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Oriented diameter of the complete tripartite graph (II)

Jing Liu**, Hui Zhou®
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Abstract. For a graph G, let D(G) denote the set of all strong orientations of G, and the oriented diameter
of G is f(G) = min{diam(D) | D € ID(G)}, which is the minimum value of the diameters diam(D) where
D € ID(G). In this paper, we determine the oriented diameter of complete tripartite graphs K(3, 3, 4) and
K(3,4, g), these are special cases that arise in determining the oriented diameter of K(3,p, 9).

1. Introduction

Let G be a finite undirected simple connected graph with vertex set V(G) and edge set E(G). The
orientation of a graph G is a directed graph obtained from G by assigning each of its edges in G a direction.
An orientation D of G is strong if for any two vertices u,v in D, there exists a directed path from u to
v. For any u,v € V(G), the distance dg(u,v) denotes the length of a shortest (u,v) - path in G, which
is the number of edges in a shortest path connecting u and v in G. The diamater of G is defined as
diam(G) = max{dg(u,v) | u,v € V(G)}. An edge e € E(G) is called a bridge of a graph G if the subgraph
obtained by deleting the edge e of the graph G is disconnected. A graph is called bridreless if it has no
bridge.

Robbins’ one-way street theorem [10] proves that a connected graph has a strong orientation if and only
if it is bridgeless. Boesch and Tindell [1] proposed the notion f(G) in order to extend Robbins’ theorem [10].

Let G be a connected and bridgeless graph, and ID(G) be the set of all strong orientations of G. Define
the oriented diameter of G to be

f(G) = min{diam(D) | D € D(G)}.

For an arbitrary connected graph G, the problem of evaluting oriented diameter f(G) is very difficult. In
reality, Chvital and Thomassen [2] demonstrate that the problem of deciding whether a graph admits an
orientation of diameter two is NP-hard. Next, we will present some results on the oriented diameter that
have been obtained in the literature.

Given any positive integers n, p1, pz, . - -, P, let K, denote the complete graph of order n, and K (p1, p2, - - -, Pn)
denote the complete n-partite graph having p; vertices in the i-th partite set V; for eachi=1,2,...,n. Thus
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K, is isomorphic to K (p1,p2, ..., pn) where p; = p» = --- = p, = 1. The oriented diameter of complete graph
K, was obtained by Boesch and Tindell [1]:

2, ifn>3andn #4;
K,) =
f &) {3, ifn=4.

The oriented diameter of complete bipartite graph K(p, q) was given by Soltés [11]:

&ﬁzsPquqQ)
2

where | x] denotes the greatest integer not exceeding x. Let n > 3, Plesnik [9], Gutin [3], and Koh and Tay [6]
independently obtained the oriented diameter of complete n-partite graph, the specific result is as follows:

2< f(K(pip2---,pn) < 3.
Let p > 2 and n > 3, Koh and Tan [4] also obtained:

n

—_——
fK@p.p,---p) =2

r

—_——
fK@p,p,---p,q)=2,(r>3,p>31<q<2p).

They also got some other results on complete multipartite graphs.

Actually, a problem was proposed by Koh and Tan [6] : “given a complete multipartite graph G =
K(p1,p2, -+, pu), classify itaccording to f(G) = 2 or f(G) = 3.” We endeavor to classify complete multipartite
graphs according to the oriented diameter 2 or 3. Koh and Tan [5] obtained:

2

p
and the authors and Rao and Zhang proved [7] that
p
f(K(2,p,q)) =3 forqg > ([EJ)
2

So far, the oriented diameter of complete tripartite graph K(2, p, q) is completely determined.
In this paper, we devote ourselves to deal with the case K(3,p,q) for p > 3, and we first discuss special
cases K(3, 3,9) and K(3,4, g), the results are as follows:

|2, ifg<e;
f@@ﬁﬂ»—{& ifq>6;
)2, ifg <11

In a long manuscript [8], we also have determined the oriented diameter of K(3,p,q) for p > 5. Hence the
problem posed by Koh and Tay for complete tripartite graphs K(3, p, 4) is completely solved.
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2. Preliminaries

For a digraph D, we denote its vertex set by V(D). Take any u,v € V(D), the distance dp(u, v) denotes
the number of directed arcs in a shortest directed path from u to v in D. The diameter of D is defined as
diam(D) = max {dp(u,v) | u,v € V(D)}. Foru,v € V(D),U,V € V(D) and UNV = g, if the direction is from u
to v, we write ‘u — v’;ifa — bforeacha € Uand each b € V, we write ‘U — V’;if U = {u}, we write ‘u —» V’
for ‘U — V’;if V = {v}, we write ‘U — v" for ‘U — V’. In addition, the set Nj(u) = {x € V(D) | u — x},
which is a collection of all out-neighbors of u; the set N, (v) = {y € V(D) | y — v}, which is a collection of all
in-neighbors of v.

For the complete tripartite graph K(3,p,q), p € {3,4}, let

Vi = {x1,x0,x3},
V2 = {]/1/]/2,"' ,]/p}/

V3 = {21122/“ : /Zq}'

be the three parts of the vertex set of K(3,p, ). Let D be a strong orientation of K(3,p, ). We consider the

sets
Np™ = Np (1) NN, (x2) NN, (x3),

(
NS = Nj (x1) "Nf (x2) " Np (x3),
N = Nfj (x1) " Np (x2) N NF (x3),
Np™ = Np (x1) N Np, (x2) N N, (x3),
NS5~ =Nj(x1) "Ny (x2) " Np (x3),
Np"™™ = Np (x1) " Nf (x2) N Np (x3),
Ny = Np (x1) "Ny (x2) N NF (x3),
Np ™ = Np (x1) N Np (x2) N N, (x3),
For i € {2, 3}, the following eight sets

VI = Vin Ny,

VT =VinN5T,

VIt =VinN5T,

VT =VinNp™,

VI =VinNyT,

V7T =VinNp"T,

V' =ViNnN; T,

Vi =VinNy .

form a partition of V;. For convenience, we will denote V" *as Vand V;"as V..

Lemma 2.1. D is a strong orientation of G with diameter diam(D) = 2, suppose {i, j} = {2,3}, then the following
properties hold.

LIfVIT #0,then V™" — V;and |Vi+++ =Lif V7" #0,then V; > V-""and (Vl,‘“| =1

2.If VTt #0, then V;TJ”r =0;if V.= #0, then Vi =0

Proof. Suppose VI ** # (. Take any y € V**and any z € V;, we have dp(y,z) < 2. If z — y, then
Ni(y) € Vi\{z}. We know dp (z',z) > 2 for any z’ € V;\{z}, so dp(y,z) > 3, a contradiction. Hence y — z.
This means V™" — V.

Suppose X is a strongly connected digraph. Let u,v € V(X) be two vertices of X. If Ny (u) N Ny (v) = 0,
then dx(u,v) # 2. We assume dx(u,v) = 2, then there exists w € V(X) such that u - w — v. So
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w € Ny(u) N Ny(v) # 0, a contradiction. For distinct vertices y, yx € V™", we have N (yn) € Vj and
N5 (yx) € V1. VinV; = 0implies N}, (y1) N Ny (yk) = 0, so we get dp (yn, yx) > 3, a contradiction. Thus
(Vi***| = 1. The proof for the case V.~ # 0 is analogous.

Suppose V™" # 0 and V;** # 0, then V** — V; and V;** — Vi, ie, forye Vi**and z € V]JFH, we
have y — z and z — y, a contradiction. The proof for the case V=~ # () is analogous. ]

3. The oriented diameter of K(3, 3, q)
Lemma 3.1. For3 <gq <6, f(K(3,3,9)) =2

Proof. When g = 3, it follows from Theorem 3 in Koh and Tan [4] (Discrete Mathematics, 1996) that
fKG,3,q)) =2

When g = 6, let V3 = Vi** U VI~ U V;* U V;where |[Vi+| = [V;7| = 1and [Vi—| = |V5+ | = 2.
Orient K(3,3,6) as follows : {y2,y3} — {x1, %2} = y1 — x3 = {y2,y3}, V3™ — y1 — Va\Vi*, VTt —
{y2,y3} = V3 "and it is enough for {12, y3} to form a directed four-length circle with two vertices in V™ ~or
V37, Let D¢ be the resulting orientation, it is easy to verify that diam(Dg) = 2. On the basis of the above
orientation Dg, if V7~ = @, then we can get f(K(3,3,5)) =2.

When g = 4, let V3 = Vi** U Vi* U Vi~ U Vi~where |Vi**| = |Vi*| = |Vi~*| = |[Vi~| = 1. Orient
K(3,3,4) as follows: Vo, = x1, {y2, y3} = x2 = y1, {y1,y3} = 13 = 12, VIttUVITT sy s ViTTuU VT,
ViTTuU VTt >y > VITT U ViTTand Vs — y3. Let Dy be the resulting orientation, it is easy to verify that
diam(Dy) = 2. [ |

Theorem 3.2. Suppose q > 3, then
2, ifq<e6;
K(3,3,9)) = .

FKG,3,) {3, A
Proof. When 3 < g < 6, we have shown in Lemma 3.1 that there exists an orientation of diameter 2 for
K(3,3,9). When g > 6, we prove it by contradiction. Assuming f(K(3,3,9)) = 2 when q > 6, then K(3,3, )
has a strong orientation D with diameter diam(D) = 2. Let V1 = {x1,x2,x3}, V> = {y1,¥2,y3} and V3 =
{zl,zz, oy ,zq} be the three parts of the vertex set of K(3,3,9), and i = ‘Ng (x))NVy|,j= (NE (x2) N Vol k =

(NE (x3) N V2|. For all 4,7,k € {0,1,2,3}, we may suppose i < j < k to avoid dealing with similar cases
according to different order of the vertices in V7, so there are a total of 20 cases of (i, j, k), namely (0,0, 0),
(0,0,1), (0,0,2), (0,0,3), (0,1,1), (0,1,2), (0,1,3), (0,2,2), (0,2,3), (0,3,3), (1,1,1), (1,1,2), (1,1,3), (1,2,2),
1,2,3),(1,3,3),(2,2,2),(2,2,3),(2,3,3) and (3, 3, 3).

The case (3,3, 3) is the same as case (0, 0, 0) by reversing directions of all the arcs in D.

The case (2, 3, 3) is the same as case (0, 0, 1) by reversing directions of all the arcs in D and interchanging
vertices x1 and xs.

The case (2,2, 3) is the same as case (0, 1, 1) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (2,2,2) is the same as case (1,1, 1) by reversing directions of all the arcs in D.

The case (1, 3, 3) is the same as case (0, 0, 2) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (1, 2, 3) is the same as case (0, 1, 2) by reversing directions of all the arcs in D and interchanging
vertices x1 and xs.

The case (1, 2,2) is the same as case (1, 1, 2) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (1, 1, 3) is the same as case (0, 2, 2) by reversing directions of all the arcs in D and interchanging
vertices x1 and xs.

The case (0, 3, 3) is the same as case (0, 0, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.
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The case (0, 2, 3) is the same as case (0, 1, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

Thus, we have the following ten exhaustive cases Case(i,j k)s to obtain the required contradiction.

(1) Case (0,0,0). V, — V3.

Take any x € V,z € V3, since dp(x, z) < 2, then we have x — z, this means V1 — V3. So dp (x1,x2) = 3, a
contradiction.

(2) Case (0,0,1). Vo = {x1,x2}, {y2, y3} = x3 = y1.

Take any x € V1\ {x3} and z € V3, since dp(x,z) < 2, then we have x — z, this means V;\ {x3} — V3. So
dp (x1,x2) > 3, a contradiction.

(3) Case (0,0,2). Vo = {x1,x2}, y3 = x3 = {y1, 12}

Take any x € V1\ {x3} and z € V3, since dp(x,z) < 2, then we have x — z, this means V;\ {x3} = V3. So
dp (x1,x2) > 3, a contradiction.

(4) Case (0, 0, 3) Vz - {xl,xz},x3 ad V2.

Take any x € V1\ {x3} and z € V3, since dp(x,z) < 2, then we have x — z, this means V1\ {x3} = V3. So
dp (x1,x2) > 3, a contradiction.

(5) Case (0,1, 1).
Subcase 1: V, — x1,{y2, y3} — {x2, x3} = 1.

Take any y € V,\ {11} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V,\ {y1}. So
dp (¥2, y3) = 3, a contradiction.

