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Refinements of recent inequalities via the numerical radii of matrices

Ahmad Al-Natoora
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Abstract. In this paper, we employ the numerical radii of matrices as a tool to refine and strengthen recent
results in matrix inequalities. Our results not only refine previous findings but also provide generalizations
of several known results. Among other results, we prove that if A and B are complex matrices of size n× n,
then

∥A + B∥ ≤

√
∥A∗A + B∗B∥ + 2

√
1
2
∥A∗B∥2 +

1
2

w (A∗B) ∥A∗B∥,

which presents a refinement of the triangle inequality, where ∥·∥ and w(·) are the spectral norm and the
numerical radius of matrices, respectively.

1. Introduction

We start this paper by presenting some known norms defined on the space of all n×n complex matrices
Mn(C). The spectral norm of A ∈Mn(C) is defined by

∥A∥ = max
{
∥Ax∥
∥x∥

: 0 , x ∈ Cn
}
= max
∥x∥=1
{∥Ax∥ : x ∈ Cn

} .

The spectral norm is a special case of a general class called the unitarily invariant norms which are denoted
by |||·||| and satisfy the invariance property, that is, |||UAV||| = |||A||| for all A ∈Mn(C) and all unitary matrices
U,V ∈Mn(C). The numerical radius of a matrix A ∈Mn(C) is defined by

w(A) = max
∥x∥=1
{⟨Ax, x⟩ , x ∈ Cn

} .

Also, the numerical radius of a matrix A ∈Mn(C) can be presented [10] by

w (A) = max
θ∈R

∥∥∥∥Re
(
eiθA

)∥∥∥∥ , (1)

where Re
(
eiθA

)
is the real part of the matrix eiθA. A generalization of equation (1) can be presented [1] by

w|||·|||(A) = max
θ∈R

∣∣∣∣∣∣∣∣∣∣∣∣Re
(
eiθA

)∣∣∣∣∣∣∣∣∣∣∣∣ .
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It is clear that, for A ∈Mn(C),we always have

∥Re A∥ ≤ ∥A∥ , (2)

w (A) ≤ ∥A∥ , (3)

and

w|||·|||(A) ≤ |||A||| . (4)

In this paper, we use the relations between the numerical radius and norm of matrices that are shown
in the inequalities (3) and (4) to present refinements of recent inequalities. For recent results concerning
norms and numerical radii of matrices, we refer the reader to [2], [5], and [8].

2. Main results

To state our first main result, we need the following lemma [9].

Lemma 2.1. Let x, y ∈ Cn, and let f : (0, 1)→ R+ be a well-defined function. Then∣∣∣〈x, y
〉∣∣∣2 ≤ f (t)

1 + f (t)
∥x∥2

∥∥∥y
∥∥∥2
+

1
1 + f (t)

∣∣∣〈x, y
〉∣∣∣ ∥x∥ ∥∥∥y

∥∥∥ .
Theorem 2.2. Let A,B ∈Mn(C), and let f : (0, 1)→ R+ be a well-defined function. Then, for x ∈ Cn, we have

∥(A + B)x∥2 ≤ ⟨(A∗A + B∗B) x, x⟩ + 2

√√
f (t)

1+ f (t) ∥(Re (A∗B)) x∥2 ∥x∥2

+ 1
1+ f (t) |⟨(Re(A∗B)) x, x⟩| ∥(Re (A∗B)) x∥ ∥x∥

.

Proof. For x ∈ Cn,we have

∥(A + B)x∥2 = ∥Ax + Bx∥2

= ⟨Ax + Bx,Ax + Bx⟩
= ⟨Ax,Ax⟩ + ⟨Bx,Bx⟩ + ⟨Ax,Bx⟩ + ⟨Bx,Ax⟩
= ⟨A∗Ax, x⟩ + ⟨B∗Bx, x⟩ + ⟨x,A∗Bx⟩ + ⟨A∗Bx, x⟩
= ⟨(A∗A + B∗B) x, x⟩ + ⟨A∗Bx, x⟩ + ⟨A∗Bx, x⟩
= ⟨(A∗A + B∗B) x, x⟩ + 2 Re ⟨A∗Bx, x⟩
= ⟨(A∗A + B∗B) x, x⟩ + 2 ⟨(Re(A∗B)) x, x⟩
≤ ⟨(A∗A + B∗B) x, x⟩ + 2 |⟨(Re(A∗B)) x, x⟩|
≤ ⟨(A∗A + B∗B) x, x⟩

+2

√√
f (t)

1+ f (t) ∥(Re (A∗B)) x∥2 ∥x∥2

+ 1
1+ f (t) |⟨(Re(A∗B)) x, x⟩| ∥(Re (A∗B)) x∥ ∥x∥

(by Lemma 2.1),

as required.

