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On Hermite-Hadamard-Fejér type inequalities without symmetry
condition and applications

Mehmet Zeki Sarikaya?

?Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, Turkey

Abstract. In this paper, with a new approach, a new Hermite-Hadamard-Fejér inequalities without
symmetry condition for convex functions is obtained by using not only Riemann integrals but also the
Riemann-Liouville fractional integral. Also, tohave new fractional trapezoid and midpoint type inequalities
for the differentiable convex functions, some new equalities are proved. Additionally, we will provide some
examples of special cases that arise from these inequalities.

1. Introduction

The theory of convex functions plays a pivotal role in mathematics, with widespread applications in
areas such as optimization theory, control theory, operations research, geometry, functional analysis, and
information theory. Beyond mathematics, convexity is also fundamental in various applied fields, including
economics, finance, engineering, and management sciences.

Among the most prominent results in the literature is the Hermite-Hadamard integral inequality (see
[9]), which serves as a powerful tool in the study of convex functions. This inequality has profound

implications and has been extensively examined, leading to the development of numerous techniques in
mathematical analysis.

b b
f(#) < ﬁfa‘ flx)dx < JM,

where f: I c R — R is a convex function on the interval I of real numbers and 4,b € I witha < b.

The inequalities in (1) are reversed if f is concave. The double inequality (1) was first introduced by
Ch. Hermite in 1881, published in the journal Mathesis. However, it remained largely unrecognized in the
mathematical community until it was attributed to J. Hadamard, who proved the same inequality in 1893
(see [2]). Later, in 1974, D. S. Mitrinovic rediscovered Hermite’s original note (see [9], [19]). As a result, the
inequality is now known as the Hermite-Hadamard inequality.

Since its discovery, the Hermite-Hadamard inequality ([23], p. 139) has been considered one of the most
fundamental results in mathematical analysis. It serves as a cornerstone for deriving specific inequalities
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involving various types of means by choosing appropriate forms of the function f. Moreover, the inequality
in (1) also provides a necessary and sufficient condition for convexity on an interval (g, b). In [1], Azpeitia
generalized the Hadamard inequality to Stieltjes integrals by assuming convexity on closed intervals or
Jensen convexity under integrability assumptions. Additionally, new formulations and operators inspired
by (1) have been presented in [5]-[8].

Fejér, in his 1906 study on trigonometric polynomials, proposed a weighted version of inequality (1).
His generalization reads as follows (see [23], p. 138):

Theorem 1.1. If f : [a,b] — R is a convex function, then the following inequalities hold:

b
7(55) [ owars 2 [ rwwan < L0 [Foa @

where g is nonnegative, integrable, and symmetric about x = 2.

Many mathematicians have addressed the important problem of estimating bounds for the following
quantities appearing in inequalities (1) and (2):

b
R R (1] IR I Y N
b b
i [ s r(*50) [ o)

b b b
TOIO [ g - o1 [ fog s

In [10], Farid established Hadamard and Fejér-Hadamard inequalities for generalized fractional inte-
grals involving the Mittag-Leffler function and derived related inequalities for special cases. Sarikaya,
in [27], proved several weighted inequalities for differentiable mappings connected to the Hermite—
Hadamard—Fejer type integral inequality, thus extending earlier results. Further extending these ideas,
in [29], the authors obtained estimates on the right-hand side of Hermite-Hadamard-Fejér type inequali-
ties for functions whose first derivatives” absolute values are s-convex, providing new generalizations.

In [4], Dragomir and Agarwal proved results related to the right part of inequality (1), often referred to
as the trapezoid inequality.

Lemma 1.2. Let f : I ¢ R* — R be differentiable function on I°, the interior of the interval I, where a,b € I° with
a <b.If ' € L[a,b], then the following identity holds;

f @) +f(b) ff()dx——f( “+b)f(x)dx 3)

Theorem 1.3. Let f : I ¢ R* — R be differentiable function on I°, the interior of the interval I, where a, b € I° with

f(a)+f(b) ff ) dx [ . ) @

As similar result to that of Theorem 1.3, Kirmaci gave the following results connected with the left part
of (1) which is named Midpoint inequality in [13].
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Lemma 1.4. Let f: I C R* — R be differentiable function on I°, the interior of the interval 1, where a, b € I° with
a<b.If f € L[a,b], then the following identity holds;

a+b

b : )
b 1 1
f(%)‘mff(ﬂdx: b—af f(x—a)f’(x)dx—f(b—x)f’(x)dx . (5)

atb
2

Theorem 1.5. Let f : I € R* — R be differentiable function on I°, the interior of the interval I, where a, b € I° with
a < b. If |f’| is convex on [a, b], then the following inequality holds;