Subcase2: V, — x1,{y2, y3} = x2 = y1,{y1, y3} = x3 = 12.

We know y1 € V377,12 € V; "and y3 € V; 7. By Lemma 2.1, wecan get V;™~ = V7" = V77 = 2.
Take any z € V3, since dp (x1,z) < 2 and dp (z, y3) < 2, then we have x; — z and z — y3, this means x; — V3
and V3 — y3. Thus V3 = V" U Vi*~ U V=" U V7. Since dp (V;+‘,y,-) <2 wherei=1,2,3, then we
have V;*~ — y;. Since dp (V;‘Jr, yi) < 2wherei=1,2,3, then we have V;=" — y,. Since dp <x3, V;Jr_) <
2,0p (xz, V;‘Jr) < 2,dp (xz, V;“) < 2 and dp <x3, V;'“) < 2, then we have y, — V;*7,y; — V] "and
{y1, 92} = Vi~ Let|Vi*-|=q1,|Vi*| = g2 and
that dp (z,-,zj) > 3, a contradiction. Hence q; < 1. If g2 > 2, then there exists z;,z; € V; "such that

V;”( =qs. If q1 > 2, then there exists z;,z; € V;""such

dp (Zi,Zj) > 3, a contradiction. Hence g» < 1. If g3 > 2, then there exists z;, z; € V] "such that dp (zi,z j) >3,
a contradiction. Hence g3 < 1. By Lemma 2.1, we also have |V;++| <1, thus|V3|=g<1+1+1+1=4<6.
(6) Case (0,1,2)

Subcase 1: Vo — x1,{12, y3} = %2 = y1,y3 = x3 = {y1, 12}

We know y; € V", 1, € V;7"and y3 € V;77. By Lemma 2.1, we can get V;™" = V7" = V77 = 2.
Take any z € V3, since dp (x1,z) < 2 and dp (2, y3) < 2, then we have x; — z and z — y3, this means x; — V3
and V3 — y;. Thus V3 = V;** U V;Jf‘ U V;‘J' U V;“. Since dp (V;‘Jf,yi) < 2 wherei = 1,2,3, then we
have V™" — y,. Since dp (xz, V?f**) < 2and dp (xz, V;”) <2,wehavey; — Vi " and y; — V;7. Let
‘V;+‘| =q, V;‘+| =g, )V;“| =gsand F=D [Vz\ {ys} U V;J’_]. Then F is an orientation of K(2,4;) where

1 < g. If g1 > 3, then there exists z;,z; € Vit such that dr(z;,z;) = 4, so dp (zi,z;) > 3, a contradiction.
q q q j 3 j j

Hence q; < 2. If g5 > 2, then there exists z;,z; € V; ~*such that dp (z,-,z]-) > 3, a contradiction. Hence g, < 1.
If g3 > 2, then there exists z;,z; € V]~ such that dp (z,-,z j) > 3, a contradiction. Hence g3 < 1. By Lemma 2.1,

we also have [Vi**| <1, thus [V3] =g <1+2+1+1=5<6.
Subcase 2: V; — x1,{y2, y3} = x2 = y1 = x3 = {y2, y3}.

We know y; € V;""and y2,y3 € V,7". By Lemma 2.1, we can get V;7" = V¥~ = @. Take any z € V3,
since dp (x1,2z) < 2, then we have x; — z, this means x; — V3. Thus V3 = V;** U V"~ uV;Fu V.

Since dp (V;"*‘, yi) < 2 where i = 1,2,3, then we have VJ*~ — y;. Since dp (V;‘J', y,-) <2wherei=1,2,3,
then we have V™ — {y, y3}.  Since dp (xz, V;_Jr) <2anddp (xz, V;“) <2, then we have y; — Vi *and
yv1—> VT Vi7" # @, thendp (V;_+,x3) > 3, a contradiction. So V; ™+ = @. Let |V3++‘| =qi, V;"| =q
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and F; =D [V2——+ U V;“Jf‘] ,F, =D [Vz“+ U V;“]. Then F; and F; are respectively an orientation of K (2, q1)
and K (2,92) where q1,92 < g. If g1 > 3, then there exists z;, z; € V;*“such that JF, (zi,z]-) =4,s50dp (zi, z j) >3,
a contradiction. Hence g1 < 2. 1f g, > 3, then there exists z;, z; € V7" such that Jr, (zi, zj) =4,s0dp (Z,',Zj) >
3, a contradiction. Hence g, < 2. By Lemma 2.1, we also have |V;++) <1,thus|V3=g<1+2+2=5<6.
(7) Case(0,1,3). Vo = x1,{y2, y3} = x2 = y1,x3 = Vo

We know y; € V" and y»,y3 € V,7*. By Lemma 2.1, we can get V;*" = V7% = @. Take any z € V3,
since dp (x1,z) < 2 and dp (z,x3) < 2, then we have x; = z and z — x3, this means x; — V3 and V3 — x3.
Thus V3 = Vi*~ U Vi~ Since dp (x2, Vi) < 2, then we have y1 — Vi~ Let |Vi*| = q:|[Vi | = g2
and F; = [V2 uvy +‘] ,Fp = [Vz‘ Tuvy “]. Then F; and F, are respectively an orientation of K(2,4;) and
K(2,92) where q1,q2 < q. 1f g1 > 4, then there exists z;,z; € V¥ such that Jf, (z,-,z]-) =4,s00dp (z,-, zj) >3,a
contradiction. Hence g; < 3. If g, > 3, then there exists z;, z; € V]~ "such that df, (zi, z]-) =4,s0dp (zi, z]-) >3,
a contradiction. Hence g < 2. Thus |V3|=g<3+2=5<6.
(8) Case (0,2,2)
Subcase 1: Vo — x1, y3 = {x2, x3} = {y1, 2}

We know y1,y2 € V;7"and y3 € V;7. By Lemma 2.1, we can get V™" = V;7~ = @. Take any
z € V3, since dp (x1,z) < 2 and dp (z,y3) < 2, then we have x; — z and z — y3, this means x; — V3
and V3 = y3. Thus V3 = V;*" U V" UVITTU Vi7" Let (V;+‘| =1, V;‘Jf) = qo, V;“| = g3 and
F, =D [V2‘++ U V;J“‘] ,Fb =D [V2‘++ U V;_+:|,F3 = D[VZ‘JfJr U V;“]. Then Fq,F, and F3 are respectively
an orientation of K(2,41),K(2,42) and K(2,43) where q1,42,93 < q. If g1 > 3, then there exists z;,z; €
Vi*~such that Jf, (zi, zj) = 4, so dp (Zi,Z]') > 3, a contradiction. Hence g1 < 2. If g > 3, then there

exists z;,z; € V{ "such that of, (z,», zj) =4, s0 dp (zi, zj) > 3, a contradiction. Hence q» < 2. If g3 > 3,

then there exists z;,z; € V; "such that Jr, (zi, zj) = 4,50 dp (zi, z]-) > 3, a contradiction. Hence g3 < 2.
Since dp (V;’f‘, V;") <2, if g1 = g3 = 2, then there exists z; € V]*7,z; € V; "such that dp (zi, z]-) >3,a
contradiction. Hence we have g; <1 or g3 < 1. The argument for these two cases are similar, so we may
assume q; < 1. By Lemma 2.1, we also have |V§'++| <1, thus|V3|=g<1+1+2+2=6<6.

Subcase2: V, — x1,y3 = x2 = {y1, 2}, y1 = x3 = {y2, y3}.

We know y; € V77,5 € V" and y3 € V;7". By Lemma 2.1, we can get V; 7~ = V™" = V7F = 2.
Take any z € V3, since dp (x1,2) < 2, then we have x; — z, this means x; — V3. Thus V3 = V;** U Vit~ U
V3~" U V3. Since dp (V;J",y,-) < 2 where i = 1,2,3, then we have V;*~ — y;. Since dp (V;‘J',yi) <2
where i = 1,2,3, then we have V=" — y;. Since dp (V;+‘,x2) < 2,dp (X3, V;*‘) < 2,dp (V;‘+,x3) <2
and dp (xz, V;‘Jr) < 2, then we have y, — Vi*~ — yzand y» — Vi7" — y1. Let |V;+‘( =q, V;‘Jf) =
92, V;“‘| =gqzand F =D [Vz U V;“]. Then F is an orientation of K(2,43) where g3 < q. If g3 > 4, then

there exists z;,z; € V7" such that or (z,-,zj) =4,s0dp (z,-,zl-) > 3, a contradiction. Hence g3 <3. If g1 > 2,

then there exists z;,z; € V3" such that dp (zi, z]-) > 3, a contradiction. Hence g1 < 1. If g, > 2, then there
exists z;,z; € V] "such that dp (zi, zj) > 3, a contradiction. Hence q» < 1. By Lemma 2.1, we also have
[Vit*|<1, thus V3l =q<1+1+1+3=6<6.
(9) Case (1,1,1).
Subcasel: Vi — y1,{y2, y3} = V1.

Take any y € V,\ {11} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — {y2, y3}. So
dp (2, y3) = 3, a contradiction.
Subcase2: {2, y3} — {x1, %2} = y1, {y1, y3} = x3 = V.

We know y; € V77, y, € V,7"and y3 € V;77. By Lemma 2.1, we can get V;*~ = V7" = V77 = 2.
Thus V3 = V" UV tuV;*ruVi——uUVi*. Takeanyz € V3, since dp (z,y3) < 2, then we have z — y3, this
means V3 — y3. Since dp (V;‘+, yi) < 2wherei=1,2,3, then we have V;=" — y,. Since dp (V3‘++,yi) <2



J. Liu, H. Zhou / Filomat 39:31 (2025), 11311-11330 11317

wherei = 1,2,3, then we have V;** — . Since dp (y,, ) <2wherei=1,2,3, thenwehavey; — V;7~
Since dp (yi, Vit ) < 2 where i = 1,2,3, then we have y; — V;*~. Since dp (xz, Vi +) <2,dp (xl, vt ) <
2,0p (x5, V4~") <2and dp (xg,, Vit
Let )V* +( =q1,|V | =q,|V " = g3 and |V | = qq4. If g1 2 2, then there exists z;,z; € V" such that
dp (z,,z]) >3,a Contradlctlon. Hence q1 < 1. If g» > 2, then there exists z;, z; € V;**such that dp (Zi,Zj) >3,a

) <2,thenwehavey; - Vi7", y1 > V;7",yp > Vi "and y, - V7.

contradiction. Hence g» < 1. If g3 > 2, then there exists z;, z; € V; ~~such that dp (z,',z]-) > 3, a contradiction.
Hence g3 < 1. If g4 > 2, then there exists z;, z; € V;""such that dp (z,-,zj) > 3, a contradiction. Hence g1 < 1.
By Lemma 2.1, we also have )V;++| <1,thus|V3=g<1+1+1+1+1=5<6.
Subcase3: {y2, ys} = x1 = y1,{y1, y3} = x2 = Y2, {y1, ¥2} = x3 > ya.

Weknow y; € V377, 2 € V7 and y3 € V,7F. By Lemma 2.1, wecanget V™~ = V7~ = V7" = @, thus
V3 = ViUV uVITtuV UV T Sincedp (V;*‘,yi) < 2wherei =1,2,3,thenwehave V;*~ — {y1, y2}
Since dp (V;‘J', yi) < 2 where i = 1,2,3, then we have V;™" — {y,y3}. Since dp (V‘++,yi) < 2 where
i =1,2,3, then we have V;** — {y,,y3}. Since dp (x3, V**’) <2,dp (xz, Vi~ +) <2 and dp (xl,V ) <2,
)—qz, ++|—q3 Ifg =2,
then there exists z;,z; € V3" such that dp (zl,z]) > 3, a contradiction. Hence g1 < 1. If gp > 2, then there

then we have y3 — Vi*~,y, - Vi**and y; — V;**. Let |V++‘} .

exists z;,z; € V; "such that dp (z,-, zj) > 3, a contradiction. Hence g, < 1. If g3 > 2, then there exists
zi,zj € V3 **such that dp (z,-,zj) > 3, a contradiction. Hence g3 < 1. By Lemma 2.1, we also have |V;r++| <1
and|V5“|$1,thus|V3|:q$1+1+1+1+1=5$6.

