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cLaboratory of PDEs, Algebra and Spectral Geometry, Department of Mathematics, Faculty of Sciences, ENSC,
Ibn Tofail University, Kenitra, Morocco

Abstract. In this study, we explored the existence and uniqueness of solutions for a system composed
of two hybrid fractional equations, utilizing the Caputo-Hadamard (C-H) derivative. Our approach relies
primarily on the Banach contraction mapping principle (BCMP) and Schaefer’s fixed point theorem. Fur-
thermore, the U-H technique is applied to confirm the stability of the obtained solution. To conclude, a
concrete example is provided to illustrate the theoretical results.

1. Introduction

Various definitions, such as those proposed by Riemann-Liouville (1832), Grunwald-Letnikov (1867),
Hadamard (1891, [10]), and Caputo (1997), have been employed to model problems in engineering and
applied sciences. These formulations have been instrumental in representing physical systems and have
led to more precise results. In 1891, Hadamard introduced a novel derivative. For further details, readers
may refer to [8, 20, 23] and the references cited therein. A more recent approach, known as the Caputo-
Hadamard derivative [19], is derived from the Hadamard derivative and is utilized to solve initial condition
problems with physical interpretations. Recent advancements in the Caputo-Hadamard derivative can be
found in [2, 9, 12, 14, 26–28] and related references. In recent years, fractional calculus has emerged as
a fascinating area of study. This mathematical framework has been widely applied to describe various
real-world phenomena and to analyze complex systems across multiple disciplines, including blood flow
dynamics, mechanics, biophysics, automation, aerodynamics, certain medical fields, and electronics. For
example, the authors in [7] explored the use of fractional differential equations in modeling electric circuits,
while in 2019, Saqib, M. et al. applied these equations to study heat transfer in hybrid nanofluids (see [25]).
For further insights, readers may refer to [21, 22, 29]. Beyond the significant role of studying the existence
of solutions to fractional differential equations through various fixed-point theories, extensive research has
been carried out over the years to examine the application of stability concepts—such as the Mittag-Leffler
function, exponential stability, and Lyapunov stability—to different dynamic systems. Additionally, Ulam
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and Hyers introduced previously unknown stability types, now referred to as Ulam stability [15]. This is
just one example, as numerous similar studies can be found in [1, 3, 6, 16, 24].
In 2008, Benchohra et al.[11], discussed the following boundary value problem

cDpφ(ϑ) = f1(ϑ, ϑ(t)), f or a.e ϑ ∈ [0,T], 0 < p ≤ 1,

a1ϑ(0) + b1ϑ(T) = c1,

where cDp denotes the Caputo fractional derivative of order p, f1 : [0,T] × R→ R is a given continuous
function and a1, b1, c1 ∈ R such that a1 + b1 , 0.
In 2017, Arioua et.al. [4] proved the existence of solution for the boundary value problem of nonlinear
differential equation of fractional order

cDp
1+ϑ(t) + f1(t, ϑ(t)) = 0, f or 1 < t < e, 2 < p ≤ 3,

with the fractional boundary conditions:

ϑ(1) = ϑ
′

(1) = 0, (cDp−1
1+ ϑ)(e) = (cDp−2

1+ ϑ)(e) = 0,

where cDp denotes the Caputo-Hadamard (C-H) fractional derivatives of order p, a continuous function
f1 : [1, e] × R→ R.
In 2018, Benhamida et.al. [10] investigated the following Caputo-Hadamard fractional differential equations
with the boundary conditions:

c
HDpϑ(t) = f1(t, ϑ(t)), f or a.e t ∈ [1,T], 0 < p ≤ 1,

a1ϑ(1) + b1ϑ(T) = c1,

where c
HDp denotes the Caputo-Hadamard (C-H) fractional derivative of order p, a given continuous

function f1 : [1,T] × R→ R and the real constants a1, b1 and c1 such that a1 + b1 , 0.

