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Spectral radius and spanning trees of graphs
with leaf distance at least four

Jifu Lin?, Lihua You®”

?School of Mathematical Sciences, South China Normal University, Guangzhou, 510631, P. R. China

Abstract. Let G be a connected graph of order n. The leaf distance of a tree is defined as the minimum
distance between any two leaves. Let D(G) and Q(G) be the distance matrix and signless Laplacian distance
matrix of G, respectively. Motivated by the structure condition of Kaneko, Kano, and Suzuki (2007), we
obtain the lower bound for the size of G and the upper bound for the spectral radius of D(G) (resp. Q(G))
to guarantee that G contains a spanning tree with leaf distance at least four. Furthermore, we improve
the adjacency spectral and signless Laplacian spectral results of Chen, Lv, Li, and Xu (2025) to determine

whether G contains a spanning tree with leaf distance at least four, and propose two questions for further
research.

1. Introduction

Throughout this paper, we only consider simple, undirected and connected graphs. Let G = (V,E) be a
graph with vertex set V(G) = {v1, vy, ...,v,} and edge set E(G). The order and size of G are the number of its
vertices and edges, respectively. For v € V(G), the degree of v in G, denoted by dc(v)(or d(v) for short), is
the number of vertices adjacent to v in G. The minimum degree of G is denoted by 6(G). A pendant vertex of
G is a vertex of degree one and a pendant vertex is a leaf if G is a tree. The distance dij between two vertices
v; and v; is the length of the shortest (v;, v;)-path in G, and the transmission tr(v) of vertex vin G is the sum of
the distances from v to all other vertices of G. For a subset S C V(G), we denote by G[S] the subgraph of G
induced by S, and by G — S the subgraph obtained from G by removing the vertices in S and their incident
edges.

Let G; and G; be vertex disjoint graphs. The union Gy U G, is the graph with vertex set V(Gy) U V(Gy)
and edge set E(G1) U E(G»). For any positive integer t, let tG denote the disjoint union of ¢ copies of G. The
join G1 V Gy is derived from G; U G; by joining every vertex of G; with every vertex of G, by an edge. Other
undefined notations can be found in [2].

Let G be a graph of order 7, the adjacency matrix A(G) = (a;j) of G be the n X n symmetric matrix, where
a;; = 1 if v; and v; are adjacent in G, zero otherwise. Let D(G) be the diagonal degree matrix of G. Then
Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The largest eigenvalue of A(G) (resp. Q(G)),
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denoted by A(G) (resp. q(G)), is called the adjacency spectral radius (resp. signless Laplacian spectral
radius) of G.

The distance matrix of G, denoted by 9(G), is the n X n symmetric matrix whose (i, j)-entry is d;;. The
distance signless Laplacian matrix of G is defined by Q(G) = Tr(G) + D(G), where Tr(G) = diag(tr(v1), tr(v2), .. .,
tr(vy)) is the diagonal matrix of the vertex transmissions in G. The largest eigenvalue of D(G) (resp. Q(G)),
denoted by u(G) (resp. 7n(G)), is called the distance spectral radius (9-index for short) (resp. distance
signless Laplacian spectral radius (Q-index for short)) of G.

A spanning tree T of a connected graph G is a spanning subgraph of G that is a tree, including all vertices
of G. For an integer k > 2, a k-tree is a tree with the maximum degree at most k, and a k-ended tree is a tree
with at most k leaves. In particular, a spanning 2-ended tree is called a Hamilton path of G.

Let T be a tree. For a vertex v € V(T), the leaf degree of v is defined as the number of leaves adjacent to v,
and the leaf degree of T is the maximum leaf degree among all vertices of T. The leaf distance of T is defined
as the minimum distance between any two leaves in T.

In graph theory, deciding whether a graph has spanning trees of particular types is a fundamental
problem. For example, the Hamilton path problem, that is to find a spanning 2-ended tree, is a famous
problem.

In mathematical literature, the study on the existence of spanning trees attracted much attention. For
example, Win [16] made a connection between the existence of spanning k-trees in a graph and its toughness,
and provided a Chvétal-Erd6s type condition to ensure that a t-connected graph contains a spanning k-
ended tree [15]; Gu and Liu [8] characterized a connected graph with a spanning k-tree by applying
Laplacian eigenvalues; Fan, Goryainov, Huang and Lin [6] studied the existence of a spanning k-tree in a
connected graph via the adjacency spectral radius and the signless Laplacian spectral radius, respectively;
Kaneko[9] introduced the concept of leaf degree of a spanning tree, and gave the following criterion for a
connected graph to possess a spanning tree with leaf degree at most k; Ao, Liu and Yuan [1] established the
tight spectral conditions for the existence of a spanning tree with leaf degree at most k in a connected graph;
Zhou, Sun and Liu [18] provided the D-index and Q-index for spanning trees with leaf degree at most k in
connected graphs; Lin, Liu and You [11] studied some tight conditions for the existence of spanning trees
with leaf degree at most k in graphs with a given minimum degree.; and so on.

Theorem 1.1. ([9]) Let G be a connected simple graph and k > 1 be an integer. Then G has a spanning tree with leaf
degree at most k if and only if i(G — S) < (k + 1)|S| for any nonempty subset S C V(G), where i(G — S) is the number
of isolated vertices in G — S.

Note that when the leaf degree of a tree is one, then its leaf distance is at least three. So with k = 1, both
the result of Ao, Liu, and Yuan [1, Theorem 1.5] and Theorem 1.1 can be used to guarantee the existence of a
spanning tree with leaf distance at least three. The following conjecture, posed in [9], claims that decreasing
the coefficient of |S| in the above condition guarantees the existence of a spanning tree with larger leaf
distance.

