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Abstract. Classical Hermite-Hadamard inequalities, which provide bounds for the integral means of
convex functions, encounter limitations when applied to fractal domains due to the non-differentiable and
irregular nature of such spaces. This work addresses these limitations by extending Hermite-Hadamard-
type inequalities using Yang’s local fractional calculus in conjunction with the generalized Beta function. We
derive new bounds for integral means via fractal-specific integration techniques and convex function theory,
presenting trapezoidal and midpoint inequalities that generalize classical Holder and Young inequalities
within a fractal framework. Notably, the proposed results reduce to their classical counterparts when the
fractal parameter @ = 1, ensuring consistency with standard calculus. Applications to special means and
Mittag-Leffler functions highlight the effectiveness of the results in modeling anomalous diffusion, material
heterogeneity, and complex dynamical behavior. Graphical illustrations confirm the adaptability and
robustness of the proposed inequalities under varying fractal dimensions, showcasing practical implications
for modeling non-smooth phenomena. Furthermore, the integration of fractal calculus and convex analysis
offers a robust mathematical foundation for analyzing irregular systems across disciplines such as physics,
engineering, and data science.

1. Introduction and Preliminaries

For many years, mathematical inequalities have been indispensable tools in applied sciences, analysis, and
optimization, as they provide critical bounds for integrals, functions, and stochastic processes. Recent ad-
vances have significantly broadened their scope by incorporating majorization principles, convexity theory,
and fractional calculus to address complex problems in contemporary domains such as engineering, ma-
chine learning, and quantum physics. In particular, fractional operators and generalized convex functions,
such as s-convex and quasi-convex functions, have been instrumental in extending classical inequalities
like those of Ostrowski, Hermite-Hadamard, and Jensen, allowing sharper error estimates and broader
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theoretical applicability. One can see several recent studies in the literature [1, 2, 3]. The concept of convex
functions, originally formalized over a century ago by Jensen, has since been subjected to numerous gen-
eralizations. The continuous exploration of convexity has revealed not only its structural elegance but also
its profound utility across disciplines. Mathematicians continue to uncover valuable results in this area,
both of theoretical significance and of practical utility. These developments have led to a diverse array
of inequality formulations useful in fields ranging from statistical mechanics to information theory. As a
result, convex functions have remained a focal point in mathematical research, particularly in the study of
inequality theory and its applications [4, 5, 6, 7].

Definition 1.1. A function Y : [91,9;] € R — R is said to be convex, if
Y(tx + (1 —t)xq) < Y0 + (1 — )Y (3¢1) 1)

holds for all #, %1 € [91, 92] and t € [0, 1]. Further details on the various forms of convexity and their contributions
to inequality theory can be found in [8, 9, 10].

The most significant and often applied result involving convex functions is the Hermite-Hadamard inequal-
ity (H-H) [11, 12, 13]. The (H-H) inequality is the most well-known inequality pertaining to the integral
mean of a convex function and defined as:

I+ 1 S T(Sl) + Y‘(‘92)
Y( . )382_91f Toodx s — 202, @)

31

where Y : I C R — R be a convex function and 91,9, € I with 91 < 9.

In Yang's calculus, differentiation and integration rules generated on fractal sets are summarised. The
essence of Yang’s calculus has captured the imagination of not only intellectuals but also physicists and
technicians [14, 15]. Many researchers studied the properties of functions in fractal space and developed
various fractional calculus concepts using various methods. In the idea of local fractional calculus, Mo
et al. [16] defined the generalized convex function on the fractal space R®(0 < @ < 1) of a real number
and obtained the “generalized Jensen’s inequality” and ”generalized Hermite-inequality” Hadamard'’s for
a generalised convex function. More latest results in this area can be found in [17, 18, 19, 20, 21, 22, 23,
24, 25, 26]. The non-differentiable behaviours of physical laws are described by the local fractional partial
differential equations that arise in mathematical physics. The key challenge these days is finding non-
differentiable solutions. On local fractional differential equations, useful techniques have been successfully
applied. The main techniques include the decomposition method and Laplace transform method with a
local fractional operator [27, 28]. Now we use R® to categorize different definitions in the Yang’s calculus
and so on, recalling the Gao-Yang-Kang notion.

Yang's fractional sets theory [29] can be stated as.

