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Abstract. In this study, we present a generalization of the Szasz-Baskakov operators using Touchard
polynomials. First, we establish the rate of convergence for the newly defined operators. Subsequently,
several approximation results are established. Finally, Voronovskaya-type theorem is proved and some
graphical results are given to show the rate of convergence of constructed operators to a given function f.

1. Introduction

The Szdsz operators are obtained by extending the classical Bernstein operators to function defined on
the semi infinite interval [0, o0). The definition of Szdsz operators in Szdsz [16] is as follows;

[ee] ] .
Sufim) = ey L f(i)

= 7! n

where x > 0,n € N and f € C[0, o0). Baskakov [4] introduced Baskakov operators as follows,

R TR 1 S B AN )
Bn(f,x)_ (1+X)n jzo( ] )(1+x)]f(n)’

x > 0,n € N*. Szdsz-Mirakyan-Baskakov operators were initially studied by Prasad et al. [14], whose
results were later corrected and further developed by Gupta [9]

o (nx) (n +j- 1) t
Kn ; = - 1 -0 . _— d .
s );e J! fo i)+ t)"“f o

Agrawaletal. [2] presented generalized Baskakov—Szasz operators with results on statistical and simultane-
ous approximation. Acuand Gupta [1] introduced hybrid operators involving Phillips and Baskakov—Szész
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types and studied their convergence and Voronovskaya-type behavior. Gupta et al. [10, [12] defined
Széasz-Baskakov operators and obtained approximation results using the Steklov method. Kanat et al.
[13] proposed a generalization of Szasz-Baskakov operators via Appell polynomials of class A®. So-
fyalioglu and Kanat [15] extended Szasz-Baskakov operators using Boas-Buck-type polynomials and ana-
lyzed weighted approximation properties.

The main motivation for this study stems from the work presented in reference [11], which extends
the structure of Szasz type operators based on Touchard polynomials and contributes to the theory of
approximation operators.

The kth Touchard polynomial [17] Ti(x) is defined by

k
Te(x) = Y S (k,m)x",

m=0

where S (k, m) denotes the classical Stirling numbers of the second kind. The Touchard polynomials are
defined by the following generating function

ex(e’—l) Z Ti(®) k. 1)

k!
k=0

Within this framework, we define the Szasz-Baskakov operators constructed using Touchard polyno-
mials as follows

nx(e=1 T(M) DOi’l-l-k—l tk
_ (n ey T ( )— i, 2
0u(f; 1) = (1 = e ; =" el O %)

where x > 0,n € N, n > 1and f € C[0, ). Itis clear that these operators defined in (2) are linear positive.

2. Approximation properties of Q, operators

Lemma 2.1. The function given in (1) satisfies the following equalities

nx(e-1)

1. ZTkH( )_ hx,

T, nx(e—1)
2. Z% =e¢ ¢ [n2x2+nx],
=0
T, nx nx(e=1)
3. Z % ’ [n3x3 + 3n%x% + nx] ,
k_

& T, nx nx(e=1)
4.y % =e ¢ [n4x4 + 6n3x% + 7nx? + nx] .

k=0
Proof. (1) After taking the derivative of both sides of (1) with respect to t, we get
x(ef _ Ti(x) 1 Tk+1(x) ik
)xe! Z = 1)' L, 0 b 3)

By setting t = 1 and replacing x with % in equation (3), we obtain the desired results.
(2) Applying the second derivative to (1) with respect to f gives

(1) x2€2t+xe] Z(Zk(é))' k2 _ Tk;:v(X) . )

By setting t = 1 and replacing x with % in equation (4), then we have the desired results.



E R. Celik, G. I¢oz / Filomat 39:32 (2025), 11381-11392 11383

(3-4) One can find (3) and (4) in a similar way.
O

Lemma 2.2. Let Q,(f;x) be the operator introduced in @) and e,(t) = t" for r € {0,1,2,3,4} be the test functions.
We have the following equalities

(1) Quep;x) =1, (n> 1)
(ii) Qule;x) =5+ =, (n>2),

n2’
22

5
(ii)) Qule2;%) = 5t + ol + oz > 3

. . 33 1222 6
(i0) Qu(es; %) = Goaead + 2D + s ey (1> 4,

. ntxt 221%x3 1271242 185 24
(©) Queq; x) = (n72)(n73)(n74)(n75) + (n72)(n731)1(:74)(n75) + (n72)(n73)rénxf4)(n75) + (n72)(n73)(r:13i4)(n75) + (n=2)(n=3)(n—4)(n-5)"
(n>5).