Conjecture 1.2. ([9]) Let d > 3 be an integer and G be a connected graph of order n > d + 1. If i(G - S) < % for

any nonempty subset S C V(G), then G has a spanning tree with leaf distance at least d.

By the previous discussion, Theorem 1.1 proves Conjecture 1.2 for d = 3. The following case d = 4 was
later proven by Kaneko, Kano, and Suzuki in [10].

Theorem 1.3. ([10]) Let G be a connected graph of order n > 5. Then G has a spanning tree with leaf distance at
least four if i(G — S) < |S| for any nonempty subset S C V(G).

Actually, it is not easy that one determines a graph having a spanning tree with leaf distance at least four
by Theorem 1.3, because we need justify i(G — S) < |S| for all nonempty S C V(G). Motivated by [10, 18], in
this paper, we study the sufficient conditions to ensure that a graph G with the minimum degree 6(G) has
a spanning tree with leaf distance at least four in terms of its lower bound of size and spectral radius of G,
and obtain Theorems 1.4, 1.5, 1.6 as follows.
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Theorem 1.4. Let G be a connected graph of order n 2 5 and t < 6(G). If
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then G has a spanning tree with leaf distance at least four.
When t = 1, we can derive the result [4, Theorem 4] from Theorem 1.4.

Theorem 1.5. Let G be a connected graph of order n > 7t + 2 with t < 6(G). If (G) < p(K; Vv (K2 U tKy)), then
G has a spanning tree with leaf distance at least four.

Theorem 1.6. Let G be a connected graph of order n > 9t + 3 with t < 6(G). If n(G) < n(K; V (Ky—2 U tKy)), then
G has a spanning tree with leaf distance at least four.

Using Theorem 1.3, Chen, Lv, Li, and Xu [4] establish the following spectral conditions for the existence
of a spanning tree with leaf distance at least four in a graph G with the minimum degree 6 = 6(G).

Theorem 1.7. ([4]) Let G be a graph of order n > 60 + 2. If A(G) > A(Ks V (Ky—25 U 0K1)), then G has a spanning
tree with leaf distance at least four.

Theorem 1.8. ([4]) Let G be a graph of order n > %(1162 +96 +4). If 9(G) = q(Ks V (Ky—25 U 0K1)), then G has a
spanning tree with leaf distance at least four.

In this paper, we use different methods to improve Theorems 1.6 - 1.7 as follows.

Theorem 1.9. Let G be a connected graph of order n > 5t + 2 with t < 0(G). If M(G) = MK; V (Ky—2 U tK7)), then
G has a spanning tree with leaf distance at least four.

Theorem 1.10. Let G be a connected graph of order n > 7t + 1 with t < 6(G). If (G) = q(K; V (Ky—2t U tK7)), then
G has a spanning tree with leaf distance at least four.

The present paper is organized in the following way. In Section 2, we recall some well known results
and show several lemmas. In Section 3, we show Theorems 1.4, 1.5, 1.6, 1.9 and 1.10 in order. In Section 4,
we propose two questions for further research.

2. Preliminaries

In this section, we introduce some necessary preliminary lemmas, which are very useful in the following
proofs.

Definition 2.1. ([3]) Let M be a complex matrix of order n described in the following block form

My - My
M=|: S
Mp - My

where the blocks M;; are n; X nj matrices forany 1 <i,j <landn =ny +---+mn. For 1 <i,j <1, let b;j denote the
average row sum of M;j, i.e. b is the sum of all entries in M;; divided by the number of rows. Then B(M) = (b))
(or simply B) is called the quotient matrix of M. If, in addition, for each pair i, j, Mj has a constant row sum, i.e.,

Mijgnj = bijgni, then B is called the equitable quotient matrix of M, where & =(1,1,...,1)T € C, and C denotes the
field of complex numbers.



J. Lin, L. You / Filomat 39:32 (2025), 11607-11619 11610

Lemma 2.2. ([17]) Let M be a nonnegative matrix, B be the equitable quotient matrix of M as defined in Definition
2.1. Then p(B) = p(M), where p(B) and p(M) are the spectral radius of B and M, respectively.

Lemma 2.3. ([7, 12]) Let e be an edge of G such that G — e is still connected. Then

#(G) < (G ~e), n(G) <n(G ~e).
Lemma 2.4. ([17]) Let G be a graph and F be a spanning subgraph of G. Then A(F) < A(G) and q(F) < q(G). In
particular, if G is connected, and F is a proper subgraph of G, then A(F) < A(G) and g(F) < g(G).
In order to establish better results subsequently, we introduce and prove the following lemma.
Lemma 2.5. Let n, t be positive integers with n > 2t, H = K; V (Ky—p U tK3),
g(x) = x> — (n +t —4)x* — (2nt +3n — 5> + t — 5)x + nt* — 2nt — 2n + 56> — 21> + 2,
h(x) = x> — (5n + t — 8)x* + (81> — nt — 26m + 8> — 4t + 20)x — 4n°
+2n°t +20n” — 8nt* — 2nt — 32n — 2> + 18> — 4t + 16,
p(x) =+ (-n+t+2)%+(t+1-n—-P)x+nt?> -2 -2
r(x) = x> + (t = 3n + 4)x% + (2n° + nt — 61 — 41> + 4)x — 2n*t + dnt* + 6nt — 21> — 61> — 4t

Then u(H), n(H), A(H), q(H) are the largest roots of g(x) = 0, h(x) = 0, p(x) = 0, r(x) = 0, respectively. In particular,
we have

() ifn > 5t +1, then u(H) >n+ 3t — 1.

