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Iram Javeda, Adrian Naçob, Arslan Razzaqc, Artion Kashurib,∗

aSchool of Mathematical Sciences, Beihang University, Beijing, 100191, P.R. China
bDepartment of Mathematical Engineering, Polytechnic University of Tirana, 1001 Tirana, Albania
cSchool of Mathematics and Physics, China University of Geosciences, Wuhan, 430074, P. R. China

Abstract. Classical Hermite-Hadamard inequalities, which provide bounds for the integral means of
convex functions, encounter limitations when applied to fractal domains due to the non-differentiable and
irregular nature of such spaces. This work addresses these limitations by extending Hermite-Hadamard-
type inequalities using Yang’s local fractional calculus in conjunction with the generalized Beta function. We
derive new bounds for integral means via fractal-specific integration techniques and convex function theory,
presenting trapezoidal and midpoint inequalities that generalize classical Hölder and Young inequalities
within a fractal framework. Notably, the proposed results reduce to their classical counterparts when the
fractal parameter ϖ = 1, ensuring consistency with standard calculus. Applications to special means and
Mittag-Leffler functions highlight the effectiveness of the results in modeling anomalous diffusion, material
heterogeneity, and complex dynamical behavior. Graphical illustrations confirm the adaptability and
robustness of the proposed inequalities under varying fractal dimensions, showcasing practical implications
for modeling non-smooth phenomena. Furthermore, the integration of fractal calculus and convex analysis
offers a robust mathematical foundation for analyzing irregular systems across disciplines such as physics,
engineering, and data science.

1. Introduction and Preliminaries

For many years, mathematical inequalities have been indispensable tools in applied sciences, analysis, and
optimization, as they provide critical bounds for integrals, functions, and stochastic processes. Recent ad-
vances have significantly broadened their scope by incorporating majorization principles, convexity theory,
and fractional calculus to address complex problems in contemporary domains such as engineering, ma-
chine learning, and quantum physics. In particular, fractional operators and generalized convex functions,
such as s-convex and quasi-convex functions, have been instrumental in extending classical inequalities
like those of Ostrowski, Hermite-Hadamard, and Jensen, allowing sharper error estimates and broader
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theoretical applicability. One can see several recent studies in the literature [1, 2, 3]. The concept of convex
functions, originally formalized over a century ago by Jensen, has since been subjected to numerous gen-
eralizations. The continuous exploration of convexity has revealed not only its structural elegance but also
its profound utility across disciplines. Mathematicians continue to uncover valuable results in this area,
both of theoretical significance and of practical utility. These developments have led to a diverse array
of inequality formulations useful in fields ranging from statistical mechanics to information theory. As a
result, convex functions have remained a focal point in mathematical research, particularly in the study of
inequality theory and its applications [4, 5, 6, 7].

Definition 1.1. A function Υ : [ϑ1, ϑ2] ⊆ R→ R is said to be convex, if

Υ(tκ + (1 − t)κ1) ≤ tΥ(κ) + (1 − t)Υ(κ1) (1)

holds for all κ,κ1 ∈ [ϑ1, ϑ2] and t ∈ [0, 1]. Further details on the various forms of convexity and their contributions
to inequality theory can be found in [8, 9, 10].

The most significant and often applied result involving convex functions is the Hermite-Hadamard inequal-
ity (H-H) [11, 12, 13]. The (H-H) inequality is the most well-known inequality pertaining to the integral
mean of a convex function and defined as:

Υ
(
ϑ1 + ϑ2

2

)
≤

1
ϑ2 − ϑ1

∫ ϑ2

ϑ1

Υ(κ)dκ ≤
Υ(ϑ1) + Υ(ϑ2)

2
, (2)

where Υ : I ⊆ R→ R be a convex function and ϑ1, ϑ2 ∈ I with ϑ1 < ϑ2.
In Yang’s calculus, differentiation and integration rules generated on fractal sets are summarised. The

essence of Yang’s calculus has captured the imagination of not only intellectuals but also physicists and
technicians [14, 15]. Many researchers studied the properties of functions in fractal space and developed
various fractional calculus concepts using various methods. In the idea of local fractional calculus, Mo
et al. [16] defined the generalized convex function on the fractal space Rϖ(0 < ϖ ≤ 1) of a real number
and obtained the ”generalized Jensen’s inequality” and ”generalized Hermite-inequality” Hadamard’s for
a generalised convex function. More latest results in this area can be found in [17, 18, 19, 20, 21, 22, 23,
24, 25, 26]. The non-differentiable behaviours of physical laws are described by the local fractional partial
differential equations that arise in mathematical physics. The key challenge these days is finding non-
differentiable solutions. On local fractional differential equations, useful techniques have been successfully
applied. The main techniques include the decomposition method and Laplace transform method with a
local fractional operator [27, 28]. Now we use Rϖ to categorize different definitions in the Yang’s calculus
and so on, recalling the Gao-Yang-Kang notion.
Yang’s fractional sets theory [29] can be stated as.

For 0 < ϖ ≤ 1, the ϖ-type set of element set are given below:
Zϖ : The ϖ-type set of integer numbers is used to define
the set {0ϖ,±1ϖ,±2ϖ, . . . ,±nϖ, . . .}.
Qϖ : The ϖ-type set of rational numbers is used to define
the set

{
mϖ = (u/v)ϖ : u, v ∈ Z, v , 0

}
.

Jϖ : The ϖ-type set of irrational numbers is used to define
the set

{
mϖ , (u/v)ϖ : u, v ∈ Z, v , 0

}
.