Corollary 2.3. Let A,B ∈Mn(C), and let f : (0, 1)→ R+ be a well-defined function. Then

∥A + B∥ ≤

√√√
∥A∗A + B∗B∥ + 2

√
f (t)

1 + f (t)
∥A∗B∥2 +

1
1 + f (t)

w (A∗B) ∥A∗B∥.
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In particular, if f (t) = 1, we have

∥A + B∥ ≤

√
∥A∗A + B∗B∥ + 2

√
1
2
∥A∗B∥2 +

1
2

w (A∗B) ∥A∗B∥. (5)

Proof. By Theorem 2.2, for x ∈ Cn,we have

∥(A + B)x∥2 ≤ ⟨(A∗A + B∗B) x, x⟩

+2

√√
f (t)

1+ f (t) ∥(Re (A∗B)) x∥2 ∥x∥2

+ 1
1+ f (t) |⟨(Re(A∗B)) x, x⟩| ∥(Re (A∗B)) x∥ ∥x∥

≤ ⟨(A∗A + B∗B) x, x⟩

+2

√
f (t)

1 + f (t)
∥Re (A∗B)∥2 ∥x∥4 +

1
1 + f (t)

|⟨(Re(A∗B)) x, x⟩| ∥Re (A∗B)∥ ∥x∥2

≤ ⟨(A∗A + B∗B) x, x⟩

+2

√
f (t)

1 + f (t)
∥A∗B∥2 ∥x∥4 +

1
1 + f (t)

|⟨(Re(A∗B)) x, x⟩| ∥A∗B∥ ∥x∥2

(by the inequality (2)).

Now, by taking the maximum over ∥x∥ = 1,we have

∥A + B∥2 ≤ w (A∗A + B∗B) + 2

√
f (t)

1 + f (t)
∥A∗B∥2 +

1
1 + f (t)

w(Re(A∗B)) ∥A∗B∥,

= ∥A∗A + B∗B∥ + 2

√
f (t)

1 + f (t)
∥A∗B∥2 +

1
1 + f (t)

∥Re(A∗B)∥ ∥A∗B∥,

or equivalently,

∥A + B∥ ≤

√√√
∥A∗A + B∗B∥ + 2

√
f (t)

1 + f (t)
∥A∗B∥2 +

1
1 + f (t)

∥Re(A∗B)∥ ∥A∗B∥

≤

√√√
∥A∗A + B∗B∥ + 2

√
f (t)

1 + f (t)
∥A∗B∥2 +

1
1 + f (t)

max
θ∈R

∥∥∥Re(eiθA∗B)
∥∥∥ ∥A∗B∥

=

√√√
∥A∗A + B∗B∥ + 2

√
f (t)

1 + f (t)
∥A∗B∥2 +

1
1 + f (t)

w (A∗B) ∥A∗B∥,

as required.

Remark 2.4. Corollary 2.3 contains an interesting interpolating inequality involving the numerical radii of matrices
in which a special case of Corollary 2.3 leads to a refinement of the triangle inequality. In fact, by the inequality (5),
we have

∥A + B∥ ≤

√
∥A∗A + B∗B∥ + 2

√
1
2
∥A∗B∥2 +

1
2

w (A∗B) ∥A∗B∥

≤

√
∥A∗A + B∗B∥ + 2

√
1
2
∥A∗B∥2 +

1
2
∥A∗B∥2



A. Al-Natoor / Filomat 39:32 (2025), 11451–11460 11454

(by the inequality (3))

=
√
∥A∗A + B∗B∥ + 2 ∥A∗B∥

≤

√
∥A∗A∥ + ∥B∗B∥ + 2 ∥A∥ ∥B∥

=

√
∥A∥2 + ∥B∥2 + 2 ∥A∥ ∥B∥

=

√
(∥A∥ + ∥B∥)2

= ∥A∥ + ∥B∥ .

