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Abstract. Let the Jordan canonical form of a 3 x 3 matrix A be | = diag(J>[4], Ji[u]), where A # 0 and p # 0.

We find all the solutions of the Yang-Baxter-like matrix equation AXA = XAX successfully by discussing
whether A and p are equal.

1. Introduction
The classical Yang-Baxter equation
AW)B(u + v)A(v) = B(u)A(u + v)B(v),

where A(u) and B(v) are rational functions that depend on the parameters 1 and v, was first proposed by
C. N. Yang [16] during the study of one-dimensional delta potential quantum Fermi gas in 1967 and then
by R. J. Baxter [2] for a two-dimensional statistical model in 1972. It has a wide range of applications not
only in mathematical problems[10, 17], but also in other areas, such as quantum computing and statistical
physics[1, 9].

In the case of no parameters, the matrix version of a Yang-Baxter type equation is

AXA = XAX, 1)
where A and X are both nth-order complex square matrices. The equation (1) often goes by the name of
the Yang-Baxter-like matrix equation. In the past several decades, the problem of solving the equation (1),
which may provide new research ideas and methods for the study of the classical Yang-Baxter equation,

has received extensive attention, and more and more scholars are devoting themselves to this equation
[3-7,11-15, 18, 20, 23].
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The observation that X = 0 and X = A constitute two trivial solutions to (1) is not arduous to discern.
Due to the high nonlinearity of the equation, finding all its solutions is still a hot problem that needs to be
solved completely. However, for some special classes of matrices A, some solutions or all solutions can be
obtained. The first article on solutions to (1) appears to be that of Ding and Rhee [6], published in 2012.
When the inverse A™! is a stochastic matrix, they proved the existence of a nontrivial solution to (1) by
utilizing Brouwer’s fixed point theorem. Then they made use of the mean ergodic theorem to give some
numerical solutions. In contrast to the research method in [6], for an idempotent matrix, the authors of
[5, 12] adopted a new approach: the Jordan canonical form. Using this method, they have succeeded in
expressing all the solutions of (1) for the special type of the given matrix. Since then, the application of
Jordan canonical form has profoundly shaped the study of (1). For the case where A is a nilpotent matrix, all
the solutions to (1) have been systematically investigated in [14, 18, 20] using Jordan canonical form. When
A is restricted to rank-one or rank-two matrices, the authors of [14, 19, 20] employed the same method to
establish explicit representations of all solutions to (1).

Most articles mentioned above made use of the Jordan canonical form to investigate the Yang-Baxter-like
matrix equation. For a given matrix A, there is an invertible matrix S such that A = SJS™!, where ] is a
Jordan canonical form of A. If the following equation

YJY =]Y] 2)

has a solution Y, then it is not hard to verify that X = SJS™! satisfies (1). So, the corresponding matrix
equation (1) is equivalent to the matrix equation (2). The simplified equation (2) is still nonlinear, which
makes it difficult to find all solutions, too. At the same time, if 7 is very small, then it will be much easier to
find all the solutions. If n = 2, then for the possible forms of J, all the solutions to (2) have been given [20].
Recently, for

o>

A 0
J=J]Al=| 0 1|, 0£AeC,
0 A

the authors in [4] have provided a family of solutions, and for

A 0 O
] = dlag(h[/\]/h[#]rh[]/]) = 0 u 0 ]r /\/ wy eC \ {0}/
0 0 vy

all the solutions of (2) have been given in [15]. But for

A1 0
J = diag(2[A] i[u]) = { 0 A0 ] A, e C\ {0},
0 0 u

there has not appeared a complete discussion on all the solutions of (2). For this particular matrix, the

equation (2) is the same as
A1 0 A1 0 a b c][A 1 0][a b ¢
0 A 0 0 A Of=|d e fIlO A Of|ld e f]. 3)
0 0 u g h t 0 0 u g h t 0 0 ullg h t
In this paper, we investigate all the solutions of the above equation. In the next section, we first

investigate all the solutions of (3) for the case of A # u and then discuss all the solutions for the case of
A = u, resulting in a complete solution to the problem. We conclude with Section 3.

2. Results

For the sake of easy understanding, we divide our process of solving (3) into two cases: A # pand A = p.
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2.1. The Caseof A # u

12109

First, we examine the matrix equation (3) in the case that A and u are unequal. Then, the equation can

be written as

Aa* — A\%a +ad + Abd + ucg — Ad = 0,
Aab + (e — A)(@a+ Ab) + uch —d — e = 0,
(Aa+put —Au)e+ @+ Ab—u)f =0,
(Aa+Ae+d—A*)d+ufg=0,

Abd + (e —A)d + Ae) + ufh =0,

Acd + (Ae+d—Au+ut)f =0,

(Aa+ ut+d— Au)g + Ahd = 0,
Ab+e—u)g+ (Ae+ ut—Ap)h =0,
(Ac+ f)g + Ahf + ut*> — u*t = 0.

