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Refinements of recent inequalities via the numerical radii of matrices

Ahmad Al-Natoor?

*Department of Mathematics, Faculty of Sciences, Isra University, Amman 11622, Jordan

Abstract. In this paper, we employ the numerical radii of matrices as a tool to refine and strengthen recent

results in matrix inequalities. Our results not only refine previous findings but also provide generalizations
of several known results. Among other results, we prove that if A and B are complex matrices of size n X n,
then

[|A+ BJ| < \/||A*A + B*B|| + 2 \/% lA*BI? + %w (A*B)||A*B|,

which presents a refinement of the triangle inequality, where ||-|| and w(-) are the spectral norm and the
numerical radius of matrices, respectively.

1. Introduction

We start this paper by presenting some known norms defined on the space of all n X n complex matrices
M,,(C). The spectral norm of A € M,,(C) is defined by

lAll = max{”f;ﬁ“ :0#x¢€ C"}

= max {||Ax|| : x e C"}.
Ilxll=1
The spectral norm is a special case of a general class called the unitarily invariant norms which are denoted

by |-l and satisfy the invariance property, that is, [||[UAV]|| = [||Al|| for all A € M,,(C) and all unitary matrices
U,V € M,,(C). The numerical radius of a matrix A € M, (C) is defined by

w(A) = ﬁn”@l({(Ax,x), xeC"}.
Also, the numerical radius of a matrix A € M,,(C) can be presented [10] by
- i6
w(A) = rgng ||Re (e A)

7

1)
where Re (eiQA) is the real part of the matrix ¢’ A. A generalization of equation (1) can be presented [1] by

o= e
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It is clear that, for A € M,,(C), we always have

IRe All < |IAll,

w (A) < |IAll,
and

wy(A) < [IIA]ll.

(4)

In this paper, we use the relations between the numerical radius and norm of matrices that are shown
in the inequalities (3) and (@) to present refinements of recent inequalities. For recent results concerning

norms and numerical radii of matrices, we refer the reader to [2], [5], and [8].

2. Main results
To state our first main result, we need the following lemma [9].

Lemma 2.1. Let x,y € C", and let f : (0,1) = R* be a well-defined function. Then

(1) 1
5,90 = 72505 1 [ + 5 o o -

Theorem 2.2. Let A, B € M,(C), and let f : (0,1) = R be a well-defined function. Then, for x € C", we have

-
I(Re (A°B) +{P 1P
A+ B)x|l? A'A+B'B)x,x) +2 147 .
IA+BE < (AA+EB 20+ Jm}m (Re(A"B) x, )l (Re (A"B) xl [l

Proof. For x € C", we have

IA+B}l? = [lAx + Bl

= (Ax+ Bx,Ax + Bx)

= (Ax,Ax) + (Bx, Bx) + (Ax, Bx) + (Bx, Ax)

= (A*Ax,x)+ (B'Bx,x) + (x, A"Bx) + (A*Bx, x)
((A*A + B'B) x, x) + (A*Bx, x) + (A"Bx, x)
((A"A + B'B) x, x) + 2Re (A"Bx, x)
{(A"A + B'B) x, x) + 2{(Re(A"B)) x, x)
{(A"A + B'B) x, x) + 2 [{(Re(A"B)) x, x)|
{((A*A + B'B) x, x)

0 L0 I(Re (A*B)) P [l
ik K(Re(A'B) x, 1) |(Re (A°B)) x|| I

(by Lemma[2.1),

IA A

as required. [

Corollary 2.3. Let A,B € M,,(C), and let f : (0,1) — IR* be a well-defined function. Then

f() 1

T 7 MBI+ T ABIABI.

IA+ BJ| < J |A*A + B*BJ| + 2
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In particular, if f(t) = 1, we have

1 1
|A+ BJ| < \/llA*A + B*B|| + 2 \/E lA*BII* + zw(A*B) ||A*B]|. )

Proof. By Theorem[2.2] for x € C", we have
IA+Bx|? < ((AA+B'B)x,x)
(6] .
" 1 o5 I(Re (A*B)) x| x|
i m [{((Re(A*B)) x, x)|[|(Re (A*B)) x|| | x]]
{((A*A + B'B) x, x)
f() 2 A 1
T+ ) |Re (A*B)||” [lxl[* + T+ )
(A*A +B'B) x,x)
F® 2 1
T+ ) [[A*BI|~ ||x|* + T+
(by the inequality (2)).