ﬁff(x)dx—f(”zb)

Subsequently, numerous researchers have made significant contributions to the development of new
results concerning the Trapezoid and Midpoint inequalities by utilizing various classes of convex functions.
These advancements have greatly broadened the theoretical understanding and practical applications of
these inequalities in mathematical analysis; see, for example, [3], [18], [27], [36] and the references therein.
Moreover, analogous techniques have been employed to derive Fejér-type inequalities, which serve as
weighted generalizations of the classical Trapezoid and Midpoint inequalities. Such weighted inequalities
have been particularly effective in scenarios involving non-uniform distributions or where terms carry
different levels of importance; see, e.g., [22], [24], [27], [31], [37] and related references.

Regarding other generalizations and extensions of (1), a natural question arises whether the symmetry
condition imposed on the weight function p in (2) can be relaxed or removed. In [22], this question is

answered affirmatively. Specifically, it is shown that if f : [2,b] — R is a convex function and g : [2,b] — R
b

is an integrable, positive, and normalized function (i.e., f g (t)dt = 1), then the following double inequality

holds: !

b—a(lf @|+]|f ®)
<= ( 5 ) (6)

b

f(Aa+ub) < f g0 £ () dx < Af () + uf a) )
where
1 2 1 2
A= b—_af(b—t)g(t)dt and ysz(t—a)g(t)dt. ®)

It is straightforward to verify that if the function g is symmetric with respect to the midpoint %2, then

inequality (7) reduces to the classical form (2).
We now recall the definitions of the Riemann-Liouville fractional integral operators:

Definition 1.6. Let f € L1[a, b]. The Riemann-Liouville integrals |3, f and ! f of order a > O witha > 0 are defined
by

e f(0) = ﬁ fa ) (x -1 f(Bdt, x>a
and
b
1o f) = ﬁ f (t =0 fdt, x<b

respectively where T'(er) = j(;oo e'udu. Hereis J7, f(x) = J)_f(x) = f(x).
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The following Hermite-Hadamard inequality for fractional integrals was established by Sarikaya et al.
in [26]:

Theorem 1.7. Let f : [a,b] — R be a function witha < band f € L([a, b]). If f is a convex function on [a, b], then
the following inequalities for fractional integrals hold:

f(a+b)< T(a+1) f @)+ f(b)
2 )T 2(b-a) 2

|72, ) + i f@)] < 9)

with a > 0.

Fractional calculus, with its rich historical background, has witnessed a resurgence of interest in recent
years, particularly within applied sciences. This revival is largely driven by the introduction of novel
fractional derivative and integral operators, which have substantially enriched the theoretical landscape.
These developments have yielded numerous new fractional operators in the literature, motivated by the
exploration of properties such as singularity, locality, and variations in kernel structures of fractional
derivatives and integrals.

Applications of fractional derivatives and integrals have demonstrated their effectiveness in modeling
various real-world phenomena (see [25]). Consequently, the study of fractional differential equations
necessitates further advances in inequalities of fractional type. For instance, in [12], new Hermite-Hadamard
type inequalities are derived for generalized fractional integrals introduced by Mubeen et al. [21], along
with results for specific fractional integrals from this generalization. In [14], a new fractional Hermite-
Hadamard inequality is established based on the right Riemann-Liouville fractional integral; furthermore,
equalities for fractional trapezoid and midpoint inequalities are proven, suggesting directions for future
research on fractional Hermite-Hadamard inequalities. Additional works such as [15]-[17] extend Hermite-
Hadamard-Fejér type inequalities to various convexities, derive related integral identities and inequalities,
and generalize previous results for convex, harmonically convex, and p-convex functions. In [20], the
concept of the A-incomplete gamma function is introduced, Hermite-Hadamard inequalities involving
tempered fractional integrals for convex functions are established, and examples involving modified Bessel
functions and the g-digamma function are provided. For more examples of such inequalities, see also [27],
[30], [32]-[35].