To state our next result, we need the well-known arithmetic-geometric mean inequality for matrices
which was proved in [7] and also we need the following lemma which contains two inequalities, the first
inequality was proved in [4] and the second inequality, which is a general version of the first inequality,
was proved in [3] using different argument.

Lemma 2.5. Let A,B ∈Mn(C) be such that AB is Hermitian. Then

w(AB) ≤ w(BA) (6)

and

w|||·|||(AB) ≤ w|||·|||(BA). (7)

Theorem 2.6. Let A,B,X,Y ∈Mn(C) be such that A and B are positive semidefinite matrices. Then for 0 ≤ p, q ≤ 1,
we have

2 |||AX − YB||| ≤ w|||·|||
((

A2(1−p)
|X∗|2

)
⊕

(
B2q
|Y|2

))
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣ (8)

and

2 |||AX + YB||| ≤ w|||·|||
((

A2(1−p)
|X∗|2

)
⊕

(
B2q
|Y|2

))
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap + B1−qX∗A1−p
)
⊕

(
ApYBq + A1−pXB1−q

)∣∣∣∣∣∣∣∣∣∣∣∣ . (9)

Proof. We have

|||AX − YB||| =

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣[ Ap YBq

] [ A1−pX
−B1−q

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

≤
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

Ap

BqY∗

] [
Ap YBq

]
+

[
A1−pX
−B1−q

] [
X∗A1−p

−B1−q
]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

(by the arithmetic-geometric mean inequality for matrices)

=
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

A2p ApYBq

BqY∗Ap Bq
|Y|2 Bq

]
+

[
A1−p

|X∗|2 A1−p
−A1−pXB1−q

−B1−qX∗A1−p B2(1−q)

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

=
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

A2p + A1−p
|X∗|2 A1−p ApYBq

− A1−pXB1−q

BqY∗Ap
− B1−qX∗A1−p Bq

|Y|2 Bq + B2(1−q)

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ (10)

=
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[
A1−p

|X∗|2 A1−p O
O Bq

|Y|2 Bq

]
+

[
A2p O
O B2(1−q)

]
+

[
O ApYBq

− A1−pXB1−q

BqY∗Ap
− B1−qX∗A1−p O

]

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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≤
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[
A1−p

|X∗|2 A1−p O
O Bq

|Y|2 Bq

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ + 1

2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[
A2p O
O B2(1−q)

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

+
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

O ApYBq
− A1−pXB1−q

BqY∗Ap
− B1−qX∗A1−p O

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

=
1
2

w|||·|||

([
A1−p

|X∗|2 A1−p O
O Bq

|Y|2 Bq

])
+

1
2

w|||·|||(A2p
⊕ B2(1−q))

+
1
2

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣

=
1
2

w|||·|||

([
A1−p O

O Bq

] [
|X∗|2 O

O |Y|2

] [
A1−p O

O Bq

])
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣

≤
1
2

w|||·|||

([
A1−p O

O Bq

] [
A1−p O

O Bq

] [
|X∗|2 O

O |Y|2

])
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣

(by the inequality (7))

=
1
2

w|||·|||

([
A2(1−p) O

O B2q

] [
|X∗|2 O

O |Y|2

])
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣

=
1
2

w|||·|||

([
A2(1−p)

|X∗|2 O
O B2q

|Y|2

])
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣

=
1
2

w|||·|||
((

A2(1−p)
|X∗|2

)
⊕

(
B2q
|Y|2

))
+

1
2

w|||·|||
(
A2p
⊕ B2(1−q)

)
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(BqY∗Ap
− B1−qX∗A1−p

)
⊕

(
ApYBq

− A1−pXB1−q
)∣∣∣∣∣∣∣∣∣∣∣∣ , (11)

which proves the inequality (8). The inequality (9) follows from the inequality (8) by replacing X by −X(or
Y by −Y).