Proof. The Beta-Gamma function is given as B(k, n). By taking f(t) = ¢y in operator (2), we obtain

nx(e=1) - Tk(Vle_X) . n+k—-1 tk
Queoix) = (=1 ) — ( . )
: 0

—dt
— (1 + t)n+k

—m(c)ooT Tl+k 1
Z o ( . )ﬁ(k+1,n—1)

k=0

= 1
By taking f(t) = e; in operator (2) and by using Lemma[2.1} we get
nx(e=1) = Tk(ne_x) 0 (Tl + k — 1) tk+1

Quen) = (=1 ) —;

— k (1 +t)n+k
—nx(e=1) = Tk(n?x) n+k—-1
= e ¢ i ( P )ﬁ(k+2,n—2)
k=0
—nx(e-1) oo nx
e e v k(%)
= w2l wm kD
k=0
—nx(e-1) o) o)
e e Tr1 (%) Tw(%)
T w2 {Z R
k=0 k=0
nx
= 2 taz>?

By taking f(f) = e, in operator (2) and by using Lemma[2.1} we get

me-) Te(™) m+k-1 pe+2
Qu(e;x) = (n—1e : f ( )—df
? ,ZO' K Jo ko )@+
o) Y Te(®3) (n+k-1
= e kZO‘ x ( L )ﬁ(k+3,n—3)

—m(e—l)

{k(k — 1) + 4k + 2)}

(n— 2)(n 3)2 k'

e = Tre2 (%) Tk+1( Ti(*%)
T m-2)m-23) {kzz(; K +ZZ 22 }

k=0

B n2x? . 5nx N 2 (n>3)
T -2(n-3) m-2n-3) wm-2m-3 "
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By taking f(t) = e3 in operator (2) and by using Lemma[2.1} we get

T(F) (T (n+k—-1\ 3
K Jo ko Ja+pm*

nx(e—1)
Qules;x) = (=1 Z

k=0

—nx(e—1) > Tk(%) Tl+k—1
e Z > ( L )ﬁ(k+4,n—4)

- e 0D - 1)k -2 4 9k - 1) + 18-+ )
(n=2)(n—3)(n-4) =0 k

ginx(:?l) = Tk+3("€ ) k+2( %) k+1(nx) Tk(”x)
= -)m-3)m-4) {kZO K 9;; +18 Z 62 }
n3x 12n%x 28nx 6
-2 -3)n—4)  (1-2n-3)n—-4)  (n-2)n-3)n—4)  (1-2)n-3)n—-4)

(n>4).

By taking f(t) = e4 in operator (2) and by using Lemma[2.1} we get

VW(F 1) Tk(ﬂ) e n+k-1 tk+4
Ques;x) = (n—-Te e f ( )—dt
! kz;‘ Ko J ko Jas
—nx(e —nx(e=1) = T n + k 1
= ) x ( . )ﬁ(k+5,n—5)
k=0
e—nrge (HX)

B ) A {k(k = 1)(k — 2)(k — 3) + 16k(k — 1)(k — 2)

+72k(k — 1) + 96k + 24)}

—nx(e—1)

e ¢ - Tk+4(n%)
T - -3)n-dn-5 {; a

= Tri1 (%) = Ti(2F)
+96Z o +24kz" y
k=0 =0

k+3(%) = Trio (%)
> +72kz_;‘ 5

k=0

B nixt 2213x3 127122
T - -3 -Bn-5) (-2 n-3)n-Dn-5) ' (1-2)(n-3)n—4)n-5)
185nx 24 (n>5).