The present paper is a continuation of the work see [18], we consider the system of hybrid nonlinear
Caputo-Hadamard (C-H) fractional differential equations:

c
HDγ1

[
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))

]
= Λ1(κ̂, ξ(κ̂), ϑ(κ̂)), κ̂ ∈ [1,T], 0 < γ1 < 1,

c
HDδ1

[
ϑ(κ̂)

ϖ2(κ̂, ξ(κ̂), ϑ(κ̂))

]
= Λ2(κ̂, ξ(κ̂), ϑ(κ̂)), κ̂ ∈ [1,T], 0 < δ1 < 1,

(1)

supplemented with the boundary conditions;

λ1
ξ(1)

ϖ1(1, ξ(1), ϑ(1))
+ µ1

ξ(T)
ϖ1(T, ξ(T), ϑ(T))

= ν1,

λ2
ϑ(1)

ϖ2(1, ξ(1), ϑ(1))
+ µ2

ϑ(T)
ϖ2(T, ξ(T), ϑ(ξ))

= ν2,
(2)

where c
HDγ1 , c

HDδ1 denote the Caputo-Hadamard (C-H) fractional derivatives of orders γ1 and δ1 respec-
tively. The given continuous functions Λi : [1,T] × R × R → R, i = 1, 2 with λi, µi and νi ∈ R, i = 1, 2,
ϖi : [1,T] × R × R→ R \ {0}, i = 1, 2.

In this paper, we extended the problem considered in [10] to a boundary value problem of coupled hybrid
Caputo-Hadamard (C-H) fractional differential equations. For the existence part of the solution we use
Schaefer’s fixed point theorem and the uniqueness, we apply Banach contraction mapping principle.
The rest of the paper is organized as follows. Section 2 devoted to the preliminary concepts and the discus-
sion of auxiliary lemma related to the problem at hand. Section 3 dealt with the main proof the existence
results of problem (1) - (2). Section 4 looks at the Ulam-Hyers stability of the provided fractional differential
equations (1) - (2). In section 5, example is provided to further clarify of the study4s finding. In section 6, a
conclusion and a future work are introduced.
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2. Preliminaries

Let us introduce some preliminary results that will be useful for proving our results in the subsequent
sections.

Definition 2.1. [20] If h1: [1,+∞) → R, a continuous function, the Hadamard fractional integral of order q1 is
defind by

HIq1 h1(κ̂) =
1
Γ(q1)

∫ κ̂

1

(
ln
κ̂

s

)q1−1 h1(s)
s

ds, q1 > 0, κ̂ > 1,

provided the integral exists.

Definition 2.2. [20] For the function h1 given on the interval [1,+∞), and the Hadamard fractional derivative of
order γ1 for a continuous function h1: [1,+∞]→ R is defined as

(HDq1 h1)(κ̂) =
1

Γ(n − q1)

( d
dt

)n
∫ κ̂

1

(
ln
κ̂

s

)n−q1−1 h1(s)
s

ds, n − 1 < q1 < n,

= δn(HIn−q1 h1)(κ̂),

where n = [q1] + 1, [q1] is the integer part of the real number q1 and lo1(.) = lo1e(.)

Definition 2.3. [19] The C-H fractional derivative of order q1 where q1 ≥ 0, n − 1 < q1 < n, with n=[q1] + 1 and
h1 ∈ ACn

δ[1,∞)

(c
HDq1 h1)(κ̂) =

1
Γ(n − q1)

∫ κ̂

1
(lo1
κ̂

s
)n−q1−1δnh1(s)

ds
s

=H In−q1 (δnh1)(κ̂).

Lemma 2.4. [19] Let h1 ∈ ACn
δ[1,+∞) and q1 > 0 then

HIq1 (c
HDq1 h1)(κ̂) = h1(κ̂) −

n−1∑
i=0

δix(1)
i!

(lo1t)i.

Lemma 2.5. Suppose h1 : [1,+∞)→ R is a continuous function and a solution ξ is defined by

ξ(κ̂) = ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))
( 1
Γ(γ1)

∫ κ̂

1
(lo1
κ̂

s
)γ1−1h1(s)

d
ds
−

µ1

Γ(γ1)(λ1 + µ1)

∫ T

1
(lo1

T
s

)γ1−1h1(s)
d
ds
+

ν1

λ1 + µ1

)
,

(3)

if and only if

c
HDγ1

[
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))

]
=h1(κ̂), 0 < γ1 < 1, (4)

and λ1
ξ(1)