(if) if n > 9t + 3, then 2n + 5t — 2 < n(H) < 3n — 3t - 5.

(i) AH) >n—-t—-1.

(iv)ifn>t+2, then gq(H) > 2n -2t - 2.

Proof. By considering the partition V(H) = V(K;) U V(K,—2) U V(tK;), the corresponding equitable quotient
matrices of D(H), Q(H), A(H), Q(H) can be written as follows:

t—1 n-—2t t n+t—2 n—2t t
t n—-2t-1 2t , Bg = t 2n—t—-2 2t ,
t 2n—2t) 2(t-1) t 2n—-2t) 2n+t-4
t—1 n—2t t n+t-—2 n-—2t t

Ba=| t n-2t-1 0], Bg = t 2n—-3t-2 0.

t 0 0 t 0 t

Bp =

By direct computation, we obtain the characteristic polynomials of the matrices Bp, Bq, Ba, Bg as g(x),
h(x), p(x), r(x), respectively. By Lemma 2.2, u(H), n(H), A(H), q(H) are the largest roots of g(x) = 0, h(x) = 0,
p(x) =0, r(x) = 0, respectively.

Let g(x) = —3Zx? + (3t + 3t2)x + L2 + 2. Then 7'(x) = 0 yields x = 5”% . Since 5t+9t <5t+1<n we
have g(n + 3t — ) g(n) < g(5t+ 1) 67:‘,3 + 242 + t < 0, which implies /J(H) >n+ 3t — 1 since u(H) is the
largest root of g(x) =

Let h(x) = —4tx2 + (10t + 8t2)x +52£2 + 13863, Then I’ (x) = 0 yields x = 088 By 10682 < 9f 13 < i, we
have h(2n + 5t — 2) = h(n) < (9t +3) = —114£3 — 502 — 6t < 0, which implies n(H) > 2n + 5t — 2 since n(H) is
the largest root of h(x) =

Note that i’(x) = 3x2 - 2(5n +t—8)x +8n? — nt — 26n + 8t — 4t + 20 and 24=8 < 35 — 3t — 5. Then we
can easily see that /’(x) is increasing in the interval [3n — 3t — 5, +0), and thus I’(x) > I'(3n — 3t = 5) =
5n% — (18 + 31t)n + 15 + 48t + 4112 > 5(9t + 3)n — (18 + 31t)n + 15 + 48t + 41> = (14t — 3)n + 15 + 48t + 41#> > 0
when x > 3n — 3t =5 and n > 9t + 3, which yields that h(x) is increasing in the interval [3n — 3t — 5, +00).
Therefore, when x > 3n—3t—5, we have h(x) > h(3n—3t-5) = (n — 2t — 1) (Zn2 — (21t + 9)n + 31£% + 36t + 9) >
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(n=2t-1) (2(9t +3)% — (21t + 9)(9t + 3) + 3112 + 36t + 9) = (n—2t-1)4t* > 0, which implies n(H) < 3n—3t-5
since 1(H) is the largest root of h(x) = 0.

By direct computation, p(n —t — 1) = —=t> < 0 and r(2n — 2t — 2) = 2> + 2> = 2nt? = 2¢(t + 1 — n) < O for
n>t+2,thenA(H)>n—-t-1landq(H)>2n-2t-2. O

Lemma 2.6. Let s be a positive integer, H = K; V sKj,
g @) =x*=3(—Dx+s>—ds+2, i'(x) = x* — (85 — 6)x + 14s? — 225 + 8,

p(x) = x? — (s —1)x — s, r'(x) = x> — (4s — 2)x + 25> — 2s.

Then u(H), n(H), AM(H), q(H) are the largest roots of g*(x) = 0, h*(x) = 0, p*(x) = 0, r*(x) = 0, respectively.

Proof. By considering the partition V(H) = V(K;) U V(sKj), the corresponding equitable quotient matrices
of D(H), Q(H), A(H), Q(H) can be written as follows:

. _[s—1 S . _[3s—=2 S . _[s—1 s . _[3s=2 s
BD_( s 2(8—1))’BQ_( s 55—4)’BA_( s 0)’BQ_( s s)'
By direct computation, we obtain the characteristic polynomials of the matrices By,, By,, B}, B, as g"(x),

h*(x), p*(x), r*(x), respectively. By Lemma 2.2, u(H), n(H), A(H), q(H) are the largest roots of g*(x) = 0,
h'(x) =0,p'(x) =0, r(x) = 0, respectively. [

3. Proofs of Main Results

In this section, we give the proofs of Theorems 1.4, 1.5, 1.6, 1.9 and 1.10. Firstly, it is easy to see that both
K; V (K2t U tK7) and K; V tK; contain a Hamilton path. Then we have the following result.

Proposition 3.1. Let n, t be positive integers with n > max|{5, 2t},

_ K; v (K2t U tKy), lfﬂ >2t+1;
| K VK, ifn =2t

Then H has a spanning tree with leaf distance at least four.

3.1. Proof of Theorem 1.4

Suppose that G has no spanning trees with leaf distance at least four, then there exists a nonempty subset
S € V(G) such that i(G — S) > |S| by Theorem 1.3.

We choose the connected graph R satisfying V(R) = V(G), 6(R) > t and i(R — S) > |S]| so that its size is
as large as possible. Then we have |E(G)| < |[E(R)|. According to the choice of R, we see that the induced
subgraph R[S] and each connected component of R — S are complete graphs, and R = R[S] V (R - 5).

