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Strong converse inequality for Bernstein operators in weighted
uniform norm

Dansheng Yu?

*Department of Mathematics, Hangzhou Normal University, Hangzhou, Zhejiang 310036, China

Abstract. In the present paper, we introduce a new weighted K-functional and uses it to obtain strong

inverse inequalities in the weighted norm for a class of modified Bernstein operators that can approximate
functions with singularities.

1. Introduction

Denote by C (I) the set of all continuous functions defined on the interval I. For any f € C ([0, 1]), the
corresponding Bernstein operators are defined as follows([17]):

B (/) = ;f(g)r)nk ),

where
pnk(x) = (:)xk(l _x)n_kl k = 0/1/"' N, X € [011]

The Bernstein operator, introduced by Sergei Bernstein in 1912, is a cornerstone in approximation theory.
It provides a constructive proof of the Weierstrass approximation theorem by approximating continuous
functions on [0, 1] using polynomials. Its properties, such as positivity, linearity, and shape preservation,
have made it a fundamental tool in various fields, including computer-aided geometric design (CAGD),
numerical analysis, and probability theory. Over the past century, numerous generalizations and modifica-
tions of the Bernstein operator have been proposed to enhance its convergence rate, extend its applicability
to broader function spaces, and address specific challenges in applications ([1]-[6], [8],[10],[12]-[21], [24]).

In order to approximate the functions with singularities, Della Vecchia, Mastroianni and Szabados [7],
Yu [20] and Yu-Zhao [22] introduced several modified Bernstein operators. Let

w(x):x"‘(l—x)ﬁ,a,ﬁzo,a+ﬁ>0,0§x§1,
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and
Coi= {f € C((0,1) : lim (wf) (x) = lim (wf) (1) = o} .
The norm in C,, is defined as

e, = wfll = sup |wf) |-

Define

= | .

For f € C,, define the weighted modulus of smoothness by

2}

o 0= s s |

wA7
[16h2,1—16h2 [0,1612] “ I

where

By f () = Z( 1 (k) (v+ (5 - K)o )
o= Y ;)
k=0
K=Y 1 )
k=0

f(x+(r—=k)h),

f (x + —kh),

and

P x) = yYx(1-x).

The weighted K—functional is given by

Kip (1), = inf{w ||f - g” + ”w(prg(r)” 1g € W;U} (1)
It was shown in [9] that
Ko (fi )y ~ @l (f, 1)y, - )

For every f € C,, define

B0 = -0 (27 (2) - £ (2)) 1f( Jo @

fo-dr-2)

B;, (f) is first introduced by Della Vecchia, Mastroianni and Szabados [7], who also studied its properties.
Among others, they proved that for a, > 0,

||w (f - B;; (f))H < Cwé (f/ n_1/2)/ f € Cw/ (3)
[ (f = B ()| = O(n7?) = @2 (£, ), = O(r°), 5 <2.
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In this paper, we consider the strong converse inequalities of this operator in C,. To state our results,
we need some notions and notations.
Let0<A<1,0< 6 <2, define

||waO == sup |(w<p‘5(}“1))(x)f(x)

x€(0,1)

||T/UfH2 : sup |(w(p2+b()\—1)) (X) fl/ (x)l ,
x€(0,1)

= [ <o ol <],
Cﬁ,é,w = {f €Cy Zf” € Cy, wf||2 < oo},

and K—functional K ( f, tz)w as follows:

Ki(£.8), = inf (=, + £ [legl,}-

7

inf
geci,é,w
Our main result is the following

Theorem 1.1. Let0 < A <1,0 < 6 < 2, min(a, ) > @ If f € €Y, then there exists a positive constant K

such that .
K(52), <0t (lomis -pl, + foeir 1))
forl > Kn.

