(u,) as a test function in (13) we get

8(;;” Ti(u,)dxdt + f an(x, t, Uy, Vi, )V Ti(u,)dxdt = FuTi (1 )dxdt.
Qr T Qr

Using periodicity condition and the fact that ||f,ll.1 < ||f|l;: we deduce easily
| T, VT )V Tt < (15)

where C is a positive constant independent of 7.
Using (7) we have by lemma (2.6) we get,

Ti(un
f M(#)dxdt < Cik. (16)
which imply that
Cok
meﬂs{(x, t) € QT/ |u1’l| > k} < ’
M(%)
and so,
lim meas{(x,t) € Qr,|us| > k}) =0 uniformaly with respect to n. (17)

k—+0c0
Moerever, consider a C*(RR), nondeacreasing function T such that Tk(s) = s for [s| < % and Tk(s) = s sign(s)

for |s| > k. Multiplying the approximating equation by T, (1,), we get
5 (Ti1a)) = dio @, i, Vit Ty 1)) = T 00)00 (5 4, Vit Vit = £T (00,

in the sense of distributions. This implies, thanks to (15) and the fact that T’;{(un) has a compact support
that, Tx(u,,) is bounded in Wé’xLM(QT), while it’s time derivative %(Tk(un)) is bounded in

W*L(Qr) + LY(Qr), hence Corollary 2.5 gives Tx(i,) is compact in L'(Qr). We can deduce by using the
same argument as [28] that for a subsequences still denote u, that

Ti(utn) = Te(ut) in Wy Laa(Qr) for o(I1La, TTEgy),

strongly in L}Y(Qr) and a.e in Q7.
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Now we turn to prove that a(x, t, Ti(u,), VTi(u,)) is a bounded in (LM(QT))N .
Let ¢ € (Ez#(Qn)N with |l¢llmo, = 1, by (6) we have

o [a(x, t, Ti(un), VTi(un)) — a(x, t, Ti(un), )V Ti(un) — @ldxdt > 0,
T
which gives
L a(x, t, Te(uy), p)pdxdt < L a(x, t, Tr(uy), V() VTi(uy,)dxdt — La(x, t, Te(un), @)[VTr(u,) — @ldxdt,
T T
On the one hand, using (5), we see that

M(a(x, t, T;(un), Q)

hence, a(x, t, Ti(1,), ) is bounded in (LM(QT))N , implying that, since Ti(u,) is bounded in Wé’xLM(QT)

) < €'+ MTY(P(SK) + M7 (M(Slel)),

| [ et Tt i) — ) < € 18)

Finally, using (15) and (18) we can deduce that a(x, t, Tx(u,), VTr(11,)) is bounded in (LM(QT))N . Then for
some /i € (Li7(Qr))N we get

a(x, t, T(ttn), VTi(un)) = hy in (Lz(Qr))Y for o(TTLyz, TIEp). (19)

Steps 3: Almost everywhere convergence of the gradients.
The main tool in this step proves

(a(x, t, Tic(un), VTi(un) — a(x, t, Te(u), VIi(@))(V Tk (i) — VTi(u1))dxdt = 0
Qr

which gives by the same argument as in [8] and adapted to the parabolic case that Vu, — Vu a.e in Qr.
Using the following regularization principle a)]V, = Tx(vj), +exp(-vt)z,, wherev; € D(Qr) such thatv; — Ty(u)

with the modular convergence in W(l)’XLM(QT), Ti(v)), is the mollification with respect to time of Ti(v;) and
z, is a sequence of functions such that

2, € W' Lm(Q) NL¥(Q); zvlle <k Vv >0,

z, = Tx(v)(T) a.ein Q whenn — +oo,

: 1 -
lim, -, 4o ;”Zvuw(l]A‘LM(Q) =0.
Note that w? satisfy the following properties
5@ = Tiv) ~ @), @'0)=z, W<k

a)‘]f — Ti(u), + exp(—vt)z, in Wé’xLM(QT) for the modular convergence when j — +oo,

