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Available at: http://www.pmf.ni.ac.rs/filomat

Strong converse inequality for Bernstein operators in weighted
uniform norm
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Abstract. In the present paper, we introduce a new weighted K-functional and uses it to obtain strong
inverse inequalities in the weighted norm for a class of modified Bernstein operators that can approximate
functions with singularities.

1. Introduction

Denote by C (I) the set of all continuous functions defined on the interval I. For any f ∈ C ([0, 1]) , the
corresponding Bernstein operators are defined as follows([17]):

Bn
(

f , x
)

:=
n∑

k=0

f
(

k
n

)
pnk (x) ,

where

pnk (x) :=
(
n
k

)
xk (1 − x)n−k , k = 0, 1, · · · ,n, x ∈ [0, 1] .

The Bernstein operator, introduced by Sergei Bernstein in 1912, is a cornerstone in approximation theory.
It provides a constructive proof of the Weierstrass approximation theorem by approximating continuous
functions on [0, 1] using polynomials. Its properties, such as positivity, linearity, and shape preservation,
have made it a fundamental tool in various fields, including computer-aided geometric design (CAGD),
numerical analysis, and probability theory. Over the past century, numerous generalizations and modifica-
tions of the Bernstein operator have been proposed to enhance its convergence rate, extend its applicability
to broader function spaces, and address specific challenges in applications ([1]-[6], [8],[10],[12]-[21], [24]).

In order to approximate the functions with singularities, Della Vecchia, Mastroianni and Szabados [7],
Yu [20] and Yu-Zhao [22] introduced several modified Bernstein operators. Let

w (x) = xα (1 − x)β , α, β ≥ 0, α + β > 0, 0 ≤ x ≤ 1,
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and

Cw :=
{

f ∈ C ((0, 1)) : lim
x→1

(
w f

)
(x) = lim

x→0

(
w f

)
(x) = 0

}
.

The norm in Cw is defined as∥∥∥w f
∥∥∥

Cw
:=

∥∥∥w f
∥∥∥ = sup

0≤x≤1

∣∣∣(w f
)

(x)
∣∣∣ .

Define

Wr
w :=

{
f ∈ Cw : f (r−1)

∈ A.C. ((0, 1)) ,
∥∥∥wφr f (r)

∥∥∥ < ∞}
.

For f ∈ Cw, define the weighted modulus of smoothness by

ωr
φ

(
f , t

)
w := sup

0<h≤t

{∥∥∥∥w∆r
hφ f

∥∥∥∥[16h2,1−16h2]
+

∥∥∥∥w
−→
∆ r

h f
∥∥∥∥[0,16h2]

+
∥∥∥∥w
←−
∆ r

h f
∥∥∥∥[1−16h2,1]

}
,

where

∆r
hφ f (x) =

r∑
k=0

(−1)k
(
r
k

)
f
(
x +

( r
2
− k

)
hφ (x)

)
,

−→
∆ r

h f (x) =
r∑

k=0

(−1)k
(
r
k

)
f (x + (r − k) h) ,

←−
∆ r

h f (x) =
r∑

k=0

(−1)k
(
r
k

)
f (x + −kh) ,

and

φ (x) =
√

x (1 − x).

The weighted K−functional is given by

Kr,φ
(

f , tr)
w := inf

{
w

∥∥∥ f − 1
∥∥∥ + tr

∥∥∥wφr1(r)
∥∥∥ : 1 ∈Wr

w

}
. (1)

It was shown in [9] that

Kr,φ
(

f , tr)
w ∼ ω

r
φ

(
f , t

)
w . (2)

For every f ∈ Cw, define

B∗n
(

f , x
)

:= (1 − x)n
(
2 f

(1
n

)
− f

(2
n

))
+

n−1∑
k=1

f
(

k
n

)
pnk (x)

+ xn
(
2 f

(
1 −

1
n

)
− f

(
1 −

2
n

))
.

B∗n
(

f
)

is first introduced by Della Vecchia, Mastroianni and Szabados [7], who also studied its properties.
Among others, they proved that for α, β > 0,∥∥∥w

(
f − B∗n

(
f
))∥∥∥ ≤ Cω2

φ

(
f ,n−1/2

)
, f ∈ Cw, (3)∥∥∥w

(
f − B∗n

(
f
))∥∥∥ = O

(
n−δ/2

)
⇐⇒ ω2

φ

(
f , h

)
w = O

(
hδ

)
, δ < 2.
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In this paper, we consider the strong converse inequalities of this operator in Cw. To state our results,
we need some notions and notations.

