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Abstract. In this study, we explored the existence and uniqueness of solutions for a system composed
of two hybrid fractional equations, utilizing the Caputo-Hadamard (C-H) derivative. Our approach relies
primarily on the Banach contraction mapping principle (BCMP) and Schaefer’s fixed point theorem. Fur-
thermore, the U-H technique is applied to confirm the stability of the obtained solution. To conclude, a
concrete example is provided to illustrate the theoretical results.

1. Introduction

Various definitions, such as those proposed by Riemann-Liouville (1832), Grunwald-Letnikov (1867),
Hadamard (1891, [10]), and Caputo (1997), have been employed to model problems in engineering and
applied sciences. These formulations have been instrumental in representing physical systems and have
led to more precise results. In 1891, Hadamard introduced a novel derivative. For further details, readers
may refer to [8, 20, 23] and the references cited therein. A more recent approach, known as the Caputo-
Hadamard derivative [19], is derived from the Hadamard derivative and is utilized to solve initial condition
problems with physical interpretations. Recent advancements in the Caputo-Hadamard derivative can be
found in [2, 9, 12, 14, 26-28] and related references. In recent years, fractional calculus has emerged as
a fascinating area of study. This mathematical framework has been widely applied to describe various
real-world phenomena and to analyze complex systems across multiple disciplines, including blood flow
dynamics, mechanics, biophysics, automation, aerodynamics, certain medical fields, and electronics. For
example, the authors in [7] explored the use of fractional differential equations in modeling electric circuits,
while in 2019, Saqib, M. et al. applied these equations to study heat transfer in hybrid nanofluids (see [25]).
For further insights, readers may refer to [21, 22, 29]. Beyond the significant role of studying the existence
of solutions to fractional differential equations through various fixed-point theories, extensive research has
been carried out over the years to examine the application of stability concepts—such as the Mittag-Leffler
function, exponential stability, and Lyapunov stability—to different dynamic systems. Additionally, Ulam
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and Hyers introduced previously unknown stability types, now referred to as Ulam stability [15]. This is
just one example, as numerous similar studies can be found in [1, 3, 6, 16, 24].
In 2008, Benchohra et al.[11], discussed the following boundary value problem

‘DPp(8) = A(S,9(t)), for ae 9€[0,T], O0<p<l,
ﬂ19(0) + bl\g(T) =y,

where D denotes the Caputo fractional derivative of order p, fi : [0, T] X R — R is a given continuous
function and a1, b, ¢; € R such thata; + b; # 0.
In 2017, Arioua et.al. [4] proved the existence of solution for the boundary value problem of nonlinear
differential equation of fractional order

‘DSt + filt,9(1) =0, for 1<t<e, 2<p<3,

with the fractional boundary conditions:

S =91 =0, (D)) = (D} 79 =0,
where ‘D denotes the Caputo-Hadamard (C-H) fractional derivatives of order p, a continuous function
fi:[l,e] xR - R.
In 2018, Benhamida et.al. [10] investigated the following Caputo-Hadamard fractional differential equations
with the boundary conditions:
yDPS(t) = fi(t, (1)), for ae te[l,T], 0<p<l],
ﬂ119(1) + bl\g(T) =y,

where §,DF denotes the Caputo-Hadamard (C-H) fractional derivative of order p, a given continuous
function f; : [1, T] X R — R and the real constants a1, b; and c; such that a; + b; # 0.

The present paper is a continuation of the work see [18], we consider the system of hybrid nonlinear
Caputo-Hadamard (C-H) fractional differential equations:

< pn &) A E(2N (N %

¢ D” E} %((ff))f sl = ML EMR),S(R), #€[1,T], 0<y1 <1, o

c | % _ 2 2 h 2

¢DP G G050 | Ao (3, E(R),9(n)), # €[1,T], 0< 6, <1,

supplemented with the boundary conditions;
o .
"ot Sm) e Em), D) T )

(1) N(T)

A

2221, &), () M2 au(T, ET), 5@) - ¥

where ¢,D71, ¢ D% denote the Caputo-Hadamard (C-H) fractional derivatives of orders y1 and 6; respec-
tively. The given continuous functions A; : [1,TIX RXR — R, i = 1,2 with A;,yg; and v; € R, i = 1,2,
@;:[1,TIXRXxR— R\ {0},i=1,2.

