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On solutions of a linear set-valued differential equation with a
conformable fractional derivative
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Abstract. The article introduces the definition of the conformable fractional derivative and the generalized
conformable fractional derivative for set-valued mapping. A linear set-valued differential equation with a
conformable fractional derivative and with a generalized conformable fractional derivative is considered.

Some conditions for the existence of solutions are given, and the shape of the sections at each moment of
time is obtained in an analytical form.

1. Introduction

Set-valued equations are studied within the framework of an independent theory. Furthermore, they
have broad applications in the fields of ordinary differential inclusions, fuzzy differential equations and
inclusions and interval equations [29] 134} 36, 39, 43| |51} 60].

In 1967, M. Hukuhara introduced the notions of integral and derivative for set-valued mappings and
investigated their interrelations [21]. These concepts extend the classical derivative and Riemann integral
for single-valued functions to the set-valued case. However, Hukuhara’s derivative has a notable limitation:
for a mapping differentiable in the sense of Hukuhara, the diameter of its sections is necessarily a non-
decreasing function. To overcome this drawback, alternative derivative concepts have been proposed. T.F.
Bridgland [15] introduced the Huygens derivative; Yu.N. Tyurin [61], as well as H.T. Banks and M.Q. Jacobs
[10], developed the m-derivative using the Radstrom embedding theorem [62]; A.V. Plotnikov proposed
the T-derivative [50, 54]; $.E. Amrahov, A. Khastan, N. Gasilov, A.G. Fatullayev and A.V. Plotnikov, N.V.
Skrypnyk formulated generalized derivatives for set-valued mappings [4,48|49]. Each of these derivatives
has its own advantages, but also has certain disadvantages [12}[13} 16} (17,137, 38} 43, 47, |51} |54].

In 1969, ES. de Blasi and F. Iervolino initiated the study of differential equations involving the Hukuhara
derivative [13]. Since then, numerous researchers have explored the properties of solutions to such equations
[29,134,136/139/143] 46|51} 54], as well as integro-differential equations [45]53]], higher-order equations [8}9}/44],
and differential inclusions [14), 32} [54]. In addition, studies have been carried out on differential equations
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with the m-derivative [17, 43} 55], the T-derivative [50, 54] and generalized derivatives [47-49, 52]. While
these equations bear resemblance to their single-valued counterparts, their set-valued nature requires
specialized analytical techniques and solution methods. Conventional approaches designed for single-
valued systems often prove inadequate, necessitating the development of new or alternative methodologies.
Furthermore, the set-valued context introduces unique properties that warrant further investigation.

The growing interest in single-valued equations with fractional derivatives (see [11] 27, 35} 56| 59]
and references therein) and fractional-like derivatives, such as the conformable fractional derivative [5)]
6, 19, 23426}, 142}, 58}, [59]], has inspired the introduction of analogous derivatives for set-valued mappings
and subsequent studies of corresponding set-valued equations. In 2003, A.N. Vityuk proposed an analog
of the Riemann-Liouville fractional derivative for set-valued mappings and established the existence of
solutions to the associated nonlinear equations [63} 64]. In 2019, A.A. Martynyuk introduced an analog of
the conformable fractional derivative [26] for set-valued mappings and derived existence conditions along
with certain solution properties for the corresponding nonlinear equations [40} 41]]. Further advancements
in this area were made in the works of P. Wang and J. Bi [65], P. Wang, J. Bi, and J. Bao [66]], as well as T.A.
Komleva, A.V. Plotnikov, and N.V. Skripnik [31].

This paper introduces the concept of a conformable fractional derivative and a generalized conformable
fractional derivative for set-valued mappings, extending the derivative concepts presented in [40, [41]].
Furthermore, for linear set-valued differential equations involving these conformable fractional derivatives,
conditions for the existence of solutions are established, and their analytical expressions are derived.