For 0 < @ < 1, the @-type set of element set are given below:
Z? : The @-type set of integer numbers is used to define
the set {0?, £1®,£2%,...,+n®,...}..
Q? : The @-type set of rational numbers is used to define
the set {m“j =Ww/v)’ :uveZ,v+ O}.
J© : The @-type set of irrational numbers is used to define
the set {m‘” # /o) uveZ,v# O}.
R®: The @-type set of real numbers is used to define
the set R?=Q® U J*.
The following operations hold for u®,v® and t® belong to the set R? of real line numbers:
(i) u®+9® and u®v® belong to the set R?;
(i) u®+0° = +u®=Ww+0)° =+ u);
(iii) u® + (v° + 1°) = (U® + v°) + 1,
(iv) u®v® = v®u® = (uv)® = (vu)®;
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(v) u®@°1®) = (u®v®)7®;

(Vl) u(D(vCD + ,-L-(D) - MCDUCD + u(D,-L-(D;
(vii) u® +0% = 0% + u® = u® and u®1? = 1°u® = u®.

Definition 1.2. [29] The local fractional integral of Y on the interval [91, 92] of order @ is defined by

1 92 1
(@)~ _ @ ._ : Nfl . \@
M Yy fs T = pegy A B YA )

provided that the limit exists. Here, it follows that Sllgi)Y =0if 9 =S and sllgi)Y = —Szlf;?)T if 91 < 9y

Lemma 1.3. [29] The aforementioned arguments are valid:

1. (Fractal derivative of %*®):

du)%k(D _ F(l + k(D) (k—l)cD (4)
du® Ira+k&-1no)
2. (Local fractional integration is anti-differentiation). Suppose that
Y = g? € Cp[91, 92]. Then, we have
o I9T = a(92) — a(1). (5)
3. (Local fractional integration by parts). Suppose that Y, g € Dy[91, 92] and Y, g° € Cp[91,92]. Then, we
have
o Lrg® =Yg | 5,101, (6)
4. (Fractal definite integrals of %*®):
1 o ko @ r(l + k‘D) (k+1)o (k+1)o@
= ©— ‘ R. 7
fa+a) Jo, P =T (e o) 2 ) ke @
Definition 1.4. [16] For any 91,9, € [ and t € [0, 1], if the following inequality
Y91 + (1 - 1)92) < t°Y(91) + (1 — )Y (o), 8)

holds, then Y is called generalized convex function on I, where Y : I € R— IR®. This definition generalizes classical
convexity to fractal domains by incorporating the fractal dimension parameter. For @ = 1, it reduces to the standard
convexity inequality (1), ensuring consistency with classical calculus. The exponent @ accounts for non-differentiable
structures in fractal spaces.

Theorem 1.5. [16] Let Y : I C R — IR® be a generalized convex function defined on the interval I of real numbers
and 91,9, € I with 81 < 3,. Then, we have

I+ I'l + @)
Y( 2 )S(Sz—sl)@

: Y(31) +Y(32)
s 10 < % 9)

Further information can be found in the published publications ([30, 31] and references therein).

Theorem 1.6. [32] (Generalized Young's inequality) Let Y,g € Cp[91,92] and p,q > 1 are conjugate exponents,
then we have

1 % o
m N [Y(t)a(t)l(dt)
1 1 52 @ 1 1 o2 @
<slegrm [, Morer) g fs o). (10)
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Definition 1.7. [33] The fractal Gamma function is expressed in the following form:
1 00
Lo i= o [ Eace e, ay
*Jo

where 0 < ® < 1and » € R*. For ® =1, we have ['5() = T'(x).

Definition 1.8. [33] The fractal Beta function is stated as:

_Ta(lo(x1) 1 ! -1 (1-1)@ (1@
fuolt, ) = ) oo s [ g e, 12

where 0 < @ < 1and x, n1 € R* with », %1 > 0. For ® = 1, we have B, (%, #1) = B(x, #1).

Definition 1.9. [33] The fractal incomplete Beta function is stated as:

1 ‘ H1— 0
ule ) = pes [ 500 =9 sy, (13)
0

where 0 < @ < 1and x, n1 € R* with », #1 > 0. For t = 1, we have B, (%, #1) = Po(%, #1).