Tr(u)y + exp(—vt) = Tr(u) in Wé'xLM(QT) for the modular convergence when v — +oo.
We denote by &(1, j, v, s) all quantities (possibly different) such that

lim lim lim lim &(n, j,v,5) =0,

§—00 V—00 ]'~>oo n—oo

and this will be the order in which the parameters we use will tend to infinity, that is, first n, then j, and
finally v. Similarly, we will write only &(n), or €(n, j), ... to mean that the limits are only on the specified
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parameters.
Consider next the function ¢,, defined on R by

1 if |s| < m,
Pms)=qm+1—|s| ifm<ls|<m+1,
0 ifs| >m+ 1.

Where m > k. We take n = (T (uy) — wi)(pm(un) as a test function in (13) we have

<%l T]) + f an(x/ t, un, Vun)(ka(un) j— vw{/)(Pm(un)dxdt'i‘
[ ot V) Vi (i) = ol it = [ funat, (20)
Qr O

since u, € WS’XLM(QT), there exist a smooth function u,,, such that

Uns — Uy for the modular convergence in Wé’xLM(QT) and

‘9;’% - % for the modular convergence in W*L=(Qr) + L'(Qr).

For the first term in the left hand side we have

<%/ n)y = lim f (”na)/(Tk(una) - wi)@m(”no)dxdt
at o—0* QT

= i { [ Ral) = TtV (i) = it + [ Titun) (T - ot
Qr

+
c—0 Or

Where Ry,(s) = fos @m(r)dr. Integrating by part and using the periodicity condition it is easy to see that,

It
ot '

G = =i [ (Rl Tl T - )t + i, [ T (Tatns) - it
-0 Or -0+ or

= 1irg1+ (o) + I(0).
Claim 1:lim;_,o+ [1(0) > €(n, j, v):
by the definition of Ti(u,) we remark that Ti(ttys) = 0if {t,s > k}, and if {u,,; > k} we have that R,,(it,,5) =
fou”g Qm(r)dr > fok gom(r)dr so the definition of ¢,, imply that R,'ﬂ(u,w) > k > |w]| (since |w!| < k), then
0 < Ry(ttng) = k)(k - (‘)1]/) Xuye>k) = (Rin(ttne) = Ti(ttng))(Tk(ttng) — w{/) Xun>k}s SO WE obtain
11(0) = _f [Rm(uno) - Tk(una)](Tk(uno) - w{;),dxdt + f [Rm(una) - Tk(una)](wxjx),dxdt
{uflﬂsk}

{uno>k}

Since m > k, we see that R, (1,,5) = Tr(Uns) on {u,, < k} then

L) = v f[ Ralte) = T~ e,

\%

v f{ R0 = T Ti(0) = Tt

Finally, by letting 0 — 0*, we obtain when 7 then j tends to +oo

lim I,(0) > £(n, ). (21)
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Claim 2 : For I;(c) we have

Li(o) = fQ (Ti(tng) = @h) (Te(ttng) — w))dxdt + . (@) (Tk(ttng) — w))dxdt

— w2 ‘ ‘
= fQ [(Dlta) 2T fQ (T = ) Tytt) — .

Using the periodicity condition, then letting , j, v to +co we get

liI?([)l (o) = &(n, j,v). (22)
o—0*
Combining (21) and (22) we conclude

ouy, .

(Wﬂﬂ > &(n, j,v). (23)

We will now treat the second and the third term in the right hand side. First we have
Joy @05t 4, Vita) (VT ) = Ve, Ypya (it =
= 1oy @0t 1, Vit )(VT (1) = Vo, )y (bt
Loy @, Vit )(VTi(1t) = Vo o (1t )dxat,
The fact that, m > k we have @,,(1,) = 1 on {|u,| < k} imply that
Joy 06t 1, Vit )(VTit) = Ve, oyt =
= [, a0 t, Telut), VTeut))(VTi(t) = Vol et
+ f“un|>k} an(x, t, U, Vit ) (VT (uy) — Va)i)(pm(un)dxdt.