(4a)
(4b)
(40)
(4d)
(4e)
(4f)
(4g)
(4h)
(4i)

According to Equations (4d) and (4g), starting from whether fg and (Aa + ut + d — Au)g are zero, the

discussion is divided into four subcases.

2.1.1. Subcase 1.

If fg#0and (Aa+ ut+d—Au)g # 0, thenh # 0,d # 0 and Aa + Ae +d — A # 0 from (4d) and (4g).

Multiplying Aa + ut +d — Ap to (4d) and then subtracting (4g) multiplied by uf, we get
Auhfd = (Aa + pt +d — Ap)(Aa + Ae +d — A?)d.
Because d # 0, the above equation can be written as
Auhf = (Aa+ ut +d - Ap)(Aa + Ae +d — A?).
Multiplying (4h) by Auf and using (4d) and (5), we have
AAb+e—p)(Aa+Ae+d - A%)d = (Ae + ut—Ap)(Aa+ut+d—-Au)(Aa+ Ae+d - A?).
Since Aa+ Ae+d— A% #0,
Ad(Ab +e— ) = (Ae+ ut — Ap)(Aa + ut +d — Aup).
Multiplying (4e) by A gives
A%bd + Ae — A)(d + Ae) + Aufh = 0.
Substituting (5) into the above equation, we arrive at
Abd + AMe — A)(d + Ae) + (Aa+ Ae+d — AP)(Aa + ut +d — Au) = 0.
Combining (6) and (7) gives
(Aa+ Ae+pt +d — Ap)* — A*(Aa + e+ ut +d — Ap) + Aud — A*d = 0.
From (4b), (4f), (5), (7) and (8),
(Aa + Ae)(u — A) +d(u — 21) — A?p = 0.
As g # 0, multiplying g on the both sides of (4f), we see that
Aucg = (Aa+Ae+d - A%)(Ae + ut +d—Ap).

(7)

(10)
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Since A # y, it follows from (4d), (4i), (10) and (5) that
pt(A — ) = A%u + Ad.
Then, substituting (11) into (9), we obtain
Aa+Ae+ut+d=0.

A combination of (8) and Aa + Ae + ut +d = 0 yields

_ A+
A-p
By (11), (12) and Aa + Ae + ut +d = 0,
p? —3A%) 213
a+e=———— and t= .
e (A= w2
Substituting the above equations into (7) yields
b= —2#2 L o3 A-p o,
T2 AT

Using the same trick gives rise to

_ 22N -Ap) (A-pe
€= 00 'f - el
_ /\3()\2+y2)()\+‘u)
T A=wif
A2 (ure)(A2+u?)

HA—pf

Then, we can prove the following theorem.

Theorem 2.1. Let | = diag(J2[A], J1[u]) with nonzero A and u such that A # p. Then the matrices

w(p?-312) —2u? p?-3)2 A= o 2u2-A2—Ay) (A=p)e
(A-p)y? -2 T Ao T i © A(A2—p2) f- Au( A+y)f
Ap(A+u)
Y = il ) e f
S
A3 (A2+p2)(A+p) A2(ue)(A2+p?) 213
@1’ f e A—pP

12110

(11)

(12)

constitute all the solutions of (2) under the additional condition that fg # 0 and Aa + ut +d — Ay # 0, wheree € C

and 0 # f € C.

Proof. Suppose that Y solves (2) and its entries satisfy fg # 0 and Aa + ut +d — Ay # 0. Then the previous
deduction process indicates that Y is given as above. Conversely, for any Y given in the theorem, since

[ u(u?-342) —2u? u?-3)2 A= o 2u2-A2—Ay) (A-p)e
eI ey . S vy Yo v ey ey
AH(M;!)
Y] = - e f
A3(A2+ éu)\+y) Az(y+e)()\2+yz) 223
] A-pyf wA-p? f (A-py?
[ AGE8AY) g pGEo8AY) | DNl AN Aop o 2u(-A-Aw) o (Ape
* f(/\ ) (A-p)? . AAZ)HZ p(A+p) A(A2-p?) f AA+p)
— AuA+u) pAtp
= =T i TAe uf
A A2+ ) (A+p) /\3(/\2+y2)(2/\;1+)te Le) 2A%u
(A-pf u(A—pp f (=

flra 1 o
0 A 1
0 0 u

f
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Ap@?-3A%) —3/\2) Z e HUED3AY | DAlreuiANY) | Aoy o 2u(-A%- Ml) f- (A=pe f