In the present paper, we propose a novel approach to derive new Hermite-Hadamard-Fejér inequalities
for convex functions by relaxing the classical symmetry condition. These results are developed using
both traditional Riemann integrals and Riemann-Liouville fractional integrals, showcasing the flexibility
and generality of the method. Furthermore, we rigorously establish several new fractional trapezoid and
midpoint-type inequalities for differentiable convex functions. The theoretical contributions are supported
by illustrative examples to demonstrate the broad applicability and effectiveness of the proposed results.

2. Main results

To prove our main results, we require the following lemma:

Lemma 2.1. Let f : I ¢ R* — R be differentiable function on I°, the interior of the interval I, where a,b € I° with
a<b,and g : [a,b] — (0, 00) is integrable and normalized function. If f* € L|[a, b], then the following identities hold,

b Aa+ubs  x b b
faae)- [owswa= [ | [s0a|rwa- [|[s0a|r e (10)
a a a Aa+ub \ x

and

b
AFO)+af @ - [96)f@a (1)
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b x b b
1 1
= f[mf(b—t)g(t)dtJf’(x)dx—f[mf(t—a)g(t)dt]f’(x)dx

a a

where A and i are defined as in (8).

Proof. By integration by parts, we have

Aatub x b
f [fg(t)dt]f'(x)dx— f [fg(t)dt]f’(x)dx

a a Aa+ub \x
Aa+ub Aa+ub b b

- | [ ooa|raasm- [owrwas| [ooa|roarm- [ ow e
a a a+ub Aa+ub

b
f(/\a+yb)—fg(x)f(x)dx,

which is completed the proof of (10). By similar way, we get

b

e o-svefrn

a

b b
1 1
[b_a f(b—t)g(t)dt]f(b)— i [ =06 @

and
b

f[bljf(b—t)g(t)dt]f’ (x)dx (13)

a

b b
‘[blTaf“—“)g(f)df]f(aHﬁf(x—a)g(x)f(xmx.

By subtracting from (12) to (13), we get the desired equality (11). O
Remark 2.2. In Lemma 2.1, if we choose g(x) = 5, then the equalities (10) and (11) reduce to (5) and (3),
respectively.

In Lemma 2.1, if we choose g (x) = ﬁ(x —a)*"1, then we obtain

04
a+1’

1
/\_a+l and pu=

Thus, equality (10) reduces to the following form:

a

b b
1
- _ a1 - - _ o\ g
fb) G—ar j; (x—a)" f(x)dx G-an ja‘ (x —a)* f'(x)dx.
By multiplying both sides of this equation by ﬁ, we obtain

fb) 1 1
Har D~ @oap /0= Gl /@ (14)
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In a similar way, (11) becomes

b b
I l;alf(a) - aa)a fg (x =)™ f(x) dx

(b~
b a X o , b o b a /
fa(mfa(b—t)(t—a) 1dt)f(x)dx—fa(mfx(f—ﬂ) dt)f(x)dx

b
= ﬁfu (x—a)* f'(x)dx — % [f(b) - f(a)].

By multiplying both sides by l"(a;-i—l)’ we obtain the same result as in (14).

Similarly, in Lemma 2.1, if we choose g(x) = %5 (b — x)*", 1 then
o' 1
AEaa s
Thus, equality (10) becomes
1 b
f@)- j@.NVMW=E:ﬁfwwwmw

By multiplying both sides of this equation by ﬁ, we obtain

f@) [T S TPy
r(a+1) - (b—{l)“lﬁf(b)__(b—{l)“ a+1f( )

Similarly, (11) becomes

af(d) + f(a) a b .
- (b_a)afa(b—x) Lf(x) dx

a+1
— ! a : a 4 _ ! a ! _ _ pa-1 ’
- ﬁ@wWMfw‘”@fm”.f&aw%ﬁ““wt)ﬂfm”
= - f@]- fwx%ww

By multiplying both sides by s +1 , we obtain the same result as in (15).
Now, by adding (14) and (15), we derive the following equality for fractional integrals:

f@) + f(b) 1 ) .
Tas1) ~ oo O+ f@] =5

@ - 1 o)

F(a+1)

Finally, by multiplying both sides by , We obtain

b
f(ﬂ) ;— f( ) ;((: + 1) [ +f(b) + ]h f( )] ;((; +ﬂ§z []a+1f (ﬂ) a+1f (b)]

which was proved by Sarikaya et al. in [26].