fix a reel number s > 0, we denote by X; and x° the characteristic functions of Q? = {(x, HeQ: |VTk(vj)| < s}
and Q° = {(x,t) € Q: |VTi(u)| < s}, respectively. Then we can write

f (X, t, 1, Vitg)(VTi(tt) = Vol )y (it )dxdt =

T

o (@(x, t, Te(un), VTi(utn) — a(x, t, Te(un), VT )X )V Ti(utn) — VT(0)x7)dxdt

# [ atot, T, VT Tilw) = Vo
[ atet i), VI ) VTG0

—f ay(x, t, un,Vun)Va)ﬂ(pm(un)dxdt =h+L+1;+]I4.

T

We shall goes to the limit as #, j, v and s goes to +oo. Starting with I, by letting 7 to +co
b= [t T, V@)V T ) - VIt + o),

Since a(x, t, Tk(un),VTk(v]-))(i) — a(x, t, Tr(u), VTk(vj))(j.) strongly in (EM(QT))N by (5) and Lebesgue theo-
rem while VTi(u,) = VTi(u) in (Lpy(Qr))N by (15). Letting now j then s to +co and using the fact that
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a(x, t, Ty(u), VTi(v;) )(;) — a(x, t, T(u), V(1) x°) strongly in (EM(QT))N and VTi(v;) )(j: — VTi(u)x® strongly in

(Lm(Qn)N we get
I =¢n,js).

For I3, by letting n — +oco we have
I3 = f thTk(vj))(j.dxdt + &(n),

when j — +oco we get
Iz = f e VTi(u) xsdxdt + e(n, j),

About Iy, recall that @,,(s) = 0if |s| > m + 1 then ,

Iy = —f an(x,t,un,Vun)Vw£¢m(un)dxdt
{luy|<m+1}

—f a,(x, t,un,Vun)Va){;(pm(un)dxdt—f a,(x, t,u,,,Vun)Va){;(pm(u,,)dxdt
{lun|<k}

k<{lu,|<m+1}

- f a(x, t, Te(ity), VTi(ttn)) V! o (11, )dxdlt
{lun |§k}

- f an (%, t, Ty (W), VT i1 (ty ))Vw{;@m (un)dxdt
k<{luy|<m+1}

- f h Vel dxdt — f Hone1 Vol o (u)dxdt + e(n)
Qr

{k<|u|l<m+1}

—f thTk(u)dxdt—f 1 V(@)@ (w)dxdt + €(n, j,v),
T {k<lul<m+1)

which imply
I =— f N Ti(w)dxdt + e(n, j,v).

Combining (25),(26) and (24) we conclude
[ ot V)T 0) = Vel = 1y + e, ),

For what we concerne the third term in the right hand side we have
= fQT a(x, t, un, Vidy) Vi (Ti(un) — a)sz)(P;n(un)dth =

f u(x/ t/ Tm+1(un)/ vTm+l (un))VTm+1(un)(Tk(un) - a)‘j,)dxdt,
{m<|u,|<m+1}

= f a(x, t, o1 (), VT i1 () VT g1 () (k — a){;)dxdt = 0.

(24)

(25)

(26)

(27)

(28)

Now we turn to the term in the right handside, since [|f,|| < ||f|l, using lebesgue theorem with respect to

n, j,v we can easily see that
f Ju(Ti(un) = w{;)dxdt =¢&(n, j,v).
Qr
finally, by (20), (23), (27), (28) and (29) we deduce

o (@(x, t, Te(un), VTi(un)) = a(x, t, Te(un), V@ x)(VTi () = VTi(0))x5)dxdt < &(n, j,v, s)

(29)

(30)
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On the other hand we have

o (ax, t, Ti(un), VTi(un)) — a(x, t, Te(uy), VT() X*))(VTi(n) — VTi(u)x°)dxdt

- fQ 1 i), VT ) = a8, Ty, VNV Ti) = VT
= fT a(x, t, Tx(uy,), VTk(u,,))(VTk(vj))(j = VT (u)x°)dxdt

—L a(x, t, Tr(u,), V@) x*)(VTi(u,) — VTi(1) x°)dxdt

+ fQ T a(@, t, Te(un), V@)XV Tk(ttn) = V(o)1) dxdlt.