=D -3 n-8(n-5)  (1-2)(n-3)n—-a)n-5)
[l

Lemma 2.3. By taking advantage of the linearity of the operator (3, , the central moments can be expressed as follows

(i) Quler —x;x) = 25 + ﬁ, (n>2),

(i) Q,((ey — x)z,x) =x2 = ;;En = 15 32”)&6_3) = 2)(n 5, (n>3),

4. _ 3. 861n+120 3 18 412n+240 2 2712 +4521+240 161n+120
(iii) Qu((er —2)% %) (n—2>'(1nt3><71+—4><n—5) X (n—2)1<1n5><nn—+4)<n—5> + X D)) T X 2B D)

24
+ e ons) (1> 5)-

Proof. From the linearity of the operators and Lemma 2.2} we get

Qn(er — x;x) = Quer; x) — xQy(eo; %), (n > 2)
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Qu((e1 — )% x) = Qulez; x) — 2xQ(e1; %) + X°Qy(eg; x), (n > 3)
Qu((er — x)% %) = Qules; x) — 4xQy(e3; x) + 6x°Qy(e2; %) — 4x°Qy(e1; %) + x*Qu(e0; %), (n > 5).

Consequently, the lemma provides the desired result. [J

Remark 2.4. The limit of the central moments results in the following expression;
1. limnQ,(e1 —x;x) =2x+1,
n—oo
2. limnQ,((e; — x)%x) = x* + 3x,
n—oo
3. imn?Q,((e; — x)*; x) = 3x%(x + 3)%.
n—oo
Proof. 1t is clear from Lemma O

Theorem 2.5. Let f be continuous on [0, oo) and a member of the class

H= {f : % is convergent as x — oo}.

Then Q,(f; x) operators converge uniformly on each compact subset of [0, o) as
lim Q,(f) = f ().

Proof. From Lemma we obtain

lim Q,(e;;x) = x',i=0,1,2.
n—oo0

Given that the convergence is uniform on compact subsets of [0, o), the universal Korovkin theorem [3]
ensures the validity of the result. [

Definition 2.6. [3] Let f € Cp [0, 00) and 6 > 0. Modulus of continuity of the function f, expressed by w (f, ) is

w(f;0):= sup |f()-f(y)
ey

7

where Cp [0, 00) denotes the space of uniformly continuous functions on [0, co).

Definition 2.7. [5] The function f € C|[a, b] has a second modulus of continuity that is defined as

w2 (f;0) = supllf (. +x) =2f (+2t) + fO)ll,

0<t<6

where = max |f(1)|.
11 = max| f(t)

Lemma 2.8. [8] Let f € C?[0,a] and (Q)ns0 be a sequence of linear operators with the property Q(eo; x) = 1. Then

1050 — F@)] < 1 IVO(Er = D50 + £ 1Qu(er = 2)25).
2

Definition 2.9. [18] The function f, is called Steklov function if the following holds:

1 (" 1 (*
fan = [ s [ S o

_H
2
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where f is integrable function an implicit and bounded interval [a, b]. Derivate of this function at almost every point
is given as:

=27+ 5)-1(-5)

If the derivative f is uniformly continuous on the real line, the following relationships hold.

sup £~ £u(0] < (5.),

te(—00,00)

sup
te(—o0,00)

fi0] < 30 (. ).

Lemma 2.10. [18] Let f € C[a,b] and u € (0, b%“) Let f, be the second-order Steklov function associated with the
function f. Then, the following inequalities are satisfied:
3
1=l < o),
4 3
I < gaa ).
In general, we minimize the margin of error in linear positive operators by employing the first and

second modulus of continuity. In the following two theorems, we establish the rate of convergence by
utilizing the previously stated definitions and results.

Theorem 2.11. Let f € Cp [0, o0) N H. Q,, operators satisfy the following inequality:

|Qu(f; %) - f@)] < 20(f; Vou()),
in which

n+6 3n+6 2
-2(n-3) n-2)n-3)  (n-2)n-3)

5= 6p(x) = 22 ,(n > 3).