2. Main Definitions and Notation

Let conv(R") (n > 2) be the space of nonempty convex compact subsets of R" equipped with the
Hausdorff metric
X, Y)=min{r >0: X CcY + B,(0), Y C X + B,(0)},

where X, Y € conv(IR"), B,(c) = {x e R" : ||x — c|]| < r}.
In addition to the standard set-theoretic operations, we also consider two operations in the space
conv(R"): the Minkowski sum of sets and scalar multiplication of a set:

X+Y=x+y:xeX yeY} and AX={Ax:xeX AeR}
The following fundamental properties hold [51} 54} 57]:
1) (conv(R™), h) is a complete metric space,
2) (X+Z,Y+Z)=hXY),
3) h(AX, AY) = [AJh(X,Y) for all X, Y, Z € conv(R") and A € R.

It is known that the space conv(IR") is not a linear space with respect to the defined operations, since, in
general, there does not exist an inverse element for X € conv(R"), i.e., a set —X such that X + (=X) = {0}. The
inverse element exists only in the case when X € R".

The absence of an inverse element in the space conv(IR") leads to the ambiguous definition of the
difference of sets and the conditions for its existence.

In this paper, we will use the Hukuhara difference [21].

Definition 2.1. [21] Let X, Y € conv(R"). A set Z € conv(R") such that X = Y +Z is called the Hukuhara difference
of the sets X and Y, and it is denoted by XY,

The main properties of the Hukuhara difference [43| 51} 54} 57] are as follows:
1) If the Hukuhara difference of two sets X2Y exists, it is unique;

2) XE2X = {0} for all X € conv(R");
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3) (X+Y)EY =Xforall X, Y € conv(R").
Lemma 2.2. [30]If X +Y = By(0), then X = B(z1) and Y = B)(z2), where p + A = 1and z; + z, = 0.

Remark 2.3. If a set X is subtracted from the ball Br(a) in the sense of the Hukuhara difference and the difference
BR(a)HX exists, then the set X is also a ball B,(b), where the radius r does not exceed R.

We also introduce another operation: the product of a matrix with a set
AX={Ax:x€ X},
where A € R™" is a real n X n matrix, and X € conv(IR").

Theorem 2.4. [18] 22|] For any matrix A € R™", there exist two orthogonal (n X n) matrices U and V such that
UTAV = X, where ¥ is a diagonal matrix. Additionally, the matrices U and V can be chosen such that the diagonal
elements of L satisfy the condition 61 2 03 > -+ 2 0 > Op41 = -+ = 0, = 0, where r is the rank of matrix A. That
is, if A is a non-singular matrix, then 61 > 0 2 -+ 2 0, > 0.

Therefore, the matrix A can be written as A = ULVT. This decomposition is called the singular value
decomposition. The columns uj,...,u, of the matrix U are called the left singular vectors, the columns
v1,...,0, of the matrix V are called the right singular vectors, and the numbers o7, ..., 0, are the singular
values of the matrix A.

According to [18], the set Y = {Ax : x € B1(0)} is an r-dimensional ellipsoid, and its semi-axes are equal
to the corresponding singular values of the matrix A € R"™", where r = rank(A).

Remark 2.5. Clearly, if the matrix A € R™" is an orthogonal matrix, then AB1(0) = B1(0).

We introduce the conformable fractional derivative of order « for set-valued mappings.
Let X : [0, T] — conv(IR") be a set-valued mapping, and letk : [0, T]x (0, 1] — R, be a positive continuous
function such that k(t,1) = 1 for all ¢ € [0, T].

Definition 2.6. Let t € (0,T) and o € (0,1]. If for all sufficiently small ¢ > 0, the Hukuhara differences
X (t + ek(t, a)) LX(t) and X(£) L X (t — ek(t, a)) exist, and there exists Z € conv(R") such that the following equality
holds:

Jim ¢! (x (t + ek(t, ) EX(t)) = lim ™! (X(t)EX(t — ek, a))) -7 (1)

e—0

then we say that the set-valued mapping X(-) has a conformable fractional derivative of order « at the point
t €(0,T), and D*X(t) = Z.