As it can be easily seen that each term in the right hand side is of the form &(#, j, s) we get

0 (a(x, t, Tic(un), VTi(un)) — a(x, t, Ti(un), VT()x*))(VTi(1tn) = VTi(u) X )dxdt

= | (alx,t, Te(un), VTi(un) = a(x, £, Te(un), V@)X ) (Vi) = VTi(0))x)dxdt + €(n, j, s).

Qr
For r < s we have

0

IA

[a(x, t, Ti(un), VTi(un)) — alx, t, T(un), VIV Ti(un) — VTi(u)]dxdt
Qr

LS [a(x, t/ Tk(u‘rl)/ VTk(un)) - a(x, t/ Tk(un)/ VTk(u))][VTk(un) - VTk(u)]dth

IA

IA

la(x, t, Ti(un), VTr(un)) — ax, t, Te(un), V@)X )V Ti(un) — VTi(u)x*1dxdt
Qr

hence by passing to the limit sup over n, we get

f (@(x, £, Ti(un), VTi(un) = a(x, t, Te(un), V(@)X ) (Vi) = VTi(0))x)dxdt + £(n, j, 5).

11288

(31)

lim sup [a(x, t, Ti(un), VTi(un)) — alx, t, Te(un), VT [VTi(un) = VTi(u)]dxdt < limsup e(n, j, v, s).

n—+oo QYT n—+oo

Finally, we obtain by letting #, j, v then s to infinity

lim sup [a(x, t/ Tk(ul’l)/ VTk(Lln)) - a(x/ t/ Tk(l/ln), VTk(u))]

no+os JQ

and thus, as in the elliptic case [8], there exists a subsequence also denoted by u,, such that
Vu, - Vua.ein Qr.

We deduce then that

a(x, t, Tr(uy), VTr(u,)) — a(x, t, Te(u), VT (1)) in (LM(QT))N, for o(I1Lyz;, I1Ep).

(32)
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Step 4: Modular convergence of the gradient
Indeed, thanks to (30) and (31) we have

f a(x, t, Tr(uy), VT (1)) VT (uy)dxdt sf a(x, t, Tr(u,), VTi(u,))VTi(u) x’dxdt

T T

+ f a(x/ t/ Tk(un)/ VTk(u)Xs)(VTk(ui’l) - VTk(u)XS)dxdt + ‘c_'(n, j/ V, S)/
then
limsup, . a(x,t, Te(un), VTi(t))V Ti(wy)dxdt

< j;QT a(x, t, Tr(u), VT (w))VTi(u) x°dxdt + limsup, . &(n, j,v,5),

in which we can pass to the limit as j, v, s to infinity to obtain

n—+0o

limsup a(x, t, Ti(uy), VIk(t0n))VTi(un)dxdt < f a(x, t, Tr(u), VTi(u))VTi(u)dxdt,
Qr
by applying Fatou’s lemma we get

f a(x, t, T(u), VTi(u))VTr(u)dxdt < lim +inf a(x, t, Tr(uy,), VTi(u,))VTi(u,)dxdt.
n—+o00

T

and thus,
a(x, t, Te(uy), VTi()) — a(x, t, Te(u), VTi(w)) in LY(Qr). (33)

Using (7) and Vitali’s theorem we conclude that
VTi(u,) = VTi(u) for the modular convergence in (Lp(Qn)N. (34)

Step 5: Passage to the limit

The passage to the limit is an easy task by taking v € ‘W(0,T) N L*(Qr) and T(u, — v) as test function in
(13). Furthemore, we have u,(x, 0) = u,(x, T) using lemma 2.7 and we pass to the limit we get

u(x,0) = u(x, T) a.e in Q.

O

4. Uniqueness of entropy solution

The uniqueness of entropy solution for problem (11) is not satisfied under the assumptions (5)-)(10), due
to the dependence of u for the operator a, To address this issue, an additional condition must be introduced.