Proof. Let f € Cp [0, 00) N H. Using the property of the modulus of continuity,

|f(x)—f(t)|§a)(f;6)(1+ 't;x'), 5)

is provided. Using the above inequality (5), we get
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|Qu(f;x) - f)| < ;%)
- (ar my
=0
~(n - 1™ kZS e 1)—(1 +t;n+kf<x> a
Rt o N e e CR T
< (n—l)ewfl);n;(c?) Om(n+llz_1)(1+t;n+k(1+|t:3x)a)(f;6)dt

IN

VIY(F 1) Tk(ﬂ) © n+ k - 1 tk
1+ =|[(n-1e - f ( )—It—xldt w(f;0).
{ [ kz;‘ ko ko Ja+pm* /
As a consequence of the Cauchy-Schwarz inequality applied to sums, we arrive at the following conclusion
1

]_ nx(f 1) = nX) n+ k ]. tk ’
1+<-|(n-1 dt
{ + 5 [(71 )e kZ_; k! f ( k )(1 + t)n+k ]

Qe - n+k-1 tk :

x| (n—-1) f ( )—|t—x|2dt w (f;0)
[ — k| k (1 + t)n+k (f

{1+ 5 @) (Quller %) o (£:0).

IA

|Qu(f;x) = f ()

This completes the proof.
Oufi0) = £ 0] < {1+ 5 (Quller - 075 ) o (£:0)

By choosing 0 := 6,(x) = yQu((e1 — x)?; x), we obtain the desired result. [

Theorem 2.12. The following estimate holds for f € C[0, 4],

|Qu(f;x) = ()] < ||f||+ (a+2+u2)wz(f,y),
where

p = () = VQu((er = )% %), (n>3). (6)

Proof. By using some simple computations, it becomes

|Qu(f;x) - f)] |Qu(f; %) = £() + Qu(fis %) = Qu(fus x) + fulx) + fu()]

Q0 (f5 %) = Qul(fu )| + [ Qul s 0) = fu)| + [ fulx) = F()|

17 = full Quteo; ) + |Qufis0) = fu@| + |1~ /]

2|lfu = Al + |Qufui ) = fu)] 7)

ININIA

IA
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In view of the fact that f, € C*[0,4] and by using Lemma Lemma and Landau inequality [6], we
derive

00~ S| < IFINBC =70 + I 10 (o1 = )
< (20ful+ SUA0) VOer =20 + A IO = 2%5)

2 3a 3
< (E”f” + mwz (f, y)) VQu((er — %)% x) + 4—yzwz (f, 1) Qu((er = %)% x). 8)
With the aid of Lemma 2.10|we obtain
3

||fy‘f||§zw2(f/#)' )

If we substitute this inequality and (8)-(9) into (7) , we get
3 2 3a >
Qi) - F0] = San s+ I+ e () VO =07
3
+ 4—‘112602 (f, 1) Qul(er - )% x).

Thus, we obtain the desired result by choosing u = y/Q,((e1 — x)%x). O

3. Weighted approximation

Gadjiev extended Korovkin’s theorem, which holds a significant place in approximation theory, to
unbounded intervals in the context of weighted function spaces [7]. Let ¢ be a monotone increasing function
such that lim¢ (x) = oo and let p (x) = 1 + ¢?(x) be a weight function. M 7 and Ky are positive constants that

X—00

depend on the function f. Accordingly, we consider the following weighted spaces of functions which are
defined on [0, c0),

B,[0,00) : ={fe0,00):|f)|<Ms-p@),
Cp[0,00) ::fEBp[O,oo):fiscontinuous},

. f(x)
CK[0,00) ={f€CP[O,oo):’}1_r>£10]P%=Kf<oo}.

It is obvious that Clg [0,00) € C,[0,00) C B,[0,00). B,[0,0) is a linear normed space with the following
norm:

e
Il = sue "

Theorem 3.1. ([7] ) Let (L,),s, be a sequence of linear positive operators. If (Ly),sq satisfying the following two
conditions

i) The operators L, act from C, [0, 00) to B, [0, 0),
id) lim [[Ls (e = ]| =0,i=0,1,2,

n—oo
then for any function f € CJ5 [0, o)

tim s - £], =0
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Lemma 3.2. The operators ), defined in @) satisfy the following inequality
Q(p;x) <C-p(x),
where C>0,n>3and p (x) =1+ x2.