(10) Case (1,1, 2).
Subcasel: {2, y3} = {x1, %2} = y1,¥3 = x3 = {y1, 2}
We know y; € VJ**,y, € V,;7"and y3 € V;77. By Lemma 2.1, we can get V;** = V3“Jr =V;7 =0,

thus V3 = Vi*" U Vi7" U VI U VI U V*. Take any z € V3, since dp (y1,2z) < 2 and dp (z,y3) < 2,
we have y; — z and z — y3, this means y; — V3 and V3 — y3. Since dp (V;‘J',yi) < 2wherei=1,2,3,
then we have VJ™" — y,. Since dp (V;**,yi) < 2 where i = 1,2,3, then we have V;™" — y,. Let
‘VH’ | =qi, V+ +| — rh, ++| = g3,
that dp (z,,z]) 3, a contradiction. Hence q1 < 1. If g2 > 2, then there exists z;,z; € V; "such that

dp (z,,z]) > 3, a contradiction. Hence g, < 1. If g3 > 2, then there exists z;,z; € V;such that dp (z,,z]) >3,

% “| = g4 and |V;+‘) =gs. If g1 > 2, then there exists z;,z; € V;*"such

acontradiction. Henceqs; < 1. Ifg4 > 2, then there exists z;, z; € V; ~such that Ip (zz,z]) > 3, a contradiction.

Hence g4 < 1. If g5 > 2, then there exists z;,z; € V;*such that dp (z,-,z j) > 3, a contradiction. Hence g5 < 1.
Thus |V3]l=g<1+1+14+1+1=5<6.
Subcase2: {2, y3} — {x1,x2} = y1 — x3 = {y2, y3}.

We know y; € V3*"and yp,y3 € V,7". By Lemma 2.1, we can get V"~ = V;7" = @, thus V3 =
ViTTOVITTUVITTUVITT U VT U VT Since dp (V;‘J', y,-) <2wherei=1,2,3, then we have V;7" —
{y2,y3}. Since dp (V;**,yi) < 2 where i = 1,2,3, then we have V;** — {y,,y3}. Since dp (y,, +“) <2
where i = 1,2,3, then we have y; — V;77. Since dp (yi, V;*‘) < 2 where i = 1,2,3, then we have
y1 — V3;*7. Since dp (xz, V;‘Jr) < 2 and dp (xl,V3‘++> < 2, we have y; — Vi fand y; — V™. If
Vi™" # @, then dp (V; ’*,X3) > 3, a contradiction. Hence V;~" = @. Similarly, we have V™" = @. Let
‘V;"| = ql,'V3_+_| =g and F; =D [VZ"+ U V;"],Fl =D [V2__+ U V3_+_]. Then F; and F; are respectively
an orientation of K(2,41) and K(2,42) where q1,92 < g. If g1 > 3, then there exists z;,z; € V; "such that
Ir, (z,-,zj) =4,s0dp (zi, z]-) > 3, a contradiction. Hence g1 < 2. If o > 3, then there exists z;,z; € V;* such

that dr, (zi, zj) =4,s0dp (zi,zj) > 3, a contradiction. Hence g, < 2. By Lemma 2.1, we also have (V; ++| <1



J. Liu, H. Zhou / Filomat 39:31 (2025), 11311-11330 11318

and [V;77| <1, thus [V3] =g <1+0+0+2+2+1=6<6.

Subcase3: {y2, y3} = x1 = v, {y1, y3} = X2 = y2,y3 = x3 = {y1, 12}
Weknow y1 € V37", yp € Vy"and y3 € V,77. By Lemma 2.1, wecanget V™F = V™" = V77 = @, thus
V3= Vi uVITuVTTuV UV Takeany z € V3, since dp (z,y3) <2, thenwehavez — ys, this means

V3 — y3. Since dp (yi, V;“) <2, wherei=1,2,3, then we have y; — V;7~. Since dp (yi, V;*‘) < 2, where
i=1,2,3, then we have y, — V;*~. Since dp (]/1, V3"+) <2,wherei=1,2,3, then we have {y, y2} — Vit
Let |V;'+‘) =q1, V;“| =qp, V3‘+‘| =qs, V3“+| =gsand F = D[Vz\ {ys} U Vg'*‘]. Then F is an orientation
of K(2,q1) where q; < g. If g1 > 3, then there exists z;,z; € V;* such that dr (z,-,zj) =4,s0dp (zi, Z]') >3,a

contradiction. Hence q; < 2. If g, > 2, then there exists z;,z; € V; ~~such that dp (Z,’, z ]-) > 3, a contradiction.
Hence g, < 1. If g3 > 2, then there exists z;, z; € V3 *~such that dp (Zj,Z]‘) > 3, a contradiction. Hence g3 < 1.
If g4 > 2, then there exists z;,z; € V;~"such that Jp (zi, Z]') > 3, a contradiction. Hence g4 < 1. By Lemma

2.1,wealsohave|V;++|S1, thus [V3|=g<1+2+1+1+1=6<6.

Subcase 4: {2, y3} = x1 = y1,{v1, Y3} = X2 = Y2, y1 = x3 = {y2, ¥3}.
Weknow y; € V377, o € V,"fand y3 € V,7F. By Lemma 2.1, wecanget Vi~ = V™ = V7" = @, thus

V3 =V37TuVITmuUVTTUVITT UV T Since dp (V;*, yi) <2wherei=1,2,3, wehave V;*~ — y;. Since
dp (V;"f,yi) <2wherei=1,2,3, wehave V;™" — {y1,y3}. Sincedp (yi, V;*‘) <2wherei=1,2,3, wehave
Y2 — V3*7. Since dp (xz, V;‘J') <2,0dp (xl, V37+‘) <2and dp (V3‘+‘,x2) < 2, then we have y, — VJ *and
Vi = a2, |[V;*| = ga and F = D[Vo\{ya} U Vi*] Then Fis an
orientation of K(2,41) where q; < q. If q; > 3, then there exists z;,z; € V3i*~such that Jr (z,-, z]-) =4, s0

v1 = V3* — s Let ‘V;+7| = q1,

dp (zi,z]«) > 3,acontradiction. Henceq < 2. If g, > 2, then there exists z;, z; € V;"such that dp (zi, zj) >3,a
contradiction. Hence g, < 1. If g3 > 2, then there exists z;,z; € V¥ such that Jp (z,-,z]-) > 3, a contradiction.
Hence g3 < 1. By Lemma 2.1, we also have |V§r++‘ <land |V§”| <1, thus|V3| =g <1+2+1+1+1=6<6.

In summary, it can be concluded that if f(K(3,3,4)) = 2, then g < 6. Since when g < 6, we have found
an orientation of diameter 2 of K(3,3,q) in Lemma 3.1. Therefore, f(K(3,3,¢)) = 2 if and only if g < 6. [ |

4. The oriented diameter of K(3,4, q)
Lemma 4.1. For4 < g <11, f(K(3,4,9)) = 2.

Proof. When g = 11, let V3 = V** U VI~ U V™ U Vi~where |[Vi**| = 1, [Vi+| = |[Vi*| = 2 and
(V;“| = 6. Orient K(3,4,11) as follows: Vo — x1,ys — x2 — Vo\{ya}, 11 = x3 = Vo\{y}, V3™ —
Vo, Vit~ = {y1,ya}, V3" — {y1, ya}. For the set {y, y3}, let it form a directed cycle of length four with the
vertices in V;""and V; "respectively. The orientation between V, and V] "is the same as the orientation
of K(4,6). Let D;; be the resulting orientation, it is easy to verify that diam(D1;) = 2.

When g = 10, let V3 = Vi*™ U Vi~ U V;* U VI~ U V;* U V;where [Vi+| = [V = 1,|Vi
Vit = |[vi| = |vit] = 2and VE* = (2}, V3 = (22}, VETH = {z,z), Vit = zs,za}, VT =
{zs,26}, V3™ = {z7,2s}. Orient K(3,4,10) as follows : {ys,ya} — {x1,x2} = {y1, 12} = x5 = {y3,v4},
Vitt > Vo = Vo y ) = VT UVITL VI UV S e, >z > e > 20 > YL &
Z3 = Yo = Z4 = Y1, Y3 = 25 = Y4 — Z = Y3, Y3 = 27 = Ya — 28 — Y3. Let Dy be the resulting orientation,
it is easy to verify that diam(Dyg) = 2.

Let Dy be the orientation obtained by deleting vertex z_from the above orientation Dy, it is easy to
verify diam (Dy) = 2, so f(K(3,4,9)) = 2.

Let Dg be the orientation obtained by deleting vertex z_and z, from the above orientation Dy, it is easy
to verify diam (Dsg) = 2, so f(K(3,4,8)) = 2.
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Let Dy be the orientation obtained by deleting vertex set {zy, zg} and vertex z_ from the above orientation
Dy, it is easy to verify diam (D7) = 2, so f(K(3,4,7)) = 2.

Let D¢ be the orientation obtained by deleting vertex set {zy,zg} and vertex z,, z_ from the above
orientation Dy, it is easy to verify diam (Dg) = 2, so f(K(3,4,6)) = 2.

Let Ds be the orientation obtained by deleting vertex set {z1, 2}, {z7, zs} and vertex z_ from the above
orientation Dy, it is easy to verify diam (Ds) = 2, so f(K(3,4,5)) = 2.

Let Dy be the orientation obtained by deleting vertex set {z1, z2}, {z7, zs} and vertex z,, z_ from the above
orientation Dy, it is easy to verify diam (D4) = 2, so f(K(3,4,4)) = 2. [ ]

Theorem 4.2. Suppose q > 4, then
2, ifg<1y;
K(3,4,9)) = .

FKG,4,q) {3, oo
Proof. When 4 < g < 11, we have shown in Lemma 4.1 that there exists an orientation of diameter 2
for K(3,4,9). When g > 11, we prove it by contradiction. Assuming f(K(3,4,4)) = 2 when g > 11, then
K(3, 4, q) has a strong orientation D with diameter diam(D) = 2. Let Vy = {x1,x2,x3}, V2 = {1, ¥2, ¥3, ya} and
Vs = {21,22, S zq}be the three parts of the vertex set of K(3,4,¢),and i = |N5 (x)NVy|,j= |N;5 ()N Vo, k=

(NE (x3) N V2|. For all 4, j,k € {0,1,2,3,4}, we may suppose i < j < k to avoid dealing with similar cases
according to different order of the vertices in V7, so there are a total of 35 cases of (i, j, k), namely (0,0, 0),
(0,0,1), (0,0,2), (0,0,3), (0,0,4), (0,1,1), (0,1,2), (0,1,3), (0,1,4) (0,2,2), (0,2,3), (0,2,4), (0,3,3), (0,3,4),
0,4,4), (1,1,1), (1,1,2), (1,1,3), (1,1,4), (1,2,2), (1,2,3), (1,2,4), (1,3,3), (1,3,4), (1,4,4), (2,2,2), (2,2,3),
(2,2,4),(2,3,3),(2,3,4),(2,4,4), (3,3,3),(3,3,4), (3,4,4) and (4,4, 4).

The case (4,4, 4) is the same as case (0,0, 0) by reversing directions of all the arcs in D.

The case (3,4, 4) is the same as case (0, 0, 1) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (3, 3, 4) is the same as case (0, 1, 1) by reversing directions of all the arcs in D and interchanging
vertices x1 and xs.

The case (3,3, 3) is the same as case (1,1, 1) by reversing directions of all the arcs in D.

The case (2,4, 4) is the same as case (0, 0, 2) by reversing directions of all the arcs in D and interchanging
vertices x1 and xs.

The case (2, 3, 4) is the same as case (0, 1, 2) by reversing directions of all the arcs in D and interchanging
vertices x1 and x3.

The case (2,3, 3) is the same as case (1, 1,2) by reversing directions of all the arcs in D and interchanging
vertices x; and xs.

The case (2,2, 4) is the same as case (0, 2, 2) by reversing directions of all the arcs in D and interchanging
vertices x; and xs.

The case (2,2, 3) is the same as case (1, 2, 2) by reversing directions of all the arcs in D and interchanging
vertices x; and xs.

The case (1,4, 4) is the same as case (0, 0, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (1, 3,4) is the same as case (0, 1, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (1, 3, 3) is the same as case (1, 1, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (1, 2,4) is the same as case (0, 2, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (1,1, 4) is the same as case (0, 3, 3) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

The case (0,4, 4) is the same as case (0, 0, 4) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.
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The case (0, 3, 4) is the same as case (0, 1,4) by reversing directions of all the arcs in D and interchanging
vertices x; and x3.