Proposition 4.1. Assume that a satisfying in addition to (5)-(10) the following condition

|

la(x, t,s, &) 2 01M(=7), (35)

then problem (11) admit one and only one entropy solution .

Proof. Let u; and u; be two entropy solution for problem (11) we shal prove that u; = u,. By using
Ty(uz) € W(0, T)L*®(Qr) in (12) with solution 171, we have

T
f <angu2),Tk(u1 = T(u2)))dt +f a(x, £, ur, Vi )VTi(uy = Ty(u2))dxdt
0 T
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< fTr(ur — Th(up)dxdt,

and using Ty(u1) € W(0, T) N L*(Qr) in (12) with solution u,, we have

T
[, Tt = Tutun o+ [ ate b, V)T - Ty
0 T

< fTi(uz — Tp(uq)dxdt.
Qr

By adding these two inequalities, we get

. T
J
~[0 <8Tht(u2)’Tk(u1 B Th(uZ))>Q * .[0 < Tg(tul)’Tk(uz - Th(ul))>(zdt

+f a(x, t,uy, Vup)VTi(ug — Ty (uz))dxdt + f a(x, t,uy, Vup)VTi(up — Ty(up))dxdt
Qr Qr

Sf fTi(n —Th(uz)dxdt+f fTi(uz — Tp(uq)dxdt.
Qr Qr

For the first and term in the left hand side we can easly see that

T 0Ty (uz) T OTy(ur)
fo (=57 Tl = Tu(ua), + fo (=5 Teluz = Ty(aua)))

ot

T
=f f MTk(ul — up)dxdt =0
0 Jimlshinimisky Ot

On the other hand, we decompose the third integral in the left hand side as follow

f a(x, t,u1, Vur)VTi(ur — T(uz))dxdt

T
T

- f f a(x, by 1y, Viur) (Vi — VT, ()t
0 {lu1 =T (u2)|<k}

T
:f f a(x, t,uy, Vur)(Vuy — Vuy)dxdt

0 {1 —ual<kinfluz|<h}}

T
+f f a(x, t,uy, Vup)Vuydxdt
0 {lu1 —ua| <k} {lug >R}
T
Zf f a(x, t,uy, Vur)(Vuy — Vuy)dxdt

0 {{lur —ual<kin{lua|<hiN{jus [<h}}

T
+f f a(x, t,uy, Vup)(Vuy — Vup)dxdt. (36)
0 {lur —ua|<k}N{luzl<hin{uq [>h}}

f a(x, t, up, Vup)VTi(up — Ty(uq))dxdt >
Qr

T
Zf f a(x, t,uy, Vuy)(Vuy — Vuy )dxdt
0 {2 = |<kIN{fn |<BIN [z <R}

Similarly, we get
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T
+f f a(x, t, uy, Vuy)(Vuy — Vg )dxdt. (37)
0 {luz—ua|<k}O{lur|<hin{ua|>h}}

Combining (36) and (37), we obtain

f a(x, t,uy, Vup)VTi(uy — Ty(up))dxdt + f a(x, t,uy, Vup)VTi(up — Ty (uqp))dxdt
Qr Qr

T
> f f (@, b 1, Vitr) — a(x, £ 143, Vi) (Vity — Vitp)dxdt
0 {{luz—u1 |<k}N{ug |<h}N{uz|<h}}

T
+f f a(x, t,uy, Vup)(Vuy — Vup)dxdt
0 Hlua—un |<kO{lua|<hiN{lug [> 1}

T
+f f a(x,t,uy, Vuy)(Vuy — Viup)dxdt.
0 {luz = <k} {fur | <hEN{[ua >R}

Using the result above, we conclude that

T
f f (@, b tr, Vitr) — a(x, £ s, Vi) (Vity — Viso)ddt
0 {{lua—us|<k}N{lur [<h}O{Juz|<h}}