(/\— (A-p)? A2—p2 p(A+u) AAZ—p AA+p)
— p(/\+u) Ap(A+p)
Jyp=j| ek A 4 e uf
AYAZ+ ) (A+p) A3(A2+u2)(2Au+Ae—pe) 2A%u
A-pPf pA-up f (A-py
—2A%u ~ 2% 22022 4200) | AWP=3A%) | AA-p) o p(P-A2-2Au) f- fe
(A ;1)2 (A— [.1)2(/\+[J) A2—p? w(A+p) A2—u? A+y
ApAtp) Ap@) L 42
A ! e +A% /\‘Llf 4
MuA2+12) A+ 204 u(A%+p?) | A3(A2+pP) 2032
(A-ppf (A-upf (A=) f (A-p)?
w(u?=31%) —2u? p?=372 A=y o 2pP=A*-Ap) (A-p)e
(AA—;&Z )‘ o T A T e € A(AZ—p2) f- Au(A+u>f
— A+
Y]Y = Y] e e f
DBA2+2)(A+p) A2 (ure)(A2+p%) 213
(A-wrf pA-up f (A=py?
2, 2P0 AW-8AY) o AMA—p) o p(t-A—2Au)
(A ’é)z ~ Me A=pP(A+p) P To e A2y f- A+uf ¢
_ A% u(A+u) A2u(A+p) 2
= —er —S—=+ A% Auf ,
M u(A2+p?)(A+p) M4 (A2+p?) | A3 (A4 )e 2732
A=wf A=w?f (A-upf (A=py?

we see that Y satisfies (2). O

2.1.2. Subcase 2

Assume that fg # 0 and (Aa + ut +d — Ap)g = 0, which means that f #0, g # 0and Aa + pt +d — Ap = 0.

Then Ada+ Ae+d — A% #0,d # 0 and h = 0 from (4d) and (4g). According to equations (4e) and (4h),

_Ae(A—e)

d= ]
and

_u-e

b= T

Substituting the above two equations into (4b) generates

A A2— 2+ A -2A
Eo u 2#e+ g >
p—A (=21 (=2

Since Aa+ ut +d - Au =0,

a =

Au—2A2  Au—2A2 2
t= H + H e+ A 232.
p=A (u—=2) pp —A)

In the same way, from (4a), (4c) and (4d),

_ A4 A2(u=21) 4 . 2A2(A2—p?+Ap) 3 _ ABRA2+Au-2%) o _ 2A32A-p)
€= "G T wurr € g T @Ay o
o —2u +3Au u=2A
€= 09 TGN " A0 e)e
_AA-p) o 22% A 4
f9= -1 S o v L

So, we have the following theorem.
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Theorem 2.2. Let | = diag(J2[A], J1[u]) with nonzero A and u such that A # p. Then the matrices

Ap —12+Au p=2A 5 p—e —2u%+3Au u—2A
p=A (,U A)z e+ et T o T AG-o-A) T Ao
_ Ae(A—e)
Y= = ‘ 2 fz
Apu=2A Au=2A A2 2
g 0 s S ray T Ty

constitute all the solutions of (2) under the additional condition that fg # 0 and Aa + ut +d — Au = 0, where
e € C\{0,A}, and f and g satisfy (13).

2.1.3. Subcase 3

If fg=0and (Aa+put+d—Au)g # 0, then Ada+ Ae+d— A% = 0 and hd # 0 from (4d) and (4g). Thus, g # 0,
d#0,h#0and Aa+ ut+d— Ay # 0. So ¢ = 0 from (4f). Substituting Aa + Ae + d — A> = 0 into (4a) and (4b),
we get

—Aae+Abd—Ad=0 and —bd+ae-A*=0.
The above two equations imply

d=-7%
and then

A+ Ae = 2%,
By (de),

(-2

b= e

Combining equations (4g) and (4h) yields
APAb+e— g + (Ae + ut — Ap)(Aa + ut — A* — Ap)g = 0.
Since g # 0,

/\3(/\b+e—/.1)+(Ae+yt—/\y)(/\a+yt—)\2—/\y)=0

Note that Aa + Ade =2A% and b = Az , so the above equation changes to
A2 (A — p)? + utut = 2002t + A*ut = 0. (14)
Because ¢ = f = 0, (4i) converts to
ut* — u’t = 0.
A combination of (14) and the above equation yields
A2 = p) + (A = p)Put =
that is,

A2

t=-—

u
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Since t also satisfies ut> — ut = 0,

A2
t= —? = U,
that is
A%+ yz =0.
Thus, from (4g),
h= —e/\; ‘ug.

Considering h, g # 0, we see that e # —pu.
To sum up, we get the following theorem.

Theorem 2.3. Let | = diag(J2[A], J1[u]) with nonzero A and u such that A> + u? = 0. Then the matrices

N—e &N 0]

/\2
Y e 0

g

Y =

g
constitute solutions of (2), wheree € C\ {—u}and 0 # g € C.

