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Optimality extension criteria to the 3D double-diffusive magneto
convection system

Fan Wu?

#School of Science & Key Laboratory of Engineering Mathematics and Advanced Computing,
Jiangxi University of Water Resources and Electric Power, China

Abstract. We establish optimal extension criteria for the three-dimensional double-diffusive magneto
convection system in terms of the planar components of the solution or their horizontal derivatives. More
precisely, we prove that a unique local strong solution does not blow up at time T provided that (V,, V,b) €
120, T; V;l,oo,z) or (i,b) € L2(0, T; Vgo,oo,Z)’ where the Vishik space V;lw strictly contains the homogeneous

Besov space B;,q. Our approach relies on a logarithmic interpolation inequality combined with the well-
known Kato-Ponce commutator estimates.

1. Introduction

Consider the three-dimensional Cauchy problem for the double-diffusive magneto convection system

w—Au+w-Viu+Vp=(>b-V)b+(0-s)k,

by—Ab+ u-Vb=(b-V)u

0;—ANO+u-VO=u-k, )
s$;—As+u-Vs=u-Xk,

V-u=V-b=0,

u(0,x) = up(x), b(0, x) = bo(x), 6(0,x) = Oo(x),s(0, x) = so(x),

where u = u(t,x), b = b(t,x) and p = p(t, x) are unknown velocity, magnetic field and dynamic pressure of
the fluid, respectively. 0 = 0(t, x), s = s(t, x) and k are scalar quantities affecting the density of the fluid and
vertical unit vector, respectively.

Double-diffusive convection behavior is driven by the interaction of two fluids components diffusing
at different rates plays an important role in oceanography and many other fields. (see [8, 9, 17] for details).

We now analyze the structures of the system (1). If b = 0 = s = 0, the system (1) reduces to incompressible

Navier-Stokes equations. If 0 = s = 0, it reduces to incompressible magnetohydrodynamics (MHD)

equations and the system (1) at b = 0 degenerates to the double-diffusive convection system. All of those

2020 Mathematics Subject Classification. Primary 35Q35; Secondary 76D03.
Keywords. Double-diffusive magneto convection system, extension criteria, commutator estimate.

Received: 19 August 2025; Revised: 17 September 2025; Accepted: 22 September 2025
Communicated by Maria Alessandra Ragusa

Research supported by Jiangxi Provincial Natural Science Foundation (20252BAC240160).
Email address: waufan0319@yeah.net (Fan Wu)

ORCID iD: https://orcid.org/0000-0003-2367-4916 (Fan Wu)



F. Wu / Filomat 39:32 (2025), 11577-11588 11578

systems have been studied intensively, particularly regarding whether the given initial data is sufficiently
smooth for the solution to remain smooth or experience a finite time singularity. Very recently, the second
author of the present paper [25] established the existence and uniqueness of local strong solution to (1) for
given a initial data (1o, by, Oo,50) € H' and proved the global existence of a strong solution when the L?
norm of the initial data is small.

It is an open problem whether a local strong solution to the 3D Navier-Stokes equations can be smoothly
extended beyond time T up to infinity. There is a vast literature providing sufficient conditions to ensure
the extension of the local strong solution (see [14, 15] and references therein).

One of the major contributions is the Beale-Kato-Majda’s regularity criterion [3], which holds for Euler as
well as for Navier-Stokes, and states that if a smooth solution to either the Euler or Navier-Stokes equations
develop singularities in finite time, then

Tmax
f llw (., Hll=dt = +oo. )
0

This result was also extended to the strain tensor [10]. Recently, Guo-Kucera-Skalédk [7] using a different
approach based on Bony decomposition proved that a weak solution of Navier-Stokes equations is regular
provided

_3
@ € LP(0,T; B.)), for q € (3,0) and % + 3 =2,

-

3)

- -=3(:-%) 3 3q 2 3

@wel’0,T;B, " ") forqe(5,3],0€g, -—)and —+-=2,
o =2 HEET

where @ = (w1, w,0). Later, O in [14] proved that the local strong solution can be smoothly extended after
T provided

@ € L*0, T; BMO™). (4)

And then, this result was then extended in the aforementioned paper [15] to the Besov space.They proved
that the local strong solution can be extended beyond T if
@ eL*0,T; B} (5)