ϖ1(1, ξ(1), ϑ(1))
+ µ1

ξ(T)
ϖ1(T, ξ(T), ϑ(T))

= ν1, (5)
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Proof. Assume ξ satisfies (4) then Lemma 2.4 implies[
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))

]
=H Iγ1 h1(κ̂) + α1, (6)

when we apply the boundary condition (5), we get

ξ(1)
ϖ1(1, ξ(1), ϑ(1))

= α1,

ξ(T)
ϖ1(T, ξ(T), ϑ(T))

=H Iγ1 h1(T) + α1,

λ1
ξ(1)

ϖ1(1, ξ(1), ϑ(1))
+ µ1

ξ(T)
ϖ1(T, ξ(T), ϑ(T))

= ν1,

λ1α1 + µ1[HIγ1 h1(T) +
z(1)

ϖ1(1, ξ(1), ϑ(1))
] = ν1,

λ1
ξ(1)

ϖ1(1, ξ(1), ϑ(1))
+ µ1HIγ1 h1(T) + µ1

ξ(1)
ϖ1(1, ξ(1), ϑ(1))

= ν1,

(λ1 + µ1)
ξ(1)

ϖ1(1, ξ(1), ϑ(1))
+ µ1HIγ1 h1(T) = ν1,

ξ(1)
ϖ1(1, ξ(1), ϑ(1))

=
ν1 − µ1HIγ1 h1(T)

(λ1 + µ1)
,

which leads to the solution (3) that

ξ(κ̂) = ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))
(

H
Iγ1 h1(κ̂) −

µ1

(λ1 + µ1) HIγ1 h1(T) +
ν1

λ1 + µ1

)
. (7)

Conversely,
Step 1: Applying the Hadamard Derivative
Let us apply the operator HDγ1 to both sides of Equation (7). Sinceϖ1 is a function of constants (with respect
to κ̂), we treat it as a multiplicative constant:

HDγ1

(
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))

)
= HDγ1

(
HIγ1 h1(κ̂) −

µ1

λ1 + µ1
HIγ1 h1(T) +

ν1

λ1 + µ1

)
.

Now, we use the known identity:

HDγ1
(

HIγ1 f (κ̂)
)
= f (κ̂),

which is valid under suitable regularity conditions. Applying this to constant values:

HDγ1 (HIγ1 h1(κ̂)) = h1(κ̂), HDγ1 (c) = 0.

Therefore:

HDγ1

(
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))

)
= h1(κ̂).

This satisfies the structure of the original equation for some h1(κ̂) constructed accordingly.
Step 2: Verifying the Nonlocal Condition
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From the given expression for ξ(κ̂), we compute:

λ1

(
ξ(1)

ϖ1(1, ξ(1), ϑ(1))

)
+ µ1

(
ξ(T)

ϖ1(T, ξ(T), ϑ(T))

)
= λ1

(
HIγ1 h1(1) −

µ1

λ1 + µ1
HIγ1 h1(T) +

ν1

λ1 + µ1

)
+ µ1

(
HIγ1 h1(T) −

µ1

λ1 + µ1
(HIγ1 h1(T) +

ν1

λ1 + µ1

)
= λ1HIγ1 h1(1) + ν1

= ν1.

Thus,

λ1

(
ξ(1)

ϖ1(1, ξ(1), ϑ(1))

)
+ µ1

(
ξ(T)

ϖ1(T, ξ(T), ϑ(T))

)
= ν1.

then the nonlocal boundary condition is satisfied.

3. Main Results

Let us now consider a space S = {ξ̃(κ̂)/ξ̃(κ̂) ∈ C([1,T])} be a Banach space of all continuous functions
from [1,T]×R→ R be a Banach space endowed with the norm ∥ξ̃∥∞ = sup{|ξ̃(κ̂)| : 1 ≤ κ̂ ≤ T}. Let the space
ACn

γ([i1, i2] × R,R) = {h1 : [i1, i2] × R → R : γm−1h1(κ̂) ∈ AC([i1, i2] × R,R)}, where γ = κ̂ d
dt is the Hadamard

derivative and AC([i1, i2] × R,R) is the space of absolutely continuous function on [i1, i2] × R × R. Then the
product space (S ×S, ∥(ξ̃, ϑ̃)∥) endowed with the norm

∥∥∥(ξ̃, ϑ̃)
∥∥∥ = ∥∥∥ξ̃∥∥∥ + ∥∥∥ϑ̃∥∥∥, (ξ̃, ϑ̃) ∈ S ×S is also a Banach

space.