2.1.4. Subcase 4

12113

Now, we discuss the case that fg = 0 and (Aa + ut +d — Au)g = 0. It is not difficult to see that
(Aa+ Ae+d—A?)d = 0 and hd = 0 from (4d) and (4g). We discuss separately depending on whether g and d

are 0.
A Ifd = g = 0, then solving (3) is equivalent to solving the following system

Aaa—A) =0,

Aab + (e — A)a+ Ab) + uch— e =0,
(Aa+ut—Au)e+ @+ Ab—u)f =0,
Ae(e—=A)+ufh =0,
(Ae—Ap+ut)f =0,
(Ae+put—Awh =0,

ARf + pt* — p?t = 0.

From (15a),a = 0 or A.
m Whena = 0, by (15b) and (15c),
b(Ae — A%) — Ae + uch = 0
and

(ut = A)e + (Ab—w)f = 0.

(15a)
(15b)
(15¢)
(15d)
(15e)
(15f)
(15)

(16)

(17)

According to (15e) and (15f), assuming that Ae + ut — Ay = 0, combined with (15d) and (15g), we

have

2 2 2 2
p A Ap(Ap =A% — %)
= and hf = .
f (= A2

(18)



X. Lieal. /Filomat 39:34 (2025), 12107-12128 12114
A combination of (16), (17) and (18) yields
(A = p? =0.
This contradicts the hypothesis, so Ae + ut — Auy # 0, thatis, # = 0 and f = 0. By (15b) and (15d),
e=0 and b=0.
Then from (15g), t = 0 or u. Thus, ¢ = 0 from (15c).

m Whena = A and Ae + ut — Ay = 0, we also get (18). But a combination of (15b), (15¢) and (18)
yields

(u+M)f =0.
If A+ p =0, then

3u?

in, e = T

N=

, t:—g and hf =

It follows from (15¢) that

22 +D)f
C—T.

If A +u # 0, then
f=0, /\2+y2—Ay:O, e=A and t=p.
It follows from (15c) and (15b) that c is arbitrary and

uch
A

On the other hand, that Ae + ut — Ay # 0 means f = h = 0. From (15b) and (15d),

b=1

e=A and b=1
By (15g),
t=0 or u.
Substituting ¢ = 0 into (15c), we obtain
c=0.
But if t = y, then substituting it into (15c), we have
(A2 +p? = A =0.

When A? + u? — A = 0, the number c is arbitrary. When A? + u? — Au # 0, the number ¢ can only
be 0.

In conclusion, we have the following theorem.
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Theorem 2.4. Let | = diag(Jo[A], J1[u]) with nonzero A and p such that A # p. Then

00
Y = 0 0
00

o O O

0 0O
or|! 0 0 0 Jor

0 0 u

A 10 A1 0
0 A 0for|0 A 0
00 0 00 u

are solutions of (2). Moreover, if A + y = 0, then

- 20+b)f
A z; -
y={o & f
I p
0 77 -2

are solutions of (2). If A> + u> — Ap = 0, then

Ao1-tE e
Y={0o A 0
0 h u

are solutions of (2), where c,h € C.

A Ifg=0andd+#0,thenh =0and Aa + Ae + d — A2 = 0. Now (3) becomes

—Aae + Abd — Ad = 0,

—bd +ae—A>=0,
(Aa+ut—Au)e+ @+ Ab—u)f =0,
d(Ab+e—A)+ Ae(e—A) =0,
Aed+(Ae+ut+d—Ap)f =0,

ut* — p*t = 0.

Combining (19a) and (19b), we have
d=-1?,
and then
a+e=2A\
Next, substituting the above equations into (19a) or (19b), we get

(e— 1)
b=

According to (19f),

t=0 or u.

(e=A)?

B t = 0. Substitutinga +e =21 and b = “—;

into (19¢) provides
(A% = Ae = Ap)Ac + (BA* = 3Ae+ > — Ap)f = 0.
By using d = —A?, (19e) can be written as

L (e A2 = Ap)f
PE ‘

12115

(19a)
(19b)
(19¢)
(19d)
(19e)
(191)

(20)

(21)
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Substituting (21) into (20), we have

(A= u?f=0.
Since A # ,
f=0.

Because d # 0, we have from (19e) that
c=0.
m = u. From (19¢) and (19e),
QA% = Ae+ p? = ApAc+ (BA% —=3le+e* — Au)f =0 (22)
and
(Ae — A%+ p — Ap)f
c= IE .
A combination of (22) and (23) yields
(A*+ ) f =0.

So f is arbitrary when A% + y?> = 0 and f = 0 when A? + p? # 0. If f = 0, then it follows from (23)
that

(23)

c=0.
In summary, we have the following theorem.