Thus, we have the following nineteen exhaustive cases Case(i,j,k)s to obtain the required contradiction.
(1) Case (0,0,0). V, — V7.

Take any x € V1,z € V3, since dp(x, z) < 2, then we have x — z, this means V13 — V3. So  dp (x1,x2) > 3,
a contradiction.

(2) Case (0,0,1). Vo = {x1,x2}, Vo\ {y1} = x3 = 1.

Take any x € V1\ {x3} and z € V3, since dp(x,z) < 2, then we have x — z, this means V;\ {x3} — V3. So
dp (x1,x2) > 3, a contradiction.

(3) Case(0,0,2). Vo = {x1,x2}, Vo\{y1, 2} = x3 = {y1, 12}

Take any x € V1\ {x3} and z € V3, since dp(x,z) < 2, then we have x — z, this means V1\ {x3} — V3. So
dp (x1,x2) > 3, a contradiction.

(4) Case(0,0,3). Vo = {x1, %2}, ya = x3 = Vo\ {ya}.

Take any x € Vi\ {x3} and z € V3, since dp(x, z) < 2, then we have x — z, this means V;\ {x3} = V3. So
dp (x1,x2) > 3, a contradiction.

(5) Case( 0,0,4). Vo, — {x1,x2},x3 = Vs

Take any x € V1\ {x3} and z € V3, since dp(x,z) < 2, then we have x — z, this means V1\ {x3} — V3. So
dp (x1,x2) > 3, a contradiction.

(6) Case (0,1, 1).
Subcase 1: V3 — x1, Vo\ {11} — {x2, 13} = 1.

Take any y € V,\ {11} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V,\ {y1}. So
dp (2, y3) = 3, a contradiction.

Subcase 2: V; — x1, Vo\ {1} = x2 = y1, Va\ {y2} = x5 — 1.

Take any y € V,\ {y1, y2} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V)\ {y1, y2}.
So dp (Y3, ya) = 3, a contradiction.

(7) Case (0,1, 2).
Subcasse 1: Vo — x1, Vo\ {1} = x2 = y1, Vo\ {1, 12} = x3 = {1, 2}

Take any y € Vo\ {y1, y2} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V)\ {y1, 12}
So dp (3, y4) = 3, a contradiction.

Subcase 2: Vo — x1, Vo\ {1} = x2 = y1, Vao\{y2, y3} = x3 = {y2, y3}-

Weknow y; € V377, ys € Vyand yp,y3 € V, 7. By Lemma 2.1, wecanget V;*" = V7T = V7T = 2.
Take any z € V3, since dp (x1,z) < 2 and dp (z,y4) < 2, then we have x; — z and z — y4, this means
x1 = Vzand V3 — y4. Thus V3 = V¥ U Vi~ U V= U Vi7", Since dp (V;’Jr_,yi) <2 wherei=1,2,3,
then we have V*~ — y;. Since dp (V;‘+,y,-) < 2 wherei = 1,2,3, then we have V;™" — {y,,y3}. Since
dp (xz, V;’Jr) < 2, then we have y; — V;7". Since dp (xz, V;”) < 2, then we have y; — V7. Let
Vito| = a0, [Vi™*| = 92 [Vi| = gs and Fy = D[V;7*UV}*|,F, = D[V;7*U V4] Then F; and
F, are respectively an orientation of K(2,41) and K(2,4q3) where q1,93 < g. If g1 > 3, then there exists
zi,zj € V3" such that dF, (z,',z]-) =4,s0dp (zi, zj) > 3, a contradiction. Hence q; < 2. If g3 > 3, then there

exists z;,z; € V}~"such that dr, (zi, zj) =4,s0dp (zi, Z]') > 3, a contradiction. Hence g3 < 2. If g5 > 2, then
there exists z;, z; € V; *such that dp (zi, z j) > 3, a contradiction. Hence g, < 1. By Lemma 2.1, we also have
[Vi| <1, thus V3l =q<1+2+1+2=6<1L

(8) Case (0,1, 3).

Subcase 1: V; — x1, Vo\{y1} = x2 = 1, ya = x3 = Vo\ {ya}.

We know y; € V%", ys € V;7and yp,y3 € V,7F. By Lemma 2.1, wecan get V" = V7T = V7T = 2.
Take any z € V3, since dp (x1,z) < 2 and dp (z, y4) < 2, then we have x; — z and z — y4, this means x; — V3
and V3 — y4. Thus V3 = V3**UVi*~ UV =" UV~ Sincedp (V;‘J', y,-) < 2wherei=1,2,3, then we have
Vi~ — {y2, y3}. Since dp (xz, V;“r) <2, then we have y; — V;7*. Since dp (xz, V;") < 2, then we have

yi > Vi Let [Vi*| = g0, [Vi*| = g2, [Vi~| = s and Fy = D[Va\ {ya) U V3|, B, = D[V U V],
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Then F; and F; are respectively an orientation of K (3, ¢1) and K (2, q3) where g1,43 < g. If g1 > 4, then there
exists z;,z; € V" such that Jr, (zz,z]) 4,50 dp (zi, z]-) > 3, a contradiction. Hence g1 < 3. If o > 2, then
there exists z;,z; € V;~*such that dp (z,,z]) > 3, a contradiction. Hence g, < 1. If g3 > 3, then there exists
zi,zj € V] ~such that Jf, (zi, zj) =4,s0dp (z,-, zj> > 3, a contradiction. Hence g3 < 2. By Lemma 2.1, we
also have |Vi**| <1, thus V3| =g <1+3+1+2=7<11.

Subcase 2: Vz - X1, Vz\ {yl} - Xy — }/1 - X3 — Vz\ {yl}

Weknow y1 € Vy""and y2, ¥3,y4 € V,”". By Lemma 2.1, wecanget V;*~ = V;7" = @. Takeanyz € V3,
since dp (x1,2z) < 2, then we have x; — z, this means x; — V3. Thus V3 = V" U V¥ u Vit uVv;—.
Since dp (V;’f‘, yi) <2wherei =1,2,3, then we have V"~ — y;. Since dp (V;‘Jr, yi) <2wherei=1,2,3,
then we have V™" — {y,,y3,y4}. Since dp (xz, V;“_Jr) < 2, then we have y; — V;~*. Since dp (xz, V;“) <
2,then we have y; — V;7. If Vi7" # @, then dp (V;’+,x3) > 3, a contradiction, so V;7" = @. Let
‘V++ | = ql,’V | =qrand F; = [V"+ U V++‘] F,=D [V“+ U V+“]. Then F; and F; are respectively
an orientation of K (3,41) and K (3,42) where q1,42 < g. If g1 > 4, then there exists z;,z; € V;* such that
Ir, (z,,z]) =4,s0dp (zz,z]) > 3, a contradiction. Hence q; < 3. If g> > 4, then there exists z;,z; € V] "such
that dr, (zi, z]-) =4,s0dp (zi,z j) > 3, a contradiction. Hence g, < 3. By Lemma 2.1, we also have |V;r ++| <1,
thus [V3]=¢<1+3+0+3=7<1L
(9) Case(0,1,4). Vo — x1, Vo\ {1} = x2 = y1,x3 = V.

Weknow y1 € Vy " and 2, ¥3,y4 € V,7". By Lemma 2.1, wecanget V;™" = V;7" = @. Takeanyz € V3,
since dp (x1,z) < 2 and dp (z,x3) < 2, then we have x; — z and z — x3, this means x; = V3 and V3 — x3.
Thus V3 = V;*~ U V7", Since dp (xg, V+“) < 2, then we have y; — V;77. Let |V++‘| =q1,|V “| =g
and F; =D [Vz UVt ],Fz =D [V2“+ U V;“]. Then F; and F, are respectively an orientation of K (4, 41)
and K(3,4q;) where q1,4» < g. If g1 > (jz) = 6, then there exists z;,z; € Vi such that Jf, (zi,zj) =4, so
dp (zi,zj) > 3, a contradiction. Hence g1 < 6. If g > 4, then there exists z;, z; € V;~"such that g, (zi, z]-) =4,
S0 dp (zi, zj) > 3, a contradiction. Hence g, <3. Thus [V3|=¢<6+3=9 <11
(10) Case (0,2, 2).

Subcase 1: Vo — x1, Vo\ {1, y2} = {x2,x3} = {y1, 12}

We know y1,y2 € V,""and y3,y4 € V,;77. By Lemma 2.1, we can get V;** = V;77 = @. Take any
z € V3, since dp (x1,2) < 2,dp(z,¥3) < 2 and dp (z, y4) < 2, then we have x; — z,z — y3 and z — y, this
means x; — V3 and V3 — {y3,y4}. Thus V3 = VI** U V"~ UVF UV, Let |V;+‘| = qi, V§‘+| =
42, [Vi~| =gsand F; = D[V;** UVI* |, F, = D[Vy** U VS|, Fs = D[V;** U V™| ThenFy,F; and are
respectively an orientation of K(2,41),K (2,42) and K (2, g3) where g1, 42,95 < g. If g1 > 3, then there exists
zi,zj € V3" such that Jf, (z,-,z]-) =4,s0dp (zi, Z]') > 3, a contradiction. Hence q; < 2. If g, > 3, then there

exists z;,z; € V3 *such that df, (Z,-, z]-) =4,s0dp (zi, z]-) > 3, a contradiction. Hence g, < 2. If g3 > 3, then
there exists z;,z; € V]~ such that dr, (zi, z]-) =4,s0dp (zi, zj) > 3, a contradiction. Hence g3 < 2. By Lemma
2.1, we also have |V;++| <1, thus|V3|=g<1+2+2+2=7<11
Subcase 2: Vo — x1, Vo\ {y1, y2} = x2 = {y1, v2}, Va\ {y2, y3} — x3 = {y2, y3}.

We know y1 € V77,1, € V,;™F,y3 € V,7%and y4 € V;77. By Lemma 2.1, we can get V;*~ = V¥ =
Vi7" =V, =0. Takeany z € V3, since dp (x1,2) < 2 and dp (z, y4) < 2, then we have x; — zand z — vy,

this means x; — V3 and V3 — y;. Thus V3 = V;** U VI*~ U V=" U V™", Since dp (V;’r‘,yi) < 2 where
i =1,2,3, then we have V;*~ — y;. Since dp (V+‘+,y1) < 2 wherei = 1,2,3, then we have V]™" — y3.
Let [V+| = g, |V~ = q2,|Vi~| = gs and F1 = D[Va\ {y1, ya} U Vi*~ |, F2 = D[Va\ {ys, ya} U Vi~ F5 =

[Vz\ lyafu vy "]. Then F, F2 and F3 are respectively an orientation of K (2,¢1), K (2, 42) and K (3, q3) where

q1,92,93 < q. If g1 > 3, then there exists z;, z; € V] *~such that Jr, (zi, z]») =4,s0dp (z,',z j) > 3, a contradiction.
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Henceq; < 2. Ifg; > 3, then there exists z;, z; € V; ~*such that dr, (zi, zj) =4,s0dp (zi,z j) > 3, a contradiction.
Hencegq, < 2. Ifq; > 4, then there exists z;, z; € V] ~such that o, (zi, z]-) =4,s0dp (z,-,z]- > 3, a contradiction.
Hence g3 < 3. By Lemma 2.1, we also have .V;*+| <1,thus|V3|=g<1+2+2+3=8<11

Subcase 3: Vo — x1, Vo\ {1, y2} = x2 = {y1, 2}, Va\{ys, ya} = x3 = {ys, ya)-

Weknow y1,y2 € V;7and y3,y4 € V,7". By Lemma 2.1, wecanget V;*~ = V;7" = @. Takeanyz € V3,
since dp (x1,z) < 2, then we have x; — z, this means x; — V3. Thus V3 = ViTtuVITTuUVITTU VT Since
dp (V;J“‘, yi) < 2wherei = 1,2,3, then we have Vi*~ — {y;, 12}. Since dp (V;‘J', y,') <2 wherei=1,2,3,
then we have V;™" — {y3,y4}. Let |V3*+’| =1q, V3+’+| = o, V;”( =gz and F; = D[VZ”+ U V;*’],Fz =
D [V2_+_ U V;‘*] ,F3 =D [V2 U V;"] . Then Fy, F, and F; are respectively an orientation of K(2,41),K (2, 42)
and K (4,93) where q1,42,q3 < q. If g1 > 3, then there exists z;,z; € V;* such that JF, (zi,zj) = 4, so
Jp (z,-,z]-) > 3, a contradiction. Hence g; < 2. If g > 3, then there exists z;, z; € V;~"such that Jr, (zi, zj) =4,

so dp (z,-,zj) > 3, a contradiction. Hence g, < 2. If g3 > (4‘}2) = 6, then there exists z;,z; € V] "such that
I, (zi,zj) =4,s0dp (z,-, z]-) > 3, a contradiction. Hence g3 < 6. By Lemma 2.1, we also have )V; ++| <1,
thus [Va =g <1+2+2+6=11<11.