Corollary 2.7. Let A,B,X,Y ∈Mn(C) be such that A and B are positive semidefinite matrices. Then

2 |||AX − YB||| ≤ w|||·|||
((

A(I + |X∗|2)
)
⊕

(
B(|Y|2 + I)

))
+

∣∣∣∣∣∣∣∣∣∣∣∣(A1/2 (Y − X) B1/2
)
⊕

(
B1/2 (Y∗ − X∗) A1/2

)∣∣∣∣∣∣∣∣∣∣∣∣ (12)

and

2 |||AX + YB||| ≤ w|||·|||
((

A(I + |X∗|2)
)
⊕

(
B(|Y|2 + I)

))
+

∣∣∣∣∣∣∣∣∣∣∣∣(A1/2 (Y + X) B1/2
)
⊕

(
B1/2 (Y∗ + X∗) A1/2

)∣∣∣∣∣∣∣∣∣∣∣∣ , (13)

where I denotes the identity matrix in Mn(C).

Proof. Letting p = q = 1
2 in the inequality (10), we have

|||AX − YB|||
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≤
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

A + A1/2
|X∗|2 A1/2 A1/2YB1/2

− A1/2XB1/2

B1/2Y∗A1/2
− B1/2X∗A1/2 B1/2

|Y|2 B1/2 + B

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

=
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[
A1/2(I + |X∗|2)A1/2 A1/2 (Y − X) B1/2

B1/2 (Y∗ − X∗) A1/2 B1/2(|Y|2 + I)B1/2

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ (14)

=
1
2

w|||·|||

([
A1/2(I + |X∗|2)A1/2 A1/2 (Y − X) B1/2

B1/2 (Y∗ − X∗) A1/2 B1/2(|Y|2 + I)B1/2

])
≤

1
2

w|||·|||

([
A1/2(I + |X∗|2)A1/2 O

O B1/2(|Y|2 + I)B1/2

])
+

1
2

(∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

O A1/2 (Y − X) B1/2

B1/2 (Y∗ − X∗) A1/2 O

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
)

=
1
2

w|||·|||

([
A1/2 O

O B1/2

] [
I + |X∗|2 O

O |Y|2 + I

] [
A1/2 O

O B1/2

])
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(A1/2 (Y − X) B1/2
)
⊕

(
B1/2 (Y∗ − X∗) A1/2

)∣∣∣∣∣∣∣∣∣∣∣∣
≤

1
2

w|||·|||

([
A O
O B

] [
I + |X∗|2 O

O |Y|2 + I

])
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(A1/2 (Y − X) B1/2
)
⊕

(
B1/2 (Y∗ − X∗) A1/2

)∣∣∣∣∣∣∣∣∣∣∣∣
(by the inequality (7))

=
1
2

w|||·|||

([
A(I + |X∗|2) O

O B(|Y|2 + I)

])
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(A1/2 (Y − X) B1/2
)
⊕

(
B1/2 (Y∗ − X∗) A1/2

)∣∣∣∣∣∣∣∣∣∣∣∣
=

1
2

w|||·|||
((

A(I + |X∗|2)
)
⊕

(
B(|Y|2 + I)

))
+

1
2

∣∣∣∣∣∣∣∣∣∣∣∣(A1/2 (Y − X) B1/2
)
⊕

(
B1/2 (Y∗ − X∗) A1/2

)∣∣∣∣∣∣∣∣∣∣∣∣ ,
which proves the inequality (12). The inequality (13) follows from the inequality (12) by replacing X by
−X(or Y by −Y).

Remark 2.8. The authors in [4] proved that if A,B,X,Y ∈ Mn(C) are such that A and B are positive semidefinite.
Then

w (AX − YB) ≤
1
2

max(w(A
(
I + |X∗|2

)
,w

(
B
(
I + |Y|2

))
) +

1
2

∥∥∥A1/2 (Y − X) B1/2
∥∥∥ . (15)

In particular, if Y = X, then

w (AX − XB) ≤
1
2

max(w(A
(
I + |X∗|2

)
,w

(
B
(
I + |X|2

))
). (16)

The inequality (12) presents a generalization and a refinement of the inequality (15). In fact, by specifying the
inequality (12) to the spectral norm, we have

∥AX − YB∥ ≤
1
2

w
((

A(I + |X∗|2)
)
⊕

(
B(|Y|2 + I)

))
+

1
2

∥∥∥∥(A1/2 (Y − X) B1/2
)
⊕

(
B1/2 (Y∗ − X∗) A1/2

)∥∥∥∥
=

1
2

max
(
w

(
A(I + |X∗|2)

)
,w

(
B(|Y|2 + I)

))
+

1
2

∥∥∥A1/2 (Y − X) B1/2
∥∥∥ . (17)

Now, in view of the inequality (3), the inequality (17) refines the inequality (15).
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In the next corollary, we give a refinement and a generalization of the inequality (16).