Theorem 2.5. Let | = diag(Jo[A], J1[u]) with nonzero A and p such that A # p. Then

[20—e &2 o
Yi=| -A2 e 0

0 0 0

,eecC

and

Yo=| -A? e 0
0 0 u

[20—e &2 0
, eeC

are solutions of (2). Moreover, if A*> + u = 0, then

A2 (Ae=2A2-7
21 —¢ (EA/Z\) (e 2)\3 wf
—A2 e f , efeC
0 0 i

Y, =

are also solutions of (2).

A Ifg#0andd=0,then f =0and Aa + ut — Ay = 0. Now, (3) can be written as

a(Aa— A% + ucg =0, (24a)
b(Aa + Ae — A?) +ae — Aa — Ae + uch =0, (24b)
Ae(e—A) =0, (24¢)
Ab+e—wg+Ae+ut—Auwh =0, (24d)
Acg + pt* — p*t = 0. (24e)
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Combining (24a) and (24e), we have
Aa(Aa — A%) = ut(ut — p?).

Since Aa + ut — Au =0,

and t=-—

2
Substituting a = ﬁ into (24a), we obtain

Au(u? + A2 = Ap)
g = p(u A M)
(L—=~)

(25)

From (24c),
e=0 or A
m ¢ = 0. From (24b) and (24d),
Aab— A*h— Aa+ uch =0
and
(Ab — u)g = Aah.
Combining the above two equations with a = #”TZA and (25) gives
(A-w?=0,
which contradicts the hypothesis.
m ¢ = A. By (24b) and (24d),
Aab + uch — A* =0 (26)
and
(Ab+ A — g + (A* = Aa)h = 0. (27)
Input (27) into (26) and get
(Aa = A)ah + (u — A)ag + pheg — A* = 0.
Next substituting a = :TZA and (25) into the above equation, we obtain
g=0, (28)
which contradicts g # 0.

Based on the above analysis, there is no solution to (2) with e = A.
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Alfg#0andd #0,then f=h=Aa+ut+d— Ay = Aa+ Ae+d— A% = 0. In this case, equations (4a)-(4i)

are equivalent to the following equations

—Aae + Abd — Ad + ucg =0,
—bd +ae — A* + uch = 0,

cd =0,
dAb+e—-A)+Ae(e— A1) =0,
Ab+e—-wyg=0,

Acg + ut? — p*t = 0.

Since d # 0 and g # 0, we have from (29¢) that
c=0,

and then

from (29f). Similarly, by (29a) and (29b),
—Aae + Abd — Ad =0

and
~bd +ae - A* = 0.

Thus, it is not difficult to see from the above two equations that

d=-A?,
and then
a+e=2A.

Because g # 0,
Ab+e—u=0
from (29e). According to ut? — u*t = 0, we see that t = 0 or p.
mt=0 FromAa+ut+d—-Au=0andd=-A?
a=A+uyu,
and then
e=A-u.
Since Ab+e—-A =0,

2u—A
A

In addition, substituting the above three equations into (29b), we arrive at

b=

(A-w?=0,

which contradicts the hypothesis.

(29a)
(29b)
(29¢)
(29d)
(29%)
(291)
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m { = u. In the same way,

a= —/\2‘*/\;‘_#2, e= —A2+H;_AH and b:—()\/_\—;l)z.
By using the same trick, we get
(A= (A +u?) =0.
Since A # u, we have A? + u? = 0.
Having said all the above, we obtain the following theorem.

Theorem 2.6. Let | = diag(J2[A], J1[p]) with A% + p? = 0. Then

20240 2 0
A A
Y= -A2 -u 0 }
g 0 p

are solutions of (2), where g is arbitrary number.

2.2. The Caseof A = u
When A = y, the equation (3) can be written as

Aa* — A%a+ad + Abd + Acg — Ad = 0, (30a)
Aab+ (e—A)a+ Ab) + Ach—d — Ae =0, (30b)
(Aa+At=A)c+@+Ab—A)f =0, (30c)
(Aa+Ae+d—A*)d+Afg=0, (30d)
Abd + (e — A)(d + Ae) + Afh =0, (30e)
Acd + (Ae +d — A% + At)f = 0, (30f)
(Aa+ At+d—A*g+ Ahd =0, (30g)
(Ab+e—A)g+ (Ae+ At —AHh =0, (30h)
(Ac+ f)g + Ahf + At? = A%t = 0. (30i)

Similarly, we solve the above system according to different subcases of whether (Aa + At +d — A?)g and fg
are 0.