Let 0 ≤ λ ≤ 1, 0 < δ < 2, define∥∥∥w f
∥∥∥

0
:= sup

x∈(0,1)

∣∣∣∣(wφδ(λ−1)
)

(x) f (x)
∣∣∣∣ ,

∥∥∥w f
∥∥∥

2
:= sup

x∈(0,1)

∣∣∣∣(wφ2+δ(λ−1)
)

(x) f ′′ (x)
∣∣∣∣ ,

C0
λ,δ,w :=

{
f ∈ Cw :

∥∥∥w f
∥∥∥

0
< ∞

}
,

C2
λ,δ,w :=

{
f ∈ Cw : f ′′ ∈ Cw,

∥∥∥w f
∥∥∥

2
< ∞

}
,

and K−functional Kδ
λ

(
f , t2

)
w

as follows:

Kδ
λ

(
f , t2

)
w

:= inf
1∈C2

λ,δ,w

{∥∥∥w
(

f − 1
)∥∥∥

0
+ t2

∥∥∥w1
∥∥∥

2

}
.

Our main result is the following

Theorem 1.1. Let 0 ≤ λ ≤ 1, 0 < δ < 2,min(α, β) > δ(1−λ)
2 . If f ∈ C0

λ,δ,w, then there exists a positive constant K
such that

Kδ
λ

(
f ,

1
n

)
w
≤ C

l
n

(∥∥∥w
(
B∗n f − f

)∥∥∥
0
+

∥∥∥∥w
(
B∗l f − f

)∥∥∥∥
0

)
for l ≥ Kn.

Taking λ = 1, by Theorem 1, (2) and (3), we have

Corollary 1.2. Let f ∈ C0
λ,δ,w. There exists a positive constant K such that

ω2
φ

(
f ,

1
√

n

)
w
≤ C

l
n

(∥∥∥w
(
B∗n f − f

)∥∥∥
0
+

∥∥∥∥w
(
B∗l f − f

)∥∥∥∥
0

)
.

for l ≥ Kn, and

ω2
φ

(
f ,

1
√

n

)
w
∼

∥∥∥w
(
B∗n f − f

)∥∥∥
0
+

∥∥∥∥w
(
B∗Kn f − f

)∥∥∥∥
0
.

2. Auxiliary Lemmas

Let

ψ (x) :=


10x3

− 15x4 + 6x5, 0 ≤ x ≤ 1,
0, x ≤ 0,
1, x ≥ 1.

Define

Fn
(

f , x
)

:= Fn (x)
=

(
1 − ψ (nx − 1)

)
P1 (x) +

(
1 − ψ (nx − n + 2)

)
ψ (nx − 1) f (x) + ψ (nx − n + 2) P2 (x)

=


P1 (x) , 0 ≤ x < 1

n ,(
1 − ψ (nx − 1)

)
P1 (x) + ψ (nx − 1) f (x) , 1

n ≤ x < 2
n ,

f (x) , 2
n ≤ x < 1 − 2

n ,(
1 − ψ (nx − n + 2)

)
f (x) + ψ (nx − n + 2) P2 (x) , 1 − 2

n ≤ x < 1 − 1
n ,

P2 (x) , 1 − 1
n ≤ x ≤ 1,
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where

P1
(

f , x
)

:= P1 (x) = (2 − nx) f
(1

n

)
+ (nx − 1) f

(2
n

)
,

P2
(

f , x
)

:= P2 (x) = (2 − (1 − x) n) f
(
1 −

1
n

)
+ (n (1 − x) − 1) f

(
1 −

2
n

)
.

Then

B∗n
(

f , x
)
= Bn (Fn, x) .

Since both Fn
(

f , x
)

and Bn
(

f , x
)

reproduce constants and linear functions, we have

B∗n (1, x) = 1, B∗n (t, x) = x.

Write h (x) = (t − x)2 . It is well known that

Bn (h, x) =
φ2 (x)

n
.

Thus

B∗n (h, x) = Bn (h, x) +
(
2h

(1
n

)
− h

(2
n

)
− x2

)
(1 − x)n +

(
2h

(
1 −

1
n

)
− h

(
1 −

2
n

)
− (1 − x)2

)
xn

=
φ2 (x)

n
+

2
n2

(1 − x)n +
2
n2 xn

=:
∆2

n (x)
n

(4)

where

∆n(x) :=

√
φ2(x) +

2
n

(1 − x)n +
2
n

xn.