Firstly, we claim that there is at most one non-trivial connected component in R — S. Otherwise, we can
obtain a new graph R’ by adding edges among all non-trivial connected components to derive a bigger non-
trivial connected component. Obviously, R is a proper spanning subgraph of R’, which is a contradiction
to the choice of R. Let i(R — S) = i and |S| = s for short. Theni > s by i(R — S) > |S].

We complete the proof by considering the following two cases.

Case 1. R — S has exactly one non-trivial connected component.

In this case, let R; be the unique non-trivial connected component of R — S and V(R;) = 17 > 2. Now,
we show i =s.

If i > s + 1, then we take a new graph R” obtained from R by joining each vertex of Ry with one vertex
in V(R — S)\V(R;1). Then we have

IE(R")| = [E(R)| + n1 > |[E(R)], 8(R”) > 8(R) > t, i(R” =S) =i—1> 15| =,
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which is a contradiction with the choice of R. Thusi=sbyi>s, R = K, V (Kj—ps U sK;) and 6(R) = s.
Clearly, we have n = 2s + n; > 25+ 2 > 2t + 2 since s = §(R) > t > 1, and |[E(R)| = s* + (";°)- Then

(”;t)+§t2—t+§—|E<R>|=(”‘t)+§tz_t+1_s2_(”‘s)

2 2 2 2 2
3, 1 5, (-H2n-s—-t-1)
—zt 1E+2 57+ 2
1 1 (s-tH2n-3s-3t-1)
=~ —t+=
28 T2 2
—1)2 - —
Z(t 1) N (s—1t)(s 3t+3)'
2 2

Let i(x) = (x—H)(x =3t +3) + (t—1)*> = (x — ‘%)2 +t— g, Then

A1) =0, ift=1,
fi(s) = {fl(#) >0, ift>2.

Therefore, |[E(G)| < [E(R)| < (",) + 32—t + 1 < ("}") + 3£2 + 1, a contradiction with (1a) and (1b).
Case 2. R — S has no non-trivial connected component.

In this case, we show i < s + 1. If i > s + 2, then we take a new graph R"’ obtained from R by adding
an edge between two vertices in V(R — S). Thus i(R” = S) =i—-2 > s =S|, 5(R"”) = 6(R) = t, and
|[E(R"")] = |[E(R)| + 1. This contradicts with the choice of R, which impliesi =sori=s+1.

Subcase 2.1. i = s.
In this subcase, n = 25, R = K, V sK; and |[E(R)| = s> + )
Forn = 2s > 6t + 2, we deduce

(s=t(s=3t=1) (t—1)?
5 + > > 0.

n—t\ 3, 1 _

( ) )+§t —t+ 5~ [ER) =

Therefore, |E(G)| < |[E(R)| < (", N+ %tz —t+ %, which is a contradiction with (1a).
For 6 <n < 6t (i.e. 3 <s < 3t),

n—t\ 3, t 1
P+ - —|EQR)| = (s —2t)(s =2t —1) >
(2)+2t+2 |E(R)| 2(s His—-2t-1) =0,

which implies [E(G)| < |[E(R)| < (*}") + 2£? + £, a contradiction with (1b).

Subcase 2.2. i =s+ 1.
In this subcase, n =25 +1>2t+1, R =K, V (s + 1)Ky and |[E(R)| = s(s + 1) + ().
Forn=2s+1 > 6t+1, we have

n—t\ 3, 1 1 4t —1\? 3 £ +1
= —fF — — —|E(R)| = = I — —| > = .
£() (2 )+2t t+ 5~ ER) 2[(s . ) t+4]_f2(3t) >0
Forn =5 weadmits =2and 1 <t <2byn =2s+1>2t+1. Then £,(2) = 2(4t> — 11t + 7) > 0. Hence
|E(G)| < [E(R)| < (”Z_t) + %tz —t+ %, which is a contradiction with (1a).
For 6 < n < 6t, we obtain

(s—2t+1)(s—2t) N

t>0.
2

n—t\ 3, t _
( ’ )+2t +2—|E(R)|_

Then |[E(G)| < |[E(R)| < (”Et) + 212 + L, which is a contradiction with (1b).
In view of Case 1 and Case 2, the proof of Theorem 1.4 is complete. u
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3.2. Proof of Theorem 1.5

Let H = K; V (Ky—2: U tKj), G be a connected graph of order n > 7t + 2 with 6(G) > t and u(G) < u(H).
We suppose to the contrary that G contains no spanning trees with leaf distance at least four. By applying
Theorem 1.3, there exists some nonempty subset S of V(G) satisfying i(G — S) > |S|. For convenience, we
KV (K,—2s UsKy), ifn>2s+1
Ks v sKy, ifn=2s
V(G*) = V(G) and i(G*=S) = |S]. Clearly, G* has a spanning tree with leaf distance at least four by Proposition
3.1, then G* # G, and thus G is a proper spanning subgraph of G* with s = 6(G*) > 6(G) > t. Therefore,
w(G*) < pu(H) by Lemma 2.3 and u(G) < u(H).

In what follows, we proceed to prove Theorem 1.5 by considering the following two cases.
Casel.s="t.

In this case, G* = H, then p(G*) = u(H), a contradiction with u(G*) < u(H).

Case2.s>t+1.

Now we show p(G*) > u(H) by considering the following two subcases since n > 2s.
Subcase 2.1. 1 > 25 + 1.

By Lemma 2.5, u1 = u(G*), p = p(H) are the largest roots of g1(x) = 0, g(x) = 0, respectively, where
g1(x) = x> = (n + s — 4)x> — (2ns + 3n — 5s% + s — 5)x + ns*> — 2ns — 2n + 552 — 25> + 2, and g(x) defined in Lemma
2.5.