Taking A = 1, by Theorem 1, (2) and (3), we have
Corollary 1.2. Let f € Cg,é,w' There exists a positive constant K such that

o (ff Lw) < Co (ko @if - plly+ (7 - 7))

forl > Kn, and

(1) ~ b=l o (s - ),

2. Auxiliary Lemmas

Let
10x3 —15x* +6x°, 0<x<1,
¥ (x) = 0, x<0,
1, x>1.
Define

Fo(f,x) :=F, (x)
=1-yvmx-1D))Pi(0)+(1-¢(mx-—n+2)p(mx—1)f(x) + ¢ (nx —n+2)Py(x)

Py (x), 0<x<i
1-ymx-1)Pi(x)+¢(mx—1) f (x), %Sx<%,
= fx), %Sx<1——,
AI-ypmx-—n+2)f@x)+yP(nx—n+2)P(x), 1—%$x<1—%,
Ps (x), 1-1<x<1,
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where

Py(f,x) = P1 (x) = (2—nx)f(%)+(nx— 1)f(%),

P2(f%) = P2 () = (2= (1 =x)m) (1 - %)+ (110 -1)f(1- %)
Then
B;, (f,x) = B, (Fy,x).
Since both F, (f, x) and By, (f, x) reproduce constants and linear functions, we have
B, (1,x)=1, B}, (t,x) = x.
Write /1 (x) = (f — x)°. It is well known that

2
B, (h,x) = (PT(X).

Thus
Bt (h,%) = B (1, %) + (211(%) —h(%) —xz)(l _0"+ (Zh(l - %) —h(l - %) _( —x)z)x”

2
X
14 ()+%(1—x)"+%x”

n
AW
=t = 4)
where
2 2
—— 2 - _ n “an
Ay(x) = \/(p (x) + n(l X"+ nx .
Write
60 (1) 1= —= + ()
n = \/E (%
Then
Ap (x) ~ 60 () 2 @ (x).
Lemma 2.1. ([25]) For any u,v > 0, we have
n—1 (k)u( k)v » i,
— 1-——] pa()<Cx"(1-x)".
i\n n
Lemma 2.2. ([24]]) Let B > 0. Then,
S k) p()\
x—= n(x)S(—) ®)
I e R
Sk @)\ 6,(x)
ok n(x)sC(—) ©®)
Ll =6\ 5 ) 5
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for0<p<1,and

P(x) (6,
kZ x——‘ puk(x) < ﬁ—ﬁ( vz) %
forp>1.

Lemma23. Let0< A <1,0 <6 <2,min(a, f) > &2, f0(x) e Y, ,i=0,1,2,3,9>f" € C,,. Then

o)

A0w”

< C(n 2 “wqo "

o 0- - 420 o+ 2 g
0

Proof. Set
t
Gy (t) = f (t —u)® £ (u) du.
By Taylor’s expansion

FO=FE)+F @@=+ 3" ()= 0P + 3Gt

we have
2= 18) G (1) + (1t = 1) G (2), 0<t<i,
(1= (nt = 1)) P1(Gup, t) + ¢ (nt — 1) Gy (8, l<t<?
Fy(Guy t) = Guqx (1), 2<t<1-32,
(I-y¢mt-n+2)Gux () +p(nt —n+2)Py(Guy,t), 1-2<t<1-1
@-(1=mGue(1- 1)+ (1 =)= 1) Gyr(1-2), 1-i<r<1
By the definition of B;, (f,x) and (),
2 -
w (x) @V () |B;, (f, %) — f () — ( ) " (x)| = w (x) "~ e X))
5
<), ®)
i=1

where

I (x) := 2w (x) p**~ Gy (%) ,

2
Lx)=w) e Gn,x(a)l,
-1
Lx)=wkx)e 8(A-1) (x) Z ( )pnk (%),
k=1
Qo ; 1
L@ = 200 "D ()" G (1- 1),

Is (x) := w(x) qoé("’l) (x) x"

Ge (1 - 3)’
n
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Now, we only need to verify that

I (x) < C(n7? [[wg®f| ), i=12,34,5. 9)

o + 7’1_2 “w(p2f111

We divide the proof to the following four steps.
Step 1. Estimate of I1 (x).
IfxeE, = [%, 1- %] , without loss of generality, assume that x € [%, %] , then by using the inequality

([an:
|t — | |t — x|
P* () ~ ¢*(x)

for any v between x and ¢, we have

£ ()| du

2
-1
u-1)

’0 w (X) @6(/\_1) (X) (1 — X)n j; Mdu

)2

x (y—1
Ow(x)(l—x)”ﬁ Wdu

1\32 ¥ (u — E)1/2
J 0@ @)1= (x- ) f A

L0 () (1= 0" 5 oo (1)
. (nx)a+3/2 (1 _ x)n

o (mx0)**% (1 = xo)"

X 2
I (x) < 2w (x) *4 (x) (1 - x)" ﬁ (u - %)