Write

δn (x) :=
1
√

n
+ φ (x) .

Then

∆n (x) ∼ δn (x) ≥ φ (x) .

Lemma 2.1. ([25]) For any u, v ≥ 0, we have

n−1∑
k=1

(
k
n

)−u (
1 −

k
n

)−v

pnk (x) ≤ Cx−u (1 − x)−v .

Lemma 2.2. ([24]) Let β > 0. Then,

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β pnk(x) ≤
(
φ(x)
√

n

)β
(5)

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β+1

pnk(x) ≤ Cβ

(
φ(x)
√

n

)β
δn(x)
√

n
(6)
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for 0 < β ≤ 1, and

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β pnk(x) ≤ Cβ
φ(x)
√

n

(
δn(x)
√

n

)β−1

(7)

for β > 1.

Lemma 2.3. Let 0 ≤ λ ≤ 1, 0 < δ < 2,min(α, β) > δ(1−λ)
2 , f (i) (x) ∈ C0

λ,δ,w, i = 0, 1, 2, 3, φ3 f ′′′ ∈ C∗w. Then∥∥∥∥∥∥w
(
B∗n

(
f
)
− f −

∆2
n (x)
2n

f ′′
)∥∥∥∥∥∥

0

≤ C
(
n−

3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
+ n−2

∥∥∥wφ2 f ′′′
∥∥∥

0

)
.

Proof. Set

Gn,x (t) :=
∫ t

x
(t − u)2 f ′′′ (u) du.

By Taylor’s expansion

f (t) = f (x) + f ′ (x) (t − x) +
1
2

f ′′ (x) (t − x)2 +
1
2

Gn,x (t) ,

we have

Fn
(
Gn,x, t

)
=



(2 − nt) Gn,x

(
1
n

)
+ (nt − 1) Gn,x

(
2
n

)
, 0 ≤ t ≤ 1

n ,(
1 − ψ (nt − 1)

)
P1

(
Gn,x, t

)
+ ψ (nt − 1) Gn,x (t) , 1

n ≤ t ≤ 2
n ,

Gn,x (t) , 2
n ≤ t ≤ 1 − 2

n ,(
1 − ψ (nt − n + 2)

)
Gn,x (t) + ψ (nt − n + 2) P2

(
Gn,x, t

)
, 1 − 2

n ≤ t ≤ 1 − 1
n ,

(2 − (1 − t) n) Gn,x

(
1 − 1

n

)
+ (n (1 − t) − 1) Gn,x

(
1 − 2

n

)
, 1 − 1

n ≤ t ≤ 1.

By the definition of B∗n
(

f , x
)

and (4),

w (x)φδ(λ−1) (x)

∣∣∣∣∣∣B∗n (
f , x

)
− f (x) −

∆2
n (x)
2n

f ′′ (x)

∣∣∣∣∣∣ = w (x)φδ(λ−1) (x)
∣∣∣B∗n (

Gn,x, x
)∣∣∣

≤

5∑
i=1

Ii (x) , (8)

where

I1 (x) := 2w (x)φδ(λ−1) (x) (1 − x)n
∣∣∣∣∣Gn,x

(1
n

)∣∣∣∣∣ ,
I2 (x) := w (x)φδ(λ−1) (x) (1 − x)n

∣∣∣∣∣Gn,x

(2
n

)∣∣∣∣∣ ,
I3 (x) := w (x)φδ(λ−1) (x)

n−1∑
k=1

∣∣∣∣∣∣Gn,x

(
k
n

)∣∣∣∣∣∣ pnk (x) ,

I4 (x) := 2w (x)φδ(λ−1) (x) xn
∣∣∣∣∣Gn,x

(
1 −

1
n

)∣∣∣∣∣ ,
I5 (x) := w (x)φδ(λ−1) (x) xn

∣∣∣∣∣Gn,x

(
1 −

2
n

)∣∣∣∣∣ .
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Now, we only need to verify that

Ii (x) ≤ C
(
n−

3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
+ n−2

∥∥∥wφ2 f ′′′
∥∥∥

0

)
, i = 1, 2, 3, 4, 5. (9)

We divide the proof to the following four steps.
Step 1. Estimate of I1 (x) .
If x ∈ En =