In this paper, we extended the problem considered in [10] to a boundary value problem of coupled hybrid
Caputo-Hadamard (C-H) fractional differential equations. For the existence part of the solution we use
Schaefer’s fixed point theorem and the uniqueness, we apply Banach contraction mapping principle.

The rest of the paper is organized as follows. Section 2 devoted to the preliminary concepts and the discus-
sion of auxiliary lemma related to the problem at hand. Section 3 dealt with the main proof the existence
results of problem (1) - (2). Section 4 looks at the Ulam-Hyers stability of the provided fractional differential
equations (1) - (2). In section 5, example is provided to further clarify of the study4s finding. In section 6, a
conclusion and a future work are introduced.



M. Hannabou et al. / Filomat 39:34 (2025), 12143-12154 12145

2. Preliminaries

Let us introduce some preliminary results that will be useful for proving our results in the subsequent
sections.

Definition 2.1. [20] If hy: [1,400) — R, a continuous function, the Hadamard fractional integral of order g, is
defind by
'71 1711(5)

I"h
M hi (%) = F( N S 0ss

;1>0, #>1,
provided the integral exists.

Definition 2.2. [20] For the function hy given on the interval [1, +o0), and the Hadamard fractional derivative of
order y1 for a continuous function hy: [1,+c0] — R is defined as

R 1 dvi (%, sm-1hy(s)
0 - - (£ - S _
(DT hy)(3) T( lh)( lt) ]; (ln S) S ds, n—-1<q <n,

= 8" (ul" " h)(R),
where n = [q1] + 1, [g1] is the integer part of the real number q; and log(.) = log,(.)
Definition 2.3. [19] The C-H fractional derivative of order g1 where g1 > 0, n —1 < q1 < n, with n=[q1] + 1 and
hy € AC}[1,00)

(D" )50 = f (og 2y 1716y (6) %

=y " 1(0"h1)(R).
Lemma 2.4. [19] Let hy € AC[1,+00) and g1 > 0 then
n—1

1l (DM hy)(50) = hy (%) — Z

i=

6'x(1) ;
—— (logt)'.

Lemma 2.5. Suppose h; : [1,+00) — R is a continuous function and a solution & is defined by

£00 = 12,860, 960 [ G002y e - s [Ty e s ¢ ),
®)
if and only if
@ [t | e on<t @
and D, ED) ®)

o1(L &(D), 8 ManT,Em), sy ~
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Proof. Assume & satisfies (4) then Lemma 2.4 implies

&) N
[cam £5), sm»] = GO +a, ©
when we apply the boundary condition (5), we get
&(1) -
@11, &(D), (D)
&(T) o
@i (T, 5y ey
&(1) 4 &(T) -y
"o ED, s@) Mo am), M) Y
: z(1) _
AMag + [Jl[Hp/ hl(T) + m] =V,
&) . ¢) _
Mo, &m, sqy D G ETED, Say) <
1
(A1 + m)W + il hi(T) =,
&) _n- paul" hy(T)
@1(1,&(1),9(1)) (A1 + 1)

which leads to the solution (3) that

B+ —2). 7)

£ = (&, g(fg),S(f())(Hb/lhl(ﬁ) - m A+

Conversely,

Step 1: Applying the Hadamard Derivative

Let us apply the operator ;yD?" to both sides of Equation (7). Since @; is a function of constants (with respect
to %), we treat it as a multiplicative constant:

2! V1
I"h (T .
/\1+‘LI1H 1( )+A1+[J1

y £
P (wl(fc, £, 5G0)

) =yD" (HP’lhl(J?t) -
Now, we use the known identity:
aD" (aI" f(3)) = f(%),
which is valid under suitable regularity conditions. Applying this to constant values:

D" (uI"' (%)) = (%), uD"'(c) = 0.