00,00/*

In addition to strengthening regularity criteria to larger spaces, there have also been results not involving
all the components of u, for instance regularity criteria on the planar components or its partial derivatives.
Denote by i = (u1,u>,0), b = (b1,b,,0) and V), = (d1,0,,0) the planar components vector of u, b and the
partial derivatives, respectively. Dong and Zhang [5] proved the BKM type criterion to the 3D Navier-Stokes
equations via the partial derivatives of planar velocity Vj,u

Vi € L0, T; B, ). (6)

In [2], Benbernou-Gala-Ragusa showed that if (i, b) belongs to the space L2(0, T; BMO), then the Leray-Hopf
solution (u,b) of the 3D incompressible magnetohydrodynamic equations is regular. Later, Zhang-Yang
[27] established the following MHD equations regularity criterion:

i€ L*0,T;B%, ). @)

Recently, Kanamaru in [11] proved a logarithmic interpolation inequality using the Vishik space V;,a,e (see

definition 2.4). As an application of this inequality, they obtained a regularity criteria of Beale-Kato-Majda
type. Specifically, if a weak solution u satisfies

+2=2,pe (30l (8)

IN

T
f Irotu(t)%, dr < oo,
0 p,o,0

=W
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Then the solution u is smooth on (0,T]. Later, the author used the Littlewood-Paley decomposition
method to obtain Navier-Stokes regularity criteria in Vishik spaces [22]. This was done by considering
two components of the vorticity vector or the scalar pressure. For more recent progress in Vishik spaces,
see [12, 26]. Furthermore, Farwig and Kanamaru in [6] proved that a strong solution u to the Navier-Stokes

equations on (0, T) can be extended if either u € LY (O, T; U, )for 2+a=10<a<loruel? (O, T; VO 2),
00,5,00 /09,

where U;,s , and V; g0 ATe Banach spaces(See Definition 2.4, 2.5) that may be larger than the homogeneous

0
Besov space B;,q' Very recently, Ma, Ragusa, and Wu [13] extended the criteria of Farwing and Kanamaru
by employing horizontal components of the velocity in Vishik-type spaces. They showed that the solution
remains regular provided either

ael?(0,T; VS, 9)
or
3
Vit € L(0, T; w, (R*) with 1<p<co, 1<0<oo. (10)
i laad

In papers [18, 23, 24], the author established some global regularity/stability results to the 3D double-
diffusive convection system. In particular, the author in [23] proved that if partial derivatives of the planar
components of the velocity field (i.e. V;il ) belong to the Besov space:

Vit € L5 (0, T;BY L(R%) with 0<r<1, (11)

then the local solution (1, 0, 5) can be extended smoothly beyond ¢ = T. It is an open question for the case
of end-point r = 1 in (11) at that time. In the case of the 3D double-diffusive magneto convection system,
O-Wu [16] proved the BKM type blow-up criterion involving the partial derivatives of planar components.
Namely, it was proved that the local strong solution can be extended beyond T if

(Viil, VD) € L*(0, T; B o (R?)). (12)

Motivated by the references cited above, it is interesting to extend the criteria (7) and (12) to the new
Banach spaces (i.e., Vishik spaces), which larger than the homogeneous Besov spaces. Moreover, we will
consider the complex fluid of double-diffusive magneto convection system and show the following.

Theorem 1.1. Let (ug, by, B9, 50) € H? and (1,b, 0,s) be a unique local strong solution to (1). If (i, b) satisfies

T
[ (e, + b, ot <o, (13)
0 00,00,

©0,00,.

or

©0,00,2

T
f@mm+%@ Jat < e, (14)
0 ©0,00,2

then the solution (1, b, 0, s) can be smoothly extended beyond time T.
Remark 1.2. It follows by Definition 2.4,2.5 that

Bl o V2 (15)

00,00,0

SN us X
00,+

5%

forse Rand 1 < 0 < oo. In view of (15), regularity criteria (13) and (14) can be viewed as a generalization
of [6, 11, 14-16, 23, 25, 27].

The proofs of Theorem 1.1 is based on a bilinear estimate, a logarithmic interpolation inequality and the
well-known commutator estimate due to Kato and Ponce [10].
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2. Preliminaries
Let S(R?) be the Schwartz class of rapidly decreasing functions. Given f € S(R®), its Fourier transform
F f = f is defined as

(&) = fR 3 fx)e ™ dx.