[
1
n , 1 −

1
n

]
, without loss of generality, assume that x ∈

[
1
n ,

1
2

]
, then by using the inequality

([9]):

|t − v|
φ2 (v)

≤
|t − x|
φ2 (x)

for any v between x and t, we have

I1 (x) ≤ 2w (x)φδ(λ−1) (x) (1 − x)n
∫ x

1
n

(
u −

1
n

)2 ∣∣∣ f ′′′ (u)
∣∣∣ du

≤ 2
∥∥∥wφ3 f ′′′

∥∥∥
0

w (x)φδ(λ−1) (x) (1 − x)n
∫ x

1
n

(
u − 1

n

)2(
wφ3+δ(λ−1)) (u)

du

≤ C
∥∥∥wφ3 f ′′′

∥∥∥
0

w (x) (1 − x)n
∫ x

1
n

(
u − 1

n

)2(
wφ3) (u)

du

≤ C
∥∥∥wφ3 f ′′′

∥∥∥
0

w (x)φ−3 (x) (1 − x)n
(
x −

1
n

)3/2 ∫ x

1
n

(
u − 1

n

)1/2

w (u)
du

≤ C
∥∥∥wφ3 f ′′′

∥∥∥
0

w (x)φ−3 (x) (1 − x)n x3/w (1/n)

≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
(nx)α+3/2 (1 − x)n

≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
(nx0)α+3/2 (1 − x0)n

≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥ ,

where

x0 :=
1

1 + n
α+ 3

2

.

If x ∈ Ec
n :=

(
0, 1

n

]
∪

[
1 − 1

n , 1
)
, say x ∈

(
0, 1

n

]
(when x ∈

[
1 − 1

n , 1
)
, it can be proved similarly), then

I1 (x) ≤ C
∥∥∥wφ2 f ′′′

∥∥∥
0

w (x)φδ(λ−1) (x) (1 − x)n
∫ 1

n

x

(
1
n − u

)2(
wφ2+δ(λ−1)) (u)

du

≤ Cn−2
∥∥∥wφ2 f ′′′w (x)φδ(λ−1) (x)

∥∥∥
0

∫ 1
n

x

1
uα+1+δ(λ−1)/2

du

≤ Cn−2
∥∥∥wφ2 f ′′′

∥∥∥
0

by the fact that α > δ (1 − λ) /2.
Step 2. Estimate of I2 (x) .
If x ∈

[
1
n ,

2
n

]
, then

w (x) ∼ w
(1

n

)
∼ w (u) , φ (x) ∼ φ

(1
n

)
∼ φ (u)
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for any u ∈
[

1
n ,

2
n

]
. Therefore

I2 (x) ≤ 2w (x)φδ(λ−1) (x) (1 − x)n
∫ 2

n

x

(
u −

1
n

)2 ∣∣∣ f ′′′ (u)
∣∣∣ du

≤ C
∥∥∥wφ3 f ′′′

∥∥∥
0

(1 − x)n x3φ−3 (x)

≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
.

If x ∈
[

2
n , 1 −

1
n

]
∪ Ec

n, then in a similar way to estimate I1 (x) , we can also deduce that

I2 (x) ≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
.

Step 3. Estimate of I3 (x) .
If x ∈ En, we have (

k
n − u

)2(
wφ3+δ(λ−1)) (u)

du ≤
1(

wφ3+δ(λ−1)) (x)
+

1(
wφ3+δ(λ−1)) ( k

n

)
for any u between x and k

n , k = 1, 2, · · · ,n − 1. Therefore,

I3 (x) ≤ 2
∥∥∥wφ3 f ′′′

∥∥∥
0

w (x)φδ(λ−1) (x)
n−1∑
k=1

∣∣∣∣∣∣∣∣
∫ k

n

x

(
k
n − u

)2(
wφ3+δ(λ−1)) (u)

du

∣∣∣∣∣∣∣∣ pnk (x)

≤ C
∥∥∥wφ3 f ′′′

∥∥∥
0

w (x)φδ(λ−1) (x)
n−1∑
k=1

∣∣∣∣∣ k
n
− x

∣∣∣∣∣3
 1(

wφ3+δ(λ−1)) (x)
+

1(
wφ3+δ(λ−1)) ( k

n

)  pnk (x)

:= I31 (x) + I32 (x) . (10)