Corollary 2.9. Let A,B,X,Y ∈Mn(C) be such that A and B are positive semidefinite matrices. Then

|||AX − YB||| ≤
1
2

w|||·|||
((

A
(
I + |X∗|2

))
⊕

(
B
(
I + |Y|2

)))
+ |||(A (Y − X)) ⊕ (B (Y∗ − X∗))||| .

In particular, if |||·||| = ∥·∥ , then

∥AX − YB∥ ≤
1
2

max(w(A
(
I + |X∗|2

)
,w

(
B
(
I + |Y|2

))
) +max (∥A (Y − X)∥ , ∥B (Y∗ − X∗)∥) . (18)

Proof. By the inequality (14), we have

|||AX − YB||| ≤
1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

A1/2 O
O B1/2

] [
I + |X∗|2 Y − X
Y∗ − X∗ |Y|2 + I

] [
A1/2 O

O B1/2

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

=
1
2

w|||·|||

([
A1/2 O

O B1/2

] [
I + |X∗|2 Y − X
Y∗ − X∗ |Y|2 + I

] [
A1/2 O

O B1/2

])
≤

1
2

w|||·|||

([
A1/2 O

O B1/2

] [
A1/2 O

O B1/2

] [
I + |X∗|2 Y − X
Y∗ − X∗ |Y|2 + I

])
(by the inequality (7))

=
1
2

w|||·|||

([
A O
O B

] [
I + |X∗|2 Y − X
Y∗ − X∗ |Y|2 + I

])
=

1
2

w|||·|||

A
(
I + |X∗|2

)
A (Y − X)

B (Y∗ − X∗) B
(
I + |Y|2

)
≤

1
2

w|||·|||

A
(
I + |X∗|2

)
O

O B
(
I + |Y|2

) + 1
2

w|||·|||

([
O A (Y − X)

B (Y∗ − X∗) O

])

≤
1
2

w|||·|||

A
(
I + |X∗|2

)
O

O B
(
I + |Y|2

) + 1
2

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
[

O A (Y − X)
B (Y∗ − X∗) O

]∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

=
1
2

w|||·|||
((

A
(
I + |X∗|2

))
⊕

(
B
(
I + |Y|2

)))
+

1
2
|||(A (Y − X)) ⊕ (B (Y∗ − X∗))||| ,

as required.

Letting Y = X in the inequality (18), we have

∥AX − XB∥ ≤
1
2

max(w(A
(
I + |X∗|2

)
,w

(
B
(
I + |X|2

))
),

which is a refinement of the inequality (16).

Theorem 2.10. Let A,B,X ∈Mn(C) be such that A and B are positive semidefinite. Then, for 0 ≤ p, q ≤ 1, we have

w(AX∗ + XB) ≤
w(A2p + B2(1−q)) + w(|X|2

(
A2(1−p) + B2q

)
)

2
. (19)

Proof. Let E =
[

Ap XBq
]

and F =
[

XA1−p B1−q
]
. Then for x ∈ Cn,we have

|⟨(AX∗ + XB) x, x⟩|

= |⟨EF∗x, x⟩|
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= |⟨F∗x,E∗x⟩|
≤ ∥F∗x∥ ∥E∗x∥ (by the Cauchy-Schwarz inequality)

≤
∥F∗x∥2 + ∥E∗x∥2

2
(by the arithmetic-geometric mean inequality for scalars)

=
⟨F∗x,F∗x⟩ + ⟨E∗x,E∗x⟩

2

=
⟨FF∗x, x⟩ + ⟨EE∗x, x⟩

2

=

〈[
XA1−p B1−q

] [ A1−pX∗

B1−q

]
x, x

〉
+

〈[
Ap XBq

] [ Ap

BqX∗

]
x, x

〉
2

=

〈(
XA2(1−p)X∗ + B2(1−q)

)
x, x

〉
+

〈(
A2p + XB2qX∗

)
x, x

〉
2

=

〈(
XA2(1−p)X∗ + B2(1−q) + A2p + XB2qX∗

)
x, x

〉
2

.