Now we compare the D-index of G* and H. Using Lemma 2.5 and n > 7t + 2 > 5t + 1, we have
u = u(H) > n + 2t — 1. By direct computation, we derive

take |S| = s. Then G* = is the graph with the maximum size such that

1(@) = g1() — g(u) = (s — Hg2(w), )

where go(u) = —u? — (2n —5(s + t) + D) + (5 + n)(s + t) — 2(s* + st + t? + n), then

72(1) < go(n + §1?— 1) = —25% + (Et+ 6n)s + n —3n° + §t+ Etz (3)
2 2 2 4
byanax{2s+1,7t+2}and—2n_5(z¢ <n+§t—1 < U-

Let g3(x) = —2x% + (2t + 6n)x + n = 3n* + 3t + B2 Then g5(x) is increasing in the interval (-0, %] by

Uiren _ .
2— > %1 Sincen > 25 + 1, we have

n-1 n? 11 1 5 13
< = —— +(—=t-1Dn—=—t+—4. 4
g5(s) < gs( > ) > (4 n > att g 4)
Let ga(x) = =5 + (Xt —Dx — 1 — 2t + B3, Then g4(x) is decreasing in the interval [7t + 2, +c0) by

Lt—1<7t+2 <nand thus

gs(n) < go(7t +2) = =2t* — 64—715 - ; <0. (5)

By (2), (3), (4), (5) and s > t + 1, we have

91() = ~ D720 < 5 = Dol + 56~ 1)

=(s = 95(6) < (5 = Dgs("5—)

=(s — t)ga(n) < (s — t)ga(7t + 2)
<0,

then u(G*) = p1 > u = u(H), a contradiction.
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Subcase 2.2. 1 = 2s.
In this subcase, G* = K, V sK;. By Lemma 2.6, u* = u(G") is the largest root of g°(x) = 0. Recall that
u = u(H) is the largest root of g(x) = 0. Then we obtain

g (1) =ug (W) — g(u) ©)
=—(s—t+1)u? + (s> + 25 + 4st — 5t* + t — ) — 2st* + 4st + 4s — 5t + 2> - 2.

Let g5(x) = —(s— £+ 1)x2 + (s + 25+ 45t —5£2 + £ — 3)x — 2512 + dst + 45— 512 + 26> — 2. Clearly, S2bsbetrald
25+ 3t—1bys = % > 3t + 1, and then gs(x) is decreasing in the interval [2s + 3t — 1, +0). Using Lemma 2.5

andn =2s > 7t+2 > 5t +1, we have u = u(H) > n + 3t — 1. Then we deduce

5 6+15t , 4A+8t+9t2  6t+ 152+ 138
+ §° — - .

5 1 s 1 ()

3
g5(u) < gs(n + St 1)=-2s

Let go(x) = —2x% + G215ty 2 _ 448008 _ GUHISELISE Then we possess g (x) = —6x% + (6 +15t)x — (1 +2t + 312).
Since s > 22 > &3t g (5) < g7 (252) = -2+ — 8t — 1 < 0, which implies

12
7t+2 11 t
76(3) < g6( 5 )= -5+ th +5< 0. (8)

By (6), (7) and (8), we admit ug*(u) = gs(u) < gs(n + %t —1) =ge(s) < gd%) < 0, which yields g*(u) < 0,
and thus p(G*) = p* > u = u(H), a contradiction.
Combining Case 1, Case 2, G has a spanning tree with leaf distance at least four. u

3.3. Proof of Theorem 1.6

Let H = K; V (Ky—pt U tK1), G be a connected graph of order n > 9t + 3 with 6(G) > t and 1(G) < n(H). We
assume the contrary that G contains no spanning trees with leaf distance at least four. By applying Theorem
1.3, there exists some nonempty subset S of V(G) satisfying i(G — S) > |S|. For convenience, we take [S| = s.
Ks vV (Ky—s UsKy), ifn>2s+1
K, Vv sKy, ifn=2s
and i(G* - S) > |S|. Clearly, G* has a spanning tree with leaf distance at least four by Proposition 3.1, then
G* # G, and thus G is a proper spanning subgraph of G* with s = 6(G*) > 6(G) > t. Therefore, n(G*) < n(H)
by Lemma 2.3 and n(G) < n(H).

In what follows, we now consider the following two cases to prove Theorem 1.6.

Casel.s=t.

In this case, G* = H, then 1(G*) = n(H), a contradiction with n(G") < n(H).
Case2.5>t+1.

Now we verify n(G*) > n(H). Combining n > 2s, it suffices to deal with the following two subcases.
Subcase 2.1. n > 25 + 1.

By Lemma 2.5, n = n(H), ;1 = n(G") are the largest roots of h(x) = 0, hi(x) = 0, respectively, where
h1(x) = x°— (51 +5—8)x? + (8n% —ns—26m+8s> —4s+20)x —4n> +2n2s+20n? —8ns?> —2ns—32n—2s3 + 185> —4s + 16,
and h(x) defined in Lemma 2.5.

