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On P-equi-statistical relative convergence in sequences of fuzzy-valued
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Abstract. In this study, we introduce and investigate new forms of convergence, namely, P-statistical
relative pointwise, uniform, and P-equi-statistical relative convergence, for sequences of functions whose
values lie in the space of fuzzy numbers. These notions, motivated by a synthesis of statistical and
relative convergence frameworks, are explored both in terms of their structural characteristics and mutual
interrelationships. Furthermore, we examine the behavior of their corresponding r-level sets to provide
deeper insight into their convergence dynamics. As a principal application, we apply approximation
theorems of Korovkin-type for sequences of functions with fuzzy values under the newly proposed modes
of convergence, and we compute the rate of convergence.

1. Introduction and Preliminaries

Due to the generation of intriguing and noteworthy results, the topic has evolved into a dynamic
research area, actively discussed across various fields. Researchers have delved into diverse domains,
including matrix summation, series theory, Fourier analysis, and Banach spaces. This has led to the
formulation of novel generalizations of statistical convergence, comprehensive studies on its properties,
and the exploration of its applications. Yet, in a broad context, exact calculations or measurements of either
limits or statistical limits are unattainable. In order to capture and represent this inherent imprecision
using mathematical frameworks, several methodologies have emerged in mathematics, including fuzzy set
theory and fuzzy logic. This is why in this article we present a new version of statistical convergence with
respect to power series methods on fuzzy sequences and we give Korovkin-type approximation theorems
as applications.

Classic Korovkin theory is mainly based on the problem of approximation of a function by a sequence
of positive linear operators [21]. Recent advancements in approximation theory have extended important
findings from spaces of real functions to spaces of fuzzy functions. The incorporation of fuzziness into
classical approximation theory was initiated by Anastassiou [3], who formulated a fuzzy analogue of
classical Korovkin theory (see also [2, 4, 17]). Fast [16] introduced the concept of statistical convergence for
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sequences of real numbers. Building on this framework, various authors have developed statistical fuzzy
approximation theorems, enriching the intersection of summability and fuzzy analysis. Notably, in 2008,
Anastassiou and Duman [5] demonstrated a Korovkin-type approximation theorem applicable to fuzzy
positive linear operators. Their approach involved leveraging the concept of A-statistical convergence,
where A represents a non-negative regular summability matrix. Subsequently, Demirci and Orhan [14]
expanded on this work, introducing the notion of statistical relative uniform convergence through the
utilization of relative uniform convergence principles (see [12, 13, 23]) in 2016 and building upon this
convergence method, Orhan et al. [26] conducted a study in 2017, exploring the fuzzy analogue of the
Korovkin theorem. More recently, Baxhaku et al. [10] obtained a power series summability-based Korovkin
type approximation theorem for any sequence of fuzzy positive linear operators and Yurdakadim and Tas
[31] obtained it for P-statistical convergence, i.e., statistical convergence with respect to power series
method. Since a sequence can be neither convergent nor statistically convergent and still be P-statistically
convergent, it is effective to use this type of convergence.

In addition to these, further contributions have been made regarding Korovkin-type theorems and
summability methods in both classical and weighted approximation theory. For example, results concerning
statistical and equi-statistical convergence, and their generalizations, have been studied in [20, 25, 30], while
the application of Korovkin-type approximation theorems in weighted spaces, as well as operator theory,
have been examined in [1, 6, 8, 9]. These works provide a deeper insight into approximation processes in
various functional settings and motivate the study of new convergence types.

Inspired by these studies, based on the notions of P-statistical and relative convergence, we introduce
and study the notions of P-statistical relative pointwise, uniform and P-equi-statistical relative convergence
of sequences of fuzzy-number-valued functions. Besides, we show some of their properties and relations.
Also, their r-level cuts are discussed. Conversely, we utilize the convergence methods introduced in this
paper to apply Korovkin-type approximation theorems specifically designed for sequences of functions
with fuzzy values.

Now, we show some notions that are very useful for the development of this article.

A fuzzy number is formally defined as a function u : R — [0, 1] satisfying the properties of normality,
convexity, and upper semi-continuity, with the additional requirement that the closure of its support set,
supp(u) := {z € R: u(z) > 0} is compact. The collection of all such fuzzy numbers is denoted by R¢. For any
u € Rg and level r € (0,1], the r-level set of u is defined as

[1] :={z€R: uz) >r} and [a]’ = {ze R: u(z) > 0}.

It is a well-established result that for each r € [0,1], the level set [ﬂ]r forms a non-empty, closed, and
bounded interval in R ([18]). Given fuzzy numbers u,v € R¢ and a scalar A € R, one can define their
addition and scalar multiplication via their level sets as follows:

[Wev] =[u] +[0] and [Aou] =A[u], O<r<1)
where + and scalar multiplication are taken in the sense of classical interval arithmetic in R,as detailed in
19].
[ ]Each level set [u]" can be represented in the form [u(_r), u(f)] , where u” < u(f) and both endpoints are real
numbers. Then, for i,7 € Rg, we denote
<7 u” <o and u? <o forallr € [0,1].
A commonly used metric D : R¢ X Ry — IR, is given by:

D(u,7) = sup max {|u(_r) - v(_r)( , |u(+r) - US:)”
rel0,1]

under which (R¢, D) constitutes a complete metric space (cf. [3], [32]). If fand g are fuzzy-number-valued
functions defined on a closed interval [4, b] . The distance between f and g is determined by:

D7) = sup sup max{|f @ - 5G], [f @7 - 9@},

z€[a,b] r€[0,1]
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which can be compactly expressed as D*(f,?) = sup,(, 5 D( f~ (2),9(2).
Nuray and Savas [24] introduced the fuzzy analog of statistical convergence by using the metric D. Let
(1) be a fuzzy number valued sequence. Then, (i) is statistically convergent to u € Ry, which is denoted

by st — limD (u,, ) = 0 and write 1, = if for every € > 0,
m

1 —
hm% |{m €N : D (uy,u) > e}| =0

holds, where |.| denotes the cardinality of the set.

We now turn our attention to the power series method, which plays a foundational role in the formulation
of P-statistical convergence. Consider a non-negative real sequence (p,,) with py > 0, and define the
associated power series by

p ()= ipmt’”
m=0

which is assumed to have a radius of convergence R, with 0 < Ry < co. A'sequencez = (zim) of real numbers
is said to be convergent in the sense of power series method to a value x € R if the limit

1 o
lim — "=
o<k p(f) ;:OZ’“P me =K
exists. This mode of convergence, introduced in [22, 28]. Importantly, the power series method is regular
e 1o Pmt”
iff lim

0<t—R; p(t)
Here and in the sequel, power series method is regular.

= 0 for every m € INy (see, [11]).

Definition 1.1. [29] Let F € INy. If the limit

D IR <
op (F) = 0<1t1_13§ mzpml‘ XF

m=0
exists, then Op (F) is called the P-density of F.
Obviously,
1) 6p(N) =1,
ii) if E C F then 6p(E) < 6p(F),
ii7) if E has P-density then 6p(IN/E) = 1 — 6p(E).
Definition 1.2. [31] Let (i) be a sequence of fuzzy numbers in Ry. The sequence is said to be P-statistically
convergent to u € Ry, denoted by stp — lim D (i, 1) = 0 or simply i, S u if for every € > 0, the set of indices

{m : D (up,u) > ¢}

has P-density zero, i.e.,

LN _
S o) =0

In particular, if the set {m : D (u,,, ) > ¢} is finite for every ¢ > 0, then the sequence (i1,,) converges (in
the usual metric sense) to u and write simply u,, — 1. Moreover, if the fuzzy numbers under consideration
are degenerate, i.e., reduce to real numbers, and the metric D coincides with the absolute value on IR, then
P-statistical convergence for fuzzy numbers coincides with the classical P-statistical convergence for real
sequences.
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2. Convergence Methods for Fuzzy-Number-Valued Sequences

This section is aimed to give two main results, first, we will define P-statistical type convergence methods
for sequences of functions with fuzzy values, and second, we will discuss the results obtained on these
types of statistical convergence of sequences of functions with fuzzy values. For these purposes, we now
define, study and extend the notions of P-statistical convergence for sequences of functions with fuzzy
values.

Let f fm [a,b] = Ry, m € Ny, be given fuzzy-number-valued functions. Next, we proceed to define,
study and extend the notions of P-statistical convergence for sequences of functions with fuzzy values.

Definition 2.1. We say that a sequence (f;) of fuzzy-number-valued functions defined on a closed interval [a, b] is

P-statistically relatively pointwise convergent to a limiting function f, if there exists a scale function o (z) such that
for each z € [a, b] and for every € > 0,

()<t—>R p (t)me Ao e Flenze) = 0.

where the relative distance D, is defined by

fu @V - f@7

o(z)

Fu @Y = f(2)?

o (2)

7

re[0,1]

|

Equivalently, this means that for every point z € [a, b] and every € > 0, there exists a set S, C INg with P-density zero
such that

Dy(fu (@), f (2)) = sup max{

Vi € No\Sz, Do(fin (2), f (2)) < &
In this case, we write f,:,(z) * ﬂz) (0) for each z € [a, b] .

Theorem 2.1. The sequence (ﬁ;) of fuzzy-number-valued functions is said to be P-statistically relatively convergent to
a fuzzy function fzf and only if, for each level r € [0, 1], the corresponding level cuts [ﬁn]r is uniformly P-statistically

relatively converge to [ ﬂr , uniformly with respect to the level parameter r.

Proof. (=) : Let ﬁ(z) i f(z) ~(0) for e~ach z € [a,b]. Then, for given € > 0 and zg € [a,b], there exists S,, C INg
with 6p (Sz,) = 0 such that Dy(fu (20), f (20)) < € for any m € INo\Sy,. Then, we can write

{‘f n(20)" = f(z0)” } e

1(20)0 — f(z0)!
o (20)

sup max

re0,1] 0 (z0)

Clearly, for all v € [0, 1], we get

fm(Zo)(_r) - f(Zo)(_r)

o0 (zo)

fm )(f) f(Z )(f)
0 (20)

< & and

Also, we know that

[fn@0)] = [£n@0)?, fulz0) ], [f0)] = [£@0)?, Fz0)].

Hence, we get desired result.