(11) Case (0,2, 3).

Subcase 1: Vo — x1, Vo\ {i1, y2} = x2 = {1, y2}, ya = x3 = Vo\ {ya}.

We know y1,y2 € V37, y3 € V7 "and ys € V,7~. By Lemma 2.1, wecanget V™" = V=" = V7~ = 2.
Take any z € V3, since dp(x1,z) < 2 and dp(z,y4) < 2, then we have x; — z and z — y,, this
means x; — Vzand V3 — ys. Thus V3 = VI** U V" U Vi7" U V™" Since dp (V;_’r,y,-) <2
where i = 1,2,3, then we have V™" — y;. Let |V;+‘| = q, V;‘+| = o, V;“| = g3 and F; =
D [Vz\ {yau V;+—] ,Fo=D [V2‘++ U V;‘Jf] ,F3=D [Vz\ {ya} U V;“]. Then Fq, F> and Fj3 are respectively an
orientation of K (3,41),K(2,42) and K (3, g3) where g1, 42,93 < q. If g1 > 4, then there exists z;, z; € V] * such

zi,zj € Vi *such that df, (z,-,z]-) = 4,50 dp (zi, z]-) > 3, a contradiction. Hence g, < 2. If g3 > 4, then
there exists z;,z; € V]~ such that Ok, (zi, zj) =4,s50dp (zi, Z]') > 3, a contradiction. Hence g3 < 3. By Lemma
2.1, we also have |V;’++| <1, thus|V3|=g<1+3+2+3=9<11L

Subcase 2: V2 - X1, V2\ {yl,yz} — X2 — {y1/y2}/y1 — X3 — Vz\ {yl}

We know y1 € V77,12 € V" and y3,y4 € V77, By Lemma 2.1, wecanget V.7~ = V7" = V7" = @.
Take any z € V3, since dp (x1,2) < 2, then we have x; — z, this means x; — V3. Thus V3 = V;** U VIt~ U
V3=t u V3. Since dp (V;Jr’,yi) < 2 where i = 1,2,3, then we have V;*~ — y;. Since dp (V;*Jr,yi) <2
where i = 1,2,3, then we have V™" — {3, y4}. Since dp (V;‘+, x3) <2and dp (xz, V;‘+) < 2, then we have
Y2 = Vi =y Let|[Vi| =g, [Vi*| = g, [Vi| = gsand Fy = D[Va\ (;} U Vi* |, R, =D[Vau v ].
Then F; and F; are respectively an orientation of K (3, ¢1) and K (4, g43) where q1,93 < g. If g1 > 4, then there
exists z;,z; € V" such that Jr, (zi, zj) =4,s0dp (zi, Z]') > 3, a contradiction. Hence q; < 3. If g, > 2, then

that Jr, (zi,z]-) = 4, so dp (zi,zj) > 3, a contradiction. Hence q; < 3. If g0 > 3, then there exists

there exists z;,z; € V; "such that dp (zi, z]-) > 3, a contradiction. Hence g, < 1. If g3 > ( 4‘52) = 6, then there
exists z;,z; € V; ~~such that Jdr, (zi, z]-) =4,s0dp (zi, zj) > 3, a contradiction. Hence g3 < 6. By Lemma 2.1,
we also have [Vi**| <1, thus |V3| =g <1+3+1+6=11<11.
(12) Case(0,2,4). Vo = x1, Vo\ {y1, y2} = 22 = {y1, 12}, 03 = V.

We know y1,y2 € V,""and y3,y4 € V,7F. By Lemma 2.1, we can get V;** = V7 = @. Take any
z € V3, since dp (x1,z) < 2 and dp (z,x3) < 2, then we have x; — z and z — x3, this means x; — V3 and
Vs - x5, Thus Vs = VI*- U VI~ Let|Vi*| =qy,|Vi| =qand Fy = D[V, UV§* |, F,=D[Vau V3],
Then F; and F; are respectively an orientation of K (4,41) and K (4,42) where 1,92 < g. If 1 > ( 4‘/12) =6,

then there exists z;,z; € V" such that Jr, (zi, z]-) =4, so dp (z,-, zj) > 3, a contradiction. Hence q; < 6.
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If g > (4‘/12) = 6, then there exists z;,z; € V] ~such that Jf, (zi,z]-) =4, so dp (zi, z]-) > 3, a contradiction.
Hence g, < 6. Since the orientation is unique when making f(K(4, 6)) = 2, if g1 = g2 = 6, then there exists
zi € V3*7,zj € Vi "such that dp (zi,zj) > 3, a contradiction. Hence we can get g1 < 5 0or go < 5. The
argument for these two cases are similar, so we may assume g, < 5. Thus |V3|=g<6+5=11<11.
(13) Case (0, 3, 3).
Subcase 1: Vo — x1, ys — {x2, x3} = Vo \ {ya}.

We know y1,12,¥3 € V;7"and y4 € V;77. By Lemma 2.1, we can get V¥ = V77 = @. Take any
z € V3, since dp (x1,z) < 2 and dp (z,y4) < 2, then we have x; — z and z — y,, this means x; — V3
and V3 = ys. Thus V3 = VI UV~ U VI U VI Let |[Vi| = g1, [Vi™*| = q2,|[Vi| = g5 and
Fy =D |[Vy* U Vi*],Fa=D[V;* U V™|, Fs = D[V;** UV}~"|. Then Fy, F; and F; are respectively an
orientation of K (3,41),K(3,42) and K (3, g3) where q1, 42,43 < q. If g1 > 4, then there exists z;, z; € V] * such

that Jdr, (zi, Zj) =4,s0 dp (zi, z]-) > 3, a contradiction. Hence q; < 3. If g2 > 4, then there exists z;,z; €
V3~ *such that Jf, (z,-, zj) =4,s0dp (zi, zj) > 3, a contradiction. Hence g, < 3. If g3 > 4, then there exists
zi,zj € V3 ~such that Ok, (zi, zj) =4, s0dp (zi,zj) > 3, a contradiction. Hence g3 < 3. By Lemma 2.1, we
also have }V;“++| <1, thus|V3|=g<1+3+3+3=10<11.
Subcase 2: Vo — x1, ys = x2 = Vo\{ya}, 1 = x5 = Vo\ {1}

We know y1 € V77, 5,3 € V7 and yy € V,7". By Lemma 2.1, we can get V"~ = V7" = V7" =
@. Take any z € V3, since dp (x1,z) < 2, then we have x; — z, this means x; — V3. Thus V3 =
Vittu Vit u Vit u Vit Since dp (V;‘r‘, yi) < 2 where i = 1,2,3, then we have V;*~ — y;. Since
dp (V;‘Jr,yi) < 2 where i = 1,2,3, then we have V;7* — y,;. Since dp (V;J",xz) < 2, then we have
V3™ — y4. Since dp (V;‘+,x3) <2, then we have V™" — y;. Let |V;+‘| =q, V;‘+| =1y,
Fi1=D [V2‘++ U V;’f‘] ,F, =D [V2‘++ U V;‘+] ,F3 =D [VZ U V;“]. Then Fy, F, and F; are respectively an
orientation of K(2,41),K(2,92) and K (4, g3) where g1, 9,93 < q. If g1 > 3, then there exists z;, z; € V* such

V;“| = g3 and

that Jf, (zi, z]-) = 4,50 dp (zi, Z]') > 3, a contradiction. Hence q; < 2. If g, > 3, then there exists z;,z; €
V3~ *such that Jr, (zi,zj) =4,s0dp (z,-,zj) > 3, a contradiction. Hence g, < 2. If g5 > (ﬁz) = 6, then there
exists z;, z; € V] ~such that ok, (z,-, zj) =4,s0dp (zi, zj) > 3, a contradiction. Hence g3 < 6. By Lemma 2.1,
we also have [Vi**| <1, thus |V3| =g <1+2+2+6=11<11.

(14) Case (1,1,1).

Subcase 1: Vo\ {11} = Vi — 1.

Take any y € Vo\ {y1} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V,\ {y1}. So
dp (2, y3) = 3, a contradiction.

Subcase 2: Vo\ {y1} = {x1, 22} = y1, Vo\ {y2} = x5 — 2.

Take any y € Va\ {y1, y2} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V)\ {y1, 12}.
So dp (Y3, ys) = 3, a contradiction.

Subcase 3: Vo\ {y1} = x1 = y1, Vo\ {y2} = x2 = v, Vo\{y3} = x3 = 3.

We know y; € V77,12 € V77, y3 € V,7Fand y4 € V;77. By Lemma 2.1, we can get V7~ = V¥~ =
Vit =V =@. Thus V3 = V" UV * UV " UV **. Takeanyz € V3,since dp (z, y4) < 2, then we have
z — Y4, this means V3 — y4. Since dp (V;J",yi) < 2wherei = 1,2,3, then we have V;*~ — {y1,12}. Since
dp (V;’Jr,yi) < 2 where i = 1,2,3, then we have V;™" — {y;,y3}. Since dp (V;**, y,-) < 2wherei=1,2,3,
then we have V;** — {1, y3}. Since dp (X3, V;’Jr‘) < 2, then we have y3 — VJ*~. Since dp (xz, V;_Jr) <2,
vitl=a

and |V;t+| = g3. If g1 > 2, then there exists z;,z; € Vit such that dp (z;,z;) > 3, a contradiction. Hence
3 q q ] 3 ]

then we have y, — V;7". Since dp (xl, V3‘++) < 2, then we have y; — V;**. Let |V;’+‘| =q1,

q1 < 1. If g2 > 2, then there exists z;,z; € V; *such that dp (zi,z]') > 3, a contradiction. Hence g, < 1. If

3 > 2, then there exists z;,z; € V;*t*such that dp (z;,z;) > 3, a contradiction. Hence g3 < 1. By Lemma 2.1,
q i€ Vs i q y
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we also have (V§++| <1, thus|V3l=g<1+1+1+1=4<11
(15) Case (1,1, 2).
Subcase 1: Vo\ {y1} = {x1, 22} = y1, Vo\ {1, v} = x5 = {y1, 12}

Take any y € Vo\ {y1, y2} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V)\ {y1, 12}.
So dp (Y3, ys) = 3, a contradiction.

Subcase2: Vo\{y1} — {x1, %2} = y1, Va\{y2, y3} = x3 = {y2, y3}.

We know y1 € V377, 15,3 € V, "and ys € V,;7~. By Lemma 2.1, wecanget V; - =V 7F = V7~ = 2.
Thus V3 = Vi** U VIt u VU VI~ U V;* . Take any z € V3, since dp (z, y4) < 2, then we have z — yy,
this means V3 — ys4. Since dp (V;‘+,y1) < 2 where i = 1,2,3, then we have V™ — {y,,y3}. Since
dp (V3‘++, yi) <2wherei =1,2,3, thenwehave V;** — {y,,y3}. Sincedp (xz, V;“) <2,thenwehave y; —

V3i~~. Since dp (xl, V;*’) <2, thenwehavey; — V7. Let |V3*’+) =q, V;**) =q, V;’*( = g3, ‘V;**| =04
andF; =D [V2__+ U V;"] ,F, =D [V2__+ U V;"]. Then F; and F; are respectively an orientation of K (2, g3)

and K (2, g4) where g3, g4 < g. If g1 > 2, then there exists z;, z; € V3~ *such thatdp (zi, zj) > 3, a contradiction.

Hence q; < 1. If g2 > 2, then there exists z;,z; € V;""such that dp (z,-,z]-) > 3, a contradiction. Hence
g2 < 1. If g3 > 3, then there exists z;,z; € V; "such that J, (zi, z]-) = 4,50 dp (zi, z]-) > 3, a contradiction.
Henceqs < 2. Ifq4 > 3, then there exists z;, z; € V;*“such that Jr, (zi,z]v) =4,s0dp (zi,zj) > 3, a contradiction.
Hence g4 < 2. By Lemma 2.1, we also have |V;++| <1, thus|V3|=g<1+1+1+2+2=7<11
Subcase 3: Vo\ {y1} — x1 = y1, Va\ {y2} = x2 = y2, Va\ {1, v2} = x3 = {y1, ya}.