Therefore:

m( £

PRI sm») =m0,

This satisfies the structure of the original equation for some (%) constructed accordingly.
Step 2: Verifying the Nonlocal Condition
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From the given expression for £(%), we compute:

‘S(l) é(T) _ /1 _ [J /1
M(mﬂéﬂ»ﬂhﬂ+”4wwﬂaﬂﬁﬂw)_A%m)ma)/\+quhaj+A+uJ
+u%m%mwr;hTy5mwmnwgthJ

=Ml (1) + 1

=V1.

Thus,

(el )
@1(1, (1), 3(1)) @1(T, &(T), S(T)) '

then the nonlocal boundary condition is satisfied.

3. Main Results

Let us now consider a space © = {€(3) /&%) € C([1, T])} be a Banach space of all continuous functions
from [1, T] X R — R be a Banach space endowed with the norm 1€l = sup{lf(ﬁt)l :1 < 2t < T}. Let the space
AC;([il,iz] X R,R) = {hy : [i1,2] XR -> R : y’”‘lhl(ft) € AC([i1,i] X R,R)}, where y = ft% is the Hadamard
derivative and AC([7, 2] X R,R) is the space of absolutely continuous function on [i1,i2] X R X R. Then the
product space (S x G, ||(&, 9)||) endowed with the norm ”(5, ) 9) € G x Sis also a Banach
space.

The following assumptions are more helpful to derive our main results.

(F1) The function & —

(F2) The function § — m is increasing in R for every # € [1, T].

(F3) there exist positive numbers L; > 0 such that |@i(%, &, 9)| < L for all (%,&,9) € [1, TIx RX R(@i =1, 2).

(F4) Let A1, Ay : [1,T] X R X R — R be continuous and bounded functions and there exists constants 7, 7;
such that, forall x € [1,T] and p;, 0i € R,i=1,2,

3 .. . N
oLy Is increasing in R forevery 2t € [1,T].

|A1(ﬁ, p1,02) — A1(3, p1, Qz)‘ < milpr — o1l + malp2 — 0o,
|A2(%, p1, 02) = Mo (3, p1, 02)| < a1lp1 — o1l + d2lp2 — gal.

(F5) sup A1(%,0,0) = My < o0 and sup Ax(%,0,0) = M, < co.
2€[1,T] 2€[1,T]
(F6) There exists N1 > 0, N, > 0 such that |A1(%, x(3), 3(%))| < N1,  |A2(%, x(%), 9(3))| < N».

For the ease of computational calculation, we pose

. [ |l ] (logT)"
N S PR § SOV
. [ | 2] ] (logT)™
270 T+ mlTe v 1)
[v1] [va]
= <1 and =
Q1|m+m| Q2|M+m

In view of Lemma 2.5, we define an operator © : G X & — & x & associated with the problem (1) -(2) as
follows:

o, 960 = ot e | ®
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where

@1(5,9)(2):@1(2,5,9) w f lg ) 1A1(s,5(s),9(s))i

— L Z - u V1
IOt + 0 s (o RRNCECR )

and

©x(6, 960 = @x(3, & 5 [ (logﬁ)él‘les,a<s>,9<s>>i

T i
H2 T\61-1 vy

Theorem 3.1. Assume that the hypotheses (F1)-(F2)-(F3)-(F4)-(F5) hold. Then ®8, C B,, where B, =

S X S :|(z, o < 7} is a closed ball with

TMi+ oMo+ Q1+ Do
1= (Ly71(m + 12) + LoT2(01 + 02)) —

If
L1T1(T(1 + 7'(2) + Lz’l’z(al + 02) <1,
then, the problem (1) - (2) has a unique solution on [1,T].
Proof. For (&,9) € B, and % € [1,T], it follows by (F4) that
|A1(3, E(2), 9| < [A1(%, E(3), 9(3)) — A1 (%, 0,0)] < Ta[Elleo + T2 oo