If D*X(t) exists for all t € (0, T) and the limits ltlrrol D*X(t) and %m% D*X(t) exist, then we define D*X(0) =
ltirr& D*X(t) and D*X(T) = PrrTl D*X(¢).

Definition 2.7. If the conformable fractional derivative of order o, D*X(t), exists for all t > 0, then we say that the
set-valued mapping X(-) is a-differentiable on R,.

Remark 2.8. Ifk(t,a) = 179, then equality (1) in definition has the form
lim ¢! (X(t + e1m0) EX(t)) = lim ™! (X(t)EX (- etl‘“)) -7

and we obtain a generalization of the conformable fractional derivative of order a for a single-valued function [26] for
set-valued mapping, which was investigated in [40].
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Remark 2.9. Ifk(t, a) = eV, then equality (1) in definition 2.6|has the form
H H
lim e (X (t + ee(“_l)t) —X(t)) =lime! (X(t)—X (t - se("“l)t)) =7
=0 e—=0

and we obtain a generalization of the conformable fractional derivative of order a for a single-valued function [23] for
set-valued mapping.

1-a
Remark 2.10. Ifk(t,a) = (t + ﬁ) , then equality (1)) in definition has the form

1-a
111% et [X(t + e(t + ﬁ) ]EX(t)]

. B H 1 1-a ~
:161_1’)1(')18 1(X(t)—X[t—€(t+m) )]—Z,

where T'(a) is the Gamma function, i.e. we obtain a generalization of the conformable fractional derivative of order o
for a single-valued function [5]] for set-valued mapping.

Next, we will present some properties of this conformable fractional derivative of order a.
Lemma 2.11. Let the set-valued mapping X(-) be a-differentiable at the point t > 0. Then
D*X(t) = k(t, a)Dy X(t), 2)
where Dy X(t) is the Hukuhara derivative [21]].

Proof. Since the set-valued mapping X(-) is a-differentiable at the point t > 0, from (1) we have
a : -1 H
DX(h) = lime (X(t + ek(t, ) —X(t)).
Let h = ek(t, ). It is clear that lim,._,o, €k(t, @) = 0, for all ¢ > 0. Then

lim ¢! (x (t + ek(t, ) EX(t)) =lim k(t, a)h”! (X(t +h) EX(t))

e—0
:k(t/ a)DHX(t)I
that is,
D*X(t) = k(t, a)Dg X(¢).
Similarly,

D*X(0) = lim e (X(t)EX (t — ek(t, a))) — k(t, @)D X (D).
Thus, the lemma is proven. [

Remark 2.12. From Lemma it follows that a necessary and sufficient condition for the existence of the con-
formable fractional derivative D*X(t) for the set-valued mapping X(-) is the existence of the Hukuhara derivative
DyX(t).

Remark 2.13. From Definition [2.6|and Lemma it follows that for « = 1 the conformable fractional derivative
D'X(t) for the set-valued mapping X(-) coincides with the Hukuhara derivative Dy X(t).

From Lemma and Remark the following observation follows.
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Remark 2.14. Ifthe set-valued mapping X(-) is a-differentiable on R, then the set-valued mapping X(-) is continuous
on R,.

Lemma 2.15. Let the set-valued mapping X(t) = X forall t > 0. Then
D*X(t) = {0}.

Proof. From Lemma we have
DX(#) = k(t, a)Dp X (D).

Since X(t) = X for all t > 0 then DX = {0}, i.e. we get
D*X(t) = k(t, ¢){0} = {0}.
The lemma is proved. [
Lemma 2.16. Let the set-valued mappings X(-) and Y(-) be a-differentiable at the point t > 0. Then
D (aX(t) + bY(t)) = aD*X(t) + bDY(t),
wherea,b € R,.
Proof. From Lemma we have
DX(t) = k(t,a)DpX(t) and D*Y(t) = k(t, @)D Y(t).