Corollary 1.10. [33] If Y : [91, 2] — Ris @-fractional analytic function on [91,9,], then by fundamental theorem
of local fractional calculus, we have

dm * @ __
— fs 1 Yt)d(t)® = T(1 + @)Y (%), (14)

for all (81,92). On the other hand, If Y : [91, 92] — R is an @-fractional analytic on [91, 9;], then

92
f T2 ()d(x)° = T(1 + @)(Y(82) - Y(81)). (15)

9

This paper addresses the significant challenge of extending classical Hermite-Hadamard inequalities-central
to convex analysis and integral mean estimation-to fractal domains, where classical calculus is inadequate
due to the presence of non-differentiable and irregular structures. By incorporating Yang’s local fractional
calculus and the generalized Beta function, we propose a unified framework for deriving novel Hermite-
Hadamard type inequalities adapted to fractal settings. The principal aim is to bridge the gap between
classical convexity theory and fractal geometry, facilitating precise bounds for integral means in fractal
systems. A key contribution of this study is the formulation of fractal Beta function-based inequalities,
including Trapezoidal and Midpoint variants, which generalize Holder’s and Young’s inequalities under
non-smooth conditions. These inequalities are rigorously established using tools from local fractional
calculus and are validated through applications to special means and Mittag-Leffler functions-important
in modeling anomalous diffusion and complex dynamics. Significantly, the results reduce to classical
inequalities when the fractal dimension parameter @ = 1, thereby preserving consistency with standard
analysis.

Beyond theoretical development, the results presented offer practical analytical tools for real-world
systems characterized by irregularity, such as fractured materials, financial time series, and stochastic
processes. By integrating fractal calculus with convex function theory, this work contributes scalable
techniques for optimization and modeling across physics, engineering, and data science. The methodologies
introduced here not only enhance the mathematical framework of fractal inequalities but also provide
a foundation for addressing interdisciplinary challenges driven by non-differentiability. The paper is
organized to systematically develop the theory of Hermite-Hadamard type inequalities within Yang’s fractal
calculus. Section 2 introduces the main results, presenting new inequalities derived via the generalized Beta
function. Key supporting lemmas and theorems establish fractal analogues of Trapezoidal and Midpoint
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rules, founded on classical inequalities such as Holder’s and Young's. Section 3 illustrates the applicability
of these results through examples involving special means and Mittag-Leffler functions. Section 4 transitions
to graphical illustration of our newly derived results. Section 5 summarizes the theoretical contributions
and highlights directions for future research, including potential extensions to multidimensional fractal
systems and variable-order operators.

2. Main Results
In this section, we provide novel Hermite-Hadamard type inequality via fractal Beta function.

Theorem 2.1. Consider a generalized convex function Y : I ¢ R — R® (I° is the interior of I C R) such that
Y € Dp(I°) and Y® € Cp[91, 92] for 91, 92 € I° with 91 < 9y, then we have the following inequality:

F(cD + 1) 1 I(w)

Y(91) +Y(9)
2@ (92 _ 81)(m1+m2—1)m H 9, 4

2(D

Y(Sl ; ‘92 QY < ﬁ(D(mlr mZ)

)Bomi, mo) <

where Bo(m1, my) is fractal Beta function and

Q00 = (32 =207 (3 = 81) ™D 4 (3¢ = 7)™V (8, — )™V,
for my, mp > 0.
Proof. For t € [0,1], define

n=t9+(1-1t)9, =t +(1-1)9.

By generalized convexity of Y, we obtain

n+u1\ Y +Y(0)
Y( 2 )S 20

substituting 224 = 222 we get

2®Y(91 +\92)
2

<Y (t\92 + (1 - t)\91) + Y(tSl + (1 - t)Sz) . (16)

1
T'(1+®)

Multiplying both sides of inequality (16) by tmi=Do(1 —)m2=D@ then integrating the resulting inequal-

ity with respect to t over [0, 1], we obtain

S +%\ 1 U _
2“7Y( ) f t(m1 1)@(1 _ t)(m2 1)(D(dt)a7
2 JT1+a) J,

1
< AT o) f tmi=oq — )m=Dy (19, + (1 — £)97) (dt)?
0
1
+ 5 a 1 ) f tmi=Do (] — )m2=Doy (19, + (1 — £)9,) (dt)®.
0

As a consequence, we obtain

Y(Sl + 95

r(LD + 1) 1 (@)
. 5 10O

)IB(D(mll mZ) < ) (‘92 — ‘91)(m1+m2_1)@ 1

Since Y is a generalized convex function, for every t € [0, 1], we have

Y (9 + (1 —£)91) + Y (191 + (1 — t)92) <Y (91) + Y (5). (17)
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Multiplying both sides of inequality (17) by tmi=b@(1 — t)(m~D@ and integrating with respect to t

over [0, 1],

1
IT'l+o)

I'o+1) 1 @) Y(91) +Y(92)
2@ (92 _ 81)(m1+mz Do ‘9113 QY < ﬁm(ml’mZ)z—m’ (18)
and the second inequality is deduced. Hence, the proof is completed. [
Remark 2.2. If we substitute m; =1 = my in Theorem 2.1, then we obtain Theorem 1.5.
Remark 2.3. If we set @ =1 in Theorem 2.1, then we have
n+xu
(%5 1),3(m1,mz)
< 266 = %)(m1+mz D f Q)Y (x)dn
Y(x) +Y(x
< By, my) T TCD) (19)