Next, we compare the Q-index of G* and H. Together with Lemma 2.5 and n > 9t + 3, we obtain
n = n(H) > 2n + 5t — 2. By direct calculation, we deduce

() = ha () = k() = (s = Hha(n), ©)

where 1y (x) = —=x% + (=1 + 8(s + ) — 4)x + 2n% — 8n(s + t) — 2n — 2(s> + st + 12) + 18(s + t) — 4.
Clearly, h(x) is decreasing in the interval [211 + 5t — 2, +c0) by n > 25 + 1 and w <2n+5t-2<7,

which implies

Then G* = is the graph with the maximum size such that V(G*) = V(G)

ha(n) < hp(2n + 5t — 2) = =25 + (2 + 38t + 8n)s — 4n* + 2t + 13t* — 17nt. (10)
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Let hi3(x) = —2x2 + (2 + 38t + 8n)x — 4n* + 2t + 13t> — 17nt. Then h3(x) is increasing in the interval (-0, 251]
by 2+384t+8n > "T—l By n > 2s + 1, we have
2

LI —% +(2t—2)n—g—17t+13t2. (11)

Let hu(x) = —"2—2 + (2t -2)x — % — 17t + 13t%. Therefore, hu(x) is decreasing in the interval [9¢ + 3, +0) by
2t-2<9t+3 <nandso

ha(s) < hs(*—

hy(n) < hy(9t +3) = —%tz - 56t —12 < 0. (12)
By (9), (10), (11), (12) and s > t + 1, we obtain
hi (1)) =(s — Hha(n) < (s — Dha(2n + 5t — 2)
—(s = Ds(s) < (s - D (L5)

=(s — thy(n) < (s — H)he(9t + 3)
<0,

then n(G*) = 1 > n = n(H), a contradiction.
Subcase 2.2. 1 = 2s.
In this subcase, G* = K; V sKj. By Lemma 2.6, n* = n(G") is the largest root of h*(x) = 0. Recall that
= 1(H) is the largest root of i(x) = 0. Then we have

ni'(n) =nh’(n) = h(n) = hs(n), (13)
where hi5(x) = (25+t—2)x%+(—185%+305+2st —8t> +4t—12)x+325% — 852t — 805 + 165> +4st +64s+213 — 181> +4t —16.

By n > 9t +3 and Lemma 2.5, we have 45 + 5t —2 < 1) < 65 — 3t — 5. Since h5(x) is a quadratic convex function,
then

hs(n) < max{hs(4s + 5t — 2), h5(6s — 3t — 5)}. (14)
By direct calculation, we obtain
hs(4s + 5t — 2) = —85° + (12 + 6t)s* + (—4 + 30t + 84t%)s — 20t — 521> — 13£°.
Let hg(x) = —8x3 +(12+6t)x? + (=4 +30t +84+%)x — 20t — 521> — 13t3 Then W (x) = —24x% +2(12+6t)x—4+30t + 8412
and hy(x) is decreasmg in the interval [252, +00) by 1260 = 1 4 £ < 9”3 <'s. Hence when x > 243, we have

W (x) < I (—) —348t? — 168t — 22 < 0, which 1mp11es h6(x) is decreasmg in the interval [9”r3 +00). By
5> 48

7

9t +3 485 121

hs(s) < he( ) = - - 196t — —t- 6<0,

then h5(4s + 5t — 2) = hg(s) < 0.
By direct computation, we have
hs(6s — 3t — 5) = —4s> + (22t — 2)s> + (12 — 56t%)s — 6 — 15t + 22> + 35¢3.

Let hy(x) = —4x° + (22t — 2)x? + (12 — 56{%)x — 6 — 15t + 22> + 35¢>. Then I} (x) = —12x* + 2(22t — 2)x +

12 — 5612 and 22 < 23 <5, thus h(x) is decreasing in the interval [%#2, +c0). By x > 243, we have

H(x) < I, (—) = —101#* — 114t - 21 < 0. Then hy(x) is decreasing in the 1nterval [22, +c0). By s > 242,

9t+3
h;(s) < hz(

) = =136t — 170t> — 60t — 6 < 0,

which yields h5(6s — 3t — 5) = hy(s) < 0.

It follows from (14) that h5(n) < 0 for n > 9t + 3, which implies h*(n) < 0 by (13), thatis, n(G*) =n* > n =
n(H), a contradiction.

Combining Case 1, Case 2, G has a spanning tree with leaf distance at least four. u
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3.4. Proof of Theorem 1.9

Let H = K; V (Ky—2: U tKj), G be a connected graph of order n > 5t + 2 with 6(G) > t and A(G) > A(H).
Suppose to the contrary that G has no spanning trees with leaf distance at least four. In light of Theorem
1.3, there is a nonempty subset S C V(G) such that i(G — S) > |S|. For convenience, we take |S| = s. Then
| K5V (Ky2s UsKy), ifn>2s+1
| K VK, ifn=2s
i(G* = S) > |S|. Clearly, G* contains a spanning tree with leaf distance at least four by Proposition 3.1, then
G* 2 G, and thus G is a proper spanning subgraph of G* with s = 6(G*) > 6(G) > t. Hence A(H) < A(G*) by
Lemma 2.4 and A(G) > A(H).

Next, we proceed to prove Theorem 1.9 by considering the following two cases.

Casel.s ="t

In this case, G* = H, then A(G*) = A(H), a contradiction with A(H) < A(G").
Case2.s>t+1.

Now we show A(G*) < A(H) by considering the following two subcases.
Subcase 2.1. n > 25 + 1.