< f f(Te(ur = Th(up)dxdt + Ti(up — Ty (uq))dxdt
Qr

T
—f f a(x, t, u, Vup)(Vuy — Vuo)dxdt
0 {luz = |<kIN{fur |<hIN{[ua >R}

T
—f f a(x, t,uz, Vuy)(Vuy — Vup)dxdt.
0 {2 = <k} {fur [<hEN{uz >R}

The first term on the right hand side, reads as

l o f(Ti(ur = Ty(up)dxdt + Ti(up — Ty(uq))dxdt

< f | Ti(u1 — u2) + Ti(up — uq)|dxdt
{lur|<h};{luz[<h}
" f ITetr = Ta(u2)) + Teluta — T(uen))ldxcdt
{lur|>h}

+f [ Ti(uy — Ty(uz2)) + Ti(uz — Tp(uq))ldxdt
{luz|>h}
< 2kf |f|dxdt+2kf | fldxdt,
{lua|>h} {lua|>h}
Since f € LY(Qr) and meas{u; > k} — 0 as h — +oo fori = 1,2, it follow that
f(Ti(ur — Th(up)dxdt + Ti(up — Ty(up))dxdt - 0 as — +oo (38)
Qr

For what we concerne the second term in the right hand side, by taking T},(11) as test function in (12), we
have

f Ty (1) Tie(ur — Ty (ur))dxdt + f a(x, t,u1, Vur)VTi(ur — Ty(ur))dxdt

T
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< | fTk(ur — Tp(ur))dxdt,

which imply, in view of (7) that

Vu
azf M(udxdtsf a(x, t,uy, Vup)Vuydxdt
{h<uy|<h+k) {h<uy |<h+k)

<k f |fldxdt.
{lur|=h}

Since k f{|L41|>h} |fldxdt — 0 as h — +oo0 , we can obtain that

a f mYh v S o,
{h<lus|<hik) A

using the fact that fQT M(v)dxdt < 6 fQT M(A|Vo|)dxdt (see lemma 2.6) we have .

f M(lual)dxdt — 0.
{h<|uy|<h+k}

Similarly, using the above method, we get

\Y%
a f MYl - o,
{h<lus|<h+k) A
Furthemore, we remark that

{lur —ua| <k} N {luzl < By N {lug] > By C{h <|uq| <h +k} N {h —k < |uz| < h},
then (5) and Young inequality lead us to write,

f a(x, t,uy, Vup)(Vuy — Vup)dxdt
{lur —uz <k} {uz|<hIN{ [ [>h}

<B f (8 + M P@|ual) + M (MOIVat))(Vier| + [Visal)dxdt
{lur—ua|<k}nf{ua|<hbO{|ur [> 1}
<28 (]\_/I(hl(x, H)dxdt + 28 P(0|u1])dxdt + f (M(0|Vuy))dxdt
{lua|>h} {h<u1|<h+k} {h<luy|<h+k}
+3p M(|Vuq|)dxdt + 3f M(\Vuy|)dxdt — 0
{h<|uy |<h+k} {h—k<|uq|<h}
ash — +oo.

Similarly, we can prove that

f a(x, t,up, Vuy)(Vuy — Vuy)dxdt — 0ash — +oo,
{lur —ua|<kIN{ua|<hiN{us [>h}

finally, we obtain

T
f f (a(x, t,uy, Vuy) —a(x, t, uz, Vuy))(Vuy — Vuy)dxdt = 0
0 {lup—uq|<k}

On the other hand we can write

T
f f (@, b, Vitr) — a(x, £ s, Vi) (Vity — Vito)dxdt
0 {lto—1q | <k}



G. Erriahi Elidrissi et al. / Filomat 39:31 (2025), 11277-11296 11293

T
+f f (a(x, t,uz, Vuy) —a(x, t, uz, Vuz))(Vuy — Vup)dxdt = 0
|up—uq|<k

by using (7), (10) and (35), there exists c; and ¢, two positive constants such that

T T
1 f f IVuy — Vi [Pdxdt + czf f [ur — ua[A Vg — Vuo|dxdt < 0. (39)
0 {lua—u1|<k} 0 {luz—u1|<k}

Using the fact that the both terms in (39) is positive we conclude that Vi; = Vu, a.ein Qr, since ug = u; =0
on dQ x (0, T), thus u; = uy a.e in Qr, which achieve the prove. O

4.1. Uniqueness and existence of approximate problem
Proposition 4.2. Assume that ( 5)- ( 10) holds, then problem (14) admits a unique weak solution u € D(A) N
W, Lm(Qr) N C(0, T, LX(QQ)).