2 4

which is proved by M. Z. Sarikaya and A. T. A. Fatih in [34].
This leads to different scenarios as:
o Ifwe get my = my = 1 in inequality (19), then it reduced to inequality (2).
o Ifwetakemy =1, my = @, (or my =1, my = @) in inequality (19), then it reduced to Theorem 2 proved by

Sarikaya et al. in [35].

2.1. Trapezoid type inequalities via fractal Beta function

In this section, we present a novel Hermite-Hadamard-type identity involving the fractal Beta function.
Using this identity, we derive several related results.

Lemma 2.4. Consider Y : I° C R — IR® (I° is the interior of I) such that Y € Dg(I°) and Y® € Cp[91, 92] for
91,92 € I° with 91 < 9y, then we have the identity:

w _lo+]) 1 @)

Bo(my 20 (9, — 9p)mutma-D)o sl[sz QY
(92 =9)° 1 f Pro(my, m )[Y(m) (9, + (1= 991) = YO (£8; + (1 — )9 )](dt)fD .
= 2@ F(l + @) 0 to (N1, My ) ) 1 2 |

where By, (M1, my) is fractal incomplete Beta function.
Proof. By applying integration by parts, we have

Y1 = F(l 1) f Bro(mi, ma) YO (9, + (1 — £)91)(dt)®

_ Ba(m1, m)Y(92)  T(1 + @)
DS (92— 99)®

! 1YtS 1 — )9y tm=bo(] — pme=Do(gp@
<\ | T @ 0e) e gy

_ Ba(my, mp)Y(52)  I(1+w) 1
NI (92— 91)° (93 — 9y)mrrm-Do

1 o2 m;—1)o (my—-1)® @
X(m . (3¢ = 91)™ V2 (9, — %) Y(2e)(dx) )
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Similarly, we obtain

o= r(1+(D f Bro(mi, mo) YO (£9; + (1 - 1)82)(dt)°

_Pa(mi, m)Y(S1)  T(1+w)
(92 = 9y)® (92 = 9y)®

1 1Yts 1 = 1)9,) tm—De(1 — g)m-Do(gp@
meo(l+(_)2) 1-1 (dt)

Bolmy,mo)Y(3)  T(1+a) 1
(92 — ‘91)0) (92 _ ‘91)0) (92 _ 91)(m1+m2—1)m

1 92 my-1)@ (m-1)o °
X(F(1+(D) | G SR =TT GO) )

92— s1)

By subtracting Y, from Y and multiplying by . Hence, the proof is completed. [

Remark 2.5. If we set @ =1 in Lemma 2.4, then the following equality holds:

Y(81) + T(SZ) 1 1 92
ﬁ( E (‘92 _ ‘91)(m1+m2—1) s Q(%)’Y(K)d%

= w f Be(my, mp)[ Y (892 + (1 = t)91) = Y (191 + (1 — t)9)]dt, (21)
0

which is proved by M. Z. Sarikaya and A. T. A. Fatih in [34].

This leads to different scenarios as:

o If in equation (21), we set my =1, my = @, (or my = 1, m; = @), then we have Lemma 2 proved by Sarikaya
etal. in [35].

o Ifin equation (21), we set m; = my = 1, then we have Lemma 2.1 proved by Dragomir et al. in [36].

Remark 2.6. In Lemma 2.4, when we change the variable, then the equality (20) reduces to

Y(\91) + T(S2) F(ca + 1) 1 I(CD)QY

2@ (‘92 _ 91)(m1+m2—1)® S 9

50( )

_ (\92— 91)°
=

mlm) [ tm e = ogatms mT 683+ 0 09 @

Theorem 2.7. Let Y be defined as in Lemma 2.4 and if the function |Y@)| is generalized convex on [91, 9;], then we
have the following inequality:

Y 1) + Y(Sz) I'o+1) 1
‘ ﬁ@( M) = 20 (92 - \91)(m1+mz Do 81192QY‘
O —9)®
< —( o [IY@)(sm + )| [m ) f Bromi, m2) = o (om, mo)ld)” |,

for my, mp > 0.
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Proof. Utilizing Lemma 2.4 with generalized convexity of [Y(®)], we get