S. Yildiz, N. Sahin Bayram / Filomat 39:32 (2025), 11621-11636 11625

(&) : Now, let [ f;(zo)]r is uniformly P-statistically relatively convergent to [f(zo)]r with respect to r. For any
fulz0) '~ fz0)?

o(z0)

¢ > 0and zg € [a,b], there exists S, ,S7) C No with 6p (S;O) = 0and 6p (S;:)) = 0 such that

zo’

‘<sfor

funz0)? = f(z0)?

a(z0)

any m € No\S_ and < ¢ forany m € No\S.. Set S,; = S, US.'. Then, op(S,) = 0 and

for all m € INg\S,. So, it is clear that Dy( f; (20) ,f(zo)) < € whence the result. [

fiun@0)? = f(z0)

0 (20)

fin@0)? = f(z0)"

0 (20)

sup max {

re[0,1]

Theorem 2.2, Let (]},:,) be a sequence of fuzzy-number-valued functions. Then, the following expressions are equiv-
alent:

(@) fm(2) s f(z) (o) for each z € [a, b] .

(ii) There exists a subset S, C Ny with 0p (S;) = 1 and f,, (z) = f(z) (o) for each z € [a, b] where my € S,.

(iii) There exist two sequences of fuzzy-number-valued functions (g,,) and (Em) such that fu(2) = gmn(z) + hu(2)

with Gu(z) = £(2) (0) and I(z) 23 0(0) for all z € [a, b].
Proof. (i) = (ii) : Let f:n(z) it f(z) (0) for each z € [a, b] . Then, for given z € [a, b], define the following sets:

5} = {m < Dot o), Fle) = 1},
5= {m < Do(fo o) Fleo) < 1.

k =1,2,.... Observe that, 5p (Si) = 0and 6p (Si) =1,k =1,2,... Also, S} D S5 O .... If we show that ]?,;,(zo) N
f~(zo) (0) for every m € S then we get the desired result. Now, suppose that (ﬁ;(zo)) is not convergent to f~(zo) with

respect to o (zo) . Hence, there is ¢ > 0 such that, Dg(fm (z0) ,f(zo)) > ¢ for infinitely many terms. Put

S, = {m : Dg(j‘:n (zo),f(zo)) < e} and € > %,
k=1,2,... Then 6p(S:) = 0 and S C Se. Therefore 5p (Sf) = 0 which is a contradiction. Hence, ﬁ(z) - f~(z) (0)
foreach z € [a, b] .

(if) = (iii) : There exists a subset S, C INg with 6p(S;) = 1 and f,, (z) — f(z) (0) for each z € [a, b] where
my € S;. Now, let define two sequences of fuzzy-number-valued functions (g,,) and (l;m) as follows:

me(z):{ fZ"(Z)r ifmes, andﬁm(z)+f(z):{ sz), ifmes,,

f(2), otherwise fm(z), otherwise.

Then it is easy to see that f;(z) + ﬂz) = g (2) + 1l (2) + f(z), ie., fn(z) = g (2) + hy (2) and gm(z) — f(z) (o).
Finally, we show Zm (2) ™ 5(0) and Zm (z)+ ﬂz) St ﬂz) (0) . Firstly, thanks to definition ofﬁm (z)+ ﬁz), we can

easily get that Em (z) + ﬂz) & ﬂz) (0) . Then according to Theorem 2.1, for given € > 0 and z € [a, ], there exists
S; € No with 6p (S;) = 0 such that, forall v € [0,1],

I A 4 9 A 4 9

@Y + f@7 - f&D]
o(2)

< ¢eand o @ ,
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for any m € INo\S,. Hence, we get
{‘ (2 = 0

o(z2)

sup max
re[0,1]

4

hm(Z)Y) -0
o (z) ’} <&

i.e., hu(z) 5 0(0). .
(iti) = (i) : There exist two sequences of fuzzy-number-valued functions (g,,) and (ﬁm) such that f,(z) =

gm(2) + h(2) with gm(z) — f(z) (0) and hy(2) * a(a)for all z € [a,b]. Forany ¢ > 0 and z € [a, b], let
S = {m : Dy(gm(2), f~(z)) > g} and

S, = {m : D, (i;m(z),ﬁ) > g}

Then, clearly 6p (S1) = 0 and Op (S2) = 0. Hence, we have

Op ({m : D, (ﬁn(z),f(z)) > e})
<6p(51) +06p(S2) =0,

whence the result. [

Definition 2.2. Let (};) be a sequence of fuzzy-number-valued functions defined on a closed interval [a, b] . We say

that (f:n) converges P-statistically relatively uniformly to fon [a, b] if there exists a scale function o (z) such that for
every € > 0, the following convergence condition is satisfied:

1 (o]
lim —= "X 7 Fsel =0,
0<tmk; p (t) mZJopm XD Fr 2

where the scaled uniform distance Dy, is defined by D;(f,:,,f) = SUP, (1] Dg(ﬁ;, (2), ]7 (2)). Equivalently, this means
that for every € > 0, there exists a subset S, C INy with P-density zero such that

Vm € No\S., sup Dy(fn (2), f (2)) < €.

z€[a,b]
~ Stp ~
In this case, we denote the convergence symbolically by f,, =3 f ([a,b],0).