2.2.1. Subcase 1
If fg # 0and (Aa + At +d — A%)g # 0, then since A = 1, (11) now becomes

d=-A?%
and (9) always holds. With the help of (8), we have

(Aa + Ae + At —2A%)? = A2(Aa + Ae + At — 2A?),
thatis,a+e+t=2Aora+e+t=3A. Ifa+e+t=2A, then

a+e+t=2A,

b=1-1%

A27
__af
c= 32/
d=-A2,
—_9
h=-%,

=l
A
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Ifa+e+t=23A,then

a+e+t=23A,
p= = /\)(u A)
c= (AAg)f,
d=-A?,

A—
h= A;)y,
t=A-14

So, the corresponding result can be obtained as follows.
Theorem 2.7. Let | = diag(J>[A], J1[A]) with nonzero A. If fg # 0 and Aa + ut +d — Au # 0, then

Y, = 2—/\2 e f , aeeC and 0# feC
A% (a+e—2A) —e(a+e—2A) o
7 7 2l —a—e
and
a (e=AN)a-1) A-a)f
_/\2 /\2
Y, = -A? e f , a,e€C and 0+ feC
A2(a+e-21)  (A—e)(a+e—2A) o
7 7 3A-a—e
are solutions of (2).
Proof. A direct computation gives
a 1-34 _/\sz A1 0 Aa at+A-% —%
Yi] = —A? e f 0 A 0 |= -A3 A2+ Ae Af ,
A2(a+e—21) —e(a+;—2/\) Mg 0O 0 A /\3(11+fe—2/\) Aa+e— ;/\)(/\ e) A(z/\ —a— E)

110 Aa a+A— _%
=0 1 o _23 -A2 4+ Ae Af
0 0 A3(a+;‘—2/\) A(u+e—;A)(A—f> ARA—a—e)

[ A2a— A% Aa+Ae—ae  —af +Af

- —A4 —A3+ A% /\2f ,
AM@a+e-21)  A%(a+e—-2A)(A—e) 2 o
7 7 A*2A—a—e) ]
Aa a+A-% —% ] - g —/\sz
YiJY) = -A3 —A% 4+ Ae Af —AZ e f
A3(a+;72/1) A(a+e7§)\)(/\fe) A@A-a-e) | /\z(a+e 2)  elre2) oy o,
[ A2a— A3 Aa+Ade—ae  —af +Af
= A4 —A3+ A% Azf
M@a+e-21)  A%2(a+e—2A)(A—e) 2 o
7 7 ARA—a—e)
R I ]
Y= —A? e 0 A 0
/\2(a+;—2/\) (A—e)(a;e—ZA) 3A Ca—e 0 0 /\
Aa (ﬂ A)(t’ A) (* Aﬂ)f
= -A38 —/\2 + Ae Af ,
Aa+e-21)  (2A2=Ae)(a+e—-2A) o
7 7 ABA—a—ce)
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( /\)( —A) A-a)f

JY, )= 0 A 0 -A3 ﬂV+Ae Af

i 00 A A3(a+;—2/\) (2A%— Ae)f(a+e 21) /\(3A - 6)

[ A2a— A% 20a+2le—ae—2A*  2Af—af

N —A3 4 A% e
/\4(11+;—2/\) /\(2/\2—/\6}(%+e—2/\) AZ(BA —a— 6)
Aa a+ - /\)(ff A) (/\—ﬂ)f (e—{)/(\g—/\) (A;?)f
Y,JY, = -A3 A2 4 e —AZ e f
AS(a+fe—2/\) (2A2— Ae%f(a+e 21) /\(3)\ —a—e) A? (u+€ 21) ()\—e)([}+e—2/\) 3\ —a—e

[ A2a— A% 20a+2le—ae—2A%  2Af—af

= -7 -A3+ A% A2 f
A (a+e=21) A@A2—e)(a+e—21) 2021 _
7 * ABA—-a—e)

So, Y71 and Y, are solutions of (2). O

2.2.2. Subcase 2
If fg# 0and (Aa+ At+d—A%)g =0,thend # 0, \a+ Ae +d — A> # 0 and h = 0 from (30d) and (30g).
Because g # 0 and h = 0,

Ab+e—-A=0

from (30h). Substituting the above equation and & = 0 into (30e), we get
ele—A) =

Substituting the above equation and Ab + ¢ — A = 0 into (30b) yields
d=-7%

Recall that Aa + At +d — A% = 0, so it is easy to verify that
a+t=2A

Since e(e — A) = 0, it holds thate = O or A. If e = 0, then b = 1 and a # 2A. By using Aa + At +d — A2 =0,
d=-A%and b = 1, (30c) can be written as

af
A:Z

By the same token, (30f) can also yield the above equation. Then we have from (30d) that

fg=A%@a-2A).

Another situationise = A, and b = 0by Ab + ¢ — A = 0. At this point, because Aa + Ae +d — A2 £0,a# A
Then from (30c),

_ @=Nf
A2

From (30d),
fg=A@a-A).