Y(81) + Y(85) [(@+1) 1
‘z—mﬁm(ml’ mz) - XS (‘92 _ Sl)(m‘l +my—1)® 9

(& -9)°( 1 !
ST o (r(1+m)f0

-9 1 :
< (% ) ) (1’(1+@)£ [ﬁtw(mllmZ)_ﬁ(l—t)(b(mllmZ):I

x ]:tm|Y(@)(82)| + (1 _ t)lDl’Y‘(lD)(Sl)|](dt)‘D) + (192;Tsl)m

5.0

Bro(m1, M) — B1-po(my, my)

YO, + (1 - )9,

(dt)‘D)

1
x (ﬁ f [Ba-natms, m2) = oy, mo) [0 021 + (1 - t)@nr@><sl>|]<dt)"’]

(‘92 - Sl)w @ @ 1 %
< S22 O @)+ Oyl [—m o fo

Hence, this completes the proof. [

Bro(m1, m2) — B1—po (Mg, my)

(dt)‘”] .

Theorem 2.8. Let Y be defined as in Lemma 2.4 and if the function |[Y@)|9, q > 1 is generalized convex on [91, 93],
then we have the following inequality:

Y(81) + Y(85) I'(@+1) 1
2—wﬁw(m1’ mz) - 2@ (‘92 _ 91)(m1+m2—1)a

sllngY’

(82 ;091) [ (F(l +@)f |ﬁt®(mlrm2) ﬁ(l t)a)(m1/m2)| (dt)m)
L1(Ia + @) (Y81 = Y @(8)[7) N RERICHIE ]
q I'l+2w) To+1)

for my, myp > 0, where % + % =1

Proof. Utilizing Lemma 2.4 and Young’s inequality with generalized convexity of |Y(®)|%, then we have

Y(91) + Y(92) I'@+1) 1
2—(Dﬁm(m1, mZ) - 2@ (‘92 _ 91)(m1+m2 1)(D

< & ;081)m[ (m + ) f

Bto(mi, M) — B1_yo(ny, my)
+l _
I'(

)]
9 —9)®
(22@ =t (mm) [t ) - otam )

*1(%@ f t@w@’(sz)w+<1—t)ww@(sl)w)(dt)“)]

O —9)®
< Gl [ it ) ot m )
Y Tl G VN L)

q Il +2w) Irl+o)

alg QY’

(dt)@)

Y(‘D) (9, + (1 —1)97)

Hence, this completes the proof. O
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Remark 2.9. If we set @ = 1 in Theorem 2.8, then the following inequality holds:

(91) + Y(9, 1 1 &
‘—ﬁ (M1, m2) = 5 185 = Sp)mema D fs QL)Y ()dx

B ( f B, ma) ~ B t><ml,m2>|vdt) (|Y'(31)|";|Y'(32)|“)]/

which is a new inequality in literature.

Theorem 2.10. Let Y be defined as in Lemma 2.4 and if the function Y@ g >1is generalized convex on [91, 9],
then we have the following inequality:

Y(81) + Y(85) [(@+1) 1
‘Tﬁm(mlr mz) - Yo (192 _ \91)(ml+m2_1)® 9

2 QY‘

e

I —9)?
S( zzw i (F(1+CD f |Bto(m1, my) — Bi- t@(ml,m2)|p(dt)®)

o [+ @) (Y@ (3)" = [Y@)(81)]%) N Y@(9,))7)*
I'(l+20) INo+1)

formy, mp >0, where 1 ;+ G =1.

Proof. Utilizing Lemma 2.4 and Holder’s inequality with generalized convexity of [Y(®|%, then we have

Y(81) + Y(8,) [(@+1) 1
‘2—mﬁm(m1/ mz) - 20 (‘92 _ ‘91)(m1 +my—1)® S

.07

1
P

p— @ 1
<& 2@‘90 (mlm) fo |ﬁtm(m1,m2)—5(1-t)m(m1,m2)|p(dt)m)

1
Y@ (9, + (1 - £)91)

1 q o q
X(F(1+(D) @) )

-2 1 !
< (% 5 1) (F(l +®)j; |Bto(m1, m2) _ﬁ(l—t)m(ml/mZ)lp(dt)w)

==

1 1 L
X(F(1+@) fo (2@ @)1 + (1 = 9O S)I) (@) )

1
»

8 = %)° !
- B sy [ st mo) = o aotons mayeaer)

[T+ @)~ YO | YOS :
ra+2w) i+ o)

Hence, this completes the proof. [

2.2. Midpoint type Inequalities via fractal Beta function
New midpoint Hermite-Hadamard type identity involving fractal Beta function is presented in this section.