The following assumptions are more helpful to derive our main results.

(F1) The function ξ −→ ξ
ϖ1(κ̂,ξ,ϑ) is increasing in R for every κ̂ ∈ [1,T].

(F2) The function ϑ −→ ϑ
ϖ2(κ̂,ξ,ϑ) is increasing in R for every κ̂ ∈ [1,T].

(F3) there exist positive numbers Li > 0 such that |ϖi(κ̂, ξ, ϑ)| ≤ Li for all (κ̂, ξ, ϑ) ∈ [1,T] × R × R(i = 1, 2).
(F4) Let Λ1,Λ2 : [1,T] × R × R→ R be continuous and bounded functions and there exists constants πi, σi

such that, for all κ̂ ∈ [1,T] and ρi, ϱi ∈ R, i = 1, 2,∣∣∣Λ1(κ̂, ρ1, ϱ2) −Λ1(κ̂, ρ1, ϱ2)
∣∣∣ ≤ π1|ρ1 − ϱ1| + π2|ρ2 − ϱ2|,∣∣∣Λ2(κ̂, ρ1, ϱ2) −Λ2(κ̂, ρ1, ϱ2)
∣∣∣ ≤ σ1|ρ1 − ϱ1| + σ2|ρ2 − ϱ2|.

(F5) sup
κ̂∈[1,T]

Λ1(κ̂, 0, 0) =M1 < ∞ and sup
κ̂∈[1,T]

Λ2(κ̂, 0, 0) =M2 < ∞.

(F6) There exists N1 > 0,N2 > 0 such that |Λ1(κ̂, x(κ̂), ϑ(κ̂))| ≤ N1, |Λ2(κ̂, x(κ̂), ϑ(κ̂))| ≤ N2.

For the ease of computational calculation, we pose

τ1 =
[
1 +

|µ1|

|λ1 + µ1|

] (lo1T)γ1

Γ(γ1 + 1)
,

τ2 =
[
1 +

|µ2|

|λ2 + µ2|

] (lo1T)δ1

Γ(δ1 + 1)
,

Q1 =
|ν1|

|λ1 + µ1|
< 1 and Q2 =

|ν2|

|λ2 + µ2|
< 1.

In view of Lemma 2.5, we define an operator Θ : S×S→ S×S associated with the problem (1) -(2) as
follows:

Θ(ξ, ϑ)(κ̂) =
(
Θ1(ξ, ϑ)(κ̂)
Θ2(ξ, ϑ)(κ̂)

)
, (8)
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where

Θ1(ξ, ϑ)(κ̂) = ϖ1(κ̂, ξ, ϑ)
( 1
Γ(γ1)

∫ κ̂

1

(
lo1
κ̂

s

)γ1−1
Λ1(s, ξ(s), ϑ(s))

d
ds

−
µ1

Γ(γ1)(λ1 + µ1)

∫ T

1

(
lo1

T
s

)γ1−1
Λ1(s, ξ(s), ϑ(s))

d
ds
+

ν1

λ1 + µ1

)
, (9)

and

Θ2(ξ, ϑ)(κ̂) = ϖ2(κ̂, ξ, ϑ)
( 1
Γ(δ1)

∫ κ̂

1

(
lo1
κ̂

s

)δ1−1
Λ2(s, ξ(s), ϑ(s))

d
ds

−
µ2

Γ(δ1)(λ2 + µ2)

∫ T

1

(
lo1

T
s

)δ1−1
Λ2(s, ξ(s), ϑ(s))

d
ds
+

ν2

λ2 + µ2

)
. (10)

Theorem 3.1. Assume that the hypotheses (F1)-(F2)-(F3)-(F4)-(F5) hold. Then ΘB̄r ⊂ B̄r, where B̄r = {(ξ, ϑ) ∈
S ×S : ∥(z, ϑ)∥∞ ≤ r} is a closed ball with

τ1M1 + τ2M2 +Q1 +Q2

1 − (L1τ1(π1 + π2) + L2τ2(σ1 + σ2))
≤ r.