Now, by taking the maximum over ||x|| = 1, we have

Mo 1
T+ 7o P T

f(®) 12 1
T+ 70 P T

IA

((Re(A*B)) x, x)| IRe (A*B)| |xII*

IA

((Re(A"B)) x, x)| IlA*B||[Ix]*

IA+B|I? < w(A"A+B'B)+2

w(Re(A*B)) |A*Bl,

= [|[A"A+BB|| +2 IRe(A*B)I| [|A*BI|,

or equivalently,

1O janie +

1
||A*A + B*B|| + 2 T+ /) T+ /)

lA + Bl [IRe(A*B)|| |A*Bl|

A
=

1O jasie +

1
||[A*A + B*B|| + 2 T+ ) T+ 70

max||Re(e?AB)|[ | A°B]

IA
=

O yani+

||A*A + B*BJ| + 2 T+ ) T+ )

w(A*B)||A*Bl,

Il
-~

as required. [

Remark 2.4. Corollary[2.3|contains an interesting interpolating inequality involving the numerical radii of matrices
in which a special case of Corollary[2.3|leads to a refinement of the triangle inequality. In fact, by the inequality (B),
we have

1 1
IA+B|| < \/llA*A + B*B|| + 2 \/E |A*B|I* + Ew(A*B) [|A*B||

IA

\/||A*A +BB|| +2 \/% |A*B|* + % |A*B||?
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(by the inequality (3))
VIIA*A + B*B|[ + 2| AB]|
VIA*All + [1B*BI| + 2 |AIlIBI

IA

VIAIR +1IBIE + 2 Al B

AL+ 1BIlY?

Al + 1Bl -

To state our next result, we need the well-known arithmetic-geometric mean inequality for matrices
which was proved in [7] and also we need the following lemma which contains two inequalities, the first
inequality was proved in [4] and the second inequality, which is a general version of the first inequality,
was proved in [3]] using different argument.

Lemma 2.5. Let A, B € M,,(C) be such that AB is Hermitian. Then

w(AB) < w(BA) (6)
and

wyy|(AB) < wyy(BA). 7)

Theorem 2.6. Let A, B, X,Y € M, (C) be such that A and B are positive semidefinite matrices. Then for0 <p,q <1,
we have

A

200AX = YBIIl < wyy (A2 1XP) & (B2 YP)) + 1w||| (A% & B20)
+ |||(B‘7Y*A7’ ~ BUIXAT) o (APYBT - Al"’XBl‘q)||| (8)
and

2|IAX + YB||

IA

Wy ((Az(l_” x| ) (BZ” [Y] )) + 1w”| 1l (Azf’ @ B2~ '7))
+ |||(BW*AP +BUIX AT ) @ (APYBT + Al"’XBl‘q)||| . )
Proof. We have

IIAX = YBl|

[l 25|

~B-
1

IA

A1 _pl-

2 BW*][AP YBI |+ [ qu][XAp B |

(by the arithmetic-geometric mean inequality for matrices)
[ A% APYRB1 AP X R AP _AlPXBI

BiY'AP BI|YPBI| | —BluxrAlr B-0)

[ A% + A'7 |X*PA'P  APYBT — APXB1
BIY*AP — BI1X"A'"P  B1|Y|* BT + B2
Al—p |X*|2 A1_p o)

o B7|Y* B
[AZV 0

NI~ NI~

(10)

o B-0

NI —

+ (@) APYB1 — AP XB1
BTY*AP — BITIX*AlP (@)
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(AP | X A1-P A2P
6) B |Y| Bq o BX 1 fﬂ

[ o) APYB7 — AP XB1- ff]

IA
|

BTY*AF — BITIX*AlP O

1 (Al X AP o

+ 2 ‘

1
]) + S W (A% @ B21-)

% ”(B VAP - BUIXAT) @ (APYBT — Al‘PXBl—‘f)’H

1 (Al Ol[IxX*? O |[A*" O]
W

2 | O Bl O NP|| O B

1 2 2(1-q)
) + Ew‘”.m (A @ B q )

1
+§ ||| BIY'AP — BIX'A'P) @ (APYBY —AH’XBH’)’”

IA

1 (Al O][A O][IX? O]
Wl

2 | O BI|| O B O |YP

1 2 2(1-q)
> ) + Ew‘”.m (A @ B q )

||| BIY'AP — BIXA™) @ (APYBY —AH’XBH’)’”

(by the inequality (7))
1 (420 O[Ix? O\, 1
= Ewm.m ( 0 B2’1] [ 0 |Y| + ZU”| i (A2P @ B2(1- ‘7))

Al a4

1 (AP IXP O 1 a-a)
= Ewm-u(» 0 g yp|) wmln(Ap@B ?)