Then
aD*X(t) + bD*Y(t) = ak(t, ®)Du X(t) + bk(t, ®)Dg Y (t).

Similarly,
D*aX(t) + bY(t)) = k(t, ®)D(aX(t) + bY(t)) = k(t, a)(@aDuX(t) + bDp Y (t)) =
= ak(t, a)DyX(t) + bk(t, @)Dy Y (1).
Thus, the lemma is proved. [

Definition 2.17. The fractional integral of a set-valued function X(-) is defined by the formula

t

Xt = | ks, a)X(s)ds, t>0,
/

where the integral on the right-hand side is understood in the sense of the Hukuhara integral [21]].

Remark 2.18. Clearly, if a = 1, then k(t, 1) = 1, and I X(t) coincides with the Hukuhara integral, i.e.,

t

1%@=fmwm

0

Lemma 2.19. Let the set-valued mapping X(-) be continuous on R, then

DI°X(f) = X(t), t>0.
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t
Proof. Since the set-valued mapping X(-) is continuous, the fractional integral I*X(t) = f k™1(s, a)X(s) ds

0
exists for all t > 0. According to [21]], the set-valued mapping [*X(t) is differentiable in the sense of
Hukuhara, and we have
DI*X(t) = k(t, ®)DyI* X(t).

Thus,
D*I*X(t) = k(t, @)k~ (t, @) X(t) = X(b).

The lemma is proved. O

Lemma 2.20. Let the set-valued mapping X(-) be a-differentiable on R, then
I*D*X(t) = X(t)EX(O), £>0. 3)
Proof. Since the set-valued mapping X(-) is a-differentiable on R., we have
D*X(t) = k(t, a)D X(t).

Thus,
t t

I*D*X(t) = fkl(s,a)k(s, a)DyX(s)ds = fDHX(s) ds = X(t)I;IX(O).
0 0

The lemma is proven. O

3. Linear set-valued differential equation with conformable fractional derivative

Consider the following Cauchy problem for linear set-valued differential equation with a conformable
fractional derivative of order a:

D*X(t) = AX(t), X(0) = B1(0), 4)

where & € (0,1], X : R, — conv(RR?) is the unknown set-valued mapping, and A € R>*? is a non-degenerate
matrix.

Definition 3.1. A set-valued mapping X : Ry — conv(R?) is called a solution to the Cauchy problem (4) if it is
continuous and satisfies the differential equation (4)) for all t > 0 and X(0) = B1(0).

a b
a-(d)
where a,b,c,d € R such that ad — bc # 0.
It is easy to obtain that the singular values of the matrix A are given by

Let

\/a2+b2+c2+d2+\/5 \/a2+b2+c2+d2—\/5
01 = 2 ; 0O2= > ’

where 6 = (a2 +b+c2+ dz)z — 4 (ad — be)*.
Obviously,

2

5= (2 + 02+ + ) —d(ad—bof = (a2 =) + (02 =) +2(ab+ cd)? + 2ac + bd)?,



T.A. Komleva et al. / Filomat 39:33 (2025), 11751-11764 11757

so 6 > 0.
Thus,ifd =aand ¢ = —b, ord = —a and b = ¢, that is, if

a b a b
A:(—b a) or A:(b —a)’

thend=0ando; =0, =0 = Va2 + b2, In other cases, 0 # 0.

Theorem 3.2. If the matrix A is such that & = 0, then the Cauchy problem (@) has the following solution:
X(t) = ¢ h o0 p, (0),

where t > 0.