If
L1τ1(π1 + π2) + L2τ2(σ1 + σ2) < 1,

then, the problem (1) - (2) has a unique solution on [1,T].

Proof. For (ξ, ϑ) ∈ B̄r and κ̂ ∈ [1,T], it follows by (F4) that

|Λ1(κ̂, ξ(κ̂), ϑ(κ̂))| ≤ |Λ1(κ̂, ξ(κ̂), ϑ(κ̂)) −Λ1(κ̂, 0, 0)| ≤ π1||ξ||∞ + π2||ϑ||∞.

Similarly one can find that |Λ2(κ̂, ξ(κ̂), ϑ(κ̂))| ≤ σ1||ξ||∞ + σ2||ϑ||∞.
Then we have

|Θ1(ξ, ϑ)(κ̂)|

≤ L1 max
κ̂∈[1,T]

[
1
Γ(γ1)

∫ κ̂

1

(
lo1
κ̂

s

)γ1−1∣∣∣∣Λ1(s, ξ(s), ϑ(s)) −Λ1(s, 0, 0)) + Λ1(s, 0, 0)
∣∣∣∣ d
ds

−
|µ1|

Γ(γ1)|λ1 + µ1|

∫ T

1

(
lo1

T
s

)γ1−1
|Λ1(s, ξ(s), ϑ(s)) −Λ1(s, 0, 0) + Λ1(s, 0, 0)|

d
ds
+

|ν1|

|λ1 + µ1|

]
≤ L1

( 1
Γ(γ1)

∫ κ̂

1

(
lo1
κ̂

s

)γ1−1
(π1|ξ| + π2|ϑ| +M1)

d
ds

+
|µ1|

Γ(γ1)|λ1 + µ1|

∫ T

1

(
lo1

T
s

)γ1−1
(π1|ξ| + π2|ϑ| +M1)

d
ds
+Q1

)
≤ L1

( (lo1T)γ1

Γ(γ1 + 1)

(
1 +

|µ1|

|λ1 + µ1|

)
(σ1|ξ| + σ2|ϑ| +N1) +Q1

)
.

Thus

∥Θ1(ξ, ϑ)∥∞ ≤
(lo1T)γ1

Γ(γ1 + 1)

(
1 +

|µ1|

|λ1 + µ1|

)
(π1∥ξ∥∞ + π2∥ϑ∥∞ +N1) +Q1

)
≤ L1

(
τ1(π1∥ξ∥∞ + π2∥ϑ∥∞ +M1) +Q1

)
≤ L1

(
(τ1π1 + τ2π2)r + τ1N1 +Q1

)
≤ L1

(
τ1(π1 + π2)r + τ1M1 +Q1

)
.
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In a similar way, one can derive that

∥Θ2(ξ, ϑ)∥∞ ≤ L2 (τ2(σ1 + σ2)]r + τ2M2 +Q2) .

From the foregoing estimates for Θ1 and Θ2, it follows that ||Θ(ξ, ϑ)||∞ ≤ r.
Next, for (ξ1, ϑ1), (ξ2, ϑ2) ∈ S ×S and κ̂ ∈ [1,T], we get

|Θ1(ξ2, ϑ2)(κ̂) −Θ1(ξ1, ϑ1)(κ̂)| ≤ L1

( 1
Γ(γ1)

∫ κ̂

1
(lo1
κ̂

s
)γ1−1

|Λ1(s, ξ2(s), ϑ2(s)) −Λ1(s, ξ1(s), ϑ1(s))|
d
ds

+
|µ1|

Γ(γ1)|λ1 + µ1|

∫ T

1
(lo1

T
s

)γ1−1
|Λ1(s, ξ2(s), ϑ2(s)) −Λ1(s, ξ1(s), ϑ1(s))|

d
ds

)
≤ L1

[
1 +

µ1

λ1 + µ1

(lo1T)γ1

Γ(γ1 + 1)