Applying (7) and the fact δn(x) ∼ φ(x), x ∈ En, we have

I31 (x) ≤ C
∥∥∥wφ3 f ′′′

∥∥∥
0
φ−3 (x)

n−1∑
k=1

∣∣∣∣∣ k
n
− x

∣∣∣∣∣3 pnk (x)

≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥

0
. (11)

By Hölder’s inequality, (7) and Lemma 1, we derive

I32 (x) ≤ Cw (x)φδ(λ−1) (x)
∥∥∥wφ3 f ′′′

∥∥∥
0

n−1∑
k=1

∣∣∣∣∣ k
n
− x

∣∣∣∣∣6 pnk (x)


1
2


n−1∑
k=1

 1(
wφ3+δ(λ−1)) ( k

n

)pnk (x)


2

1
2

≤ Cw (x)φδ(λ−1) (x)
∥∥∥wφ3 f ′′′

∥∥∥
0

(
φ(x)
√

n

)3 1(
wφ3+δ(λ−1)) (x)

≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥ . (12)

Combining (10), (11) and (12), we get

|I3(x)| ≤ Cn−
3
2

∥∥∥wφ3 f ′′′
∥∥∥ , x ∈ En. (13)
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If x ∈ Ec
n, we have

|I3(x)| ≤ Cw (x)φδ(λ−1) (x) ∥wφ2 f ′′′∥0
n−1∑
k=1

pnk(x)
∫ k

n

x

(
k
n − u

)2(
wφ2+δ(λ−1)) (u)

du

≤ Cw (x)φδ(λ−1) (x) ∥wφ2 f ′′′∥0
n−1∑
k=1

(
k
n
− x

)2

pnk(x)
∫ k

n

x

1(
wφ2+δ(λ−1)) (u)

du

≤ C∥wφ2 f ′′′∥0
n−1∑
k=1

(
k
n
− x

)2

pnk(x)

≤ C∥wφ2 f ′′′∥0
φ2(x)

n
≤ Cn−2

∥wφ2 f ′′′∥0, x ∈ Ec
n. (14)

By (13) and (14), we prove that (9) holds for i = 3.
Step 4. Estimate of I4 (x) and I5 (x) .
We can be prove (9) holds for i = 4 and i = 5 by similar deductions as I1 (x) and I2 (x) .

Lemma 2.4. Let 0 ≤ λ ≤ 1, 0 < δ < 2, f ∈ C2
λ,δ,w. Then∥∥∥wφ3B∗′′′n f

∥∥∥
0
≤ C1

√
n
∥∥∥wφ2 f ′′

∥∥∥
0
. (15)

∥∥∥wφ2B∗′′′n f
∥∥∥

0
≤ C2n

∥∥∥w f
∥∥∥

2
. (16)

Proof. Recall that [7]

B∗′′n ( f , x) = n (n − 1)
n−2∑
k=0

pn−2,k (x)
−→
∆ 2

1/nFn

(
k
n

)

= n (n − 1)
n−3∑
k=1

pn−2,k (x)
−→
∆ 2

1/n f
(

k
n

)
. (17)

Then

B∗′′′n ( f , x) = n (n − 1)
n−3∑
k=1

p′n−2,k (x)
−→
∆ 2

1/n f
(

k
n

)

=
n (n − 1) (n − 2)

φ2 (x)

n−3∑
k=1

(
k

n − 2
− x

)
pn−2,k (x)

−→
∆ 2

1/n f
(

k
n

)
.

By Lemma 1 and Hölder’s inequality, we have(
wφ3+δ(λ−1)

)
(x)

∣∣∣B∗′′′n ( f , x)
∣∣∣

≤ Cn3
(
wφ1+δ(λ−1)

)
(x)

∣∣∣∣∣∣∣
n−3∑
k=1

(
k

n − 2
− x

)
pn−2,k (x)

−→
∆ 2

1/n f
(

k
n

)∣∣∣∣∣∣∣
≤ Cn

(
wφ1+δ(λ−1)

)
(x)

∥∥∥φ2 f ′′
∥∥∥

0

n−3∑
k=1

(
k

n − 2
− x

)2

pn−2,k (x)


1/2 n−3∑

k=1

1(
wφ2+δ(λ−1))2

(
k
n

)pn−2,k (x)


1/2

≤ C
√

n
∥∥∥wφ2 f ′′

∥∥∥
0
,
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which proves (15).
(16) can be proved similarly.