~ stp —~ -~ = stp
Proposition 2.1. f,, = f([a,b],0) if and only if D}(fu, f) 0.

Definition 2.3. We say that a sequence (f;) of fuzzy-number-valued functions defined on a closed interval [a, b] is

P-equi-statistically relatively convergent to a limiting function f~1f there exists a scale function o (z) such that for
every € > 0,

: ]' . m —
o ST K ) =
m=l
uniformly with respect to z € [a, b] . In other words, the function

ge (2) = 6p ({m : Do(fn (@), f @) 2 €

converges uniformly to zero on [a, b] for every € > 0.

We denote this convergence symbolically by fm % f ([a,b],0).
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The following results follow by applying arguments similar to those used in the proof of Theorem 2.1.
For the sake of brevity, we omit the detailed proofs.

Theorem 2.3. A sequence (ﬁ;) converges P-statistically relatively uniformly to ]7 on [a,b] if and only if [ﬁ:,(z)]r
is uniformly P-statistically relatively convergent to [f(z)]r uniformly, jointly with respect to both r € [0,1] and
z € [a,b].

Theorem 2.4. A sequence (f:n) is P-equi-statistically relatively convergent to fzf and only if [ﬁn(z)]r is P-equi-
statistically relatively convergent to [f(z)]r uniformly for any v € [0,1] and any z € [a, b].

Lemma 2.1. The following logical chain of implications holds between the three types of convergence:

fu = Fa,b],0) = fuS Fa,b],0) = fu2) B f(2)(0),¥z € [a,b].

That is, P-statistical relative uniform convergence implies P-equi-statistical relative convergence, which in turn
implies pointwise convergence under the same scale function o.

While the direct implications above hold, the converse statements are not valid in general. In fact, it is
possible to construct explicit counterexamples illustrating that:

Example 2.1. For any v € [0,1] and any z € [0,1], let the scale function ¢ (z) = 1 and the fuzzy-number-valued
functions f(z) and f,,(z) be given as follows:

fn(2) (s)
0, s€(—oo,m—1)U (m+1,+00)
s—-m+1, m-1<s<m ,m =2k,
—s+m+1, m<s<m+1
B 5 € (~oo, 55 — 1) U (Fss + 1, +00)
3m2z2 3m?z2 3m?z2 —
53_ 22 +1, 234_,1% 7 -1< 53_2 o ,m=2k+1,
11‘1 Z M-z M-z
2en88 T 1- prema = P 1
k=0,1,2,...and
0, s € (—o0,—1) U (1, +00),

ﬂz)(s)z s+1, -1<s<0,
—-s+1, 0<s<1.

Also, let

Or m=2k _
Pm={ 1, m=2k+1 ,k=0,1,2,...

Then, it can be easily seen that 6p ({m : m = 2k}) =0

Now, we show that ﬁ,,(z) S f~(z) (0), however ]?,1;(2) is not P-equi-statistically relatively convergent to f~(z). Let
z € [a, b] be fixed. For m = 2k + 1, we have

Do(fn (2), f (2))
fu@? - @)Y

{’f - (2)" (V) Z)(r)

= sup max ,
reon) 1E) E) }
3m2z2 3m2z2
- s R S | i B e R S G
i}(l)g] max {‘2+m -1-n-(-1), R (1-7)—( 7’)}

_ 3m*2?
2 +m3z3
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That is, there exists My such that Dg(ﬁn (z),f~(z)) <é&forallm > Myand m =2k +1,k =0,1,2,.... Hence,
Vz € [a,b], Ve > 0,3S, = {m:m =2k} U {m < My} with 6p(S;) = 0, Vm € No\S,, Do(fin (2), f (2)) < &, i.e.,
fu(2) i f(2) (0) . On the other hand, let &9 = % and choose z = L forallm = 2k +1,k = 0,1,2, ... Then

1\") _ 10
5({m fu(B)? — L) 2}]
o (%)
3m2(%)2

1
=0p|im: —-1-n-@F-1|= =
[ 2+md (%)3 2
=1
NE@P-FGY _ ") ") . -
Similarly, we have Op T > ¢g¢| = 1. Therefore, f,,(z)_" and f,,(z), are not uniformly P-equi-

statistically relatively convergent and thanks to Theorem 2.4, we get that (fn;) is not P-equi-statistically relatively
convergent to ﬂz).

1, z=0

Example 2.2. For any r € [0,1] and any z € [0,1], let the scale function ¢ (z) = { 1 g<z<1 f(Z) 0 and

the fuzzy-number-valued functions f;(z) be defined as follows:

i@ (), z €[, 7]

vn@) (), z€ |53 5], m=2k,

Ful@) (5) =

11
0/ 4 ¢ oms W]
ém(z) (S)/ m =2k+1,
where
0, s€ (—00, omHly 3) U (2’”“2 -1, +oo)
Um(z) () =4 s—2m+lz 43, 2mtly _3 <5< mtly D ,
—s2mHly 1 omHly D <5< omtly
0, s€ (—oo, iiany 3) U (—2’"“2 +5, +oo>
V(@) () =4 s+2m1z -3, 2mlz43<s< 2z 44 ,
s—2mtly L 5 _pmtly L4 g < pmtly 45
0, s€(—co,m—1)U(m+1,+00)
En@) () =8 s—-m+1, m-1<s<m ,
—-s+m+1, m<s<m+1