Proof. The proof that X(-) is a solution of the Cauchy problem () will be done by directly substituting the
set-valued mapping

X(t) = f(f kK '(s,) dsBl(O)

into the differential equation (@) and verifying the identity:

D~ (EU fot K (s,) tilsB1 (0)) = Ac® f(; kK (s,) dsB] (0)

Since ¢ > 0 and k(t,a) > 0 for all + > 0 and « € (0,1], then the function f(t,a) = @ b Ky ds is an
increasing function of ¢ for any fixed a. Clearly, the function f(t, ) is differentiable with respect to t on R..
From [43] 51]], since X(t) = f(t, @)B1(0), the Hukuhara derivative Dy X(t) exists for all t > 0 and is given by

If(t, a)
ot
Since D*X(t) = k(t, «)Dy X(t), we obtain

DuX(t) = B1(0) = ok} (t, a)e? b K 6B (0.

DX(#) = k(t, a)ok™ (£, a)e’ b OB, (0) = e h K 04B ().
Since the matrix A is such that the singular values 01 = 0, = ¢, then the singular decomposition of
matrix A is A = ULVT, where U, V are orthogonal matrices and L = o1, with I being the identity matrix. It

is also known that VTB,(0) = B,(0) and UB,(0) = B,(0) for all » > 0.
Thus,

Ae kK6, (0) = URYTer h 60, (0) = UsTVTe? b+ 6, (0)

= GUIVT o h K E0BB () = go? b K GOB VTR, (0) = ge? h ' E0@ B, (0).

Therefore,
D% (eg fuf k1(s,a) dsBl(O)) = ge° fot k(s,) dsBl(O) = Ac® fof k—l(s,a)dsBl(O)’

and thus X(-) is a solution of the differential equation (4).
The theorem is proven. []

Further, we consider the case when the matrix A is such that 6 # 0.
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Theorem 3.3. If the matrix A is symmetric and d # —a, then the differential equation (4) has the following solution

ft k(s,a)ds &
X(t) = Ued Bi(0), >0,

01

0 d+ \[(a—d)>+4b?
where)::( ),and012: ards Voo draab)
0 (0)] ’

2

Proof. Since the matrix A is symmetric and d # —a, it has the following form:
a b
a-(18)
It is known that the eigenvalues of a symmetric matrix A are real and, in our case (6 # 0), distinct and
non-zero. Let’s consider all possible cases for the eigenvalues of matrix A: 1) the eigenvalues of matrix
A are positive, 2) the eigenvalues of matrix A have different signs, and 3) the eigenvalues of matrix A are

negative.

1) The eigenvalues A1, = ‘”d%@ of matrix A are positive (i.e.,, A is positive definite), where D =

(a - d)2 + 4b2. In this case, the singular decomposition coincides with the spectral decomposition, i.e.,
01 = A1, 00 = Ay, and UAUT = UXUT, where

b Ap—d
A=Y= ( Av 0 ), U= VA —a)2+b2 \/(Az;d)2+b2

0 /\2 A—a
Vi—ap+p2  Af(A—d)2+2

2) The eigenvalues A, of matrix A have different signs (i.e., A is indefinite) and |A1| > |A;]|. In this case,
the singular decomposition is such that o1 = |A1], 02 = |A2], and

Urw’ = ujAIpu’,

0 X
[A2]
3) The eigenvalues A1, of matrix A are negative (i.e., A is negative definite) and |A1| > |A2]. In this case,

the singular decomposition is such that 01 = |A4], 02 = |Az] and USWT = U|A|DUT, where W! = DUT and

-1 0
(4 %)
Thus, in the general case, the singular decomposition of matrix A has the form A = UxbDUT, where
Y =|Al

To prove that X(-) is a solution to the differential equation (4), we proceed with direct substitution of the
set-valued mapping

Ay
= 0
where WI' = DUT and D = [ Wl ]

f k~(s,a)ds .
X() = Ued B,(0)

into the differential equation (@) and verify the identity:

t
[k s,a)ds

fk’l(s,a)dsz
= Alled B, (0). 5)