Lemma 2.5. Let 0 ≤ λ ≤ 1, 0 < δ < 2, f ∈ C0
λ,δ,w. Then∥∥∥wB∗n

(
f
)∥∥∥

2
≤ Cn

∥∥∥w f
∥∥∥

0
. (18)

Proof. If x ∈ Ec
n =

(
0, 1

n

]
∪

[
1 − 1

n , 1
)
, then by (17), Lemma 1,∣∣∣∣(wφ2+δ(λ−1)

)
(x) B∗′′n

(
f , x

)∣∣∣∣
=

(
wφ2+δ(λ−1)

)
(x) n (n − 1)

∣∣∣∣∣∣∣
n−3∑
k=1

pn−2,k (x)
−→
∆ 2

1/n f
(

k
n

)∣∣∣∣∣∣∣
≤ Cn2

(
wφ2+δ(λ−1)

)
(x)

∥∥∥w f
∥∥∥

0

n−3∑
k=1

pn−2,k (x)(
wφδ(λ−1)) ( k

n

)
≤ Cn2

(
wφ2+δ(λ−1)

)
(x)

∥∥∥ f
∥∥∥

0


n−3∑
k=1

pn−2,k (x)(
w

(
k
n

))2


1/2 n−3∑

k=1

(
δδ(1−λ)

n

(
k
n

))2

pn−2,k (x)


1/2

≤ Cδδ(1−λ)
n (x)φ2+δ(λ−1) (x)

∥∥∥w f
∥∥∥

0

≤ Cn
∥∥∥w f

∥∥∥
0
,

where in the third inequality, we used the following inequality (see [23])

n∑
k=0

(
δn

(
k
n

))γ
pnk (x) = O

(
(δn (x))γ

)
, x ∈ [−1, 1] , γ ∈ R. (19)

Now, we consider the case when x ∈ En. Since ([7])

B∗′′n
(

f , x
)
= −

n
φ2 (x)

Bn (Fn, x) +
(

n
φ2 (x)

)2 n∑
k=0

pnk (x) Fn

(
k
n

) (
k
n
− x

)2

−
n (1 − 2x)

x2 (1 − x)2

n∑
k=0

pnk (x) Fn

(
k
n

) (
k
n
− x

)
,

then ∣∣∣∣(wφ2+δ(λ−1)
)

(x) B∗′′n
(

f , x
)∣∣∣∣ ≤ n

(
wφδ(λ−1)

)
(x) |Bn (Fn, x)|

+
(
wφ−2+δ(λ−1)

)
(x)

n∑
k=0

pnk (x)

∣∣∣∣∣∣Fn

(
k
n

)∣∣∣∣∣∣ |k − nx|

+
(
wφ−2+δ(λ−1)

)
(x)

n∑
k=0

pnk (x)

∣∣∣∣∣∣Fn

(
k
n

)∣∣∣∣∣∣ |k − nx|2

=: A1 (x) + A2 (x) + A3 (x) . (20)

Recall that ([20])

n∑
k=0

1

w2
(

k∗
n

)pnk (x) ≤ Cw−2 (x) , (21)
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where k∗ = 1 for k = 0, k∗ = n − 1 for k = n, and k∗ = k for 1 < k < n. By (19) and the fact δn (x) ∼ φ (x) for
x ∈ En, we have

A1 (x) ≤ Cn
(
wφδ(λ−1)

)
(x)

∥∥∥w f
∥∥∥

0

n∑
k=0

1

w
(

k∗
n

)
δδ(λ−1)

n

(
k∗
n

)pnk (x)

≤ Cn
(
wφδ(λ−1)

)
(x)

∥∥∥w f
∥∥∥

0

 n∑
k=0

1

w2
(

k∗
n

)pnk (x)


1/2  n∑

k=0

1

δ2δ(λ−1)
n

(
k
n

)pnk (x)


1/2

≤ Cn
∥∥∥w f

∥∥∥
0
. (22)

By Hölder’s inequality, (2.4) and (19) again,

n∑
k=0

pnk (x)
|k − nx|2

φ2δ(λ−1)
(

k∗
n

) ≤  n∑
k=0

pnk (x) |k − nx|4


1/2  n∑
k=0

pnk (x)
1

φ4δ(λ−1)
(

k∗
n

) 
1/2

≤ Cnφ2+2δ(1−λ) (x) . (23)

Now, by Hölder’s inequality, (21) and (23), we have

A2 (x) ≤ C
(
wφ−2+δ(λ−1)

)
(x)

∥∥∥w f
∥∥∥

0

 n∑
k=0

1

w2
(

k∗
n

)pnk (x)


1/2  n∑

k=0

pnk (x)
|k − nx|2

φ2δ(λ−1)
(

k∗
n

) 
1/2

≤ C
√

nφ−1 (x)
∥∥∥w f

∥∥∥
0

≤ Cn
∥∥∥w f

∥∥∥
0
. (24)

Analogously,

A3 (x) ≤ Cn
∥∥∥w f

∥∥∥
0
. (25)

Combining (20), (22), (24) and (25), we get (18) for x ∈ En.