1, m=2k

0, m=2k+1 ,k=0,1,2,.... Then, it can be easily seen that op ({m : m = 2k + 1}) =

k=0,1,2,...Also, let p,, = {

stp

0 and fm(z) - f z)([0,1], o), however ( fm) is not P-statistically relatively uniformly convergent to f In fact, if m
is even then, for every z € [0, 1], the cardinality of {m { : fm(z # ~} is less than or equal to 1. Hence

(t)me XDy fote) Flo)ze) = (t)Zme {m:fu(2)0)

< mpmotmo —0(0<t->R)),

mg € INg. Thus f;(z) % f(z) ([0,1], 0) . On the other hand, we get D;(ﬁ,,f) =m+1, then (f;q) is not P-statistically

relatively uniformly convergent to f
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3. Application to Fuzzy Korovkin-Type Approximation via P-Equi-Statistical Relative Convergence

In this section, we leverage the framework of P-equi-statistical relative convergence with respect to a
scale function to establish a Korovkin-type approximation theorem for sequences of fuzzy-number-valued
functions. In addition, the robustness of the primary theorem will be demonstrated, with a view to
highlighting its strength in comparison to existing results.

Let f : [a,b] = Ry be a fuzzy-number-valued function. The function f is said to be fuzzy continuous at
a point zj € [a, b] if, for every sequence (z,,) satisfying z,, — zo, it follows that

D (ﬂzm), f(zo)) — 0asm — oo.

We say }Vis fuzzy continuous on [a, b] if it is fuzzy continuous at every point in the interval. The collection
of such functions is denoted by Cg [a, b] (see, e.g., [3]). It is important to notice that C# [4, b] is only a cone

not a vector space. Now let L : C# [a,b] — Cg [a, b] be an operator. Then L is termed fuzzy linear if for all
A, A2 €R, fi, f» € Csla,b], and z € [a, b], the following holds:

L(hoA®A0 fiz) = OL(fiz)® 0L (fz).

Furthermore, L is called fuzzy positive linear operator if it is fuzzy linear and satisfies the order-preserving
condition:

j?(z) <7(2) zf(ﬁz) <L(7:z), forallz € [a,b].
Throughout the paper, we employ the standard Korovkin test functions:
ei(z) =2 (i=0,1,2),

as well as a scale function o (z) with |0 (z)] > 0 for all z € [a,b]. The norm ” f ” denotes the usual supremum
norm of f.
The subsequent Korovkin type theorems in fuzzy setting has been given by authors:

Theorem 3.1. [5]Let (Zm) be a sequence of fuzzy positive linear operators from Cg [a,b] into itself. Assume that
there exists a corresponding sequence (L,,) of positive linear operators from C [a, b] into itself with the property

(L (F2)), = L (£22) )
forallz € [a,b], r €[a,b], m € N and fe Cg [a,b] . Assume further that

st — lir};n Iy (e;) —eill =0 foreachi=0,1,2.
Then, for all j?e Cs [a, b], we have

st = limD" (L (f).H=0

Theorem 3.2. [31] Let L, be fuzzy positive linear operators for every m € INg from Cg [a,b] into itself. Suppose
that there exists a corresponding positive linear operators L, from C [a, b] into itself with the property (1). If

stp —lim ||L,, (e;) —eill =0 foreachi=0,1,2.

then for all fe C [a, b], we have

stp —1im D*(L (f), ) = 0
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We now state our main theorem.

Theorem 3.3. Let (Em) be a sequence of fuzzy positive linear operators from Cg [a, b] into itself. Suppose there exists
a corresponding sequence of classical positive linear operators (Ly,) from C [a, b] into itself satisfying the assumption

(1). Assume further that for each i = 0,1,2 and for every € > 0, the following P-equi-statistical relative convergence
condition holds:

Li(ei;2) — ei (2)
0i(2)

1 (o)
lim — b
0<tlir}{; p @) m;)p X{m:

} =0, uniformly in z, (2)

where |o; (z)| > 0 for all z € [a, ], and o; (z) may be unbounded. Then, for all fe C# [a, b], we have

Lu(f)3 f(la,b],0),
where the scale function is defined by o (z) = max{|o; (z)|;i=0,1,2}.

Proof. Let f € Cg[a,b], with z € [a,b] and r € [0,1]. By assumption, the real-valued functions f(r) € Cla,b].
Therefore, for every € > 0, there exists a positive number 0 > 0 such that the inequality | fi’) (y)— fi’) (z)| < € holds
for every y € [a, b] satisfying )y - z| < 0. Using this fact, it follows that for all y € [a,b],

2
£ ) - ®@1<HQMUW;5, -

where MY = I f(r)“ This is
2)’

yZ)

<A@ - @ <er U 52

) (y -
- 2M,, 5
Now operating L, (eo; z) to this inequality since Ly, ( (r) ) is monotone and linear, we can write

L (1052) - £ 2
@

5L ((y = 2%32) + MY 1L (e0;2) = €0 (2)]