Similarly one can find that |Ay(%, E(%), 3(3))| < 1llllee + 02]I9]lco-
Then we have

101 (&, 9)(30)

< /{G[l T][F(yl)f log ‘A1(s &(s), 9(s)) = A1(s,0,0)) + A1 (s,0, 0)’d

__ Il Ty v }
oo T (logs) "IAL(s, £65), 9(9)) — Ax(s,0,0) + Ax(s, 0, 0)| v

< 1

o 1)f og e n1|£I+nzI9|+Ml)—

[t Ty\n-1 d
=V log— Tt + 1|9 + M) — +
oI T ( g<) (lEl+ mls|+ Mo+ Q1)

(logT)" |1l
< Ll(r(y1 T Cad vy yll)«ma + 0191+ A1) + Q1)

Thus

(logT)" |t
191 9l < 7= 5+ s M)(nlnéuw + il + A1) + Q1)

< Ly(tu(millélle + mall ¥l + My) + Q1)

< Ll((T17T1 + T2T[2)1’ + T1N1 + Ql)

< Ll(’cl(nl + 10)r + Ty My + Q1).

12148

©)

(10)

{(&,9) €
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In a similar way, one can derive that
1©2(E, Hllew < Lo (12(01 + 02)Ir + T2 Mo + Q2) -

From the foregoing estimates for ®; and ©,, it follows that [|O(&, 9)le < 7.
Next, for (£1,91),(E2,92) € EX Sand & € [1,T], we get

1

©1(&2, 92)6) ~ €1(&1, 3601 < L

f (logg)”_1 [A1(s, €2(8), 92(5)) — Aa(s, €1(5), 91(5)) a
1 S ds

|l T T - i
T + 1l f1 (log;)y |A1(S,52(S),Sz(s))—Al(s,él(s),sl(s))|%)

. (logT)
Al + 251 F()/l + 1)
= Litim|l&2 = &illeo + L1T1m2[192 = S1lleo,

<Lif1+ J[mlléz = &ill + 72ll2 = 1l

which implies that

1©1(&2,82) = ©1(E1, 1)l < Lata (71 + 7)1 = Enlleo + 182 = D1l - (11)
In a similar manner, one can find that

12(&2,82) = ©a(E1, 91)law < LaTa(01 +02)|l1€2 = Enllss + 1192 = 31l |- (12)
From (11) and (12), we deduce that

[©(&2, 92) = @1, )|, < [LaT1(o1 + 02) + Lata(01 + 02)] (1€2 = &nllee + 1182 = S1lls).-

In view of condition Li171(m1 + m1) + La72(01 + 02) < 1, it follows that the operator ® possesses a unique
fixed point. This leads to the conclusion that the problems (1)-(2) have a unique solution on [1,T]. This
completes the proof. [

Now, we discuss the existence of solutions for the problem (1)-(2) by means of Schaefer’s fixed point theorem

Theorem 3.2. Assume that the hypotheses (F1)-(F2)-(F3)-(F4)-(F6) hold. Then, the problem (1)-(2) has at least
solution on [1,T].

Proof. The proof will be given in several steps.

Step I: The operator © : © x € — & x & is continuous.

Notice that continuity of the functions Aj, Ay, @1, and @, implies that of the operator ® C¢ S x & be
bounded.