3. Proof of results

We follow the proof strategy of Guo and Qi [11].
By the proof of (22), we observe that∥∥∥wB∗n f

∥∥∥
0
≤ C

∥∥∥w f
∥∥∥

0
, (26)

which implies that B∗n f − f ∈ C0
λ,δ,w if only f ∈ C0

λ,δ,w. Write B∗2n := B∗n
(
B∗n f , x

)
. Then

Kδ
λ

(
f ,

1
n

)
w
≤

∥∥∥∥w
(
B∗2n f − f

)∥∥∥∥
0
+

1
n

∥∥∥B∗2n f
∥∥∥

2

≤ C
(∥∥∥w

(
B∗n f − f

)∥∥∥
0
+

1
n

∥∥∥B∗2n f
∥∥∥

2

)
. (27)

By Lemma 2,∥∥∥∥∥∥w

Bl

(
B∗2n

(
f
))
− B∗2n

(
f
)
−
∆2

l (x)

2l

(
B∗2n

)′′ (
f
)∥∥∥∥∥∥

0

≤ C1

(
l−

3
2

∥∥∥∥wφ3
(
B∗2n

)′′′ (
f
)∥∥∥∥

0
+ l−2

∥∥∥∥wφ2
(
B∗2n

)′′′ (
f
)∥∥∥∥

0

)
,
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which, combining with the fact ∆l(x) > φ(x), implies that

1
2l

∥∥∥wB∗2n f
∥∥∥

2
≤

∥∥∥∥∥∥w
∆2

l

2l
φδ(λ−1)

(
B∗2n

)′′ (
f
)∥∥∥∥∥∥

0

≤

∥∥∥∥w
(
Bl

(
B∗2n

(
f
))
− B∗2n

(
f
))∥∥∥∥

0

+ C1

(
l−

3
2

∥∥∥∥wφ3
(
B∗2n

)′′′ (
f
)∥∥∥∥

0
+ l−2

∥∥∥∥wφ2
(
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f
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0

)
≤
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(
B∗2n f − B∗n f

)∥∥∥∥
0
+

∥∥∥wB∗l
(
B∗n f − f

)∥∥∥
0
+

∥∥∥∥w
(
B∗l f − f

)∥∥∥∥
0

+
∥∥∥w

(
f − B∗n f

)∥∥∥
0
+

∥∥∥∥w
(
B∗n f − B∗2n f

)∥∥∥∥
0

+ C1C2l−
3
2
√

n
(∥∥∥∥w

(
B∗n f − B∗2n f

)∥∥∥∥
2
+

∥∥∥wB∗2n f
∥∥∥

2

)
+ C1l−2

∥∥∥∥wφ2
(
B∗2n

)′′′ (
f
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0
(by Lemma 2.4)

≤ C3

(∥∥∥∥w
(
B∗l f − f

)∥∥∥∥
0
+

∥∥∥w
(
B∗n f − f

)∥∥∥
0

)
+ C1C2C4l−

3
2
√

n
∥∥∥w

(
B∗n f − f

)∥∥∥
0
+

(
C1C5l−2n + C1C2l−

3
2
√

n
) ∥∥∥wB∗2n f

∥∥∥
2

≤ C6

(∥∥∥∥w
(
B∗l f − f

)∥∥∥∥
0
+

∥∥∥w
(
B∗n f − f

)∥∥∥
0

)
+

1
4l

∥∥∥wB∗2n f
∥∥∥

2

for l ≥ Kn with K a large enough constant. Therefore,

1
4l

∥∥∥wB∗2n f
∥∥∥

2
≤ C6

(∥∥∥∥w
(
B∗l f − f

)∥∥∥∥
0
+

∥∥∥w
(
B∗n f − f

)∥∥∥
0

)
,

which combining with (27), proves Theorem 1.
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