D*| ued B1(0)

By Deﬁnition and because B1(0) is a centrally symmetric body and (—1)B1(0) = B1(0), we have

tek(t,e) t
H k™ (s,a)ds & H k~1(s,a)ds X
lim ¢! (X(t + ek(t, @) —X(t)) = lim ¢! | Ue / B0 2 el B,(0)| =

e—0,
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fﬂ?tmk’l (s,a)ds T fk’] (s,a)ds T ffk’l(s,a)ds by ffk’l(s,a)ds r
=U lil’gl elle 0 —ed B1(0) = Uk(t, &)k (¢, a)ed B1(0) = UXed B1(0).
e—0,
Similarly,
fr . p [—é}gbtl) . p
H k' (s,@)ds k™ (s,@)ds X
lim &1 (X(t)—X(t - sk(t,a))) = U lim ¢ (60 —e o B.(0) =
ftk’l(s,a)ds):
= Used B1(0).
Thus,
¢ t
fk’l(s,a)dsz fk’l(s,a)ds by
D*X(t) = D* | et Bi(0)| = Ued B1(0)

Since the singular decomposition of the symmetric matrix A has the form A = ULDUT, we get

ffk’1 (s,a)ds T ffk’1 (s,a)ds T ffk’l (s,a)ds T
Aled B1(0) = UXDU Ued B1(0) = UXed B1(0).

It is evident that the identity (5) holds, and therefore, X(-) is a solution to the differential equation ().
The theorem is proved. [

4. Linear set-valued differential equation with generalized conformable fractional derivative

Definition 4.1. We will say that a set-valued mapping X(-) has a generalized conformable fractional derivative
of order a Dy X(t) € conv(IR") at the point t € (0,T) if for all sufficiently small & > 0 the corresponding Hukuhara
differences exist and at least one of the following equalities holds:

i) lim e~ (X (¢t + ek(t, @) LX(t)) = lim e~ (XOLX (¢ - ek(t, ) = DX(2),

ii) lim & (XOLX (¢ + ek(t, ) = lim ¢~ (X (¢ - ek(t, @) LX(1)) = DIX(8),

i) lim ™ (X (¢ + ek(t, @) LX) = lim e~ (X (¢ = ek(t, @) LX(1)) = D3X(8),

io) lim &~ (XOLX (t+ ek(t, ) = lim &~ (XX (- ek(t, a))) = DIX(?).

Definition 4.2. If the generalized conformable fractional derivative of order a, DgX(t), exists for all t > 0, then we

say that the set-valued mapping X() is generalized—differentiable of order a on R,.

Remark 4.3. Consequently, if the set-valued function X(-) is a-differentiable on the interval t > 0, then the set-valued
function X(-) is generalized-differentiable of order o on the interval t > 0.

Lemma 4.4. If the set-valued mapping X(-) is generalized-differentiable of order a on the interval t > 0, then
DgX(t) = k(t, 0)DyX(t),
where D, X(t) is the generalized derivative [48]].

Proof. If the set-valued mapping X(-) is generalized-differentiable of order « on the interval ¢ > 0, then the
following can be obtained using the definition from Lemma It is evident that it follows directly from
the definition that

lim ¢~ (X (t + ek(t, @) EX(t)) = lim ¢! (X(t)EX (t — ek(t, a))) = DEX(1).



T.A. Komleva et al. / Filomat 39:33 (2025), 11751-11764 11760

Let 0 = ¢k(t, a), then we have

DiX(t) =lim ™! (X (t + ek(t ) EX(t)) = limk(t,2)0" (X (t+0) EX(t)) -

= k() lim 0! (X(t +0) EX(t)) = k(t, )D, X(b).