<2 ‘|wq03f,”

<C ||w(P3f///

<C ||w§03f/”

<C ||w(p3f///
<Cni ||W(p3f””
< Cn—% ”w(pr///’
<Cni ||w(p3f"”

7

where

IfxeES = (0, %] U [1 - %, 1), say x € (0, %] (when x € [1 - %,1), it can be proved similarly), then

(3-w

L0 @) Q"D (1) (1 - )" fx md”

5 1
-2 2 o(A-1
< Cn 7 [|wg? 7w (x) )(x)“ofx eanE

< Cn—Z “w(PZf///

Lx)<C ||wq02f”’

0

by the fact thata > 6 (1 - A) /2.
Step 2. Estimate of I, (x).

Ifxe [%, %] , then

w() ~w(2) ~ 0w, e~ (5)~ pw
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for any u € [ ] Therefore

z 1\2

L@ < 20@ @ a-" [ (u-1)
<C ||w(P3f/// . (1 _ x)n x3(p—3 (x)

<3 |fwe? £ 0

f/// (M)| du

Ifxe [%, 1- %] U Ef, then in a similar way to estimate I; (x), we can also deduce that

L(x) < Cn? ||wq03f”’( .

Step 3. Estimate of I3 (x).
If x € E,,, we have

(5-w) .
(w3 -D) (1)~ (we3+o(-D) (x) (w(p3+5<"‘1))(§)

for any u between x and ﬁ, k=1,2,--- ,n— 1. Therefore,

2
E_u
B () < 2|uog® 7| w () 20D (x)z Tl))(du Pk (%)
3 prrr 5(A-1) - k 3 1 1
< Cllwg® sy w () (x)ka n (w0-D) (x) (w(p3+é(A—1))(k) P (%)
=I5 (x) + I3 (x) . (10)

Applying (7) and the fact 5, (x) ~ ¢(x), x € E,, we have

-1

P () Z

k=1

117

IN

——x

L3 (x) C|[ewe?f Pnk

IN

-3 3 o
2
Cn ||w(p f 0

(11)

By Holder’s inequality, (7) and Lemma 1, we derive

[n 1 k
0 n
k=1

1

n—1 2\2
pnk (x)] [k_l [(W(p3+5(/\ 1)) )pnk (x)] J

P(x) )3 1
(%) e

L (%) < Cw (x) "4 (x) lw® £

——x

< Cw (.X') (Pé(/\—l) (.X) Hw(pE}f///

<Cn ||w<p3f”’ . (12)

Combining (T0), and (12), we get

|I3(x)| < C}’l_% ”w(P?)f///

, x€E,. (13)
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If x € ES, we have

)2

o(A-1) 117
L)l < Cw(x)* (x) [wep? f |IoZ Puk(x) f (w@ma 1))(u)
v (K g 1

o(A-1) 2 117 o~ I

< Cw)e () llwe™f ”O;(ﬂ x) Pui(x) fx (w@2+5(A,1))(u)du
n-1 k 2

< CIIw(pzf"'IlokZ;(; —x) Prk(x)
< C”w(pi///” (P ( )
< Cnlwe? f"'||0, x € EC. (14)

By (13) and (14), we prove that (9) holds for i = 3.
Step 4. Estimate of I4 (x) and I5 (x) .
We can be prove @I) holds for i = 4 and i = 5 by similar deductions as I; (x) and I (x). O

Lemma24. Let0<A1<1,0<6<2,fe€ Cf\,&w. Then

o B flly < Co i [l 7] (15)
||wq)ZB;"’f |0 < Con ”wf”2 (16)
Proof. Recall that [7]
n-2
%1/ 22 k

Bn (f,X) =Tl(1’l—1) pn—Z,k(x) Al/,,Fn (Z)
k=0
n-3 -, k

=n (Tl - 1) Pn-2k (X) Al/nf Z . (17)

k=1

Then
n-3 . '
B0 =01 Y g 0 K1)
k=1
_n-D(m-2)37(_k = [k
= @2 (x) L (n_z —x)pn-z,k (x)Al/nf(E)_

By Lemma 1 and Hoélder’s inequality, we have

(w(P3+6(A—1)) (X) B;///(f’ X)|

n-3 k R L
Z (m B x)p”‘sz () A%/nf(;)‘
k=1
n-3 2 w3
0[k=1( ) P2 ] [Z (w(P2+e>(/\ 1)) )pH*Z,k ()