11398

(15)

Example 2.3. In Lemma 2.1, we choose the normalized function g(x) = sinx on the interval [0, g] Then, we have

2 (T 2
r=2(3-) wnd w=g
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Thus, equality (10) reduces to

E 1 3
f(l)—jo‘ f(x)sinxdx:fo(l—cosx)f'(x)dx—ﬁ cosx f'(x)dx,

and similarly, equality (11) reduces to
T T n (? .
(E—l)f(§)+f(0)—§j; f(x)sinxdx
Yon (m | t .
= f (E - (E - x)cosx - smx)f’(x)dx - f (xcosx + 1 —sinx) f'(x)dx.
0 0

Theorem 2.4. Under the assumptions of Lemma 2.1, if | f’| is convex on [a, b] and g is a bounded function on [a, b],
then the following inequalities hold:

b
‘f(Aawb)— IRSEE a6)
b-ap (b- b))
< Ilglloolf’()\awb)l[(w“; a)> (M;ﬂt))]
A b —a)? b-—(A b))?
e B 4 g TRy,
and
b
‘Af(b)wf(a)— | sesan a7
b "(b 1 b
. G-ap ”m(lf()lzlf( )'+§|f'<%)|)
_ (b P g L0170

where ||glleo 1= SUP (1, 5 19(X)] < +o0.

Proof. Since |f’| is convex on [g, b], for x € [a, Aa + ub] we have

, | (ra+pb—x L XA

f@l = )\a+yb—aa Aa+ —a( a+ub)
Aa+ ub—x a ,
Wlf( a)l + mv (Aa + ub)l,

and for x € [Aa + ub, b],

b— A b
el = f’(—b_wf b)wwb) et Iﬁbib)‘
b— —(/\a+yb) ,

Using identity (10) and the convexity of |f'|, we get

b
f(Aa+ ub) - f 900 f) dx

Aa+ub X
f ( f Ig(t)ldt)lf'(x)ldx+ fA b( f Igt)ldt)lf(xldx
a a a+u

IN
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Aa+ub b
< gl f (= D @l dx + 9]l f (=2 I,

Aa+u

and after computing the integrals using the convex combination, we obtain (16).
Similarly, taking the absolute value of (11) and using the convexity of |f’|, we get (17). O

Remark 2.5. In Theorem 2.4, we choose g (x) = 7, then the inequalities (16) and (17) become the inequalities (6)
and (4) respectively.

Example 2.6. We apply Theorem 2.4 with the normalized function g(x) = sinx on [0, 2] and f(x) = x* on [0, Z].
Then we get

A= %(g—l) and y:%.

Thus, the inequality (16) becomes

1 G-
<4+
0= 3 2
Moreover, (17) yields

(’27)2 Lf O+ 1f" (3l
4 2 '

2(2-1)s(3)+ 2ro- [ s

which gives

and g is a bounded function on [a, b, then the following inequalities hold:

b

f(/\a+yb)—fg(x)f(x)dx

a

NT R i
||g|1m1 {(Mwb_a)z[f @'+ ]
(p+1)r 2

b
AF )+ 1f (@) - f 90 f () dx

o-o7 (2 o, [ L2 L

1,1
where + + = =1.
P q

(18)

, NTAY
+(b_M_yb)z[ ) +f<b>)]}

(19)

and

IA

|

Proof. We use the identity (10), apply Holder’s inequality, |, we have:

b
f(/\a+yb)—fg(x)f(x)dx
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ey

Aa+ubs  x p % Aa+ub }7 b b 4 % b
< [f[ﬂg(t))dt] dx [f ' dx] +Lf [f|g(t)|dt] dx] L f’(x)|”dx]
a a a a+ub \x a+ub
( b ) Aa+ub b %
/\a+y -a Aa+ub—x xX—a ) q
< ” ||°° 1);, f Aa+ub—a Aa+ub—a (/\a+yb)| ]dx]
(b—Aa— yb)H% 4 b-x - %
+ —_— —— | (Aa+ ub)|" + ——F ’bq}dx
Il = [ [ el G
a+ub

1o (Aa+ b — a)*7 ((Aa+yb—a)[ ,
T ey 2

1
q )"

_ _ 1+5 _ %
oo, S (=D e s+ o)
(p+1)

This proves inequality (18).
¢ q, we have:

Now, taking the absolute value of (

b
AFO)+f @ - [ 96 f@a

b ;% b % b q
(b—a)’ - -\ (b —a)* - (x—a? ,
Jel. [f( 20-a) )d"] *U( 20-a) )d" -
¢ oo (2] i (L ]