Rl S M A—
= %wm.m ((Az(l—!’) |X*| ) (Bzﬂ |Y| )) + 1ZU||| " <A2p ® Bz (1- ﬂ))
+% |||(B AT -BTIXATY ) ® (A”YBq - A1*PXB1"7)

(11)

which proves the inequality (8). The inequality (9) follows from the inequality (8) by replacing X by —X(or
Yby-Y). O

Corollary 2.7. Let A, B, X,Y € M, (C) be such that A and B are positive semidefinite matrices. Then

204X - YBIll < wyy ((AC+1XP)) @ (BOYP + D))
+][[(ar2 v - x)B2) @ (B2 (v - x) A1) (12)
and
2AX + YBII < wyy (AT + X)) @ (BIYF +D))
+][[(ar2 v + 0 B2) @ (B2 (v + x) A1), (13)

where I denotes the identity matrix in M, (C).
Proof. Letting p = q = 1 in the inequality , we have

IIAX - YB|
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IN

1 A +A1/2 |X*|2A1/2 Al/ZYBl/Z _Al/ZXBl/Z
E BL/2y* A1/2 _ Bl/2x+ AL/2 B1/2 |Y|2 B2 4+ B

_ 1

2

[Al/Z(I + |X*|2)A1/2 A1/2 (Y _ X) Bl/Z]
_ 1 ([Al/z(l + X PAY2 AV2(Y - X) BUZ])
M-

B1/2 (Y* _ X*) A1/2 B1/2(|Y|2 + I)Bl/Z (14)

2 Bl/2 (Y* _ X*) A1/2 Bl/2(|Y|2 + I)Bl/z
- 1w Al/Z(I + IX*|2)A1/2 e
) M1 O B1/2(|Y|2 +I)B1/2
L 0 A2 (Y — X) B2
2\l BY2 (v = x7) A12 o)
_ 1 (A2 O [1+1x O |[AY* O
1 12 (v _ 12 12 (ve sy al/2
+5 |2 0 =3 BY2) @ (B2 (v - x) A1) |
< L, A Ol[I+1X? O

w3 [la o - 872 @ (572 0 - x) 47|

(by the inequality (7))
_ L (lAd+ 1X*%) o}

3l o) e (e o x4

= Sy ((Au+1xP)e (BOYE + D))

+% H'(Al/Z (Y - X) Bl/z) o (B1/z (Y - X*)Al/Z)l

7

which proves the inequality (I2). The inequality follows from the inequality by replacing X by
—X(or Yby -Y). O

Remark 2.8. The authors in [4] proved that if A,B,X,Y € M,(C) are such that A and B are positive semidefinite.
Then

w(AX — YB) < %max(w(A (1+1xP),w(B(1+YP))) + % |42 (v - x)B'||. (15)
In particular, if Y = X, then
w(AX — XB) < %max(w(A (1+1xP), w (B(1+1XP))). (16)

The inequality presents a generalization and a refinement of the inequality (I5). In fact, by specifying the
inequality to the spectral norm, we have

IAX — YB|

IA

%w ((A([ + |X*|2)) @ (B(lYIZ + I))) + % H(Al/z (Y - X) Bl/2) o (Bl/Z (Y - X*)Am)“

% max (w (A( + X)), w (BYP + 1)) + % |AY2 (v - x) B'2||. (17)

Now, in view of the inequality (3), the inequality refines the inequality (15).
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In the next corollary, we give a refinement and a generalization of the inequality (16).

Corollary 2.9. Let A, B, X, Y € M, (C) be such that A and B are positive semidefinite matrices. Then
1 12 2 * *
IAX = YBII < Saoyy ((A (1 +1XF)) @ (B(I+ YF))) + A = X) @ B (Y = Xl
In particular, if |||-|l| = |||, then
1 2 2 .
IAX - YB|| < 5max(w(A (1+1xP), w (B(I+ YP))) + max (IA (Y = X)I, B (Y* = X)) (18)

Proof. By the inequality (14), we have

1 A1/2 o) I+ |X>e|2 Y-—X A1/2 0]
IIAX = YB||| < 3 H'[ O B2 ] [Y* X YR+ O BY?
1 r A1/2 O I+|X*|2 Y_X Al/Z O
= S | 0 B2 ||y-X |YP+I[| O B”
P! [ A2 O A2 o |[1+1xP Y-X
S SW | 0 B~ O B2 ||y =X |YP+I
(by the inequality (7))
_ 1 [ A O |[I+IXP Y-X
= S | O B [|[Y'-X [YP+I
_ 1 ([Alexr) A-X]
= Wi B(r-x) B (I + mz)_
_1 A(1+1XP) o 1,1, 0 A(Y-X)
= 5 ITHI - o B (I + |Y|2)_ 2 -y g (Y - X 0O
1 A(1+1X°P) o |\ 1 o) A(Y - X)
< Swy t3 X