Rϖ: The ϖ-type set of real numbers is used to define
the set Rϖ=Qϖ ∪ Jϖ.
The following operations hold for uϖ, vϖ and τϖ belong to the set Rϖ of real line numbers:
(i) uϖ + vϖ and uϖvϖ belong to the set Rϖ;
(ii) uϖ + vϖ = vϖ + uϖ = (u + v)ϖ = (v + u)ϖ;
(iii) uϖ + (vϖ + τϖ) = (uϖ + vϖ) + τϖ;
(iv) uϖvϖ = vϖuϖ = (uv)ϖ = (vu)ϖ;
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(v) uϖ(vϖτϖ) = (uϖvϖ)τϖ;
(vi) uϖ(vϖ + τϖ) = uϖvϖ + uϖτϖ;
(vii) uϖ + 0ϖ = 0ϖ + uϖ = uϖ and uϖ1ϖ = 1ϖuϖ = uϖ.

Definition 1.2. [29] The local fractional integral of Υ on the interval [ϑ1, ϑ2] of order ϖ is defined by

ϑ1 I(ϖ)
ϑ2
Υ =

1
Γ(ϖ + 1)

∫ ϑ2

ϑ1

Υ(η)(dη)ϖ :=
1

Γ(ϖ + 1)
lim
∆η→0

ΣN−1
j=0 Υ(η j)(∆η j)ϖ, (3)

provided that the limit exists. Here, it follows that ϑ1 I(ϖ)
ϑ2
Υ = 0 if ϑ1 = ϑ2 and ϑ1 I(ϖ)

ϑ2
Υ = −ϑ2 I(ϖ)

ϑ1
Υ if ϑ1 < ϑ2.

Lemma 1.3. [29] The aforementioned arguments are valid:

1. (Fractal derivative of κkϖ):

dϖκkϖ

dκϖ
=

Γ(1 + kϖ)
Γ(1 + (k − 1)ϖ)

κ(k−1)ϖ. (4)

2. (Local fractional integration is anti-differentiation). Suppose that
Υ = gϖ ∈ Cϖ[ϑ1, ϑ2]. Then, we have

ϑ1 I(ϖ)
ϑ2
Υ = g(ϑ2) − g(ϑ1). (5)

3. (Local fractional integration by parts). Suppose that Υ, g ∈ Dϖ[ϑ1, ϑ2] and Υϖ, gϖ ∈ Cϖ[ϑ1, ϑ2]. Then, we
have

ϑ1 I(ϖ)
ϑ2
Υgϖ = Υg |ϑ2

ϑ1
−ϑ1 I(ϖ)

ϑ2
Υϖg. (6)

4. (Fractal definite integrals of κkϖ):

1
Γ(1 + ϖ)

∫ ϑ2

ϑ1

κkϖ(dκ)ϖ =
Γ(1 + kϖ)

Γ(1 + (k + 1)ϖ)
(ϑ2

(k+1)ϖ
− ϑ1

(k+1)ϖ), k ∈ R. (7)

Definition 1.4. [16] For any ϑ1, ϑ2 ∈ I and t ∈ [0, 1], if the following inequality

Υ(tϑ1 + (1 − t)ϑ2) ≤ tϖΥ(ϑ1) + (1 − t)ϖΥ(ϑ2), (8)

holds, then Υ is called generalized convex function on I, where Υ : I ⊆ R→ Rϖ. This definition generalizes classical
convexity to fractal domains by incorporating the fractal dimension parameter. For ϖ = 1, it reduces to the standard
convexity inequality (1), ensuring consistency with classical calculus. The exponentϖ accounts for non-differentiable
structures in fractal spaces.

Theorem 1.5. [16] Let Υ : I ⊆ R → Rϖ be a generalized convex function defined on the interval I of real numbers
and ϑ1, ϑ2 ∈ I with ϑ1 < ϑ2. Then, we have

Υ
(
ϑ1 + ϑ2

2

)
≤
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ ϑ1 I(ϖ)
ϑ2
Υ ≤

Υ(ϑ1) + Υ(ϑ2)
2ϖ

. (9)

Further information can be found in the published publications ([30, 31] and references therein).

Theorem 1.6. [32] (Generalized Young’s inequality) Let Υ, g ∈ Cϖ[ϑ1, ϑ2] and p, q > 1 are conjugate exponents,
then we have

1
Γ(1 + ϖ)

∫ ϑ2

ϑ1

|Υ(t)g(t)|(dt)ϖ

≤
1
p

( 1
Γ(1 + ϖ)

∫ ϑ2

ϑ1

|Υ(t)|p(dt)ϖ
)
+

1
q

( 1
Γ(1 + ϖ)

∫ ϑ2

ϑ1

|g(t)|q(dt)ϖ
)
. (10)
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Definition 1.7. [33] The fractal Gamma function is expressed in the following form:

Γϖ(κ) :=
1
ϖ!

∫
∞

0
Eϖ(−tϖ)t((κ−1)ϖ)(dt)ϖ, (11)

where 0 < ϖ ≤ 1 and κ ∈ R+. For ϖ = 1, we have Γϖ(κ) = Γ(κ).

Definition 1.8. [33] The fractal Beta function is stated as:

βϖ(κ,κ1) =
Γϖ(κ)Γϖ(κ1)
Γϖ(κ + κ1)

:=
1

Γ(1 + ϖ)

∫ 1

0
t(κ−1)ϖ (1 − t)(κ1−1)ϖ (dt)ϖ, (12)

where 0 < ϖ ≤ 1 and κ,κ1 ∈ R+ with κ,κ1 > 0. For ϖ = 1, we have βϖ(κ,κ1) = β(κ,κ1).

Definition 1.9. [33] The fractal incomplete Beta function is stated as:

βtϖ(κ,κ1) :=
1

Γ(1 + ϖ)

∫ t

0
s(κ−1)ϖ (1 − s)(κ1−1)ϖ (ds)ϖ, (13)

where 0 < ϖ ≤ 1 and κ,κ1 ∈ R+ with κ,κ1 > 0. For t = 1, we have βtϖ(κ,κ1) = βϖ(κ,κ1).