][
π1∥ξ2 − ξ1∥∞ + π2∥ϑ2 − ϑ1∥∞

]
= L1τ1π1∥ξ2 − ξ1∥∞ + L1τ1π2∥ϑ2 − ϑ1∥∞,

which implies that

∥Θ1(ξ2, ϑ2) −Θ1(ξ1, ϑ1)∥∞ ≤ L1τ1(π1 + π2)
[
∥ξ2 − ξ1∥∞ + ∥ϑ2 − ϑ1∥∞

]
. (11)

In a similar manner, one can find that

∥Θ2(ξ2, ϑ2) −Θ2(ξ1, ϑ1)∥∞ ≤ L2τ2(σ1 + σ2)
[
∥ξ2 − ξ1∥∞ + ∥ϑ2 − ϑ1∥∞

]
. (12)

From (11) and (12), we deduce that∥∥∥Θ(ξ2, ϑ2) − φ(ξ1, ϑ1)
∥∥∥
∞
≤ [L1τ1(σ1 + σ2) + L2τ2(σ1 + σ2)] (||ξ2 − ξ1||∞ + ||ϑ2 − ϑ1||∞) .

In view of condition L1τ1(π1 + π1) + L2τ2(σ1 + σ2) < 1, it follows that the operator Θ possesses a unique
fixed point. This leads to the conclusion that the problems (1)-(2) have a unique solution on [1,T]. This
completes the proof.

Now, we discuss the existence of solutions for the problem (1)-(2) by means of Schaefer’s fixed point theorem

Theorem 3.2. Assume that the hypotheses (F1)-(F2)-(F3)-(F4)-(F6) hold. Then, the problem (1)-(2) has at least
solution on [1,T].

Proof. The proof will be given in several steps.

Step I: The operator Θ : S ×S→ S ×S is continuous.
Notice that continuity of the functions Λ1,Λ2, ϖ1, and ϖ2 implies that of the operator Θ ⊂ S × S be
bounded.
Let (ξn, ϑn) be a sequence of points in S × S converging to a point (ξ, ϑ) ∈ S × S. Then, by Lebesgue
Dominated Convergence Theorem, we have

|Θ1(ξn, ϑn)(κ̂) −Θ1(ξ, ϑ)(κ̂)|

≤ L1

( 1
Γ(γ1)

∫ κ̂

1

(
lo1
κ̂

s

)γ1−1
|Λ1(s, ξn(s), ϑn(s)) −Λ1(s, ξ(s), ϑ(s))|

d
ds

−
|µ1|

Γ(γ1)|λ1 + µ1|

∫ T

1

(
lo1

T
s

)γ1−1
|Λ1(s, ξn(s), ϑn(s)) −Λ1(s, ξ(s), ϑ(s))|

d
ds

)
≤ L1

[
1 +

|µ1|

|λ1 + µ1|

] (lo1T)γ1

Γ(γ1 + 1)
∥Λ1(., ξn(.), ϑn(.)) −Λ1(., ξ(.), ϑ(.))∥∞,
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since Λ1 is continuous, we have ∥Θ1(ξn, ϑn) −Θ1(ξ, ϑ)∥∞ → 0 as n→∞ for all κ̂ ∈ [1,T].

Similarly we can prove ∥Θ2(ξn, ϑn) −Θ2(ξ, ϑ)∥∞ → 0 as n→∞ for all κ̂ ∈ [1,T].

Hence, it follows from the foregoing inequalities satisfied by Θ1 and Θ2 that the operator Θ is continu-
ous.

Step II : The operator Θ: C([1,T] × R × R→ R), which maps bounded sets into bounded sets, there exists
a positive constants L1 and L2 such that for each (ξ, ϑ) ∈ Bν∗1 := {(ξ, ϑ) ∈ C([1,T] × R × R,R) : ∥ξ∥∞ ≤ ν∗1},
certainly for any ν∗1 > 0,
we have

∥Θ1(ξ, ϑ)∥∞ < L1 and ∥Θ2(ξ, ϑ)∥∞ < L2,

and

|Θ1(ξ, ϑ)(κ̂)| ≤ L1

( 1
Γ(γ1)

∫ κ̂

1

(
lo1
κ̂

s

)γ1−1
|Λ1(s, ξ(s), ϑ(s))|

d
ds

+
|µ1|

Γ(γ1)|λ1 + µ1|

∫ T

1

(
lo1

T
s

)γ1−1
|Λ1(s, ξ(s), ϑ(s))|

d
ds
+

ν1

λ1 + µ1

)
,

∥Θ1(ξ, ϑ)∥∞ ≤ L1

([
1 +

|µ1|

|λ1 + µ1|

] (lo1T)γ1

Γ(γ1 + 1)
N1 +

|ν1|

|λ1 + µ1|

)
:= L1.