< e+ e|ly(eo;2z) —eo (2)| + 5

2M(f’
<+ (e +MD) Ly (e0;2) = e0 () + —5= [Ln (e2;2)
—2zL,, (e1;2) + z°Ly (eo;z)]
2M<f>
<&+ (e+ M) Ly (e0;2) — e @) + 5= [ILw (e2:2) — €2 (2)
+2 2l L (e1;2) — 1 ()| + 22 | L (eo;z> — e ()|
(r
62

4M(7’) 2M(V)
—5 L (e1;2) —e1 @) + —5— L (e2;2) — €2 (2)]

s£+(e+M$)+ ¢ ]|L (e0;2) — e ()

where ¢ := max {|a|, |bl} . If we take
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22M(V) 4M(V) ZM(”
K(ir) (¢) := max{€+M(ir) + Cézi ,%,6—; , we get

w(£052) = 2 @ < e + KD (@) Il e072) = e )
+|Ly (e1;2) —e1 (2)| + Ly (e2;2) —e2 (2)I} .
Then, we observe that

sup max |L (r) (r) (z)|
re[0,1]

< &+ sup max K;” (&) {IL (0;2) — €0 ()| + |L (e1;2) — €1 (2)]
re[0,1]

+|Ly (e2;2) —e2 (2)I} .

If we take K := K (¢) := sup max {K(_r) (&), KEI) (e)} , then we get

re(0,1]
Lu(f52) - f2 ()
aon o)
Ly (e0;2) —eo (2)| | |Lm(e1;2) —e1(2)
i <>|+K”{ 1) )
Ly (e2;2) — €2 (2)
o(2) '
Hence, we get
Do(Lu(fi2), f @) (4)
€ Ly (e0;2) — eo (2)
T I R ©
LK Ly (e1;2) —e1(2) LK Ly (e2;2) — €2 (2) .
o1(2) 02 (2)

Now, for a given r > 0 and any z € [a, b], choose € > 0 such that 0 < < r. Then,

\G(Z)I
R := {m eN: Dg(zm (f;z),f(z)) > r}

2
It follows from (4) that R C |JR; which implies that
=0

(t)ZP’” (t){z”’”tm Lt + Z”’”tm}

meRy meRy meRy

and
| L (ei;2) —ei (z)
0 (2)

- Ga@
o(Z .
> = .
23K },z 0,1,2

If we take the limit on both sides and use the hypothesis that we have given, we can conclude that

=0, uniformly in z.

1 ,
olm szzop X e, (7). o 1)

So, the proof is completed. [
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Now consider (p, g)-Bernstein-Cholodowsky operators are defined as follows [7]:

< bu[k] p=D/2 g k=1
SHIGEE Zf( ]) m(ml)/z[ ¥ Lq(ﬁ) [T (-75)

where (by,) is a nonnegative non-decreasing sequence such that hm b =0, fisa

m—0o0 [m]
function that takes on real values and is defined for real numbers that are not negative and z € [O b..]1. Here,
the (p, q)-integer [i], 4 is defined as

. p—q

g = —

P p-q
wherei=0,1,2,..and 0 < g < p < 1. (p, q)-Factorial [i], ;! and (p, q)-binomial coefficients are defined by

[i1pq! = [ilpgli = 1p g [2lp 4[]y, [0lpq!:=1,

and

(1] = e
i p.q . [Z]qu'[] - i]f’/q!,

respectively. It is well-established that the (p, g)-Bernstein-Cholodowsky operators are positive linear
operators from C [0, a] to itself. These operators not only preserve positivity and linearity, but also exhibit
approximation behavior that aligns with classical Korovkin-type theorems. In particular, it is known that

L1 Ci(1;2)=1,
12) G, (t2) =z

-1 m—1
(13) (iz) = Ttz 07 I,
[m]p,q [m]p,q

Since [m], 4 = p"~ Ly g[m - 1],,4, (1.3) can be reduced to
m—1 m—lb
(1.4) Cha (tz;z) = (1 _P )22 My
[m]p,q [m]p,q

In this paper, it is more convenient to use (1.4) instead of (1.3).

Definition 3.1. [27] Let a < by, for each m € N and let fbe a fuzzy continuous function defined on [0, a]. We define
fuzzy (p, q)-Bernstein-Cholodowsky operators by

Clrpq(fi2) = Z*f(#,j;fn)os;’fn (), z € [0,a],

k=0
7 bVVl k A
where 71 = a0 g
k,m pmmly,

Spq _ pk(kfl)/Z |: m ] (i) _
km ~— ym(m—
p m-1/2 | k 0 by,

forallk,meIN,q € (0,1]and p € (g,1].
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In 2022, Ozkan [27] established a structural link between the classical (p, q)-Bernstein-Cholodowsky
operators and their fuzzy counterparts as follows:

(T (Fi2)) = €A (£;2) for e Crl0,al

It was demonstrated that the fuzzy (p, q)-Bernstein-Cholodowsky operators are fuzzy positive linear
operators. The hypotheses of the fuzzy Korovkin-type approximation theorem were also confirmed ([3]).
Now, we introduce the following fuzzy (p, g)-Bernstein-Cholodowsky type operators:

Lu(fiz) = (1+ fu@) 0 Ch,, (f:2) 6)

where f:n, pm and o are given in Example 2.2. Since f;l(z) % 6([0, 1],0), we can easily get that

L(ei; z) — e; (2)

" 0i(2)

1 (o)
lim — it
0<t—R; p (1) mZ:op X{ e

} = 0, uniformly in z.