Similarly,

DiX(t) = lime™! (X(t)ﬂx (t — ek(t, a))) = lim k(t, )0 (X(t)ﬂx (t - 9)) -

= k() lim 0! (X(t)EX (t— 9)) = k(t, @)D, X(&).
Thus, we have proven the lemma. [

Remark 4.5. It follows from Lemma that a generalized conformable fractional derivative Dy X(t) for a set-valued
mapping X(-) exists if and only if a generalized derivative D, X(t) exists.
Moreover, if a = 1, then DyX(t) = Dy X(t).

Consider the following Cauchy problem for linear set-valued differential equation with a generalized
conformable fractional derivative of order a:

DgX(t) = AX(f), X(0) = Bi1(0), (6)
where X : R, — conov(IR?) is a set-valued mapping and A € R?? is a constant matrix.

Definition 4.6. A set-valued mapping X : Ry — conv(R?) is called a solution to the Cauchy problem @) if it is
continuous and satisfies the differential equation (6) for all t > 0 and X(0) = B1(0).

Remark 4.7. According to Remark [£.3] it follows that if the set-valued mapping X(t) is a solution of the Cauchy
problem (), then it is also a solution of the Cauchy problem ().

Remark 4.8. In the works [30,133]148] it is described the set-valued differential equation with generalized derivative
DyX(t) = AX(t), X(0) = B1(0) 7)
and there are noted the following observations:

1) Cauchy problem (7) admits multiple solutions, among which one or two are referred to as *basic solutions* (their
diameters are monotone functions), while the remaining are classified as *mixed solutions* (their diameters
are not monotone functions). Notably, the first basic solution, X;(t), satisfies the condition that diam(X;(t))
is a non-decreasing function and also solves the corresponding differential equation involving the Hukuhara
derivative. The second basic solution, X5(t), is characterized by the condition that diam(X,(t)) is a decreasing
function.

2) If the singular values of the matrix A satisfy o1 = 0, = o, then Cauchy problem @) admits two basic solutions,
X1(t) and Xo(t), whose cross-sections at each moment in time t are the circles Beot (0) and Be-t(0), respectively.
Conversely, if the singular values of the matrix A satisfy o1 # 02, then differential equation (7) has only one
basic solution, X;(t), whose cross-section at each moment in time t is an ellipse with semi-axes e°'* and e

Further we will obtain similar results.
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Theorem 4.9. If the matrix A is such that & = 0, then the Cauchy problem (6) has two basic solutions, X;(-) and
X5(+), which are given by:

Xl(t) — eaf(; k’l(s,oz)alsB1 (O) and X2(t) — e—of(; kil(s,a)dsBl(o)l
for t >0, where 6 = Va2 + b2.

Proof. By Theorem 3.2]it follows that X (f) is a solution to the Cauchy problem (4) and has non-decreasing
function diam(X(t)) . Thus, by Remark .3} X;(t) is the first basic solution to the Cauchy problem (6).

We will prove that X(-) is the second basic solution of the Cauchy problem (6) by substituting the
set-valued mapping

Xy (t) = e h K e ()
into differential equation (6) and checking that the identity holds:

D;t (efo' fu[ kK 1(s,a) dsBl(O)) = A" fU' k1(s,a) dSBl(O).

Since ¢ > 0 and k(t,a) > 0 for all t > 0 and a € (0,1], then the function f(f,a) = e_gfotkfl(s’“)ds is a

decreasing function in t for any fixed a. Moreover, f(t, @) is a differentiable function with respect to t on R,.
From [48], we have that X,(t) = f(f, a)B1(0), and

af(t, @)
ot
Thus, we can deduce that D*X5(t) = k(t, «)D,X»(t), which gives:

D,Xa(t) = B, (0) = ok™\(t, )e~? h K 08B ().