Corollary 1.10. [33] If Υ : [ϑ1, ϑ2]→ R is ϖ-fractional analytic function on [ϑ1, ϑ2], then by fundamental theorem
of local fractional calculus, we have

dϖ

dκϖ

∫ κ

ϑ1

Υ(t)d(t)ϖ = Γ(1 + ϖ)Υ(κ), (14)

for all (ϑ1, ϑ2). On the other hand, If Υ : [ϑ1, ϑ2]→ R is an ϖ-fractional analytic on [ϑ1, ϑ2], then∫ ϑ2

ϑ1

Υϖ(κ)d(κ)ϖ = Γ(1 + ϖ)
(
Υ(ϑ2) − Υ(ϑ1)

)
. (15)

This paper addresses the significant challenge of extending classical Hermite-Hadamard inequalities-central
to convex analysis and integral mean estimation-to fractal domains, where classical calculus is inadequate
due to the presence of non-differentiable and irregular structures. By incorporating Yang’s local fractional
calculus and the generalized Beta function, we propose a unified framework for deriving novel Hermite-
Hadamard type inequalities adapted to fractal settings. The principal aim is to bridge the gap between
classical convexity theory and fractal geometry, facilitating precise bounds for integral means in fractal
systems. A key contribution of this study is the formulation of fractal Beta function-based inequalities,
including Trapezoidal and Midpoint variants, which generalize Hölder’s and Young’s inequalities under
non-smooth conditions. These inequalities are rigorously established using tools from local fractional
calculus and are validated through applications to special means and Mittag-Leffler functions-important
in modeling anomalous diffusion and complex dynamics. Significantly, the results reduce to classical
inequalities when the fractal dimension parameter ϖ = 1, thereby preserving consistency with standard
analysis.

Beyond theoretical development, the results presented offer practical analytical tools for real-world
systems characterized by irregularity, such as fractured materials, financial time series, and stochastic
processes. By integrating fractal calculus with convex function theory, this work contributes scalable
techniques for optimization and modeling across physics, engineering, and data science. The methodologies
introduced here not only enhance the mathematical framework of fractal inequalities but also provide
a foundation for addressing interdisciplinary challenges driven by non-differentiability. The paper is
organized to systematically develop the theory of Hermite-Hadamard type inequalities within Yang’s fractal
calculus. Section 2 introduces the main results, presenting new inequalities derived via the generalized Beta
function. Key supporting lemmas and theorems establish fractal analogues of Trapezoidal and Midpoint
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rules, founded on classical inequalities such as Hölder’s and Young’s. Section 3 illustrates the applicability
of these results through examples involving special means and Mittag-Leffler functions. Section 4 transitions
to graphical illustration of our newly derived results. Section 5 summarizes the theoretical contributions
and highlights directions for future research, including potential extensions to multidimensional fractal
systems and variable-order operators.

2. Main Results

In this section, we provide novel Hermite-Hadamard type inequality via fractal Beta function.

Theorem 2.1. Consider a generalized convex function Υ : Io
⊂ R → Rϖ (Io is the interior of I ⊂ R) such that

Υ ∈ Dϖ(Io) and Υϖ ∈ Cϖ[ϑ1, ϑ2] for ϑ1, ϑ2 ∈ Io with ϑ1 < ϑ2, then we have the following inequality:

Υ
(
ϑ1 + ϑ2

2

)
βϖ(m1,m2) ≤

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ ≤ βϖ(m1,m2)

Υ(ϑ1) + Υ(ϑ2)
2ϖ

,

where βϖ(m1,m2) is fractal Beta function and

Ω(κ) := (ϑ2 − κ)(m1−1)ϖ (κ − ϑ1)(m2−1)ϖ + (κ − ϑ1)(m1−1)ϖ (ϑ2 − κ)(m2−1)ϖ ,

for m1,m2 > 0.

Proof. For t ∈ [0, 1], define

κ = tϑ2 + (1 − t)ϑ1, κ1 = tϑ1 + (1 − t)ϑ2.

By generalized convexity of Υ, we obtain

Υ
(
κ + κ1

2

)
≤
Υ(κ) + Υ(κ1)

2ϖ

substituting κ+κ1
2 = ϑ1+ϑ2

2 , we get

2ϖΥ
(
ϑ1 + ϑ2

2

)
≤ Υ (tϑ2 + (1 − t)ϑ1) + Υ (tϑ1 + (1 − t)ϑ2) . (16)

Multiplying both sides of inequality (16) by 1
Γ(1+ϖ) t

(m1−1)ϖ(1− t)(m2−1)ϖ, then integrating the resulting inequal-
ity with respect to t over [0, 1], we obtain

2ϖΥ
(
ϑ1 + ϑ2

2

) 1
Γ(1 + ϖ)

∫ 1

0
t(m1−1)ϖ(1 − t)(m2−1)ϖ(dt)ϖ

≤
1

Γ(1 + ϖ)

∫ 1

0
t(m1−1)ϖ(1 − t)(m2−1)ϖΥ (tϑ2 + (1 − t)ϑ1) (dt)ϖ

+
1

Γ(1 + ϖ)

∫ 1

0
t(m1−1)ϖ(1 − t)(m2−1)ϖΥ (tϑ1 + (1 − t)ϑ2) (dt)ϖ.

As a consequence, we obtain

Υ
(
ϑ1 + ϑ2

2

)
βϖ(m1,m2) ≤

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ.

Since Υ is a generalized convex function, for every t ∈ [0, 1], we have

Υ (tϑ2 + (1 − t)ϑ1) + Υ (tϑ1 + (1 − t)ϑ2) ≤ Υ(ϑ1) + Υ(ϑ2). (17)
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Multiplying both sides of inequality (17) by 1
Γ(1+ϖ) t

(m1−1)ϖ(1 − t)(m2−1)ϖ and integrating with respect to t
over [0, 1],

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ ≤ βϖ(m1,m2)

Υ(ϑ1) + Υ(ϑ2)
2ϖ

, (18)

and the second inequality is deduced. Hence, the proof is completed.

Remark 2.2. If we substitute m1 = 1 = m2 in Theorem 2.1, then we obtain Theorem 1.5.