So, by taking the maximum over ∥x∥ = 1,we have

w(AX∗ + XB) ≤
w(XA2(1−p)X∗ + B2(1−q) + A2p + XB2qX∗)

2

≤
w(A2p + B2(1−q)) + w(XA2(1−p)X∗ + XB2qX∗)

2

=
w(A2p + B2(1−q)) + w(X

(
A2(1−p) + B2q

)
X∗)

2

≤

w(A2p + B2(1−q)) + w(|X|2
(
A2(1−p) + B2q

)
)

2
(by the inequality (6)),

which is the desired inequality (19).

In the proof of Theorem 2.10, by replacing the matrix F =
[

XA1−p B1−q
]

by the matrix
[

XA1−p
−B1−q

]
,

and by following the same steps that are used in the rest of the proof, we have

w(AX∗ − XB) ≤
w(A2p + B2(1−q)) + w(|X|2

(
A2(1−p) + B2q

)
)

2
. (20)

Remark 2.11. It follows from Theorem 2.15 in [6] that if A,B,X ∈ Mn(C) are such that A and B are positive
semidefinite, then

∥AX + XB∥ ≤ 2 ∥X∥ ∥A ⊕ B∥ . (21)

Using the inequality (21) and some basic known facts, then for positive semidefinite matrices A and B, we have

w(AX + XB) ≤ ∥AX + XB∥
≤ 2 ∥X∥ ∥A ⊕ B∥
≤ 2 ∥X∥ ∥A + B∥ . (22)

The inequality (19) generalizes and refines the inequality (22) for the case of Hermitian matrix X. In fact, by specifying
the inequality (19) for positive semidefinite matrices A and B and Hermitian matrix X and for p = q = 1

2 , we have

w(AX + XB) ≤
w(A + B) + w(X2 (A + B))

2
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≤
∥A + B∥ +

∥∥∥X2 (A + B)
∥∥∥

2

≤
∥A + B∥ + ∥X∥2 ∥A + B∥

2
.

Now, by replacing X by tX and taking the minimum over t > 0, we have

w(AX + XB) ≤

√
∥A + B∥2 ∥X∥2

= ∥X∥ ∥A + B∥ . (23)

Remark 2.12. It follows from Theorem 2.2 in [6] that if A,B,X ∈ Mn(C) are such that A and B are positive
semidefinite, then

∥AX − XB∥ ≤ ∥X∥ ∥A ⊕ B∥ . (24)

Using the inequality (24) and some basic known facts, then for positive semidefinite matrices A and B, we have

w(AX − XB) ≤ ∥AX − XB∥
≤ ∥X∥ ∥A ⊕ B∥
≤ ∥X∥ ∥A + B∥ . (25)

The inequality (20) refines the inequality (25). In fact, by specifying the inequality (20) for positive semidefinite
matrices A and B and Hermitian matrix X and for p = q = 1

2 , then, by using the same steps that are used to get the
inequality (23), we have

w(AX − XB) ≤
w(A + B) + w(X2 (A + B))

2
≤ ∥X∥ ∥A + B∥ .

Remark 2.13. The inequality (19) can be considered as a generalization of the inequality (2). In fact, by letting
A = B = I and p = q = 1

2 in the inequality (19), we get the inequality (2) as follows:

∥Re X∥ = w(Re X)

=
1
2

w(X∗ + X)

≤
1
2

(
2 + 2w(|X|2)

2

)
(by a special case of the inequality (19))

=
1
2

(
1 + w(|X|2)

)
=

1
2

(
1 +

∥∥∥|X|2∥∥∥) .
Now, by replacing X by tX and taking the minimum over t > 0, we have

∥Re X∥ ≤
√∥∥∥|X|2∥∥∥

=
√
∥X∗X∥

=

√
∥X∥2

= ∥X∥ .
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