By Lemma 2.5, A1 = A(G"), A = A(H) are the largest roots of pi1(x) = 0, p(x) = 0, respectively, where
p1(x) = 3+ (—n+s+2)x* + (s+ 1 -n—s*)x +ns* — 2s° —s?, p(x) defined in Lemma 2.5,and A = A(H) > n—t—1.
By direct calculation, we derive

p1(A) = p1(A) = p(A) = (s = )p2(A), (15)

where pa(x) = x2 + (1 —s — )x + (n — 1)(s + t) — 2(s* + st + 12), then

*

is the graph with the maximum size satisfying V(G") = V(G) and

pa(A) > po(n —t —1) = =28* —st —n +n* + t — 2nt (16)

byn>2s+land #- <n-t-1<A
Let p3(x) = —2x? — tx — n + n? + t — 2nt. Then p3(x) is decreasing in the interval [t + 1, +c0) immediately.
Byt+1<s< %,wehave

n-—1
2

N1 W

n 1+
2

N G

nZ
pa(s) = ps( )= > t. (17)

Let pa(x) = "—22 - %tx - % + %t. Then p4(x) is increasing in the interval [5¢, +o0). By 5t + 2 < 1, we have

13t 3
p4(7’l) > p4(5t + 2) = 7 + E > 0. (18)

By (15), (16), (17), (18) and s > t + 1, we have
p1(A) =(s = p2(A) > (s — H)pa(n —t = 1) = (s — )pa(s)

(s Dps("5) = (5 = Opa() = (5 = Opa(5t +2) > 0.

Now, we proceed to prove p;(x) > 0 in the interval [A, +o0). By simple calculation, we know p}(x) =
3x? +2(-n+s+2)x+s+1-n-s2 Since ”*3%2 <n—t-1<A,pj(x)isincreasing in the interval [n —t — 1, +0).
When x > A, pj(x) > pj(A) > pi(n —t = 1) = =s + (2n — 2t = 1)s — n + n® + 2t + 3t* — 4nt.

Let p5(x) = —x2 + (2n — 2t — 1)x — n + n? + 2t + 3t> — 4nt. Then ps(x) is increasing in the interval (-0, 251]
by n > 5t + 2 and % > ”2;1 > s >t+1and so we admit ps(s) > ps(t+1) = n®>+(1-2)n —2 -3t >
(Gt+2)n+(1-2t)n—2-3t = (3t+3)n—2-3t > 0. Therefore, when x > A, we have p;(x) > pj(A) > pj(n—t-1) =
ps(s) = ps(t + 1) > 0, and p1(x) is increasing in the interval [A, +00), which implies p1(x) > p1(A) > 0 when
x > A. Then A(G*) = A1 < A = A(H), a contradiction.

Subcase 2.2. n = 2s.
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In this subcase, G* = K; V sKj. In view of Lemma 2.6, A* = A(G”) is the largest root of p*(x) = 0. Then we
have

Ap"(A) =Ap*(A) = p(A)

19
=(s—t—1DA2+ (s + 1> —s*> —t = 1)A — 25t + 21° + 12, (19)

Let pe(x) = (s—t—1)x2+(2s+2—s? —t—1)x—2st> + 23 + 2. Clearly, % <2s—t—1byn =2s >5t+2,

and then pg(x) is increasing in the interval [2s —t — 1,+00) by s —f — 1 > 0. Using Lemma 2.5, we have
A = A(H) > 2s —t — 1. Then we have

pe(A) > ps(2s —t — 1) = 28> — (3 + 7t)s> + (1 + 6t + 5t*)s — t — 2t°. (20)

Let p7(x) = 2x® — (3 + 7t)x? + (1 + 6t + 5t%)x — t — 22, Then p,(x) = 6x* — (6 + 14t)x + 1 + 6t + 5t>. When
x> 22 pi(x) > 6- 22x — (6+ 14t)x + 1 + 6t + 5t = tx + 1 + 6t + 5t* > 0. Then p7() is increasing in the
interval [222, +0). Thus we obtain

542 7, t
;):1t2+§>o. 1)

It can be inferred from (19), (20) and (21) that

p7(s) = p7(

5t+2
2

Ap"(A) = ps(A) > pe(2s — £ = 1) = p7(s) = pa( )>0.
So p*(A) > 0. Since 55—1 <2s—t—1 < A, p*(x) is increasing in the interval [A, +00), which implies p*(x) >
p*(A) > 0 when x > A. Hence A(G") = A* < A = A(H), a contradiction.

Combining Case 1, Case 2, G has a spanning tree with leaf distance at least four. ]

3.5. Proof of Theorem 1.10

Let H = K; V (K;—2¢ U tK1), G be a connected graph of order n > 7t + 1 with 6(G) > t and n(G) < n(H).
We assume the contrary that G contains no spanning trees with leaf distance at least four. On account
of Theorem 1.3, there exists some nonempty subset S C V(G) satisfying i(G — S) > [S|. For convenience,
Ks v (Kn—Zs U SKl), ifn>2s+1
K, Vv sKj, ifn=2s
that V(G*) = V(G) and i(G* — S) > |S|. Clearly, G* has a spanning tree with leaf distance at least four by
Proposition 3.1, then G* # G, and thus G is a proper spanning subgraph of G* with s = 6(G*) > 6(G) > t.
Therefore, g(H) < g(G*) by Lemma 2.4 and g(G) > q(H).

Next, we proceed to prove Theorem 1.10 by considering two cases.
Casel.s=t.

In this case, G* = H, then q(G*) = q(H), a contradiction with g(H) < g(G).
Case2.5s>t+1.

Now we verify g(G*) < q(H). Combining n > 2s, it suffices to deal withn > 25+ 1 and n = 2s.
Subcase 2.1. n > 25 + 1.