To summarise, we get the following theorem.
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Theorem 2.8. Let | = diag(J2[A], J1[A]l) with nonzero A. Then

af
a 1 v
Y,=| -A* 0 f , 20 #a€C and 0% feC
M@2) o 21 _4
f
and
a 0 _(”:\/Z\)f
Yo=| A A f |, A#aeC and 0#feC
@ 0 21-a

are solutions of (2).

2.2.3. Subcase 3
If fg =0and (Aa+ At +d — A%)g # 0, then hd # 0 and Aa + Ae + d — A> = 0 from (30d) and (30g). Thus,
giO,diO,h;thnd/\a+At+d—/\2 #0.Sinced# 0and f =0,

c=0

from (30f). By using Aa + Ae + d — A? = 0, we obtain
d=-)?

from (30a) and (30b). Substituting d = —A? into Aa + Ae + d — A> = 0, we arrive at
a+e=2A

Combining d = —A2, ¢ = 0 and the above equation, we have

(e=A)
b=

Note that when f = 0 and ¢ = 0, (30i) becomes

A2 =A% =0,
that is,
t=0 or A.

Ast =0, from (30g) ,d = —A?and a + e = 2A, so

eg
h = —ﬁ.

Sinceh #0,e # 0. Butif f = A, then

(A= 6)9'

h = e

Similarly, e # A.

Based on the above analysis, we have the following theorem.
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Theorem 2.9. Let | = diag(J2[A], J1[A]l) with nonzero A. Then

[ 20—e &2 ¢

Yy =| -A? e 0| 0#eeC0#g€eC
g -3 0

and

[2A—e &

Y,=| -A? e 0|, A#eeC0#g€eC
A—e
g (/\2)9 A

are solutions of (2), wheree € Cand 0 # g € C.

2.2.4. Subcase 4

If fg=0and (Aa+ At +d — A?)g = 0, then hd = 0 and (Aa + Ae + d — A?)d = 0 from (30d) and (30g). Based
on these four equations, the solutions for (30a)-(30i) can be discussed from different situations whether d
and g are 0.

A Ifd =0and g = 0, (30a)-(30i) degenerate into the following system of equations

Aa(a—A) =0, (31a)
b(Aa+ Ae =A%) +ae —Aa— e+ Ach =0, (31b)
(Aa+At—A%)c+(a+Ab—A)f =0, (31¢)
Ae(e—A)+Afh =0, (31d)
(Ae+At—=A%)f =0, (31e)
(Ae+At—AHh =0, (31f)
Ahf + A2 = A%t =0. (31g)
Since Aa(a — A) = 0, it follows that a = 0 or A. Next, we consider the following two cases: 2 = 0 and
a=A\
m 2 = 0. Noting (31e) and (31f), we first assume Ae + At — A2 = 0 and combine it with (31d) or (31g)
to obtain
hf =e(A —e). (32)
From (31c) and Ae + At — A2 =0,
ce=(b-1)f.
If e # 0, then the above equation can be written as ¢ = @ Substituting it into (31b) gives
b-1h
ble—A)—e+ % =0.

Next, substituting (32) into the above equation yields
A=0,
which contradicts the assumption A # 0. So e = 0, and then

b:%, hf=0 and t=A.



X. Lieal. /Filomat 39:34 (2025), 12107-12128 12124

A combinationof t = A, b = % and (31c) converts to
f=0.

On the other hand, Ae + At — A% # 0 means & = f = 0 from (31e) and (31f). At this point, by
combining (31b) and (31d), it is easy to know that e can only be zero and b is also zero. From
(31c) and (31g), we see that ¢ = 0 when ¢ = 0 and c is arbitrary when ¢t = A.

a = A. Playing the same trick by assuming Ae + At — A2 = 0, we also have
hf =e(A —e).
If e # 0, then from (31b),

b:/\_Ch.
e

Substituting the above equation into (31c), we obtain

f=0.
So,
e=A and t=0,
and then
A—ch
b= .
A

Butif e =0, then
hf =0
and we have from (31b) that
ch = A.
Thus,
f=0.
Next, we substitute a = A and f = 0 into (31c), obtaining
c=0,

which contracts ch = A.

Then we consider Ae + At — A> # 0. Similarly, that & = f = 0 is obtained from (31e) and (31f).
Then, combining (31b) and (31d) leads to

e=A and b=1
By using f = 0 and (31g), we arrive at
t=0 or A

If t = 0, then c is arbitrary, and if t = A, then ¢ = 0.
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To sum up, we obtain the following theorem.

Theorem 2.10. Let | = diag(Jo[A], J1[A]) with nonzero A. Then

[0 2 ¢ 000
Yi=|0 0 0|,cheC, Y,=[0 0 0],
[0 K A 000}
AR A1 0
Y3=|0 A 0},c,heC, Y,=[0 A O
0 h 0 00 A

are solutions of (2).