Remark 2.3. If we set ϖ = 1 in Theorem 2.1, then we have

Υ
(
κ + κ1

2

)
β(m1,m2)

≤
1

2(κ1 − κ)(m1+m2−1)

∫ κ1

κ

Ω(κ)Υ(κ)dκ

≤ β(m1,m2)
Υ(κ) + Υ(κ1)

2
, (19)

which is proved by M. Z. Sarikaya and A. T. A. Fatih in [34].

This leads to different scenarios as:

• If we get m1 = m2 = 1 in inequality (19), then it reduced to inequality (2).

• If we take m1 = 1, m2 = ϖ, (or m2 = 1, m1 = ϖ) in inequality (19), then it reduced to Theorem 2 proved by
Sarikaya et al. in [35].

2.1. Trapezoid type inequalities via fractal Beta function
In this section, we present a novel Hermite-Hadamard-type identity involving the fractal Beta function.
Using this identity, we derive several related results.

Lemma 2.4. Consider Υ : Io
⊂ R → Rϖ (Io is the interior of I) such that Υ ∈ Dϖ(Io) and Υϖ ∈ Cϖ[ϑ1, ϑ2] for

ϑ1, ϑ2 ∈ Io with ϑ1 < ϑ2, then we have the identity:

Υ(ϑ1) + Υ(ϑ2)
2ϖ

βϖ(m1,m2) −
Γ(ϖ + 1)

2ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)
ϑ2
ΩΥ

=
(ϑ2 − ϑ1)ϖ

2ϖ
1

Γ(1 + ϖ)

∫ 1

0
βtϖ(m1,m2)

[
Υ(ϖ) (tϑ2 + (1 − t)ϑ1) − Υ(ϖ) (tϑ1 + (1 − t)ϑ2)

]
(dt)ϖ, (20)

where βtϖ(m1,m2) is fractal incomplete Beta function.

Proof. By applying integration by parts, we have

Υ1 =
1

Γ(1 + ϖ)

∫ 1

0
βtϖ(m1,m2)Υ(ϖ)(tϑ2 + (1 − t)ϑ1)(dt)ϖ

=
βϖ(m1,m2)Υ(ϑ2)

(ϑ2 − ϑ1)ϖ
−
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ

×

(
1

Γ(1 + ϖ)

∫ 1

0
Υ (tϑ2 + (1 − t)ϑ1) t(m1−1)ϖ(1 − t)(m2−1)ϖ(dt)ϖ

)
=
βϖ(m1,m2)Υ(ϑ2)

(ϑ2 − ϑ1)ϖ
−
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ

×

(
1

Γ(1 + ϖ)

∫ ϑ2

ϑ1

(κ − ϑ1)(m1−1)ϖ (ϑ2 − κ)(m2−1)ϖΥ(κ)(dκ)ϖ
)
.
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Similarly, we obtain

Υ2 =
1

Γ(1 + ϖ)

∫ 1

0
βtϖ(m1,m2)Υ(ϖ)(tϑ1 + (1 − t)ϑ2)(dt)ϖ

= −
βϖ(m1,m2)Υ(ϑ1)

(ϑ2 − ϑ1)ϖ
+
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ

×

(
1

Γ(1 + ϖ)

∫ 1

0
Υ (tϑ1 + (1 − t)ϑ2) t(m1−1)ϖ(1 − t)(m2−1)ϖ(dt)ϖ

)
= −
βϖ(m1,m2)Υ(ϑ1)

(ϑ2 − ϑ1)ϖ
+
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ

×

(
1

Γ(1 + ϖ)

∫ ϑ2

ϑ1

(κ − ϑ1)(m2−1)ϖ (ϑ2 − κ)(m1−1)ϖΥ(κ)(dκ)ϖ
)
.

By subtracting Υ2 from Υ1 and multiplying by (ϑ2−ϑ1)ϖ

2ϖ . Hence, the proof is completed.

Remark 2.5. If we set ϖ = 1 in Lemma 2.4, then the following equality holds:

Υ(ϑ1) + Υ(ϑ2)
2

β(m1,m2) −
1
2

1
(ϑ2 − ϑ1)(m1+m2−1)

∫ ϑ2

ϑ1

Ω(κ)Υ(κ)dκ

=
(ϑ2 − ϑ1)

2

∫ 1

0
βt(m1,m2)[Υ′ (tϑ2 + (1 − t)ϑ1) − Υ′ (tϑ1 + (1 − t)ϑ2)]dt, (21)

which is proved by M. Z. Sarikaya and A. T. A. Fatih in [34].

This leads to different scenarios as:

• If in equation (21), we set m1 = 1, m2 = ϖ, (or m2 = 1, m1 = ϖ), then we have Lemma 2 proved by Sarikaya
et al. in [35].

• If in equation (21), we set m1 = m2 = 1, then we have Lemma 2.1 proved by Dragomir et al. in [36].

Remark 2.6. In Lemma 2.4, when we change the variable, then the equality (20) reduces to

Υ(ϑ1) + Υ(ϑ2)
2ϖ

βϖ(m1,m2) −
Γ(ϖ + 1)

2ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)
ϑ2
ΩΥ

=
(ϑ2 − ϑ1)ϖ

2ϖ
1

Γ(1 + ϖ)

∫ 1

0
[βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)]Υϖ (tϑ2 + (1 − t)ϑ1) (dt)ϖ.