Let (x, ¢) be a couple of smooth functions valued in [0, 1] such that y is supported in B = {£ € R?: [£] < %},
@ is supported in C = {£ € R®: 2 < |&| < §} such that

XO+Y pIE =1, VEeR,

20

Y eI =1, VEcR\ (0}

j€z

Denoting @; = p(277&),h = F ! and i = F1 X, the dyadic blocks are defined as follows, respectively.
E§Pi=¢ % y P Y

Aif = o@D =2 [ n@nse- iy, ez,

§if = Y, af =@ D)f =27 [ h@fx- iy, jez

k<j—1 R
Furthermore, the above dyadic decomposition has nice properties of quasi-orthogonality, namely,
AjAf=0  with|j—q|>2.

We have the following formal decomposition:
f=Y Af, feS®R\PR),

where P(R) is the set of polynomials, which can be found in [1] about the details of the Littlewood-Paley
decomposition theory.

Definition 2.1. Let s € R, (p, 0) € [1, 0], the homogeneous Besov space B, ; is defined by

By = {f € ZR)IIfll, < o),

where o X
(X 2MA;fllg)F 0 < oo,
j€z
Ifllsy, =2 7 _
o sup 2°[|A;fll, 0 = o0,
j€eZ

Here Z'(R®) is the dual space of
Z(R%) = {f € S(R®); D*£(0) = 0,Yar € N?).
The following Bernstein’s inequalities [1] will be frequently used throughout the paper.

Lemma 2.2. Letk € N, then forall 1 < p < g < oo there holds the inequality

, .
sup l0°A; fllis < C2F*¥GDYIA, £l
|a|=k

where C is an absolute constant independent of f, j.
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Remark 2.3. From the above Bernstein’s estimate, we easily conclude that
. 3 (1_1 .
A, < 26D A,

We now introduce Banach spaces V¢ , and U; bo which are larger than the homogeneous Besov spaces B;,q.
These spaces may be regarded as modified versions of spaces defined by Nakao-Taniuchi [20] and Vishik
[21].

Definition 2.4. Lets € R,1<p,q,0 < oo. Then, V;qe (R") := {f € Z Il < oo} is introduced by the norm
M PA,

1
ol s 6 \o
(Zyen 2181117

Ifllgs =1 SUPN=12- ;o OFe

1
0 q

D=

N

SUPN_1 5. N maxjj<y 2/° ||A]-f 6 = co.

-

Definition 2.5. Lets,f € R,1 <p,0 < oo. Then, U;ﬁg (R") := {f €Z; ||f||U5ﬁ < oo} is equipped with the norm
/b pBo

1
2.7 2/50 Af 0 \G
il oo 5P, ) o

supN:LZ,m NP , 0 = 09,

We see from the following lemma that V; 40 and U, , are extensions of B}, and V; .0 Tespectively.

Lemma 2.6. [6] (i) Lets €e R,1 <p,g<coand 1< 61 < 0, <q < 03. Then, it holds that

— /s NS _ /S ‘75 7S
{0} = Vp,q,Gs cB 2/ VWW C Vp,q,Gz C Vp,qﬁl'

(ii) Let s e R,1 < p,0 < 0o and By < 0 < By < B3. Then, it holds that
clf, cU®

)=,  cB, =

ppro pO,0 p.p2,0 p.B3o°
(iii) Let s, € R,1 < p,q,0 < o0, f = + - % and 1 < 01 < gy < co. Then, it holds that
7S —I78 TS 18
Voo =W 5o and Uz, U, .

The space BMO consists of locally integrable functions f such that

1 . 1
Il fllemo = sup = flf—fgldx < oo with fp = — ffdx,
s 1Bl Jg Bl Jg

where the the supremum is taken over all balls B in R?. The space BMO™! is defined by

3
BMO™" = { f € S’ | There exists g = (41,92, 93) € BMO such that f = Z 9igi}
=1

with the norm

3
1 = inf Z ; .
Il fllBato- b0 & llgillBpmo

We recall some lemmas that will be used in the proof of our result.
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Lemma 2.7 ([14]). Let 1 < q,r < oo be such that 1/q + 1/r = 1. Then there exists an absolute constant C > 0 such
that

f fahdx < Cl|fllsmo- (191gIVEll- + IV gllglIAlly) (16)
R3

forany f € BMO™, g € Wy and h € W}.