Proof.

ey T(B) (® (m+k-=1)
Q, (p;x) (n—1e S)Z . fo ( ¢ )—(1+t)n+k(1+t2)dt

k=0
= Queo; x) + Quler;x)
N n?x? + 5nx + 2
(n-2)(n-3)
2n?
(n-2)(n-23)
C-px),(n>3)

IN

(1+x?)

IA

O

Theorem 3.3. The operators ), given in (2) are such that
lim [, (£;2) - f )|, =0

for f € CK [0, c0) where p (x) = 1+ x°.

Proof. i) Let f € C, [0, 00), from Lemma we obtain

Q. (fix) = Q, (gp;x) <[], 2 (pix) < A, C-p ) < My p 0 (10)

where My > 0. From the inequality , it is Q, € B, [0, ). So, we get that the operators €, act from
C,[0,00) to B, [0, ).
ii) From Lemma[2.2], it is clear that

lim |€2,,(eo; x) - 1l, = 0.
n—oo

Also, by using Lemma 2.2} we can write

‘ 1 2
< ,
n-211+x2 " n-2

(n>2).

X
— +
s e

1Qn(er;x) —xll, < sup
x€[0,00)

x€[0,00)

Thus, we have the following

lim |€2,,(e1; x) — x|, = 0.
n—oo

Then
101 x 2 1
Quenx)—x%| < su ’ + su ‘
ez ”p xe[ofo) (n—2)(n-3)|1+x2 xe[ofo) (n=2)n-3)|1+x?
5n
—m—3 ">

Thus, we obtain the following

;}g?o ||Qn(ez;x) - x2||p =0.
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As a result, we get
lim ||Qu(e;;x) - 2| =0,i=0,1,2.
n—oo P

If we apply Theorem 3.1} we obtain the desired results. [

4. Voronovskaya type theorem

Theorem 4.1. Let f, f’, f”" € C[0,00) N H and x € [0, 00). Then

1
limn(Q,(f;x) = f(x)) = 2x + 1) f(x) + Ex(x +3)f"(x)
holds uniformly on every compact subset of [0, 00).
Proof. When we apply the classical Taylor expansion of the function f, we have

’ 1/ (t - x)2 2
f® = £+ f @)t =20 + f7(0) 75— + (= 2)k(t, 2), (11)

where k(t,x) € C[0,00) N H and ltimk(t, x) = 0. By applying the operator Q, to both sides of equation 1 ,
—X

we obtain

Qu(f;%) = f() + Quer — 0 (x) + Qy (2 — 1% %))

f”z(x) +Q, ((61 —x)’m(t, x);x) .

Then

f// (X)
2

lim 1 (Q,(f3%) = () = /() lim (O (e = ); 1)+ = Hm n(Qy (e1 )% 1))+ limn(Q ((e1 — 1)K, 1); ).

By applying the Cauchy-Schwarz inequality limn(Q,((e1 — x)?k(t, x); x)) provides

n(Qn((er — )%t x); %)) < VQu(K2(E, x); 2) Vn2(Qu((e1 — x)%; x)).
Assuming that k(f,x) - Oast — x,

lim (Q,(K*(x, £); x) = K*(x,x) = 0. (12)

Thus, we obtain the desired result from Remark[2.4and (12). O

5. Graphical Results

Finally, this section includes graphical examples that demonstrate the convergence of Szasz-Baskakov
operators via Touchard polynomials.These graphs help to clearly illustrate the manner in which our oper-
ators approach specific functions.

Example 5.1. In the first illustration, the convergence of the operators (), is demonstrated as a function of n. Here,
approximating function f(x) = exp(—x2) + x> + 3, we illustrate the approximation for n = 50,70 and 100 in Figure

Example 5.2. Another illustration, the convergence of the operators Q,, is demonstrated as a function of n. Here,
approximating function f(x) = sin(x) cos(x) +x + 1, we illustrate the approximation for n = 50,70 and 100 in Figure
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Figure 1: Approximation Q,(f;x) to f(x) = e + 23 +3forn =50,n=70and n = 100
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Figure 2: Approximation Q,,(f;x) to f(x) = sin(x) cos(x) + x + 1 for n = 50,n = 70 and n = 100
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