1

< Cnd (w(p1+6()\—1)) )

1/2

<Cn (w(p1+5(/\ 1) (x) ”(pi//

< C\/ﬁ”ZU(PZf” o
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which proves (I5).
can be proved similarly. [

Lemma25. Let0<A<1,0<6<2,feC,  Then

Aow’

B (P, < Cnllew] -
Proof. Tfx € Eg = (0,4] u[1 - 4,1), then by (17), Lemma 1,

(o> 00) () By (£, )|
n-3
Y a0 R (S)‘
n-3

_ (wg02+6(}t—1)) ()n@n-1)

Pn-2k (x)
= (wpth-v) ()

il

where in the third inequality, we used the following inequality (see [23])

< Cn?

(w(P2+6()\—1)) ) ”wf”o

Pn- Zk(x) S

< 0 o) ||f||o[

< 80N () @**00-D (x) ”wf”o

<Cn

3 2
( 550 m( )) . 2k<x>)
1

k=1 (w E k=

n

Y

k=0

Y
(5” (S)) puc (6) = O (60 (V)), x € [-1,1],7 € R.

Now, we consider the case when x € E,,. Since ([7])

@ ( )Zp""(x)F( )(__x)z
aa- 2x)Z Ok ( )(__x)

x2(1 - %)

B (f,%) =

then

(w0 0) () B ()| < (w0

+ (w0 ) () Z"]pnk )
k=0

+ (w0 ) () Zn‘,pnk ()
k=0

= A (X) + A, (X) + Az (X) .

@°*) (x) By (F, )|

Ao

Recall that ([20]))

k=0 W

Pk (x) < Cw™ (x),

11469

(18)

1/2

(19)

-

(20)

(21)
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where k" =1 fork =0,k" =n—1fork = n,and k" = k for 1 < k < n. By (19) and the fact 6, (x) ~ ¢ (x) for

x € E,,, we have

Ay (x)SCn( A x)||wf“ ZWD()P""W

n

n 120, 1/2
SCn(w(Pé(/\1))(X)||wf“0[zw (k_)pnk (x)] [Zmpnk (x)]

k=0 k=0 “n
< Cn ||wf||, - (22)

By Holder’s inequality, (2.4) and again,

1/2
ank( ) SO 1)( (ank (%) [k — nx| ] [ank( ) 4(5(/t 1)(%)J

< Cng? 201 (x) (23)
Now, by Hélder’s inequality, and (23), we have

1/2
A (x)SC(w(p—2+é(A—1))(x)“wf”o[zw (k Pnk(x)] [ank( L];(A T)x(| )]

< Vi @ o,

n

< Cn ||wf||, - (24)
Analogously,
Az (x) <Cn wa”o (25)

Combining , , and , we get forx€E,. O

3. Proof of results

We follow the proof strategy of Guo and Qi [11]].
By the proof of (22), we observe that

leoB: flly < Clloflly- (26)
which implies that B}, f — f € C} | if only f € C
1
K3 (), <l (2=l + 5 124,
< C(lko@if - Pl + 5 [B211,): @)

By Lemma 2,

) 5 Write B;? := B;, (B}, f,x). Then

A2 "
Hw[B&Bf(ﬂ)—Bf(f)——iﬁQ(Bf)(fﬂ

24

< (1 g (82) )], + 12 o (B2) " ) )
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which, combining with the fact A;(x) > @(x), implies that

sl < g 52
< e (m: (52 0) - B2 )
wp (B2)" (D)), + 12 e (B2) (1)
< o (827 - B3|, + ;B = £l + [ B35 - 1)
+ e (F =Bl + o (Bof - B2£)|
s it i (o (511 - 529)], + B
+ Gl ||W<P2 (B2)" (f)H0 (by Lemma 2.4)
< Cs e (Bif =), * oo = £
+ CICCl™2 Vi ||w (B, f = f, + (C1Csln + C1Col ™2 Vi) [|wB; £

< o[ (Bif - ), + leo B3 = Pl + 5 e Al

+ C1 (l_%

for I > Kn with K a large enough constant. Therefore,

3l rl, < (e (if - )], + e B - £,

which combining with (27), proves Theorem 1.
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