Lemma 2.8 ([6]). Let so, 51,52 € Rsatisfys; <so <sp, let0<p <ocoand1 <p,o < co. Then there exists a positive
constant C depending only on sy, s1,s,, but not on p, B, o such that

17l < C(1+ Ly, 108" (e Wfllsy . )
orall f e B, N B2... Indeed, by setting B =
, v Y g

—-,0=0(1<g<00,1<0 <g), it holds that

1_1
0 q

1_1
1l SC(1+I|f||Vso logh~i (e+||f||351 . ))
PO 14,0 [

We will use the following commutator estimate due to Kato and Ponce.

Lemma 2.9 ([10]). Let 1 < p < coand s > 0. Then there exists an constant C such that

IA°(fg) = FANGll < CUIV Al 1A gllis + 1A flls gl ), (17)

for fe WP n W, g e L 0 W*™2and 1 < ps, ps < oo satisfying ; = = -+ oo, where A° = (-A)3.

1
+Pz 3

1
Pt
3. Proof of the main result

This section is devoted to the proof of the Theorem 1.1, which is based on the establishment of a priori
estimates under condition (13) or (14). Throughout the paper, C stands for some real positive constants
which may be different in each occurrence.

Proof of Theorem 1.1. Case I: If (13) holds, for any small constant € > 0, there exists Ty = To(€) € (0, T)
such that

T
j‘@vmﬁ” VB, Jdr<e. (18)
To o0,00,2 00,002
For any t € (Ty, T), we denote
X(t) = max (lu(0)7, + 1b(D)IIF)
T7€[To,t]

Note that X(f) is nondecreasing. The proof is divided into two steps.
First, we show the basic energy estimate. Taking the L? inner product to systems (1);, (1),, (1); and (1),
with u, b, 0 and s, respectively, we obtain

T
uw¢aaw@+2fnw%aamm@wscm (19)
0

Taking the gradient operator to (1), and (1),, and multiply the resulting equations by Vu and Vb, respectively.
Integrating over whole space and summing up the resulting identities gives that

1d
EE(IIVuIIiz +IVBII7,) + (1Aull?, + A7)
= —f V(u-Vu)-Vudx+f V(b'Vb)-Vudx+f V(0 - s)k - Vudx
R3 R3 R3

—f V(u-Vb)'Vbdxwa V(b - Vu) - Vbdx (20)
R3 R3

5
=Y I

i=1
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As argued in [14, 25], it follows from Lemma 2.7 and Young's inequality that

L+ L+ 1+ 15 < C(IVAIR o+ IVADIZ, 0 ) (IV2I2, + IVBIE)

1 (1)
+ 7 (1auli?, +1186IE,).
For I3, we have
I = f V(0 — )k - Vudx < = (IquII +IVOIZ + Vsl (22)
Summing up (20), (21) and (22), and applying Gronwall’s lemma yields that
t
(IVull?, +||Vbllfz)+f(|IAulliz + [|AbI1Z,) dt
To
< (IIVM(To)II + (IVB(To)IIZ, f (IVOIZ, + IIVSIIiz)dT)
(23)

t
X exp (Cf (1 + VA0 + thbHBMO 1)‘7[7)

To
t —
SC(To)eXP(C fT (||vhu||BMol+||vhb||§Mo_1)dT),

where we have used the basic energy inequality (19). By the embeddings B7!, — BMO™, B} c
BOOZOO,BE . C B;%Oo, H'cB] =L*nB} cB) nB) ,and Lemma 2.8, we obtain from (23) that

t
IV, + IVBIP, + f (AU, + IABIR,) dx

To

t
< C(To) exp (c f (1 + ||vha||2V 1og(e+ Vil )) df)
To Bm%oﬂBmzm

t
Xexp(ch (1+||vhb||$/_l 210g(e+||VhE|| L ))d’[)
0 0000, B2 02,

t
SC(TO)exp(C f (1+||v,1a||2._1 10g(8+||vh17l||H1))dT)

To

t
Xexp(C f (1+ V32, log(e+||VhE||H1))d’c)
©0,00,2

To

(24)

T
SC(To)eXp(C f ([ % A Y R e +||vhb||H1)dT)

To
T
< C(Ty)exp (c | (e, 1B, )toste-+ e + ||b||Hz>dr)
To 0,09, 00,00,
< C(To) (e + X(£),
where we have used that

1O, 3 ot

< CIFONag_nsy < ClF@s;.. < ClF

Next, we show the H? estimate. Taking A? to (1), and (1),, and multiply the resulting equations by A%u and
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A?b, respectively. Integrating over whole space and summing up the resulting identity gives that