Theorem 2.7. Let Υ be defined as in Lemma 2.4 and if the function |Υ(ϖ)
| is generalized convex on [ϑ1, ϑ2], then we

have the following inequality:∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)
2ϖ

βϖ(m1,m2) −
Γ(ϖ + 1)

2ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2
ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

[
|Υ(ϖ)(ϑ1)| + |Υ(ϖ)(ϑ2)|

]  1
Γ(1 + ϖ)

∫ 1
2

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|(dt)ϖ

 ,
for m1,m2 > 0.
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Proof. Utilizing Lemma 2.4 with generalized convexity of |Υ(ϖ)
|, we get∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)

2ϖ
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2

ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

(
1

Γ(1 + ϖ)

∫ 1

0

∣∣∣∣∣βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)
∣∣∣∣∣∣∣∣∣∣Υ(ϖ)(tϑ2 + (1 − t)ϑ1

∣∣∣∣∣(dt)ϖ
)

≤
(ϑ2 − ϑ1)ϖ

2ϖ

(
1

Γ(1 + ϖ)

∫ 1
2

0

[
βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)

]
×

[
tϖ|Υ(ϖ)(ϑ2)| + (1 − t)ϖ|Υ(ϖ)(ϑ1)|

]
(dt)ϖ

)
+

(ϑ2 − ϑ1)ϖ

2ϖ

×

 1
Γ(1 + ϖ)

∫ 1

1
2

[
β(1−t)ϖ(m1,m2) − βtϖ(m1,m2)

][
tϖ|Υ(ϖ)(ϑ2)| + (1 − t)ϖ|Υ(ϖ)(ϑ1)|

]
(dt)ϖ


≤

(ϑ2 − ϑ1)ϖ

2ϖ

[
|Υ(ϖ)(ϑ1)| + |Υ(ϖ)(ϑ2)|

]  1
Γ(1 + ϖ)

∫ 1
2

0

∣∣∣∣∣βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)
∣∣∣∣∣(dt)ϖ

 .
Hence, this completes the proof.

Theorem 2.8. Let Υ be defined as in Lemma 2.4 and if the function |Υ(ϖ)
|
q, q > 1 is generalized convex on [ϑ1, ϑ2],

then we have the following inequality:∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)
2ϖ

βϖ(m1,m2) −
Γ(ϖ + 1)

2ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2
ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

[1
p

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

)
+

1
q

(
Γ(1 + ϖ)(|Υ(ϖ)(ϑ2)|q − |Υ(ϖ)(ϑ1)|q)

Γ(1 + 2ϖ)
+
|Υ(ϖ)(ϑ1)|q

Γ(ϖ + 1)

) ]
,

for m1,m2 > 0, where 1
p
+ 1
q
= 1.

Proof. Utilizing Lemma 2.4 and Young’s inequality with generalized convexity of |Υ(ϖ)
|
q, then we have∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)

2ϖ
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2

ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

[1
p

(
1

Γ(1 + ϖ)

∫ 1

0

∣∣∣∣∣βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)
∣∣∣∣∣p(dt)ϖ

)
+

1
q

(
1

Γ(1 + ϖ)

∫ 1

0

∣∣∣∣∣Υ(ϖ) (tϑ2 + (1 − t)ϑ1)
∣∣∣∣∣q(dt)ϖ

) ]
≤

(ϑ2 − ϑ1)ϖ

2ϖ

[1
p

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

)
+

1
q

(
1

Γ(1 + ϖ)

∫ 1

0

(
tϖ|Υ(ϖ)(ϑ2)|q + (1 − t)ϖ|Υ(ϖ)(ϑ1)|q

)
(dt)ϖ

) ]
=

(ϑ2 − ϑ1)ϖ

2ϖ

[1
p

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

)
+

1
q

(
Γ(1 + ϖ)(|Υ(ϖ)(ϑ2)|q − |Υ(ϖ)(ϑ1)|q)

Γ(1 + 2ϖ)
+
|Υ(ϖ)(ϑ1)|q

Γ(1 + ϖ)

) ]
.

Hence, this completes the proof.
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Remark 2.9. If we set ϖ = 1 in Theorem 2.8, then the following inequality holds:∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)
2

β(m1,m2) −
1
2

1
(ϑ2 − ϑ1)(m1+m2−1)

∫ ϑ2

ϑ1

Ω(κ)Υ(κ)dκ
∣∣∣∣∣

≤
(ϑ2 − ϑ1)

2

[1
p

(∫ 1

0
|βt(m1,m2) − β(1−t)(m1,m2)|pdt

)
+

1
q

(
|Υ′(ϑ1)|q + |Υ′(ϑ2)|q

2

) ]
,

which is a new inequality in literature.

Theorem 2.10. Let Υ be defined as in Lemma 2.4 and if the function |Υ(ϖ)
|
q, q > 1 is generalized convex on [ϑ1, ϑ2],

then we have the following inequality:∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)
2ϖ

βϖ(m1,m2) −
Γ(ϖ + 1)

2ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2
ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

) 1
p

×

(
Γ(1 + ϖ)(|Υ(ϖ)(ϑ2)|q − |Υ(ϖ)(ϑ1)|q)

Γ(1 + 2ϖ)
+
|Υ(ϖ)(ϑ1)|q

Γ(ϖ + 1)

) 1
q

,

for m1,m2 > 0, where 1
p
+ 1
q
= 1.

Proof. Utilizing Lemma 2.4 and Hölder’s inequality with generalized convexity of |Υ(ϖ)
|
q, then we have∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)

2ϖ
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2

ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

) 1
p

×

(
1

Γ(1 + ϖ)

∫ 1

0

∣∣∣∣∣Υ(ϖ) (tϑ2 + (1 − t)ϑ1)
∣∣∣∣∣q(dt)ϖ

) 1
q

≤
(ϑ2 − ϑ1)ϖ

2ϖ

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

) 1
p

×

(
1

Γ(1 + ϖ)

∫ 1

0

(
tϖ|Υ(ϖ)(ϑ2)|q + (1 − t)ϖ|Υ(ϖ)(ϑ1)|q

)
(dt)ϖ

) 1
q

=
(ϑ2 − ϑ1)ϖ

2ϖ

(
1

Γ(1 + ϖ)

∫ 1

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|p(dt)ϖ

) 1
p

×

(
Γ(1 + ϖ)(|Υ(ϖ)(ϑ2)|q − |Υ(ϖ)(ϑ1)|q)

Γ(1 + 2ϖ)
+
|Υ(ϖ)(ϑ1)|q

Γ(1 + ϖ)

) 1
q

.

Hence, this completes the proof.

2.2. Midpoint type Inequalities via fractal Beta function
New midpoint Hermite-Hadamard type identity involving fractal Beta function is presented in this section.