Hence by Theorem 3.3, we obtain for all fe C#[0, 1] that
L (f) % £([0,1],0).

However, since ( j‘,;) is not P-statistically relatively uniformly convergent to f =0 on the interval [0, 1], we
can say that Theorem 3.2 does not work for our operators defined by (6). Furthermore, since ( fm) is not

uniformly convergent (in the ordinary sense) to the function f =0 on [0,1], the classical fuzzy Korovkin
theorem ([3]) does not work either.

4. Statistical Relative Fuzzy Rates

In this section we study the rates of P-equi-statistical relative convergence in Theorem 3.3.

Definition 4.1. Let (a,,) be a positive non increasing sequence of real numbers. A sequence (]?,;1) is P-equi-statistically

relatively convergent to f with the rate of o(a,,) if there exists a scale function o (z) such that for every € > 0,

(o)

1
lim — " = = =0, uniformly in z.
0<ink; p (B ™ XD fonzean) iformly

In this case, it is denoted by

(ests) = (fn @) = @) = 0(aw) ([a,b],0).

Now we recall the modulus of continuity in fuzzy setting.

Let f : [a,0] = Ry be a fuzzy-number-valued function. The first fuzzy modulus of continuity of f, as
originally introduced by Gal [17] (see also [3]), is defined for any 0 < 6 < b —a by

a)(f) (f~,6) = sup D(f~(z),f~(y)).
z,ye[a,b];|z—y|§6

Then we have the following.
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Theorem 4.1. Let (im) be a sequence of fuzzy positive linear operators acting from Cg [a, b] into itself. Suppose

there exists an associated sequence of positive linear operators (L,,) defined on C [a, b] satisfying the condition given
in (1). Further, assume that the following conditions are satisfied:

@) (es,) = (L (e0;2) — € (2)) = 0(aw) ([a,b], 00),
(b) (estp) - a)gﬂ (f,ym) = 0(bw) ([a,b],01), where iy = /L (@;z) with ¢(.) = (. — z)? for each z € [a, b] .

Then we have, for all fe Cs [a, b], that
(est,) = (T (£32) = £ (2)) = o(cw) ([, b1, 0),

where ¢, = max {ay, by, by}, for every m € IN and o (z) = max {og (z) , 01(2), 00 (2) 01(2)} , loi (z)| > 0, and o; (z)
is unbounded, i = 0, 1.

Proof. From Theorem 3 of [3] and a simple calculation, we can get, for each m € IN and f~ € Cgla,bland z € [a,b],

DT (7). Flop < [ o=
Ly (e0;2) + €0 (2) f,
HEEITEINANY

where M := D(f(z) ,0). Then we may write that

= EN T L (e0:2) — 0 (2)
Dol (fi2). f (2) < M| ===

a)g(’r) (f:j Hm)
|01(Z_)1
(‘)(17:) (f’ /«lm)

lo1(2)|

Ly (eo;2) — eo (2)
00 (2)

+2

Now, for a given € > 0 and any z € [a, b],

Sy = {m eN: Da(zm (f;z),f(z)) > e'} ,

" | L (e0;2) — €0 (2) e

Sl,m = {mEN T(z) > W}’
F) (7

_ Nulew2) e @@ (frm) &

SZ,m = {m eIN: % (Z) |01(Z)| > 3 },
F) (7

— ! (f) &

SS,m‘_{mEN'WZE}’

2
then we get Sy, C S, U Som U S3. Then by (7), Sy, € U Sim. Also let
i=0

o (F) }

@l ~ V3

o
Z i
3}

S4/m={m€IN:

Ly (eo; z) — e (2)
oo (2)

S5,m:{m€IN:
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we can easily see that Sy, C Sy U Ss, which gives Sy C S1,, U Sz U Sy U Ss,,. Hence

1 m
o Lot

MES,,

< I% Y oot Yt Y put" Y put”

MES] m mMeS3 MESy MESs 1

By taking limit as on the both sides and thanks to the hypotheses (a), (b), the proof is done. [

5. Conclusion and Future Directions

In this paper, we have introduced and analyzed new convergence concepts for sequences of fuzzyval-
ued functions, namely P-statistical relative pointwise, uniform, and P-equi-statistical relative convergence. These
convergence concepts have been examined through their structural properties and interrelationships, as
well as through their corresponding r-level sets. As an application, we established Korovkin-type ap-
proximation theorems under these convergence notions and illustrated their effectiveness through fuzzy
(p,q)-Bernstein—Chlodowsky type operators. Furthermore, wehave provided estimates for the rate of conver-
gence, demonstrating the effectiveness and applicability of the developed theory.

Several directions remain open for future research. For instance, the current results could be extended to
multivariate fuzzy-number-valued functions, allowing approximation in higher-dimensional settings. One
may explore other classes of positive linear operators, including those defined via g-calculus or integral-type
operators, under the proposed convergence frameworks. The applicability of these convergence modes to
different summability methods, such as matrix summability or Cesaro-type means, may yield additional
insights.