Lemma 2.11. Consider Y : I° C R — R? (I° is the interior of | C R) such that Y € Dy (I°) and Y® € C[91, 92] for
91, 92 € I° with 91 < 9y, then we have the identity:

4
91+ 9 I'(@+1) 1 @) (92 - 91)‘D
Y( )‘B‘D( 1,M2) = 2@ (9, - 91) mi+mp— 1)@31192 QY = kz_: (22)
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where
g1 1= ra% f [Bro(my, mo)[Y (£, + (1 - 1) (@,

82 = m f [—Bro(my, mp) Y@ (£81 + (1 - £)92) (db)°,

g3 = F(l + @) f [—B1-po(mz, m) Y@ (9, + (1 - 1)91) (db)°,

BT m f [Baya(ma, m)]Y@ (£9; + (1 - )9,) (d)°,

formy, mp > 0.

Proof. Here using integration by parts, we have

81 = ﬁ foz [Bro(m1, mp)| Y@ (£9; + (1 — 1)91) (dt)°

~ ﬁa;(ml,mz)Y(s1 + sz) _ Il+a)
B (\92 - \91)") 2 (‘92 - ‘91)0

1 ? oy _ oma _ o
X(mm)fo (RO TN (9 + (1 - 931) (@) ]
& = 1+ca)f [~Bra (1, M) Y@ (191 + (1~ 1)) (d1)°

_ Be(my,my) (91 + sz)_ I'(1+a)
(S -h)® 2 (92 = 91)@

%(ml— o1 _ p\m-1)@ _ @
X(F(1+®)fo‘t Do(1 — t)m2=Doy (19, + (1 = 1)9,) (dt) ]

1 1
8 T +0) f [—B1-n(maz, m)IT@ (8 + (1 — H)9) (db)°

_ ﬁg(erml)Y(Sl + \92) B I'(l+o)
T (9 -9 2 (82 = 9)°

1 2
- (me-Nao 1 _ py(mu-lo _ @
X (F(l o) f(; t 1-1 T (t9; + (1 —t)97) (dt) ],

f [Ba-yo(mz, m)]Y@ (£91 + (1 — 1)9,) (dt)®

8= F1+ca)
_ ﬁz(mz’ml)T(\91+\92)_ I(1 + )
(2= 2 (92— 9)°
1 %(mz— @1 _ p\(mi-1)@ _ o
X(mm)fo O - MDY (191 + (1 - 1)9) () ]

Thus, by the above expressions, the desired equality (22) is obtained. [
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Remark 2.12. The identity (22) reduces to following result by changing the variables:

I+ I'(@+1) 1 @)
Y( > )ﬁ(D(m1/m2) T o0 (9 — 9p)mu+me-1)@ ‘91[82 QY

9 — 9)? 2

X [W’) (82 + (1= )97) = YO (£ + (1 - 1)92) ](dt)‘a-

Theorem 2.13. Let Y : [91,92] — R be a differential function on (91,92) with 91 < 5. If [Y@)| is generalized
convex function on [91, 9,], then the following inequality holds:

91+ 9 I'o+1) 1 @)
‘Y( 2 )ﬁ“’(ml’m” T T (8- spmemne e Y
S — ‘9 [0) 1 @
< (zz—ml)((z) ,B(a(mllmz)—ﬁzzv(ml+1,m2)—18u2w(m2+1,m1))
x| e+ e, 23

formy, myp > 0.

Proof. By using Remark 2.12 with generalized convexity of [Y@|, then we have

V1+ 9 T@+1) 1 @)
‘Y( 5 ) - = (97 = 9y 0 1 e, QY‘
95 — 9)@ 2
< (2 20 ) (r(l i_ @) f(; [ﬁ"@(mlfmZ) + .BttD(er ml)]] [|Y(@)(‘91)| + |Y((D)(\92)| . (24)

Alternating variable in the integrals, we get

ﬁ fo B (i, ma) + o ma, m)(d1)°

1 ;o
= (M- 1 _ \(m2-1)@ o) o)
I'1l+ o) L j(; % (1-y9) (ds)®(dt)

1
1 2t
(me-No1 _ \(m-1)o @ @
* r(1+®)j(; j(;s =9 (7@

= (5] Bolms, ma) = g (my +1,m2) - By (ma + 1, m), >

By writing (25) in (24), we obtain the required result. This concludes the proof. [