Let (&4, 94) be a sequence of points in € X & converging to a point (£,9) € © x S. Then, by Lebesgue
Dominated Convergence Theorem, we have

1©1(En, 9n)(3) = ©1(C, )(H)|

1 (%, an d
<l [ (og%) " s, 4000 8,090 = AuGs, £, SN
|1l

TR s A AV
- m : ( 09§) IA1(s, En(8), On(s)) — A1(s, E(5), (S))|E)
1l ] (logT)"

A+ AT (1 + 1)

<Lyf1+ 181 En (), 9u()) = A, EC), 3O)les,
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since A1 is continuous, we have [|@1(&,, 9,) — ©1(&, 9)|le — 0asn — oo for all & € [1,T].
Similarly we can prove [|@2(&y, 9,) — @2(&, 9|l = 0asn — oo forall & € [1,T].

Hence, it follows from the foregoing inequalities satisfied by ©®; and ©, that the operator © is continu-
ous.

Step II : The operator ®: C([1,T] X R X R — R), which maps bounded sets into bounded sets, there exists
a positive constants £y and L, such that for each (&, 9) € BV; ={(&,9) € C(IL, TIXRXR,R) : Il < vih,
certainly for any vy > 0,

we have
1©1(&, Ol < L1 and 1B2(&, 9)ow < L2,
and
N 1 % A1 d
16,9601 < iz [ (100 %)" s 66, 9601
|11 T T v
ol (log)" 1M1, £C6), S(s>)|— T )
|t (ZO!JT)V1 il \
191 Do = L[+ =l SN * g ) = L

Thus we deduce that [|©;(&, 9)||e < L. In a similar fashion, it can be found that ||©,(&, 9)|l. < L>. Hence it
follows from the foregoing inequalities that ©; and ©, are uniformly bounded and hence the operator ® is
uniformly bounded.

Step III : Next we prove that ®, bounded sets into equicontinuous sets.
Letr,mn €[1,T] with r <y,

[©1(&(r2), 9(r2) = ©1(&(r1), (1))l

[(log%)yl_l - (1092—1))'1‘1] [Ax(s, £(5), S(6)) %

<L

1(1"(7/1)
1 03 2 e d
+T7/1)f (109;)’ 1|A1(S,§(S),9(S))|%)

< Ll(l’( Ni 1)[(logr2)7’1 — (Zogrl)yl])

-0 as r—ornr,

Analogously we can obtain that

©2(E(r2), 3(r2) — ©2(E(r2), (r1)) < La( e | togr)” = Gogra)™ )

I+
Therefore the operator © is equicontinuous and hence the operator ©(&, 9) is completely continuous.

Step IV :
To show that theset P = {(&,9) € S X S : (§,9) = yO(E, 9), 0 <y < 1}is bounded (Apriori bounds).
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Let (&,9) € P and & € [1, T]. Then it follows from &(&) = yO1(&, 9)(R) that S(&) = yO,(&, I)(R) that

A

|5(ﬁ)|3L1(%y1) fl (logﬁ)”_lwl(s,g(s),S(s))%

S

_ |1l
TO)lA + wl Jy

T T\ri-1 d V1
(ZOQE) |61(s,5(5),9(5))|% 4 +{J1)

ltal 7 (logT)" [v1]
<Ly(|1+ N; + =1,
il I/\1+M1I]F(V1+1) ! |A1+u1|) !
IED e < 71, (13)
and
|42 (logT)* [val
\9 ) < L ]. + + = ,
191 < L1+ = e N * g 2
[19leo < 7. (14)

Hence, from (13) and (14), we obtain
lIElleo + 1191l < 7,

which implies that

1 oo < 7.

Hence % is bounded and therefore by Theorem 3.2, ® has a fixed point then the problem (1)-(2) has atleast
one solution on [1,T]. The proof is complete. [

4. Stability results for the problem

We analyse the Ulam-Hyers stability for problem (1)- (2) in this section. Consider the following defini-
tions of nonlinear operators Z; € C([1, T], R) — C([1, T],R), where £ is define by (3)

cpn 6(2:(\)
7 e (&, E(), 9(R))

— M (2, E(R),9(R)) = Z1(E)(2), 1 € [1, T], 0 < y1 <11,

For some ¢; > 0, we consider the following inequalities:
121l < c1. (15)