Here, we use
for any A > B > 0 and p > 1. This proves inequality (19). O

(A—BY < AP — B

Remark 2.8. Under assumption of Theorem 2.7, we choose g (x) = 3= , then the inequalities (18) becomes the
following inequality,
f f(x)dx

f(a+b)
_ -0 ey (e oy
S 441y 2 2

(b-a) o)

(3]7 @' + f’(b))q]3’+[ )q]q
4(p+1) | 4 4

which is proved by Kirmaci in [13].
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Corollary 2.9. Suppose that all the assumptations of Theorem 2.7. Then, the following inequalities hold

q X ]
‘f(b)+f(a) ff i <m0 ;2] [v af -y ¢ b] |

Proof. We apply Theorem 2.7 with the normalized function g (x) = 7=, then the proof follows directly. [

Corollary 2.10. Suppose that all the assumptations of Theorem 2.7. Then, the following inequalities hold

aa+b F(a+1)

P a+1 o hf(ﬂ
. a0 ( 1 )2 I @[ + [ () ;+( " )z '(ﬁ“—:f’)q+f'<b>|”
pr1) |\a+1 2 a+1 2
and
f(a)o;alf(b) r(b(a+1)]b o '<a(b_a)(2pzz1);[f’(a)|";f’(b)|”]q
with > 0.

Proof. We apply Theorem 2.7 with the normalized function g (x) = 74w (x - 2)*”!, then the proof follows
directly. O

Corollary 2.11. Suppose that all the assumptations of Theorem 2.7. Then, the following inequalities hold

aa+b I’(a+1)
‘f a+1 o f(b)‘

a-a | 1 @lF @+ f’(‘ffff)q Ty f’(‘i:‘:f)q+ Fol
B (p+1)% (a+1) 2 +(a+1) 2
. __ab-a ( @+ ’|j;+¢ f @+ %Mjs
@)1y 2 2
and
af@+f(b) T@+1), (b)l
0(+1 (b_a)a a+
2 (I @+ |7 o)
= “(b_”)(2p+1) [ 2
with a > 0.

Proof. We apply Theorem 2.7 with the normalized function g (x) =
directly. O

o a) (b — x)*, then the proof follows
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Example 2.12. We apply Corollary 2.10 and Corollary 2.11 with the function f(x) = x"* and a = n(n € N). By
change of variable x = tb + (1 — t)a and using Binomial formula, we have

Jp-f@)

b b
—1 n=1yndy = (b~ 61)” n—-1 _ n
T (1) af(x —a)" x"dx = T (b + (1 — Ha)" dt

a

b

_ - S\ ek [k Y
= T ;;(k)ab ft (1 - pdt

a

N Chll) ") a6 kB (20 -k k + 1)
T (n) k
k=0
_b-a)' o n \(R@n—k- D! gk
) — k (2n)! '
Thus, we obtain that
Z ( )' (211 k 1) kb” —k
— n—k)!Q2n-1)!
21 _ ; 2
< n (b a) ( 1 ) At (a(n—l)q’ W(n—l)q (b, ﬂ)) + ( n ) Af (b(n—l)q, W(n—l)q (b, ﬂ))
(P + 1)%, n+1 n+1
and
non _1 (7’1)'(21’1 k- 1) kyn—k zp % % (n-1)q 1,(n-1)q
‘W(” ) 2 i (n-hl@n -1 @V <0t (b -a) 1) 4 (a1, 5071).

where W (a, b) = ”“’b is the weighted arithmetic mean and A (a,b) = ”+b is the arithmetic mean for a, b > 0.
By similar way we get

* f(b) = (b-a)" + (Z )(n—k)!(n+k—1)lakbn_k_

I'(n) (2n)!

Therefore, we have

Wn( b__Z(n) (7’l+k 1) kbnk

(' (2n —1)!
— 1 2
< n(b-a) ( L )AE (a(”‘l)Q,W("—l)Q(a,b))+( n )Aa (b(n—l)qlw(n—l)q(g,b))
(P+ 1)}17 n+1 n+1
and
Sl k= D! 2\ o (e e
noony_ 11— n-1)q p,(n-1)q
‘W(b,a) 3 L @) "M <n? (b - N5+ Ai (a4, pn=01)
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