Remark 2.14. If in Theorem 2.13, we get @ = 1, then the inequality (23) becomes as follows:

191 + \92 1 92
‘Y( 2 )‘B(mll ma) - 2(99 — 9y)mi+ma—1) £1 Q(%)Y(%)d%’
< (‘922;3“ (%ﬁ(mll mz) - ﬁ%(ml +1, 1‘1‘12) — ‘B%(mz + 1,11’11)) [|T/(\91)| + |Y/(\92)| ) (26)

which is proved by M. Z. Sarikaya and A. T. A. Fatih in [34].

This leads to different scenarios as:
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o Ifin equation (26), we get m; = 1 = my, then the inequality reduces to the inequality (2.3) of Theorem 2.3 by
Kirmaci in [37].

o Ifin equation (26), we get m; =1, mp = @, (or my = @, my = 1), then the inequality reduces to the inequality
(3) of Theorem 2 by Iqbal et al. in [38].

e Ifin equation (26), we get my = 1, my = ¢, (or mp = 1, my = 2), then the inequality reduces to the inequality

of Corollary 9 by Sarikaya and Ertugral in [39].

3. Applications

In this section, applications are given to show the effectiveness of the newly established results.

3.1. Application to special mean

As in [40], let us recall the following generalized arithmetic mean:

\91(D + 192(‘)

A(D(Sll ‘92) = 2@

Proposition 3.1. Let 0 < 91 < 92 and mp € IN, my > 2, then the following inequality holds:

[Ap(91,92)]™Bo(my, my)

T(@+1) 1 1 %2
< Q m2® g (3)®
= 20 (9, — 9y)mu+mo-lo (F((D +1) Ll (o) (0
< Bo(mi, my)Ay(91™2, 9™). (27)

Proof. The required inequality can be obtained by applying Theorem 2.1 to the generalized convex function
Y(x) = ™, where » > 0.

F(LD + 1) 1 I((D)

Y(91) + Y(92)
2@ (92 _ 91)(m1+mz—1)o d1%9, :

20

9+ 9
Y(1+2

. 28)

)ﬁ@(mllmz) < QY < Bo(my, mp)

Consider the function Y : (0, 00) — R?, Y(2¢) = x™?, my € Z\{-1,0}. Then for 0 £ 9; < 9,, we have

91+ 9
(252 = (A1, 921,
Y(81) +Y(S
( 1)2(D ( 2) ZA@(SlmZ,Ssz)-

Hence, the required result is obtained. O

Proposition 3.2. Let 0 < 91 < 9 and my € IN, my > 2, then the following inequality holds:

m o m T(@+1) 1 92
“:A(D(Sl /‘92 )]ﬁo(ml/mz) - 2@(‘92 _ ‘91)(m1+m2_1)@ (F((D + 1) o
< (92 =9)? [ rad+mo)

- 20 I'(l+ @m;-1)o)

Q)™ (dn)® )

Ap(9™71, Szmz_l)]

1 2
- (m +a) fo o m me) - ﬁ(l—t>®(m1fm2>|<d9w)' 29)
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Proof. The required inequality can be obtained by applying Theorem 2.7 to the generalized convex function
Y(x%) = »™?, where » > 0.

Y(81) + Y(87) T(@+1) 1 -
‘2—(Dﬁ@(m1’m2) - 20 (9, — 91)(m1+m2—1)@ slISZQY’
< (2—‘91)[|W>(3 ) + IY(‘D)(SZ)I] (r 1+0) f |Bto (M1, my) — Bri- t)w(m1/m2)|(dt)w]

Consider the function Y : (0, c0) — R?, V() = #™®, m, € Z\{-1,0}. Then for 0 < 9 < §;,, we have

v(sl . S2) = [Au(S1, 9™,

Y(91) + Y(2)

T = Ap(91™,9.™).