Lemma 2.11. Consider Υ : Io
⊂ R→ Rϖ (Io is the interior of I ⊂ R) such that Υ ∈ Dϖ(Io) and Υϖ ∈ Cϖ[ϑ1, ϑ2] for

ϑ1, ϑ2 ∈ Io with ϑ1 < ϑ2, then we have the identity:

Υ
(
ϑ1 + ϑ2

2

)
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ =

(ϑ2 − ϑ1)ϖ

2ϖ

4∑
k=1

gk, (22)
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where

g1 :=
1

Γ(1 + ϖ)

∫ 1
2

0
[βtϖ(m1,m2)]Υ(ϖ) (tϑ2 + (1 − t)ϑ1) (dt)ϖ,

g2 :=
1

Γ(1 + ϖ)

∫ 1
2

0
[−βtϖ(m1,m2)]Υ(ϖ) (tϑ1 + (1 − t)ϑ2) (dt)ϖ,

g3 :=
1

Γ(1 + ϖ)

∫ 1

1
2

[−β(1−t)ϖ(m2,m1)]Υ(ϖ) (tϑ2 + (1 − t)ϑ1) (dt)ϖ,

g4 :=
1

Γ(1 + ϖ)

∫ 1

1
2

[β(1−t)ϖ(m2,m1)]Υ(ϖ) (tϑ1 + (1 − t)ϑ2) (dt)ϖ,

for m1,m2 > 0.

Proof. Here using integration by parts, we have

g1 =
1

Γ(1 + ϖ)

∫ 1
2

0
[βtϖ(m1,m2)]Υ(ϖ) (tϑ2 + (1 − t)ϑ1) (dt)ϖ

=
β ϖ

2
(m1,m2)

(ϑ2 − ϑ1)ϖ
Υ

(
ϑ1 + ϑ2

2

)
−
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ

×

 1
Γ(1 + ϖ)

∫ 1
2

0
t(m1−1)ϖ(1 − t)(m2−1)ϖΥ (tϑ2 + (1 − t)ϑ1) (dt)ϖ

 ,
g2 =

1
Γ(1 + ϖ)

∫ 1
2

0
[−βtϖ(m1,m2)]Υ(ϖ) (tϑ1 + (1 − t)ϑ2) (dt)ϖ

=
β ϖ

2
(m1,m2)

(ϑ2 − ϑ1)ϖ
Υ

(
ϑ1 + ϑ2

2

)
−
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ

×

 1
Γ(1 + ϖ)

∫ 1
2

0
t(m1−1)ϖ(1 − t)(m2−1)ϖΥ (tϑ1 + (1 − t)ϑ2) (dt)ϖ

 ,
g3 =

1
Γ(1 + ϖ)

∫ 1

1
2

[−β(1−t)ϖ(m2,m1)]Υ(ϖ) (tϑ2 + (1 − t)ϑ1) (dt)ϖ

=
β ϖ

2
(m2,m1)

(ϑ2 − ϑ1)ϖ
Υ

(
ϑ1 + ϑ2

2

)
−
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ

×

 1
Γ(1 + ϖ)

∫ 1
2

0
t(m2−1)ϖ(1 − t)(m1−1)ϖΥ (tϑ2 + (1 − t)ϑ1) (dt)ϖ

 ,
g4 =

1
Γ(1 + ϖ)

∫ 1

1
2

[β(1−t)ϖ(m2,m1)]Υ(ϖ) (tϑ1 + (1 − t)ϑ2) (dt)ϖ

=
β ϖ

2
(m2,m1)

(ϑ2 − ϑ1)ϖ
Υ

(
ϑ1 + ϑ2

2

)
−
Γ(1 + ϖ)

(ϑ2 − ϑ1)ϖ

×

 1
Γ(1 + ϖ)

∫ 1
2

0
t(m2−1)ϖ(1 − t)(m1−1)ϖΥ (tϑ1 + (1 − t)ϑ2) (dt)ϖ

 .
Thus, by the above expressions, the desired equality (22) is obtained.
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Remark 2.12. The identity (22) reduces to following result by changing the variables:

Υ
(
ϑ1 + ϑ2

2

)
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ

=
(ϑ2 − ϑ1)ϖ

2ϖ
1

Γ(1 + ϖ)

∫ 1
2

0

[
βtϖ(m1,m2) + βtϖ(m2,m1)

]
×

[
Υ(ϖ) (tϑ2 + (1 − t)ϑ1) − Υ(ϖ) (tϑ1 + (1 − t)ϑ2)

]
(dt)ϖ.

Theorem 2.13. Let Υ : [ϑ1, ϑ2] → R be a differential function on (ϑ1, ϑ2) with ϑ1 < ϑ2. If |Υ(ϖ)
| is generalized

convex function on [ϑ1, ϑ2], then the following inequality holds:∣∣∣∣∣Υ (
ϑ1 + ϑ2

2

)
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

((1
2

)ϖ
βϖ(m1,m2) − β ϖ

2
(m1 + 1,m2) − β ϖ

2
(m2 + 1,m1)

)
×

[
|Υ(ϖ)(ϑ1)| + |Υ(ϖ)(ϑ2)|

]
, (23)

for m1,m2 > 0.

Proof. By using Remark 2.12 with generalized convexity of |Υ(ϖ)
|, then we have∣∣∣∣∣Υ (

ϑ1 + ϑ2

2

)
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

 1
Γ(1 + ϖ)

∫ 1
2

0

[
βtϖ(m1,m2) + βtϖ(m2,m1)

] [|Υ(ϖ)(ϑ1)| + |Υ(ϖ)(ϑ2)|
]
. (24)

Alternating variable in the integrals, we get

1
Γ(1 + ϖ)

∫ 1
2

0
[βtϖ(m1,m2) + βtϖ(m2,m1)](dt)ϖ

=
1

Γ(1 + ϖ)

∫ 1
2

0

∫ t

0
s(m1−1)ϖ(1 − s)(m2−1)ϖ(ds)ϖ(dt)ϖ

+
1

Γ(1 + ϖ)

∫ 1
2

0

∫ t

0
s(m2−1)ϖ(1 − s)(m1−1)ϖ(ds)ϖ(dt)ϖ

=
(1

2

)ϖ
βϖ(m1,m2) − β ϖ

2
(m1 + 1,m2) − β ϖ

2
(m2 + 1,m1). (25)

By writing (25) in (24), we obtain the required result. This concludes the proof.