1d

> dt(IIAZu(t)Iliz +IAZBIT) + (IN U@, + IA%BE)IE)

=—f Az(u-Vu)-Azudx+f Az(b-Vb)~A2udx+f A6 - s)k - A%udx
R3 R3 R3

25
- f A%(u - Vb) - A%bdx + f A%(b - Vu) - A’bdx @)
R3 R3

We now estimate each terms on the right hand side of (25) in view of commutator estimate. Taking into
account V - u = 0, and applying Lemma 2.9, Gagliardo-Nirenberg’s inequality and basic energy inequlity
(19), we get

Jp = f A2 - V) - A2udx = f (A% Vu) = (u - A?Vu)) - A’udx
R3 R3
< [|A%Gu - Vi) = - APV 4 IN%ulle < ClIVullz 1A ulF, (26)
2 2 1
< CIVullzlul ZIA%ul 5 < ClIVullZ + gIIA3uIIfz-
In the same way as in the estimate of J; we have for J4
Ju= f A2 - Vb) - A2bdx = f (A%(u - Vb) = (u - A2VD)) - A’bdx
R3 R3

< [|A%(u - V) = (u- APVD)| 4 1A%b]ILs
< C(IVull2IABlls + A%l |V Bllz2 ) 1Al s

< C(IVull2 + IVBlI)(IAull, + IA%BIIF,) 7
< CAVal + V) (Il Z0A + i 10%1,2 )
< C(IVully> + IVBll2)"2 + %(IIA%IEZ + 1A%,
Similarily we have for ], and |5 as follows:
I+ ]5= fR A2(b-Vb)-A2udx+jﬂ;3 A%(b - Vu) - A’bdx
= fR 3(A2(b -Vb) — (b - A*Vb)) - A’udx + fR S(Az(b -Vu) — (b - A*Vu)) - A’bdx
<[|A%® - Vb) = (0 - A2VD)|| 5 IAPulps + [|A%(© - Vi) = (0 - APVu)]| 5 IA%Ds 8)

< C(IVullz + [IVBll2) (A2, + IIA%BIR,)
2 3 22 2 3 22
< C(IVullz + ||Vb||p>(||u||g§||A ull 2 + B 1A% L)

1
< IVl + IVBl2)2 + 2 (A IR, + IA%BIES),
where we have used the fact that

(b- A’Vb) - A*udx + f (b- A’Vu) - A%bdx = 0. (29)
R3 R3
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It remains to estimate the third term J3. By virtue of Leibniz rule, we have that

J5 = fR A6 —s)k - A’udx = — f]R AO - s)k - ANudx < C(IIVOIZ, +IVsli?,) + }L||A3u||§2.

Substituting above estimates into (25), we obtain

d
AU, + 1AZDOIE) + IATu@IE + IADOIE)
6
< C(IVull, +IIVBIR,)” + CAIVOIZ, + [IVsIi%,)

Integrating (31) over (Ty, t) in view of basic energy inequality (19) and (24), we have

t
6
)2, + 6O < (T2, + [b(To)l, + Co + C f (IVal3 + 1IVBIB) " dr
To

t
< (TR, + (TR, + Co+ CTy) [ e+ X(0)*edr.
To

Taking 0 < € < 2=, and combining (32) with the basic energy inequality yields that

t
X(t) < X(To) + Co + C(To) | (e + X(7))dr.

To
Applying Gronwall’s inequality, one concludes that

X(t) £ C(Ty) + Cy < o0, for all t € [Ty, T],
which together with (24) implies that

u,b € L*(0, T; H(R®)) N L*(0, T; H*(R®%)).

Naturally, it yields
0,s € L(0, T; H*(R%) N L2(0, T; H*(R?)).

Case II: If (14) holds, for any small constant € > 0, there exists To = To(€) € (0, T) such that

T
~112 712
f (||u||Vo + 1512, )d’CSe.
T[] ©0,00,2 ©0,00,2

For any t € (Ty, T), we denote
X(t) = rer[?ﬁ](llu(vi)llﬁz +1b(D)lI7)
0/

T

Note that X(t) is nondecreasing.

11585

(30)

(31)

(32)

(33)

(34)

Multiplying the first equation of (1) by —Au, the second one by —Ab, after integration by and taking the

divergence-free property into account, we have

1d
5 g (IValfe, + IVBIE ) + 1Aulf; + I1AIE,

3

3
=—Z f (8iu~V)u8iudx+Z f @b - V) budx + f V(O - s)k - Vudx
R3 o IR R?

i=1

3 3
—Z f (8,-u-V)b8,-bdx+Z f ib - V) ud;bdx
-1 VIR -1 VIR

=K; + Ky + K3 + K4 + Ks.