Hence, we obtain the required inequality. []

3.2. Application to Mittag-Leffler function

The special Mittag-Leffler function is defined as follows:

%f
= [ — R
Eo(%) ;:0 T+ ol ®eC, R@) >0, x€(C,

where

d(D

W(IE@(%‘D)) = Eo(%”). (30)

Proposition 3.3. Lef 91,92 € Rand 0 < 91 < 9y, then we have
91+ 97\?
E, (( L) ) - By, m12)

1 @ 1 92 o @
<(3) : fs  QGOE )0

‘92 — ‘91)(1111 +my-1)@

Eo(917) + Eo(9:7)
20 )

< Bo(mi, my) - (31)

Proof. Let Y(x) := [E,(%®). It is easy to see that Y is generalized convex function and proof can be obtained
by employing this function in Theorem 2.1. [

Proposition 3.4. Let 91,9, € Rand 0 < 91 < 9, then we get

Eo((91)°) + Eo((92)?) 1\° 1 o2 NP
= ot ma) - (3) sy, QGRG0

< (52 291)"7[

IJEm(~91‘D)|+IlEm(92‘D)I]( flﬁm(rm,mz) Ba t)@(m1,m2)|(dt)‘°]

ra+ o)

Proof. Let Y(x) := [E,(%®). It is easy to see that Y is generalized convex function and proof can be obtained
by employing this function in Theorem 2.7. [
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4. Discussion

To validate the theoretical contributions of Theorem 2.1, we perform a numerical investigation of the fractal
Hermite-Hadamard inequalities using two distinct generalized convex functions: a polynomial Y(x) = %>®
and an exponential Y(x) = ¢*®. Parameters m; = 1.5and m, = 2 were chosen to illustrate non-integer fractal
orders, while @ € (0, 1] spans the range from highly irregular (@ — 0) to smooth (@ = 1) domains. Figures 1
and 2 visualize the interplay between the fractal Beta function ,(m;, m;), the kernel Q(3¢), and the integral
mean, demonstrating consistency with classical calculus at @ = 1 and adaptability to non-differentiable
systems for @ < 1.

== Leftterm
== Middle term

Right term

Figure 1: Bounds and integral mean for Y(x) = x2? under Theorem 2.1.

== Leftterm
== Middle term

25 Right term

L L -
0.0 02 0.4 0.6 08 1.0

Figure 2: Bounds and integral mean for Y(x) = ¢*® under Theorem 2.1.

Figure 1 illustrates the bounds for Y(x) = x??. The lower bound Y (@) Bo(mi, my) and upper bound

Bo(mi, my)- w exhibit monotonic growth with @, governed by the scaling behavior of f,(m;, m;). The

. . . T+ . .
integral mean given in Theorem 2.1 as W slfgz)QY remains confined between these bounds,

with the shaded region narrowing as @ — 1. This reflects the regularization effect of increasing fractal
dimensionality, where smoother integration reduces uncertainty in the mean estimate. For Y(x) = ¢*®
(Figure 2), the rapid growth of the exponential function amplifies the disparity between bounds, partic-
ularly for @ < 0.5. Despite this divergence, the integral mean remains strictly bounded, confirming the
inequality’s robustness even under pronounced irregularity. The convergence of bounds to classical re-
sults at @ = 1 underscores the framework’s backward compatibility, while the widening gap at lower @
quantifies the computational cost of non-differentiability-a critical insight for modeling fractal phenomena
like anomalous diffusion. The numerical results affirm Theorem 2.1’s capacity to unify classical and fractal
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analysis. The polynomial case highlights the role of f,(m;, my) in scaling bounds proportionally to ®,
while the exponential case demonstrates adaptability to sharp functional growth. Together, they validate
the generalized Beta function’s utility in bounding integrals over irregular domains, offering a mathemat-
ical toolkit for interdisciplinary applications-from characterizing heterogeneous materials to optimizing
stochastic processes. The parameter-driven design ensures flexibility, enabling tailored bounds for specific
fractal regimes without sacrificing theoretical rigor.

5. Conclusion

This study advances the development of Hermite-Hadamard type inequalities within Yang’s fractal cal-
culus, utilizing the generalized Beta function to address the mathematical challenges of non-differentiable
systems. By unifying fractal integration with convex function theory, we establish robust bounds for
integral means in irregular domains, offering tools to model phenomena such as anomalous diffusion,
material fractures, and chaotic dynamics. The derived trapezoidal and midpoint inequalities, validated
through applications to special means and Mittag-Leffler functions, bridge theoretical fractal mathematics
with practical interdisciplinary problems in physics, engineering, and data science. Computational visu-
alizations corroborate the theoretical findings, illustrating the sensitivity of the derived bounds to fractal
parameters and underscoring their relevance for complex real-world systems. Future work should extend
these results to broader function classes, multidimensional fractal systems, and advanced operators like
variable-order calculus, while fostering computational methods to solve fractal integrals efficiently. This
research not only enriches fractal theory but also equips scientists and engineers with scalable frameworks
to analyze and optimize complex, real-world systems governed by irregularity.
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