Take any y € V,\ {y1, 2} and z € V3, since dp(z, y) < 2, then we have z — y, this means V3 — V)\ {y1, y2}.
S0 dp (Y3, ya) = 3, a contradiction.
Subcase 4: Vo\{y1} = x1 = y1, Va\ {12} = 22 = y2, Va\ {2, y3} = x5 = {12, y3}-

We know y; € V77,12 € V,;7F,y3 € V,7"and ys € V;77. By Lemma 2.1, we can get V7~ = V7" =
V"=V, =0 Thus V3 = VI** UV}~ U V;F U V", Takeany z € V3, since dp (z, y4) < 2, then we

have z — y4, this means V3 — y,. Since dp (V;’r*’, yi) <2wherei=1,2,3, then we have V]~ — y;. Since
Jp (V;_Jr,y,-) < 2wherei = 1,2,3, then we have V™ — {y;, y3}. Since dp (y,-, V;'_) < 2wherei=1,2,3,
then we have y, — V;*7. Since dp (xz, V;‘Jf) <2, then we have y, — V;=*. Since dp (xl, V3‘+‘) < 2, then
V;‘+| =1, V3‘+‘| =gsand F = D[Vz\{y1,y4} U V3++‘]. Then F is

an orientation of K(2,41) where q; < g. If g1 > 3, then there exists z;,z; € V3* such that dr (zi, zj) =4, s0

we have y; — V;*7. Let )Vg'*‘( =q,

dp (zi,zj) > 3,acontradiction. Henceq <2. If g, > 2, then there exists z;, z; € V;"such thatdp (z,-, z]-) >3,a
contradiction. Hence g, < 1. If g3 > 2, then there exists z;, z; € 'S *~such that dp (zi, zj) > 3, a contradiction.

Hence g3 < 1. By Lemma 2.1, we also have (V§++| <1, thus—V3|=q<1+2+1+1=5<11.
Subcase 5: Vo\ {y1} = x1 = y1, Va\ {y2} = x2 = v2, Vo\ {y3, ya} = x3 = {3, ya).
We know y; € V77,2 € Vo "and y3,y4 € V,7F. By Lemma 2.1, wecanget V; 7~ = V'~ =V 7F = 2.

Thus V3 = V;** U VI*~ U V" U V" U V7", Since dp (V;’r‘,yi) < 2 where i = 1,2,3, then we have
V;Jf‘ — {y1,y2}. Since dp (V;‘Jf,yi) < 2 where i = 1,2,3, then we have V;‘Jf — {y1,¥3,vy4}. Since
dp (Vg“,yi) < 2wherei=1,2,3, then we have V;** — {12, y3,y4}. Let )V?‘( =q1, V;‘+| =g, V3‘++| =73
and F = D [Vz’ vy *’]. Then F is an orientation of K (2,41) where g1 < q. If q; > 3, then there exists
zi,zj € V" such that or (zi, zj) =4,s0dp (Z,-, z]-) > 3, a contradiction. Hence q; < 2. If q» > 2, then there

exists z;,z; € V; ~*such that dp (z,-, zj) > 3, a contradiction. Hence g, < 1. If g3 > 2, then there exists
zi,zj € V3 **such that dp (z,-,zj) > 3, a contradiction. Hence g3 < 1. By Lemma 2.1, we also have |V;r++| <1

and [V;77| <1, thus [Va] =g <1+2+1+1+1=6<11
(16) Case (1,1, 3).
Subcase 1: Vo\ {y1} — {x1,x2} = y1, ¥4 = x3 = Vo\ {ya}.
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We know y1 € V3™, 5,53 € V7 "and ys € V,;77. By Lemma 2.1, wecanget V; " =V 7F = V7" = 2.
Thus V3 = V7" UV FUVF UV~ UV " . Takeanyz € V3, since dp (y1,z) < 2and dp (z, y4) < 2, then we
have y; — zand z — y4, this means y; — V3 and V3 — y4. Since dp (V;‘J', yi) < 2wherei =1,2,3, then we
have V7" — {y2, y3}. Since dp (V;**,yi) <2 wherei =1,2,3, then we have V;*" — {y2,y3}. Let |V;+‘|
00|V = a2, |3t = 43, [Vi—| = 4, [V | = gsand F; = D [Vz-—+ U V3++—] JF,=D [VZ—-+ U V;——], Fs =
D [V“Jr U V‘*‘]. Then Fy, F, and F; are respectively an orientation of K(2,41),K(2,44) and K (2, g5) where

q1,94,95 < q- If g1 > 3, then there exists z;, z; € V" such that J, (zl,z]) 4,50dp (z,-,zj) > 3, a contradiction.
Hence g; < 2. If g5 > 2, then there exists z;,z; € V™ "such that dp (Z,,z]) > 3, a contradiction. Hence gy < 1.
If g3 > 2, then there exists z;,z; € V;*"such that dp (zi, zj) > 3, a contradiction. Hence g3 <1. If g4 > 3, then
there exists z;,z; € V;' ~~such that JF, (z,-,zj) =4,s0dp (z,-,z]-) > 3, a contradiction. Hence g4 <2. If g5 > 3,

then there exists z;,z; € V" such that dr, (zi,z]-) =4,s0dp (z,-,z j) > 3, a contradiction. Hence g5 < 2. Thus
Vol =g <2+14+1+24+2=8<11.
Subcase 2: Vo\ {1} — {x1, 22} = y1 = 23 = Vo\ {1}

We know y1 € Vy""and yo,y3,y4 € V,7*. By Lemma 2.1, we can get V'~ = V;7" = @. Thus
V=V uVtuV UV UVt U VT Since dp (V;‘+,yi) < 2 where i = 1,2,3, then we have
V;‘+ — {y2,y3,ya}. Since dp (V3‘++,yi) < 2 where i = 1,2,3, then we have V3‘+Jr — {y2,y3,ya}. Since
dp (yi, V;“) < 2 where i = 1,2,3, then we have y; — VJ7~. Since dp (yi, V3‘+‘) < 2wherei=1,2,3, then
= 0|V | = 43,|V3*| =qsand Fy = D[V; U Vi, Fy =
D [Vz‘ uvy +‘] . Then F; and F, are respect1ve1y an orientation of K (3, g3) and K (3, 44) where 43,44 < 4.

If g1 > 2, then there exists z;,z; € V]~ "such that dp (z,-, zj) > 3, a contradiction. Hence g, <1. If g > 2, then

we have y; — V%7, Let |V+ +| =q,|V

there exists z;,z; € V3" such that dp (zi, z]') > 3, a contradiction. Hence g, < 1. If g3 > 4, then there exists
zi,zj € Vi "such that Jr, (z,,z]) 4, s0 dp (Zj, z]-) > 3, a contradiction. Hence g3 < 3. If g4 > 4, then there
exists z;,z; € V3+ such that dr, (zi, zj) =4,s0dp (zi, Z]‘) > 3, a contradiction. Hence q4 < 3. By Lemma 2.1,

we also have (V;++| <1land |V3“‘| <1, thus|V3|=g<1+1+1+3+3+1=10<11.
Subcase 3: Vo\ {y1} = x1 = y1, Va\ {12} = x2 = y2, ya = x3 = Vo \ {ya}.

We know y1 € V7%, 1, € V,;7F,y3 € V,7"and y4 € V;77. By Lemma 2.1, we can get V7% = V¥ =
Vit =V;77 =@ Thus V3 =V;* U V"~ UV~ UV;*". Takeany z € V3, since dp (z, y4) < 2, then we

have z — y4, this means V3 — y4. Since dp (yi, vy ") <2 wherei=1,2,3, then we have y; — V7. Since
dp (yi, V3‘+‘) < 2 wherei =1,2,3, then we have y, — V;*7. Let |V;+‘| =q,|V | =1q,|V
F,=D [Vz\ {y4} U V;+7] ,F» =D [V2\ {yl,y4} U V;fi] ,F3 =D [Vz\ {yz, y4} U V3+ ] . Then F],Fz and F3 are
respectively an orientation of K(3,41),K(2,42) and K(2,g3) where q1,42,93 < q. If g1 > 4, then there exists

) =gz and

zi,zj € V3" "such that df, (zl, ]) =4,s0dp (Z,,z]) 3, a contradiction. Hence g1 < 3. If g > 3, then there
exists z;,zj € Vi~ "such that JF, (zl,z]) 4,50 dp (zi, z j) > 3, a contradiction. Hence q, < 2. If g3 > 3, then
there exists z;, z j € V3 ~such that dr, (z,-, z j) =4,s50dp (zi, Z]') > 3, a contradiction. Hence g3 <2. By Lemma

2.1, we also have |V§++| <1, thus|V3|=g<1+3+2+2=8<11
Subcase 4: Vo\ {y1} = x1 = y1, Vo\ {2} = x2 = o, 11 = x3 = Vo \ {1},

We know y1 € V77, y2 € V,""and y3,y4 € V,7". By Lemma 2.1, we can get V7~ = V7" = V7T =
@. Thus V3 = V+++ U V++‘ U V+‘+ U V3‘+‘ U V7. Since dp (V;Jf‘,yi) < 2 where i = 1,2,3, then we
have V*~ — y;. Since 8D< ,yl) < 2 where i = 1,2,3, then we have V™" — {y1,y3, y4} Since
dp (y,-, V;*‘) < 2 where i = 1,2,3, then we have y, — V;*7. Let |V+’r | = q1,|V3~ +| =g, |V | =q3
and F; = D [Vz\ {in}u V;Jf‘] ,F, =D [Vz\ {y2} U V3‘+‘]. Then F; and F, are respectively an orlentatlon of
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K(3,41) and K(3,43) where q1,q93 < q. If g1 > 4, then there exists z;,z; € V" such that dr, (zi, z]-) =4, s0
dp (z,',z]-) > 3, a contradiction. Hence g1 < 3. If g, > 2, then there exists z;,z; € V;*such that dp (zi, z j) >3,
a contradiction. Hence g2 < 1. 1If g3 > 4, then there exists z;,z; € V" such that Jr, (zi, zj) =4, so
dp (z,-,zj) > 3, a contradiction. Hence g3 < 3. By Lemma 2.1, we also have |V;++' <1land )V;“( <1, thus
[Va]=g<1+3+1+3+1=9<11
(17) Case( 1,2, 2).
Subcase 1: Vo\ {11} = x1 = v1, Vo\ {1, 2} — {x2, x3) = {y1, 12}

Take any z € V3, since dp (z,y3) < 2 and dp (2, y4) < 2, then we have z — y; and z — y4, this means
V3 — {y3, ya}. So dp (y3,y4) = 3, a contradiction.
Subcase 2: Vo\ {y1} = x1 = y1, {y3, va} = 22 = {y1, 2} {v2, va} = x3 = {1, y3}.

We know y; € V™", 1, € V77, y3 € V,7"and y4 € V;77. By Lemma 2.1, we can get V™" = V7~ =
Vit =V =0 Thus V3 = Vi* UVt U V" U V™. Take any z € V3, since dp (11,z) < 2 and

dp (z,y4) < 2, then we have iy; — z and z — y4, this means y; — V3 and V3 — y4. Since dp (Vg'*‘,yi) <2
where i = 1,2,3, then we have Vi*~ — y,. Since dp (V;*Jr,y,-) < 2 where i = 1,2,3, then we have
Vi~" — y3. Since dp (V3‘++,yi) <2wherei=1,2,3,then wehave V;** — [y, y3}. Let V;’Jf‘l =q1, V;"fl =
q2, V37++| = g3, V;“| =gsand F = D[VQ\{yl,y4} U V;“]. Then F is an orientation of K(2,44) where

gs < g. If g1 > 2, then there exists z;,z; € V; " such that dp (zi, Zj) > 3, a contradiction. Hence q; < 1.