Remark 2.14. If in Theorem 2.13, we get ϖ = 1, then the inequality (23) becomes as follows:∣∣∣∣∣Υ (
ϑ1 + ϑ2

2

)
β(m1,m2) −

1
2(ϑ2 − ϑ1)(m1+m2−1)

∫ ϑ2

ϑ1

Ω(κ)Υ(κ)dκ
∣∣∣∣∣

≤
(ϑ2 − ϑ1)

2

(1
2
β(m1,m2) − β 1

2
(m1 + 1,m2) − β 1

2
(m2 + 1,m1)

) [
|Υ′(ϑ1)| + |Υ′(ϑ2)|

]
, (26)

which is proved by M. Z. Sarikaya and A. T. A. Fatih in [34].

This leads to different scenarios as:
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• If in equation (26), we get m1 = 1 = m2, then the inequality reduces to the inequality (2.3) of Theorem 2.3 by
Kirmaci in [37].

• If in equation (26), we get m1 = 1, m2 = ϖ, (or m1 = ϖ,m2 = 1), then the inequality reduces to the inequality
(3) of Theorem 2 by Iqbal et al. in [38].

• If in equation (26), we get m1 = 1, m2 =
ϖ
k , (or m2 = 1, m1 =

ϖ
k ), then the inequality reduces to the inequality

of Corollary 9 by Sarikaya and Ertugral in [39].

3. Applications

In this section, applications are given to show the effectiveness of the newly established results.

3.1. Application to special mean

As in [40], let us recall the following generalized arithmetic mean:

Aϖ(ϑ1, ϑ2) :=
ϑ1
ϖ + ϑ2

ϖ

2ϖ
.

Proposition 3.1. Let 0 ≤ ϑ1 < ϑ2 and m2 ∈N, m2 ≥ 2, then the following inequality holds:

[Aϖ(ϑ1, ϑ2)]m2βϖ(m1,m2)

≤
Γ(ϖ + 1)

2ϖ
1

(ϑ2 − ϑ1)(m1+m2−1)ϖ

(
1

Γ(ϖ + 1)

∫ ϑ2

ϑ1

Ω(κ)κm2ϖd(κ)ϖ
)

≤ βϖ(m1,m2)Aϖ(ϑ1
m2 , ϑ2

m2 ). (27)

Proof. The required inequality can be obtained by applying Theorem 2.1 to the generalized convex function
Υ(κ) = κm2ϖ, where κ > 0.

Υ
(
ϑ1 + ϑ2

2

)
βϖ(m1,m2) ≤

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ ≤ βϖ(m1,m2)

Υ(ϑ1) + Υ(ϑ2)
2ϖ

. (28)

Consider the function Υ : (0,∞)→ Rϖ, Υ(κ) = κm2ϖ, m2 ∈ Z\{−1, 0}. Then for 0 ≤ ϑ1 < ϑ2, we have

Υ
(
ϑ1 + ϑ2

2

)
= [Aϖ(ϑ1, ϑ2)]m2 ,

Υ(ϑ1) + Υ(ϑ2)
2ϖ

= Aϖ(ϑ1
m2 , ϑ2

m2 ).

Hence, the required result is obtained.

Proposition 3.2. Let 0 ≤ ϑ1 < ϑ2 and m2 ∈N, m2 ≥ 2, then the following inequality holds:∣∣∣∣∣[Aϖ(ϑ1
m2 ,ϑ2

m2 )
]
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ(ϑ2 − ϑ1)(m1+m2−1)ϖ

(
1

Γ(ϖ + 1)

∫ ϑ2

ϑ1

Ω(κ)κm2ϖ(dκ)ϖ
) ∣∣∣∣∣

≤
(ϑ2 − ϑ1)ϖ

2ϖ

[
Γ(1 +m2ϖ)

Γ(1 + (m2 − 1)ϖ)
Aϖ(ϑ1

m2−1, ϑ2
m2−1)

]
×

(
1

Γ(1 + ϖ)

∫ 1
2

0

∣∣∣βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)
∣∣∣(dt)ϖ

)
. (29)
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Proof. The required inequality can be obtained by applying Theorem 2.7 to the generalized convex function
Υ(κ) = κm2ϖ, where κ > 0.∣∣∣∣∣Υ(ϑ1) + Υ(ϑ2)

2ϖ
βϖ(m1,m2) −

Γ(ϖ + 1)
2ϖ

1
(ϑ2 − ϑ1)(m1+m2−1)ϖ ϑ1 Iϖϑ2

ΩΥ

∣∣∣∣∣
≤

(ϑ2 − ϑ1)ϖ

2ϖ

[
|Υ(ϖ)(ϑ1)| + |Υ(ϖ)(ϑ2)|

]  1
Γ(1 + ϖ)

∫ 1
2

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|(dt)ϖ

 .
Consider the function Υ : (0,∞)→ Rϖ, Υ(κ) = κm2ϖ, m2 ∈ Z\{−1, 0}. Then for 0 ≤ ϑ1 < ϑ2, we have

Υ
(
ϑ1 + ϑ2

2

)
= [Aϖ(ϑ1, ϑ2)]m2 ,

Υ(ϑ1) + Υ(ϑ2)
2ϖ

= Aϖ(ϑ1
m2 , ϑ2

m2 ).

Hence, we obtain the required inequality.