A Ifd#0and g =0, thenh = 0 and Aa + Ae + d — A2 = 0. At this time, (30a)-(30i) can be written as

—Aae + Abd — Ad = 0, (33a)
—bd +ae—A*>=0, (33b)
Aa+At=AHc+ @+ Ab-A)f =0, (33¢)
dAb+e—A)+ Ae(e— 1) =0, (33d)
Acd + (At = Aa)f =0, (33e)
A2 =A%t =0. (33f)

A combination of (33a) and (33b) yields
d=-A%

and then
a+e=2A

from Aa + Ae + d — A? = 0. Substituting the above two equations into (33a) or (33b), we have

p= ;3)2. (34)
According (33f), we know that
t=0 or A
m t = 0. Substituting a + ¢ = 21 and (34) into (33c) and (33e), we get
[A’c+(A-e)fl(A—e) =0 (35)
and
A’c = (e-2M)f. (36)
In fact, solutions of (36) satisfy (35), so (36) is redundant.
m { = A. In the same way, from (33c) and (33e),
[A2c+(A—e)fl2A —e) =0 (37)
and
Ac=(e-Nf. (38)

Also, solutions of (38) solve (37).
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In conclusion, we have the following theorem.
Theorem 2.11. Let | = diag(Jo[A], J1[A]) with nonzero A. Then

A2

[ 2A—e (e=A) (3—22}\)f
A
Yi=| -A% e f
0 0 0
and
r —1)2 —
21 —e (e }\/2\) (e A/Z\)f
Y= -A2 e f

0 0 A

are solutions of (2), wheree € C and f € C.

A Ifd=0and g # 0, then f = 0 and Aa + At — A> = 0. Now, (30a)-(30i) become

a(Aa—A?) + Acg =0, (39a)
b(Aa+ Ae =A%) +ae+ Ach—Aa—Ae =0, (39b)
Ae(e—A) =0, (39¢)
(Ab+e—-A)g+ (Ae—Aa)h =0, (39d)
Acg + AP = A%t = 0. (3%)
From (39¢),
e=0 or A
m ¢ = 0. By (39b) and (43e), we obtain
Aab—A*b+ Ach—Aa =0 (40)
and
(Ab — A)g = Aah. 41)
Since g # 0, (41) can be written as
Ab=A+ )\_ah' (42)
9
Next, substituting the above equation into (40) yields
-
9

which contradicts (42). Hence (2) has no solution.

m ¢ = A. This situation is similar to the above one with e = 0, and consequently (2) also has no
solution.

Alfd#0and g # 0, thenh = f = da+At+d— A% = Ada+ Ae +d — A2 = 0. At this point, (30a)-(30i)
degenerate into the following system of equations

—Aae + Abd — Ad + Acg =0, (43a)
—bd + Ach +ae— A% =0, (43b)
cd =0, (43c¢)
(Ab+e—A)d+ Ae(e—A) =0, (43d)
(Ab+e—-MN)g=0, (43e)
Acg + AP = A%t = 0. (43f)
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Because d # 0, we see that ¢ = 0 from (43c). Combining (43a) and (43b), we have
d=-A?%
and then
a+e=2A and a+t=2A

Substituting the above equations into (43a) or (43b), we get

A —e)?
b= ( B ) . (44)
Because g # 0, according to (43e),
A—e
= 45
b="= 45)
A combination of (44) and (45) generates
e(A—e)=0, (46)

which is consistent with (43d). Soe = 0 or A.
me=0 Froma+e=2Aanda+ =24,
a=2A and t=0.
Then we have from (44) or (45) that
b=1
m ¢ = A. In the same way, we have
a=A and t=A.
By (44) or (45), we arrive at
b=0.
In summary, we obtain the following theorem.

Theorem 2.12. Let | = diag(J2[A], J1[A]) with nonzero A. Then

20 1 0
Yi=| -A2 0 0
g 00
and
A 0 0
Y,=| -A2 A 0
g 0 A

are solutions of (2), where 0 # g € C.
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3. Conclusions

We have successfully solved a Yang-Baxter-like matrix equation completely for a given 3 x 3 matrix
with its Jordan canonical form | = diag(J>[A], Ji[u]) with both A and p nonzero, by solving a system of
nine quadratic equations directly with some strategies. For the two cases of A # p and A = 1, our detailed
analysis lead to all the solutions of the system. Together with the previous results in the literature, our
solution indicates that the task of finding all or some solutions of a 3 X 3 Yang-Baxter-like matrix equation
has been finished.

Finding all solutions of an arbitrary order Yang-Baxter-like matrix equation is still an extremely difficult
task. Our future research will be toward solving other types of the matrix equation by developing new
approaches.
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