(35)
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First, we decompose K; into three parts.

3 3 3
K4 = - ; LS (8lﬁ . Vh) b&,bdx - ; f]l;s 8iu3&358i5dx - Z LS 81M383b381‘b3dx

i=1
= Ky + Kgp + Kys.

Integrating by parts and using the Holder inequality, we have

3
Kut =Z f |- Vi)9ibdib + (- V))b2b] dx
-1 VR

(36)
< Cf |i1||Vb||Ab|dx.
R?
Since V-b =0=V-Aband curl Vb = 0, it follows from the div-curl lemma that
Ky1 < CllillmollVO - Abllgp
< CliallemollVoll 2 |AbI| 2 (37)

< CllitlZpolIVOIE, + 11—2||Ab||fz.
Similarly to the estimates for K1, we apply integration by parts to have
3 ~ -~
Kiz = ; fR 503 (930,0) dx

< Clibllsmo (Va2 1ABlI2 + [IVBlI2llAwu|12)

- 1
< CllblEipso (I1V0E: + VDI ) + 5 (IAuIE + IADIE: ).

For Kys, the divergence-free condition dsbs = —d1b1 — d2b, and integration by parts imply
3
K43 = f 8-u3(Vh . E)&bgdx
; ]R3 1 1

3
= Zf al‘l/lg (81b1 + azbz) 8ib3dx
i-1 VR
3
==Y [ 031 @udin) + tads Gudbe
i1 VIR

< f |V2u| BlIVbldx + f IVul|bl |V2b| dx
R3 R3
< 1Bllsmo IV - Aullgr + 1BllsmollAD - Vil

- 2 1
< ClIBIR 0 (||Vu||iz + ||Vb||Lz) + 35 (1Aullz, + 11ABIE,).
Combining all the estimates of K41, K4» and Ky3, we have

_ = 1
Ky < C (o + WBlGuo) (IValfE: + IVEIE:) + 2 (1Al +11ABIE.). (38)
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Similarly, we split K5 as

3 3
2 f b+ Vi) ud; bdx+Z f 8b383u3bdx+2 f 113031430, bsdx
=1

= K51 + K52 + K53.
K51, K52 and Ks3 can be estimated the same as Ky, K42 and Ky, respectively. One has
1

Ks < C (o + WBliuo) (IV2llE, +IVEIE:) + 3 (1Al +11ABIE,).

Therefore, obviously, K; and K, can be estimated as follows
- 1

Ky < CllilGpolVull?, + gllAulliz

and

_ = 1
Kz < C (o + WBlpo) (IValfE: + IVEIE:) + 2 (Al +11ABIE.).

K = f V(O —s)k - Vudx < = (||Vu||2 +[IVOI5 + ||Vs||2)
Combining (38)-(42) with (35), and applying Gronwall’s lemma to obtain

t
(IVully + IVBI3) + | (lAul + |Ab]3) dT
To

t
< (IIVu(To)Ilﬁ +IVB(To)Il3 + f (VI3 + IVsli3) dT)

To

f
X exp (C‘f; (1 + 1[11][2,0 + ”b||2BMO)dT)
0

t
SC(TO)exp(CfT (I|ﬁ|| o+“b”BMO> )

By the embeddings BY, , < BMO, we get

t t
(Va3 +IVBIE) + [ (Aull3 + lAbIE) dt < C(To) exp (Cf (”ﬁ“éo Jt I3, 2)df)-

To To

Now, by applying the logarithmic interpolation inequality, i.e., Lemma 2.8, it follows that

lallg , < C(l + Iy log? (e + ||u|| 5 Bm;m))
and

||B||Bgolsc(1+||a||vgwlog (e+||u|| - ))

oo oo 00,00

Finally, we find that

t
IVull3 + IVBI5 + | (lAul3 + IAb]3) de
To

T
SC(To)eXp(C NP 2)log(e+||u||Hz+||b||Hz>dr)
To o o,

<C(To) (e + X(1))*,

11587

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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then, we repeat the H? estimates of 1 and b. So the bound on H? norm of (1, b, 0, s) is enough to guarantee
that the solution can be extended beyond time T. Thus, we obtain the desired result.
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