3.2. Application to Mittag-Leffler function

The special Mittag-Leffler function is defined as follows:

Eϖ(κ) :=
∞∑
k=0

κk

Γ(1 + ϖk)
, ϖ ∈ C, R(ϖ) > 0, κ ∈ C,

where

dϖ

(dκ)ϖ
(Eϖ(κϖ)) = Eϖ(κϖ). (30)

Proposition 3.3. Let ϑ1, ϑ2 ∈ R and 0 ≤ ϑ1 < ϑ2, then we have

Eϖ

((
ϑ1 + ϑ2

2

)ϖ)
· βϖ(m1,m2)

≤

(1
2

)ϖ 1
(ϑ2 − ϑ1)(m1+m2−1)ϖ

∫ ϑ2

ϑ1

Ω(κ)Eϖ(κϖ)(dκ)(ϖ)

≤ βϖ(m1,m2) ·
Eϖ(ϑ1

ϖ) + Eϖ(ϑ2
ϖ)

2ϖ
. (31)

Proof. Let Υ(κ) := Eϖ(κϖ). It is easy to see that Υ is generalized convex function and proof can be obtained
by employing this function in Theorem 2.1.

Proposition 3.4. Let ϑ1, ϑ2 ∈ R and 0 ≤ ϑ1 < ϑ2, then we get∣∣∣∣∣Eϖ((ϑ1)ϖ) + Eϖ((ϑ2)ϖ)
2ϖ

· βϖ(m1,m2) −
(1

2

)ϖ 1
(ϑ2 − ϑ1)(m1+m2−1)ϖ

∫ ϑ2

ϑ1

Ω(κ)Eϖ(κϖ)(dκ)ϖ
∣∣∣∣∣

≤
(ϑ2 − ϑ1)ϖ

2ϖ

[
|Eϖ(ϑ1

ϖ)| + |Eϖ(ϑ2
ϖ)|

]  1
Γ(1 + ϖ)

∫ 1
2

0
|βtϖ(m1,m2) − β(1−t)ϖ(m1,m2)|(dt)ϖ

 .
Proof. Let Υ(κ) := Eϖ(κϖ). It is easy to see that Υ is generalized convex function and proof can be obtained
by employing this function in Theorem 2.7.
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4. Discussion

To validate the theoretical contributions of Theorem 2.1, we perform a numerical investigation of the fractal
Hermite-Hadamard inequalities using two distinct generalized convex functions: a polynomialΥ(κ) = κ2ϖ

and an exponentialΥ(κ) = eκϖ. Parameters m1 = 1.5 and m2 = 2 were chosen to illustrate non-integer fractal
orders, while ϖ ∈ (0, 1] spans the range from highly irregular (ϖ→ 0) to smooth (ϖ = 1) domains. Figures 1
and 2 visualize the interplay between the fractal Beta function βϖ(m1,m2), the kernelΩ(κ), and the integral
mean, demonstrating consistency with classical calculus at ϖ = 1 and adaptability to non-differentiable
systems for ϖ < 1.

Figure 1: Bounds and integral mean for Υ(κ) = κ2ϖ under Theorem 2.1.

Figure 2: Bounds and integral mean for Υ(κ) = eκϖ under Theorem 2.1.

Figure 1 illustrates the bounds for Υ(κ) = κ2ϖ. The lower bound Υ
(
ϑ1+ϑ2

2

)
βϖ(m1,m2) and upper bound

βϖ(m1,m2)· Υ(ϑ1)+Υ(ϑ2)
2ϖ exhibit monotonic growth withϖ, governed by the scaling behavior of βϖ(m1,m2). The

integral mean given in Theorem 2.1 as Γ(1+ϖ)
2ϖ(ϑ2−ϑ1)(m1+m2−1)ϖ ϑ1 I(ϖ)

ϑ2
ΩΥ remains confined between these bounds,

with the shaded region narrowing as ϖ → 1. This reflects the regularization effect of increasing fractal
dimensionality, where smoother integration reduces uncertainty in the mean estimate. For Υ(κ) = eκϖ

(Figure 2), the rapid growth of the exponential function amplifies the disparity between bounds, partic-
ularly for ϖ < 0.5. Despite this divergence, the integral mean remains strictly bounded, confirming the
inequality’s robustness even under pronounced irregularity. The convergence of bounds to classical re-
sults at ϖ = 1 underscores the framework’s backward compatibility, while the widening gap at lower ϖ
quantifies the computational cost of non-differentiability-a critical insight for modeling fractal phenomena
like anomalous diffusion. The numerical results affirm Theorem 2.1’s capacity to unify classical and fractal
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analysis. The polynomial case highlights the role of βϖ(m1,m2) in scaling bounds proportionally to ϖ,
while the exponential case demonstrates adaptability to sharp functional growth. Together, they validate
the generalized Beta function’s utility in bounding integrals over irregular domains, offering a mathemat-
ical toolkit for interdisciplinary applications-from characterizing heterogeneous materials to optimizing
stochastic processes. The parameter-driven design ensures flexibility, enabling tailored bounds for specific
fractal regimes without sacrificing theoretical rigor.

5. Conclusion

This study advances the development of Hermite-Hadamard type inequalities within Yang’s fractal cal-
culus, utilizing the generalized Beta function to address the mathematical challenges of non-differentiable
systems. By unifying fractal integration with convex function theory, we establish robust bounds for
integral means in irregular domains, offering tools to model phenomena such as anomalous diffusion,
material fractures, and chaotic dynamics. The derived trapezoidal and midpoint inequalities, validated
through applications to special means and Mittag-Leffler functions, bridge theoretical fractal mathematics
with practical interdisciplinary problems in physics, engineering, and data science. Computational visu-
alizations corroborate the theoretical findings, illustrating the sensitivity of the derived bounds to fractal
parameters and underscoring their relevance for complex real-world systems. Future work should extend
these results to broader function classes, multidimensional fractal systems, and advanced operators like
variable-order calculus, while fostering computational methods to solve fractal integrals efficiently. This
research not only enriches fractal theory but also equips scientists and engineers with scalable frameworks
to analyze and optimize complex, real-world systems governed by irregularity.

References
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