= Saopn((A(T+IXP)) @ (B(I+ YP))) + 3 1A (Y - X) @ B (Y = X,
as required. [J

Letting Y = X in the inequality (I8), we have
1 -2 2
IAX - XB|| < Smax(w(A (1+1x7),w(B(1+1XP))),
which is a refinement of the inequality (16).
Theorem 2.10. Let A, B, X € M,,(C) be such that A and B are positive semidefinite. Then, for 0 < p,q <1, we have

w(AY + BX1-0) + w(XP (A21P) + B2))

WAX" + XB) < >

(19)

Proof. LetE = [ AP XB1 ] and F = [ XAlr B ].Then for x € C", we have

[{(AX" + XB) x, x)|

= KEF'x,x)|
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[(Fx, E*x)l

[[E*x|| |IE*x|| (by the Cauchy-Schwarz inequality)

IF*xl” + IE*x]1>

2

(F'x,F*x) + (E*x, E*x)
2

(FF*x,x) + (EE*x, x)
2

<[ XAl Bl ][ A;’if* ]x,x>+<[ AP XBI ][ B‘;‘; ]x,x>

2
<(XA2<1‘P)X* + B2y, x) + <(A2V + XB2'1X*) X, x>
2
((XAZU—P)X* + B20-D 4 A% 4 XBZ‘iX*) X, x>

5 .

So, by taking the maximum over [|x|| = 1, we have

w(XAX1I-PX* + B21-9) 4 A% 4 XB21X")

IA

(by the arithmetic-geometric mean inequality for scalars)

w(AX + XB) < 5

o WAY + B9) + w(XAN DX + XBUX)
= 2

w(A¥ + B2170) + w(X (A1) + B) X°)
B 2

w(A¥ + B21-9) + w(|XP* (A20-P) + B27))
<
= 2

(by the inequality (6)),

which is the desired inequality (19). O

In the proof of Theorem by replacing the matrix F = [ XAl-P Bl ] by the matrix [ XA-P —Bl1 ] ,
and by following the same steps that are used in the rest of the proof, we have
w(AY + BX1-0) + (X[ (A21P) + B2))

5 .

Remark 2.11. It follows from Theorem 2.15 in [6] that if A,B,X € M,(C) are such that A and B are positive
semidefinite, then

W(AX* — XB) < (20)

IAX + XB|| < 2|X]|||A @ BJ| . (21)

Using the inequality and some basic known facts, then for positive semidefinite matrices A and B, we have

W(AX + XB) IAX + XB||
2|IX] A @ Bl
2(IX]I|A + Bl . (22)

INIA A

The inequality (19) generalizes and refines the inequality (22)) for the case of Hermitian matrix X. In fact, by specifying
the inequality (19) for positive semidefinite matrices A and B and Hermitian matrix X and for p = q = 3, we have
w(A + B) + w(X* (A + B))

2

wAX + XB) <
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IA+ Bl +|[X2 (A +B)
= 2

IA + B|| + IXII* IA + Bl
< 5 .

Now, by replacing X by tX and taking the minimum over t > 0, we have

wAX +XB) < +JIA+BIPIXI?

= [IX][llA +B]|. (23)

Remark 2.12. It follows from Theorem 2.2 in [l6] that if A,B,X € M,(C) are such that A and B are positive
semidefinite, then

IAX = XB|| < [IX]|lA @ B|. (24)

Using the inequality (24) and some basic known facts, then for positive semidefinite matrices A and B, we have

w(AX — XB) IAX - XB]|
IXI[|A @ Bl

IXI1lA + BI|. (25)

IN N IA

The inequality refines the inequality (25). In fact, by specifying the inequality for positive semidefinite
matrices A and B and Hermitian matrix X and for p = q = 1, then, by using the same steps that are used to get the
inequality (23), we have

w(A + B) + w(X? (A + B))
2
IXIIIA + BI|.

w(AX — XB)

IA

Remark 2.13. The inequality (I9) can be considered as a generalization of the inequality (2). In fact, by letting
A=B=1Ilandp =q =1 in the inequality , we get the inequality (2)) as follows:

|IRe X|] = w(ReX)
= %w(X* +X)
1(2+2w(XP)
2 2
(by a special case of the inequality (T9))

= (1 +wixP)
1
= 5 (1 [Ixr]).
Now, by replacing X by tX and taking the minimum over t > 0, we have

1|
= IXXI
DG

IA

IN

[IRe X]|

- o

Xl
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