DX (t) = k(t, a)ok™ (t, @) h 609, (0) = ge= h K6 (0).
Since, A = UXVT, where U, V are orthogonal matrices, X = ol and 0 = Va? + b?, we have the following;:
A= b kK Ga)ds B,(0) = USVTe™ e s ds B1(0)

= UaIV e h ¥ 6B, ) = ge=o b K 60d 1T, (0).
Thus, we obtain:
Ae h K608, (0) = gemo [ K60, ().
Finally, we conclude that:
D3Xa(t) = 0e 0 b 60Ep, (0) = AXo(1),

which means that X,(-) is a solution of the generalized differential equation @ O

Theorem 4.10. If the matrix A be symmetric matrix and a # —d, then the Cauchy problem (6) has only the first basic
solution

Xi(t) = Ueh K'60EEp 0y >0,
a+d+ \/(a—d)?+4b2

_[o1 O _
where ¥ = ( . )and 012 = 5

0

Proof. From theorem 4.7 the Cauchy problem (@) has a solution

X (f) = Ueh 60 +2p, (g),

which is the first basic solution for the Cauchy problem (6).
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Now suppose that a second basic solution X(-) for the Cauchy problem (6) exists. Then X(t) must

satisfy the following equation:
¢
Xo(t) +Af k(s @) X2(s) ds = B1(0).
0
Let us fix some arbitrary T > 0. Then
T
X(T)+ A f k7Y(s, a)X»(s) ds = B1(0).
0

Hence,

H T
B1(0)—=X»(T) = A f kY(s, @) Xo(s) ds.
0

Since B1(0) is the ball and the difference of Hukuhara B;(0)2 X,(T) exists, then X,(T) is the ball, i.e.

X5(T) = By1)(0), where 0 < (T) < 1. Therefore, for all t > 0, we have:
Xo(f) = Brp(0).
Further,
T T T
f k(s a)Xo(s) ds = f k™1(s, @)Bys(0) ds = f k~Y(s, a)r(s)B1(0) ds
0 0 0
= R(T)B41(0) = BR(T)(O),

where R(T) = fOT k=Y(s, a)r(s) ds.
Thus, we obtain the equation:

B1)(0) + ABr(1)(0) = B1(0).

(8)

Since matrix A has different singular values, then ABg(1)(0) is an ellipse. Therefore, B,r)(0) + ABr(r)(0)

cannot be a ball. Therefore, equation (8) does not hold, and we complete the proof. [

Remark 4.11. Ifk(t, @) = t'=%, then in this case D*X(t) = t'~*Dy X(t) and Dj X(t) = t'~*DyX(t) and the analytical

formulas for the solutions will look as follows:
Theorem 3.2|- X(f) = e 9" B1(0);
Theorem [3.3|- X(t) = Ue® "=B;(0);
Theorem|4.9- X1(£) = e® 7" B1(0), Xa(t) = e~ 9" B1(0);
Theorem 4.10)- X3 () = Ue® =By (0).

Remark 4.12. If k(t,a) = €@V", then in this case D*X(t) = e*"DyX(t) and DiX(t) = " MDyX(t) and the

analytical formulas for the solutions will look as follows:
Theorem|3.2|- X(t) = e %" B1(0);
Theorem|3.3|- X(t) = Ue =% """B,(0);
Theorem|4.9- X1(£) = e 7¢“ "' B1(0), Xa(t) = e "' By(0);
Theorem|4.10]- X1 (t) = Ue ==°“""ZB4(0).

1 1-a . i 1 1-a
Remark 4.13. Ifk(t,a) = (t + == , then in this case D*X(t) = (1 + = DyX(t) and
T(a) I(a)

DgX(t) = (1 + ﬁx))lw Dy X(t) and the analytical formulas for the solutions will look as follows:

Theorem|3.2|- X(t) = e ﬁ(”ﬁ)aBl(O);
Theorem|3.3- X(t) = Ue At i) ~B1(0);
Theorem|4.9)- X1(t) = e :(* @) By (0), Xa(t) = e *(* 1) B, (0);

Theorem 4.10|- X, () = Ue :(+55) =B, (0).
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