If 2 > 2, then there exists z;,z; € V] *such that dp (z,-,zj) > 3, a contradiction. Hence g, < 1. If g3 > 2,
then there exists z;,z; € V;"*such that dp (z,',zj) > 3, a contradiction. Hence g3 < 1. If g4 > 3, then

there exists z;,z; € V; ~~such that Jr (zi, zj) =4, s0dp (zi, zj) > 3, a contradiction. Hence g4 < 2. Thus
[V3sl=g<1+1+1+2=5<1L
Subcase 3: Vo\{y1} = x1 = y1, {ys, ya} = 22 = {y1, 2}, {y1, ya} = x5 = {2, y3}-

We know y; € V77,12 € V,;7F,y3 € V,7"and y4 € V;77. By Lemma 2.1, we can get V7~ = V¥ =
Vit =V =@ Thus V3= V;* UVt UV~ UV;*". Takeany z € V3, since dp (z, y4) < 2, then we

have z — y4, this means V3 — y4. Since dp (V;‘+, yi) <2 wherei=1,2,3, then we have VJ™" — y3. Since
dp (yi, V;“) < 2 where i = 1,2,3, then we have y; — VJ7~. Since dp (yi, V3‘+‘) < 2wherei=1,2,3, then
Vit =aqu Vi = 92, |V5*| = gs and | Fy = D[Vo\{ys, ya} U VS| F2 =
D [Vz\ {y1, 2} U vy "]. Then F; and F, are respectively an orientation of K(2,4;) and K(2,4,) where

we have {y1, )2} — V7. Let

91,92 < q. 1f g1 > 3, then there exists z;,z; € V] *such that I, (zi, zj) =4,s0 dp (zi, z j) > 3, a contradiction.
Hence g1 < 2. If g2 > 3, then there exists z;,z; € V] "such that Jdf, (zi,zj) = 4, so dp (zi, z]') >3, a
contradiction. Hence g, < 2. If g3 > 2, then there exists z;,z; € V *~such that dp (z,-, z]-) > 3, a contradiction.
Hence g3 < 1. By Lemma 2.1, we also have ’V;++| <1, thus|V3|=¢<1+2+2+1=6<11

Subcase 4: Vo\{y1} = x1 = y1,{ys, ya} = x2 = {y1, v2} = x5 = {3, ya}-

We know y1 € V77,2 € Vo""and y3,y4 € V, 7. By Lemma 2.1, wecanget V7~ = V7" = V7 = 2.
Thus V3 = Vi** UV} U V;* UV~ UV, Since dp (V3*,yi) < 2 where i = 1,2,3, then we have
Vit > {ys,y4}. Since dp (V3‘++, yi) < 2 where i = 1,2,3, then we have V™" — {y2,y3,ya}. Since
dp (yi, V?f”) <2 wherei =1,2,3, then we have y; — V; 7. Let |V;’*| =1q, V;**| =1, V;W) = g3 and
Fi =D [VQ\ {ys, ya} U V;*] ,Fo =D [Vz\ {yi}u V;“]. Then F; and F, are respectively an orientation of
K(2,91) and K(3,43) where q1,q93 < q. If g1 > 3, then there exists z;,z; € V] *such that dr, (zi, zj) =4, s0

dp (z,-,zj) > 3, a contradiction. Hence g1 < 2. If g, > 2, then there exists z;,z; € V;**such that dp (zi, Z]') >3,
a contradiction. Hence g, < 1. 1If g3 > 4, then there exists z;,z; € V; "such that Jf, (zi, z]-) = 4, so

dp (z,',zj) > 3, a contradiction. Hence g3 < 3. By Lemma 2.1, we also have (V;++| <1and |V3‘"| <1, thus
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[Va]=g<1+2+1+3+1=8<11.
Subcase 5: Vo\ {y1} = x1 = y1, Va\ {y2, ya} — {x2, 13} = {y2, y3}.

We know y1 € V377, 12,3 € V" and ys € V,;77. By Lemma 2.1, wecanget V; 7~ = V™" = V7~ = 2.
Thus V3 = V" U Vi U ViUV~ U V=" Take any z € V3, since dp (z,y4) < 2, then we have
Z — 1, this means V3 — y4. Since dp (V;r +‘,yi) < 2 wherei = 1,2,3, then we have V;*~ — y;. Since
Jp (V;‘J',yi) < 2 where i = 1,2,3, then we have V;™ — y;. Since dp (y,', V3‘+‘) < 2wherei=1,2,3, then
we have {y2, y3} — V;*7. Since dp (yi, “*) < 2 where i = 1,2,3, then we have {y,,y3} — V;7*. Let
Vit =, [Vi~*| = 02, |V5*| = 45, [V; | = qeand Fy = D[V;** U VI*], Fo = D[V;** U V3] Then Fy
and F, are respect1vely an orlentatlon of K(2,91) and K(2,42) where g1,42 < g. If 1 = 3, then there exists

zi,zj € V3" such that Jf, (z,,z]) 4,50 dp (zi, z]-) > 3, a contradiction. Hence g1 < 2. If g, > 3, then there
exists z;,z; € V; "such that Jr, (zz,z]) 4,50 dp (Zi, Z]') > 3, a contradiction. Hence g, < 2. If g3 > 2, then
there exists z;,z; € V3+ such that dp (zi, z]-) > 3, a contradiction. Hence g3 < 1. If g4 > 2, then there exists
zi,zj € V3 *such that dp (zi, z j) > 3, a contradiction. Hence g4 <1. By Lemma 2.1, we also have |V;r ++| <1,
thus V3] =q<1+2+2+1+1=7<11

Subcase 6: Vo\{y1} = x1 = y1, {y1, va} = x2 = {v2, 3}, {v1, y2} = x5 = {3, ya}-
We know y; € V77,12 € V77, y3 € V" and y4 € V;77. By Lemma 2.1, we can get V7~ = V¥~ =

Vit = Vit =@ Thus V3 = Vi UV UVIH UV, Since dp (Vi yi) < 2 where i = 1,2,3,
then we have V;*~ — {y1,y2}. Since dp (V*‘*, yi) < 2 where i = 1,2,3, then we have V;™" — {y1, y4}.
Let [Vi*| = q1,|Vi™| = g2 and Fy = D[Vo\{y1, 12} UVi*"|,F2 = D[V2\{y1,ya} UVZ~*]. Then F, and
F, are respectlvely an orientation of K(2,41) and K(2,4,) where q1,9> < g. If g1 > 3, then there exists
zi,zj € V3" such that df, (zi,zj) =4,s0dp (Z,-, zj) > 3, a contradiction. Hence g1 < 2. If g, > 3, then there

exists z;, z; € V] "such that JF, (z,-, zj) =4,s0dp (zi, zj) > 3, a contradiction. Hence g, <2. By Lemma 2.1,

we also have (V§++| <1and |V3‘“| <1,thus|V3|=g<1+2+2+1=6<11.
(18) Case (1,2, 3).
Subcase 1: Vo\ {y1} = x1 = y1, Vo\ {y1, 12} = 22 = {y1, 12}, ya = 23 = Vo\ {ma).
We know y; € V3, € V7", y3 € V7 Fand y4 € V,77. By Lemma 2.1, we can get V;™" = V*" =
Vit =V =@ Thus V3 = V;"" U V7" UV~ UV*". Take any z € V3, since dp (y1,z) < 2 and

dp (z,y1) < 2, then we have iy; — z and z — y4, this means y; — V3 and V3 — y4. Since dp (V;‘Jr,yi) <2
where i = 1,2,3, then we have VJ™" — y3. Since dp (y,-, Vg*‘) < 2 where i = 1,2,3, then we have
vy = Vit Let |Vit| = qu,[Vi*| = 2 [Vi| = 45, [V5*| = quand Fy = D[Va\{y, ya} U Vi* ] P =
D [Vz\ {y1, yaf U V3 “]. Then F; and F, are respectively an orientation of K(2,4:) and K(2,43) where

91,95 < q. 1f g1 > 3, then there exists z;,z; € V;""such that I, (zi,z]-) =4,s0dp (zi, zj) > 3, a contradiction.
Hence g1 < 2. If g > 2, then there exists z;,z; € V]~ "such that dp (z,,z]) > 3, a contradiction. Hence g, < 1.
If g3 > 3, then there exists z;,z; € V] such that Jf, (zl,z]) =4,s0dp (z,,z]) > 3, a contradiction. Hence

g3 < 2. If q4 > 2, then there exists z;,z; € V; " such that dp (Zj,Z]‘) > 3, a contradiction. Hence g4 <1. Thus
[Val=g<2+1+2+1=6<11
Subcase 2: Vo\ {11} = x1 = v1, Vo\{y1, 12} = x2 = {y1, 12}, 12 = x3 = Vo\ {12}

We know y1 € V™, y € Vo""and y3,y4 € V7. By Lemma 2.1, wecan get V™" = V'~ = V7" =
Thus V3 = V"~ U VT U V" U VI~ U V7", Take any z € V3, since dp (y1,z) < 2, then we have
y1 — z, this means y; — V3. Since dp (V;J",y,-) < 2 where i = 1,2,3, then we have V= — .
Since dp (V;‘+,y,-) < 2 where i = 1,2,3, then we have V;™" — {ys, ya}. Since dp (V;**,yi) < 2 where
i = 1,2,3, then we have V™" — {2, y3,ya}. Let |V;+_| =q, V;_+| = qz,'V3_++| = g3,

=D [Vz\ {y1, y2} U V;’f‘] ,F, =D [Vg\ {ntu V;“]. Then F; and F, are respectively an orientation of

VB“( = g4 and
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K(2,q1) and K (3,94) where q1,q4 < g. If g1 > 3, then there exists z;,z; € V3 *such that Jf, (zi, z]-) =4, s0
dp (z,',z]-) > 3,acontradiction. Henceq; < 2. If g, > 2, then there exists z;, z; € V;~"such that Ip (zi, z j) >3,a
contradiction. Hence g, < 1. If g3 > 2, then there exists z;, z; € V;"such that dp (zi, Z]') > 3, a contradiction.
Hencegqs < 1. Ifq4 > 4, then there exists z;, z; € V]~ "such that dr, (Z,,Z,) 4,50dp (zi,zj) > 3, acontradiction.

Hence g4 < 3. By Lemma 2.1, we also have ’Vs___| <1, thus|V3|=¢<2+1+14+3+1=8<1L
Subcase 3: Vo\ {y1} — x1 = y1, Vo\{y1, 12} = x2 = {y1, 12}, y1 = x3 = Vo\ {y1}.
We know y1 € V77, y € V,""and y3,y4 € V,7". By Lemma 2.1, we can get V™~ = V' = V77 =

@. Thus V3 = Vi U VI UV, UV~ UV, Since dp (Vi yi) < 2 where i = 1,2,3, then
we have Vi™" — {y3,y4}. Since dp (yi, V;“) < 2 where i = 1,2,3, then we have y; — V7. Since
Jp (yi, V3‘+‘) < 2 where i = 1,2,3, then we have {y1,y2} — V;*7. Let |V§"‘+‘ =q, V;“| = o, Vg+‘| =q3
and F; =D [V2\ {y3,ya} U V;-+] JF,=D [vz\ () u V;——] JF3=D [vz\ {11, 12} U V5+-]. Then F;, F, and Fs
are respectively an orientation of K(2,41),K(3,42) and K(2,43) where g1,42,93 < q. If g1 > 3, then there
exists z;,zj € V;~*such that Jr, (zl,z]) 4,50 dp (zi, Z]') > 3, a contradiction. Hence q; < 2. If g > 4, then

there exists z;,z; € V;' ~~such that Jf, (z,-,zj) =4,s0dp (z,-,z]-) > 3, a contradiction. Hence g, <3. Ifg3 > 3,
then there exists z;,z; € V" such that Jr, (zi,zj) = 4,50 dp (zi,zj) > 3, a contradiction. Hence g3 < 2. By
Lemma 2.1, we also have |[V;**| < 1and |[V;77| <1, thus|Va| =g <1+2+3+2+1=9<1L
Subcase 4: Vo\ {y1} — x1 = y1, Va\ {2, y3} = x2 = {2, y3}, ya — x3 = Vo\ {ya}.