Definition 4.1. The system (1)- (2) is U-H stable if My > 0, for every solution & € C([1, T], R) of inequality (15)
there exist a unique solution on & € C([1, T],R), of problem (1)- (2) with:

€ = & lleo < Mica.
Theorem 4.2. Suppose that (Fs) and is satisfied, then the BVP (1)- (2) is U-H stable if

Lty > 1.
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Proof. Let & € C([1, T], R), be the solution of the BVP (1)- (2) satisfying (3).
Let £ be any solution satisfying (15):

¢ E(x) e tren ars s
HD |:(D1(fﬁ, é(ft), S(fﬁ))] — Al(%/ é(%)/ ‘9(%)) + -Zl(é)(;{)/]’t € [1/ T]/O < )/1 < 1
Therefore

£°(8) = B(EYR) + @1 (5, £(3), 9(R)) % f log ™y 1 260 &

1-1 V1
- f tog Ty Z OG0 2 f)

it follows that

€760 = 0 sjo €60, SN [ oo 27 Zae)G0

y1—1 sl
“Ton (/\1+#1 f (g5 2 L1007 )

(logT)" ( . | 1] )

<L ’
11ﬂ(7/1 +1) A1 + il =1

Consequently, based on the fixed point property of the operator ®, provided in (9), we derive that

() = E' ()| = [E(3) — O(E) () + O(ET) () — & (X))
<1O(&)(3) — O(E) ()| + 1O(E7) (%) — £ ()]
< LitymllE = &l + Litic, (16)

From the above equation (16) it follows that

€ = &Ml < LimTlle - &7l + Ltcy

Ltgy
—1- L1T1T[1
< Mg,
with L
Ml h 1- L1T1711’

Hence, the problem (1)- (2) is U-H stable. [

5. Example
Consider the following system of coupled fractional differential equations:

prr(— ) Ly O S

o1, &), 8(1)) ~ 100 2’2001+ 8(%)
12 d(R) 3 Jcos&(#) i B
P (602(191/ &(%), S(ft))) 4001 + | cos &(%)| * g SV +e, (17)

ORI
211D, 5(1) T @1(e, 2, 9C)
S e
21,5, 3(1) * @6, 0, 5€)

=0,

(18)
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Here y, =61 = %, T=e, Ay =1 = =1,vi =v, =0,and

1]

. _(k+ 1), . .
@1(#,&,9) = 100 (51n\9(%)+1+|5|+3)+e ,

. G VI 1
@a(%,€,9) = 5 (sin 8G) + &) + 5,
i 115 R,

A1, E(0-8(0) = 7550 + 5) + 5557 S0 +e7,

o oy orpn _ O leosEGYl 1 o

Ao(#, E(R), S(R)) = 2001+ [cos £G0)] + % sind(#) +e™ ",
2 2 _3 __1
=535 %= 400" 2T 26°

From the given data, we find that 7; = 1.457895 and 7, = 1.235648.
Therefore

L1T1(7T1 + 712) + L2T2(01 + L202) =0.123456987 < 1.

By the Theorem 3.1, the problem (17)-(18) with the given ®; and ©; has at least one solution on [1, T].

Conclusion

Most natural phenomena are treated using different types of fractional differential equations. This
diversity in this type of equation helps us to scrutinize the integration of many phenomena in various
fields. This helps us in creating programs that enable us to consume rational materials. In this paper, Based
on the Banach contraction mapping, and U-H stability we treated the existence, uniqueness, and Stability
of solutions to a fractional (Hybrid) differential equation with hybrid boundary conditions respectively.
This equation plays an important role in the field of the control system. For future work, we suggest using
other types of fractional derivative operators such as the generalized Hilfer fractional derivative, the one
who is interested in the subject can also investigate the existence and uniqueness of the solutions for the
tripled systems via several fixed points theorems such as Leray-Schuader’s alternative, and Monch’s fixed
point theorem.
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