By Lemma 2.5, g1 = q(G*), ¢ = q(H) are the largest roots of r(x), r(x), respectively, where ri(x) =
X3+ (s — 31+ 4)x% + (2n? + ns — 6n — 4s? + 4)x — 2n’s + 4ns> + 6ns — 25> — 6s> — 4s, r(x) defined in Lemma 2.5,
and g = q(H) > 2n — 2t — 2. By direct computation, we derive

r(q) = ri(q) = (q) = (s = Hr2(q), (22)

where r2(x) = x2 + (n — 4(s + 1))x — 2n* + 4n(s + ) + 6n — 2(s* + st + 12) — 6(s + t) — 4. Then r,(x) is increasing in
the interval [2n1 — 2t — 2, +00) by n > max{7¢ + 1,2s + 1} and W < 2n -2t - 2 < g, which implies

we take |S| = s. Then G* = is the graph with the maximum size such

12(q) > 12(2n — 2t — 2) = =25% + (2 — 4n + 6t)s — 4n + 4n* + 10t + 108> — 14nt. (23)



J. Lin, L. You / Filomat 39:32 (2025), 11607-11619 11618

Let r3(x) = —=2x% + (2 — 4n + 6t)x — 4n + 4n® + 10t + 10> — 14nt. It is easy to check that r3(x) is decreasing
on the interval [s, 1] by =4+ < (0 <5 < 1. Thus

-1, 3n? 3
”2 ):%—11nt—§+7t+10t2. (24)

r3(s) = 13(

Let r4(x) = 3x% — 11tx — 2 + 7t + 102, Since & < 7t + 1 < n, then r4(x) is increasing in the interval
[7t + 1, +00) and

ra(n) > rg(7t +1) = %tz +17t > 0. (25)
Together with (22), (23), (24), (25) and s > ¢ + 1, we obtain
r1(q) =(s = Hra(q) > (s — ) (2n — 2t — 2) = (s — )r3(s)

n—1
2

>(s — H)ra( ) = (s —t)ra(n) = (s — Hra(7t + 1) > 0.

Now, we proceed to prove 7/ (x) > 0 in the interval [g, +0). By simple calculation, we have r](x) =
3x2 +2(s — 3n + 4)x + 2n? + ns — 6n — 4s? + 4. Since % < 2n -2t -2 <gq,r(x) is increasing in the interval
[2n—2t-2, +00). Then v (x) > ri1(q) > 1} (2n—2t-2) = —4s*+(5n—4t—4)s—2n+2n+8t+12t*~12nt = r5(s) when
x > qandrs(s) > rs(t+1) = 2n2+ (3—7Hn+4+2—8t—8 > 2(7t+1)*+(3—7)(7t+1)+4t>—8t—8 = 53t?+34t—-3 > 0
by 224 > 221 > s > ¢+ 1and 42 < 7t + 1 < n. Hence when x > g, 7/ (x) > 7/(q) > r},(2n — 2t = 2) = r5(s) >
r5(t + 1) > 0, which implies 7;(x) is increasing in the interval [g, +0). So r1(x) > r1(g) > 0 when x > q. Then
q(G*) = q1 < q = q(H), a contradiction.

Subcase 2.2. n = 2s.

In this subcase, G* = K VsK;. By Lemma 2.6, q* = q(G") is the largest root of r*(x) = 0, where r*(x) defined

in Lemma 2.6. Then we obtain

qr'(q) = qr'(q) — r(q) = r6(q), (26)

where r6(x) = (2s — t — 2)x? + (=6s* + 10s — 2st + 4> — 4)x + 85>t — 8st> — 12st + 2> + 61> + 4t. Clearly,
_652’:120(;;—_2;3‘)”2_4 < 4s—2t-2by s > 4 and then r4(x) is increasing in the interval [4s — 2t — 2, +c0). By
Lemma 2.5, Thus we have

r6(q) > re(4s — 2t —=2) =2(2s — t — 1) r7(s), (27)

where r7(x) = 25? — 8t + 5t> — 25 + 4t. Then r;(x) is increasing in the interval [Z52, +00) by 2t < ZH <5 and
thus

71f+1)_3_t2
2

. > 0. (28)

17(5) 2 1o .

It can be inferred from (26), (27) and (28) that

7t+1

qgri(q) =re(q) > re(ds —2t —=2) =2(2s =t = 1) ry(s) = 2(2s — t — 1) ry( 5

)>0.

Hence 7*(g) > 0. Since %2 < 45 — 2t — 2 < g, r*(x) is increasing in the interval [g, +c0). When x > g,

r'(x) 2 r*(q) > 0. Thus, 9(G*) = ¢* < q = q(H), a contradiction.
Combining Case 1, Case 2, G has a spanning tree with leaf distance at least four. u
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4. Two Questions for Further Research

For any a € [0, 1], Nikiforov [13] defined the A,-matrix of G as A,(G) = aD(G) + (1 — a)A(G). Obviously,
AyG) = AG)if a =0, and A,(G) = %Q(G) ifa = % The largest eigenvalue of A,(G), denoted by p.(G), is
called the A,-spectral radius of G.

Problem 4.1. For a connected graph G of order n with the minimum degree 6(G) and « € [0, 1], find an A,-spectral
radius condition of G to determine whether G has a spanning tree with leaf distance at least four.

Theorems 1.7, 1.8, 1.9 and 1.10 study Problem 4.1 when « € {0, %}.

In [5], Erbes, Molla, Mousley, and Santana proved the Conjecture 1.2 is true when a(G) < 5ord > 3,

where a(G) is the independence number of G. Based on these results, it is natural that the following question
can be proposed for further research.

Problem 4.2. For a connected graph G of order n and 5 < d < n — 1, find some spectral radius conditions of G to
determine whether G has a spanning tree with leaf distance at least d.
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