We know y1 € V7%, 10,3 € V" and ys € V,;77. By Lemma 2.1, wecanget V=" = V*F = V77 = 2.
Thus V3 = Vi** U Vi U Vi~ uV;*~ U V™" Take any z € V3, since dp (z,y4) < 2, then we have

Z — Y4, this means V3 — y4. Since dp (yi, V;“) < 2 where i = 1,2,3, then we have y; — V7.
Since dp (yi, V;*‘) < 2 where i = 1,2,3, then we have {y,,y3} — V;*~. Since dp (yi, V3“+) < 2 where
| = 2, V3_+_| = g3,
Fi, =D [Vz\ {ya}U V;*’] ,Fo =D [Vz\ {y1, ya} U V*”]. Then F; and F, are respectively an orientation of
K(3,41) and K(2,92) where q1,q2 < q. If g1 > 4, then there exists z;,z; € V" such that dr, (zl,z]) =4, s0

dp (zl,z]) > 3, a contradiction. Hence g1 < 3. If g > 3, then there exists z;, z; € V;~“such that Jf, (zl,z]) 4,

i = 1,2,3, then we have {y1,y2,y3} — V;7". Let |V;+‘| =qp,|Vi V3‘+( = g4 and

so dp (zi, zj) > 3, a contradiction. Hence g < 2. If g3 > 2, then there exists z;,z; € V3Jr such that
dp (z,-,zj) > 3, a contradiction. Hence g3 < 1.1f g4 > 2, then there exists z;, z; € V;~*such that dp (zi, z]-) >3,a
contradiction. Hencegs < 1. By Lemma 2.1, we also have |V;++| <1, thus|V3| =g <1+3+2+1+1 =8 < 11.

Subcase 5: Vo\ {y1} — x1 = y1, Va\ {2, y3} = x2 = {2, 3}, 12 = x3 = Vo\ {2}
We know y1 € V7%, 1, € V77, y3 € V" and y4 € V;7". By Lemma 2.1, we can get V7% = V¥~ =

Vit = Vit = 0. Thus V3 = Vi** UV~ UV~ UV, Since dp(Vi*", ;) < 2 wherei = 1,2,3, then
we have V;*~ — y,. Since dp (yi, V;’“) < 2 where i = 1,2,3, then we have y; — V;77. Let (V;+‘| =
q, |V “| =gy and F; = D[Vz\{yz Ju V++‘] F, = [VZ\{yl} U V+“] Then F; and F; are respectively
an orientation of K(3,41) and K (3,42) where q1,42 < g. If g1 > 4, then there exists z;,z; € V; " such that

I, (zi,z]) =4,s0dp (zl,z]) > 3, a contradiction. Hence g1 < 3. If g2 > 4, then there exists z;,z; € V™ "such
that d, (Zj, zj) =4,s0dp (z,-,z]-) > 3, a contradiction. Hence g, < 3. By Lemma 2.1, we also have (V§++| <1
and [V;77| <1, thus [V3] =g <1+3+3+1=8<1L

Subcase 6: Vo\{y1} = x1 = y1, Vo\{y2, y3} = x2 = {y2, y3}, y1 = x5 = Vo\{n}.
We know y1 € V77, 10,3 € V;* and yy € V,7*. By Lemma 2.1, we can get V37~ = V' = V77 =

@. Thus V3 = Vi*" U V" UV FuUV;*UV;7". Since 89( ,yz) < 2 where i = 1,2,3, then
we have V;*~ — y;.  Since dp (V;"r,yi) < 2 where i = 1,2,3, then we have V;™* — {yl,y4} Since
dp (yi, V3‘+‘) < 2 where i = 1,2,3, then we have {y,y3} — V;*7. Let |V+Jr ( =q1,|V3~ +| =q, |V ) =73




J. Liu, H. Zhou / Filomat 39:31 (2025), 11311-11330 11329

and F; =D [VZ\ {1} U V3++‘],F2 =D [VZ\ {11, ya) U V;—+] JF3=D [Vz\ {y2, Y3} U V3‘+‘]. Then F;, F, and Fs
are respectively an orientation of K (3,41),K(2,42) and K(2,g3) where q1,92,93 < q. If g1 > 4, then there
exists z;,zj € V" such that IF, (zi, z j) =4,s0dp (zi*, z]-) > 3, a contradiction. Hence g1 < 3. If o > 3, then
there exists z;,z; € V;~"such that dr, (zi,zj) =4,s0dp (z,-,zj) > 3, a contradiction. Hence g, <2. If g3 > 3,
then there exists z;,z; € V;* such that JF, (zi, z]-) =4,s0dp (zi,z j) > 3, a contradiction. Hence g3 < 2. By

Lemma 2.1, we also have |V;++| <1land |V3‘“| <1, thus|V3|=g<1+3+2+2+1=9<11
(19) Case (2,2,2).
Subcase 1: Vo\{y1, y2} = Vi = {y1, 12}

Take any y € {y1, >} and z € V3, since dp(y,z) < 2, then we have y — z, this means {y1, y»} = V3. So
dp (1, ¥2) = 3, a contradiction.
Subcase 2: {y3, ya} — {x1,%2} = {y1, 2}, {v2, ya} = x5 = {y1, y3}-

We know y; € V)™, 1, € V777, y3 € V,7"and y4 € V;77. By Lemma 2.1, we can get V™ = V¥~ =
Vit =V =0 Thus V3 = Vi7F UV UV~ UV;*. Take any z € V3, since dp (y1,z) < 2 and

dp (z,y1) < 2, then we have iy; — z and z — y4, this means y; — V3 and V3 — y4. Since dp (V;—Jf,yi) <2
where i = 1,2,3, then we have V;™" — y;. Since dp (V3‘++, y,-) < 2 where i = 1,2,3, then we have
Vit — ys. Since dp (y,-, V;“) < 2 where i = 1,2,3, then we have y, — V7. Since dp (}/z', V;+—) <2
V;_Jr' =qu, V3_++| = q2, V;"| = g3 and |V3‘+‘| =qu If
q1 > 2, then there exists z;,z; € V; *such that dp (zi,zj) > 3, a contradiction. Hence q; < 1. If g, > 2,

where i = 1,2,3, then we have y, — V;*7. Let
then there exists z;,z; € V;*such that dp (zi, z j) > 3, a contradiction. Hence g, < 1. If g3 > 2, then there
exists z;,z; € V; "such that dp (zi,zj) > 3, a contradiction. Hence g3 < 1. If g4 > 2, then there exists
zi,zj € V;*"such that dp (zi,zj) > 3, a contradiction. Hencegy <1. Thus|V3|=g<1+1+1+1=4<11
Subcase 3: {y3, ya} — {x1, %2} = {y1, 12} = 13 = {y3, y4}.

We know y1,y> € V;*7and y3,y4 € V,7*. By Lemma 2.1, we can get V3"~ = V;7" = @. Thus
Va=V7PUVITTUV TP U VT U VT U VT Since Ip (V;’*,yi) < 2 where i = 1,2, 3, then we have
Vi~ — {y3,y4}. Sincedp (V?*,y,-) < 2wherei = 1,2,3, thenwehave V;** — {y3, y4}. Sincedp (yi, V;“) <
2 where i = 1,2,3, then we have {y1,y2} — Vi7~. Since dp (yi, V3‘+‘) < 2 wherei = 1,2,3, then we have
) = Vit Let Vit = g |Vi™| = g2, Vi = 5, |Vs*| = qaand Fy = D[v;+— U V;—+],F2 =
D [VE”‘ U V;**] ,F3 =D [V2-—+ U V;"] ,Fy =D [V2——+ U V;*‘]. Then Fy, F,, F3 and Fy are respectively an
orientation of K(2,41),K(2,42),K(2,93) and K(2,94) where q1,42,93,92 < q. If g1 > 3, then there exists

zi,zj € V3 *such that I, (z,-,z]-) =4,s0dp (zi, z]-) > 3, a contradiction. Hence q; < 2. If g, > 3, then there
exists z;,z; € V" such that d, (zi, zj) =4,s0dp (zi, Z]') > 3, a contradiction. Hence g, < 2. If g3 > 3, then
there exists z;,z; € V;~"such that dr, (zi,zj) =4,s0dp (Zi,Zj) > 3, a contradiction. Hence g3 <2. If g4 >3,
then there exists z;,z; € V3 *“such that df, (z,-, zj) =4,s0dp (z,-, z]-> > 3, a contradiction. Hence g4 < 2. By
Lemma 2.1, we also have V;H) <land|V;77| <1, thus|V3|=9g<1+2+2+2+2+1=10<11

Subcase 4: {y3, ya} = x1 = {y1, 2}, {v2, ya} = 22 = {1, y3}, {v2, y3} = x3 = {11, ya}.

We know y; € V™, 1, € V777, y3 € V,77and y4 € V;77. By Lemma 2.1, we can get V™ = V7~ =
VitT =V =@ Thus V3 =V;* UV UV ;" UV;". Takeany z € V3, since dp (y1,2) < 2, then we
have y; — z, this means y; — V3. Since dp (Vg’*‘,yi) < 2 where i = 1,2,3, then we have V*~ — {1, y3}.
Since dp (V;‘J', y,-) < 2 where i = 1,2,3, then we have V;™" — {y;,y4}. Since dp (V3‘++,yf) < 2 where
V;’Jr) = g and |V§+*| =qs. Ifgq > 2, then
there exists z;,z; € V;*~ such that dp (z,-, zj) > 3, a contradiction. Hence q; < 1. If g, > 2, then there
exists z;,z; € V; ~*such that dp (zi, z]-) > 3, a contradiction. Hence g, < 1. If g3 > 2, then there exists

i =1,2,3, then we have V;** — {y3,y4}. Let |V;+’| =q,
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zi,zj € V3 **such that dp (zi, zj) > 3, a contradiction. Hence g3 < 1. By Lemma 2.1, we also have |V3‘ “| <1,
thus [V3l=qg<1+1+1+1=4<11L

Subcase 5: {y3, ya} = x1 = {1, 12} Ay2, ya} = x2 = {y1, y3}, {y1, ya} = x5 = {y2, y3}-
We know y1 € V', 1, € V7%, y3 € V,**and y4 € V;77. By Lemma 2.1, we can get V"~ = V7" =
Vit =V =@ Thus V3 =V;* UV, UV U V™" Takeany z € V3, since dp (z, y4) < 2, then we

have z — y4, this means V3 — y4. Since dp (yi, vy ) < 2 where i = 1,2,3, then we have {y1, 12} — Vi
Since dp (y,-, V;*‘) < 2 where i = 1,2,3, then we have {y;,y3} — V3. Since dp (yl-, V3“+) < 2 where
V;*" = ¢p and |V3“+| =gs. If g1 > 2, then
there exists z;,z; € V; ~~ such that dp (zi, zj) > 3, a contradiction. Hence gq; < 1. If g > 2, then there
exists z;,z; € V; " such that dp (zi, Zj) > 3, a contradiction. Hence g < 1. If g3 > 2, then there exists

i = 1,2,3, then we have {y,y3} — V;7". Let |V;’“| = qu,

zi,zj € V3 *such that dp (zi, z]-) > 3, a contradiction. Hence g3 < 1. By Lemma 2.1, we also have |V;r ++| <1,
thus |V3]=qg<1+1+1+1=4<11

Subcase 6 : {y3, ya} = x1 = {y1, v2} {y2, yal = x2 = {y1, ya}, {1, v2} = x5 = {ys, yalb-
We know y; € V77,1 € V777, y3 € V" and y4 € V;77. By Lemma 2.1, we can get V7~ = V7~ =

Vit =V =09 Thus V3 = V*""UVI7FU V¥~ UV~ Since Ip (V;‘Jf,yi) < 2wherei =1,2,3,
then we have V;™" — {i, ya}. Since dp (yi, V;*’) < 2 where i = 1,2,3, then we have {y;,y3} — Vit
Let [V3~*| = q1,|V5*| = g2 and Fy = D[Vo\{y2, ya} U V5], F2 = D[Va\{y1, 43} U V5*"|. Then F and
F, are respectively an orientation of K(2,41) and K(2,4,) where q1,9> < g. If g1 > 3, then there exists

zi,zj € V3 *such that df, (z,',zj) =4,s0dp (Zl‘, z j) > 3, a contradiction. Hence q; < 2. If g, > 3, then there
exists z;, z; € V; *~such that Jf, (zi, zj) =4,s0dp (Z{, Z]‘) > 3, a contradiction. Hence g, <2. By Lemma 2.1,
we also have (V;++| <1and |V§”| <1, thus|V3|=g<1+2+2+1=6<11.

In summary;, it can be concluded that if f(K(3,4, 7)) = 2, then g < 11. Since when g < 11, we have found
an orientation of diameter 2 of K(3,4, q) in Lemma 4.1. Therefore, f(K(3,4,9)) =2ifand onlyifg<11. =
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