References

[1] M. E. Alemdar and O. Duman, General summability methods in the approximation by Bernstein-Chlodovsky operators, Numer. Funct.
Anal. Optim. 42 (5) (2021), 497-509.
[2] G. A. Anastassiou, Fuzzy approximation by fuzzy convolution type operators, Comput. Math. Appl. 48 (2004), 1369-1386.
[3] G.A. Anastassiou, On basic fuzzy Korovkin theory, Studia Univ. Babes-Bolyai Math. 50 (2005), 3-10.
[4] G.A. Anastassiou, Fuzzy random Korovkin theory and inequalities, Math. Inequal. Appl. 10 (2007), 63-94.
[5] G. A. Anastassiou, O. Duman, Statistical fuzzy approximation by fuzzy positive linear operators, Comput. Math. Appl. 55 (2008),
573-580.
[6] G.A. Anastassiou and O. Duman, Towards Intelligent Modeling: Statistical Approximation Theory, Intell. Syst. Ref. Libr. 14, Springer-
Verlag, Berlin, 2011.
[7] K.J. Ansari and A. Karaisa, On the approximation by Chlodowsky type generalization of (p, q)-Bernstein operators, Int. J. Nonlinear
Anal. Appl. 8 (2) (2017), 181-200.
[8] O. G. Atlihan, M. Unver and O. Duman, Korovkin theorems on weighted spaces: revisited, Period. Math. Hungar. 75 (2) (2017),
201-209.
[9] O.G. Atlihan, T. Yurdakadim and E. Tas, A new approach to the approximation by positive linear operators in weighted spaces, Ukrainian
Math. J. 74 (2023), no. 11, 1649-1657.
[10] B. Baxhaku, P.N. Agrawal and R. Shukla, Some fuzzy Korovkin type approximation theorems via power series summability method Soft
Computing 26 (21) (2022), 11373-11379.
[11] J. Boos, Classical and Modern Methods in Summability, Oxford University Press 2000.
[12] E. W. Chittenden, Relatively uniform convergence of sequences of functions Transactions of the AMS 15 (1914), 197-201.
[13] E. W. Chittenden, On the limit functions of sequences of continuous functions converging relatively uniformly Transactions of the AMS
20 (1919), 179-184.
[14] K. Demirci and S. Orhan, Statistically Relatively Uniform Convergence of Positive Linear Operators, Results Math. 69 (2016), 359-367.
[15] O.Duman and G. A. Anastassiou, On statistical fuzzy trigonometric Korovkin theory, J. Comput. Anal. Appl. 10 (2008), 333-344.
[16] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241-244.
[17] S. G. Gal, Approximation theory in fuzzy setting, in Handbook of Analytic-Computational Methods in Applied Mathematics,
Chapman and Hall/CRC, Boca Raton, FL 617-666, 2000.
[18] R.]J. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems 18 (1986), 31-43.
[19] O.Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems 24 (1987), 301-317.
[20] S. Karakus, K. Demirci and O. Duman, Equi-statistical convergence of positive linear operators, J. Math. Anal. Appl. 339 (2) (2008),
1065-1072.



[21]
[22]
[23]

[24]
[25]

[26]

[27]
[28]

[29]
[30]
[31]

[32]

S. Yildiz, N. Sahin Bayram / Filomat 39:32 (2025), 11621-11636 11636

P. P. Korovkin, Linear Operators and Approximation Theory, Hindustan Publ. Co., Delhi, 1960.

W. Kratz and U. Stadtmiiller, Tauberian theorems for |,-summability, ]. Math. Anal. Appl. 139 (1989), 362-371.

E. H. Moore,An introduction to a form of general analysis, The New Haven Mathematical Colloquium, Yale University Press, New
Haven, 1910.

F. Nuray, E. Savas, Statistical convergence of sequences of fuzzy numbers, Math. Slovaca 45 (1995), 269-273.

M. Ordéfiez Cabrera, M. Unver and A. Volodin, A new version of uniform integrability via power series summability methods, Theory
Probab. Appl. 67 (1) (2022), 89-104.

S. Orhan, B. Kolay and K. Demirci,Statistically Relatively Approximations by Fuzzy Positive Linear Operators, The Journal of Fuzzy
Mathematics 25 (3) (2017), 713-722..

E. Y. Ozkan, Approximation by Fuzzy (p, q) -Bernstein-Chlodowsky Operators, Sahand Commun. Math. Anal. 19 (2) (2022), 113-132.
U. Stadtmiiller and A. Tali, On certain families of generalized Norlund methods and power series methods, J. Math. Anal. Appl. 238
(1999), 44-66.

M. Unver and C. Orhan, Statistical convergence with respect to power series methods and applications to approximation theory, Numer.
Funct. Anal. Optim. 40 (5) (2019), 535-547.

M. Unver and N. Sahin Bayram, On statistical convergence with respect to power series methods, Positivity 26 (3) (2022),Paper No. 55,
13 pp.

T. Yurdakadim, E. Tas, Effects of fuzzy settings in Korovkin theory via Pp-statistical convergence, Rom. J. Math Comput Sci. 2 (12)
(2022), 1-8.

C. X. Wu, M. Ma, Embedding problem of fuzzy number space I, Fuzzy Sets and Systems 44 (1991), 33-38.