Proof. Assume that u and v are two weak solutions of (14),then u and v satisfying the equation of problem
(14)

g—;{ —div(a(x, t,u, Vu)) = f, (40)
and
at —div(a(x,t,v,Vv)) = f, (41)

subtracting equality (40) from (41) and using (1 — v) as a test function we obtain

Zdt f(u(t) —o(t))?dx + f(a(x t,u,Vu) —a(x, t,v, Vo))(Vu — Vo)dx =

it is easy to see that

%% Q(u(l‘) —o(t))?dx + L(a(x, t,v,Vu) —a(x,t,v,Vo))(Vu — Vo)dx =
- f a(x,t,u, Vu) — a(x, t,v, Vu))(Vu — Vo)dx,
Q

then we can write

2 o f (u(t) —o))dx + I = (42)

for I1 by using (7) and 10 we have

L>a f MOV vt > acy f Vit — Volidx. 43)
Q A Q

For I, by using (3) we get
Ll < f |u — v|(d(x, t) + B(Vu))|Vu — Voldx
Q

< lu — o] dxdt + C3f |Vu — Voldx. (44)
Q

Combining (42),(4.1), (44), and we choose ac; = c3 we deduce that

Zdtf(u(t) vt))zdx<czf|u oldx,
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we apply Gronwall lemma to obtain

f(u(t) —o(t)?dx < c4 f [u(x, 0) — v(x, 0)[dx.
Q Q

Finally, initial condition allows us to haveu =v. O

Now, we pass to prove the existence of problem (13):

Proof. Continuity of ¥V Let u,, and u,, satisfying (13), we can write by using u, — u,, as test function

%% f (tn(F) — () dx + f a(x, t, un, Vig) = a(x, t, i, Vi) (Vity = Vit )dx
Q Q

- f (o Fn)(ttn — t)ix
Q

using the same argument as above and we get

1d

1
33p 0 = Pe - acs [ 1V, = Vi P < 2F = Fuliz

Q

+élluy — umllma + czf [y — tPdxdt + 03f Vi, — Vit,|>dx.
Q Q

using (10) and taking c3 = ac, we have

Zdtf(un(t um(t))zdx+5c4“”n umllz _”fn fm||MQ+C2”ul’l ”m”z

taking e = 7= we get
377 6= 0P < 5+ Bl =,
integrating between 0 and T, and using Gronwall lemma we deduce
a6, T) 1t 6, D2 ) < Cellton = ttoml gy

Finally, we obtain
H\y(uOn) - \P(uOm)” < C6I|u0n - uOm”-

The continuity of W is achieved.

Compactness of V.

we prove that W(B(0,R)) ¢ B(0, R) such that B(0, R) is the ball of L>(Q) with radius R. (i.e we will find R
such that if [ug,| < R we obtain u,(x, T) < R), using u, as a test function in (13) we have

1ijV(u,,(t‘))zdx+fa(x,t‘,un,Vun)Vunalxdt:ffnunclx,

by (7) and Young inequality we get

33 [ s+ a [ M < g+ e,

using (10) we have
1d

2 &
2 (O eVl gy + ol < ifiliz
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and so, by Poincarré inequality there exist ¢ > 0 such that

we set c3 =

1d aA? +e
30 O+ S R, ) < il

"‘} 6“ and multiplying by exp(c3t) we can write

1
explca) 57 [ (un(0)Ps -+ coexplcanli . g < explest Il

integrating between 0 and T we obtain

exp(C3T)”un(T)”i2(Q) < Cy + RZ-

Finally, we choose R such that R? > %((??) to deduce the result. [J
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