Thus we deduce that ∥Θ1(ξ, ϑ)∥∞ ≤ L1. In a similar fashion, it can be found that ∥Θ2(ξ, ϑ)∥∞ ≤ L2. Hence it
follows from the foregoing inequalities that Θ1 and Θ2 are uniformly bounded and hence the operator Θ is
uniformly bounded.

Step III : Next we prove that Θ, bounded sets into equicontinuous sets.
Let r1, r2 ∈ [1,T] with r1 < r2,

|Θ1(ξ(r2), ϑ(r2) −Θ1(ξ(r1), ϑ(r1))|

≤ L1

( 1
Γ(γ1)

∫ r1

1

[
(lo1

r2

s
)γ1−1

− (lo1
r1

s
)γ1−1

]
|Λ1(s, ξ(s), ϑ(s))|

d
ds

+
1
Γ(γ1)

∫ r2

r1

(lo1
r2

s
)γ1−1

|Λ1(s, ξ(s), ϑ(s))|
d
ds

)
≤ L1

( N1

Γ(γ1 + 1)

[
(lo1r2)γ1 − (lo1r1)γ1

])
→ 0 as r1 → r2,

Analogously we can obtain that

|Θ2(ξ(r2), ϑ(r2) −Θ2(ξ(r1), ϑ(r1)))| ≤ L2

( M2

Γ(δ1 + 1)

[
(lo1r2)δ1 − (lo1r1)δ1

])
.

Therefore the operator Θ is equicontinuous and hence the operator Θ(ξ, ϑ) is completely continuous.

Step IV :
To show that the set P = {(ξ, ϑ) ∈ S ×S : (ξ, ϑ) = γΘ(ξ, ϑ), 0 < γ < 1} is bounded (Apriori bounds).
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Let (ξ, ϑ) ∈ P and κ̂ ∈ [1,T]. Then it follows from ξ(κ̂) = γΘ1(ξ, ϑ)(κ̂) that ϑ(κ̂) = γΘ2(ξ, ϑ)(κ̂) that

|ξ(κ̂)| ≤ L1

( 1
Γ(γ1)

∫ κ̂

1

(
lo1
κ̂

s

)γ1−1
|θ1(s, ξ(s), ϑ(s))|

d
ds

−
|µ1|

Γ(γ1)|λ1 + µ1|

∫ T

1

(
lo1

T
s

)γ1−1
|θ1(s, ξ(s), ϑ(s))|

d
ds
+

ν1

λ1 + µ1

)
≤ L1

([
1 +

|µ1|

|λ1 + µ1|

] (lo1T)γ1

Γ(γ1 + 1)
N1 +

|ν1|

|λ1 + µ1|

)
:= r1,

∥ξ(t)∥∞ ≤ r1, (13)

and

∥ϑ∥∞ ≤ L2

([
1 +

|µ2|

|λ2 + µ2|

] (lo1T)δ1

Γ(δ1 + 1)
N2 +

|ν2|

|λ2 + µ2|

)
:= r2,

∥ϑ∥∞ ≤ r2. (14)

Hence, from (13) and (14), we obtain
∥ξ∥∞ + ∥ϑ∥∞ ≤ r,

which implies that

∥(ξ, ϑ)∥∞ ≤ r.

Hence P is bounded and therefore by Theorem 3.2, Θ has a fixed point then the problem (1)-(2) has atleast
one solution on [1,T]. The proof is complete.

4. Stability results for the problem

We analyse the Ulam-Hyers stability for problem (1)- (2) in this section. Consider the following defini-
tions of nonlinear operatorsZ1 ∈ C([1,T],R)→ C([1,T],R), where ξ is define by (3)

c
HDγ1

[
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂)), ϑ(κ̂))

]
−Λ1(κ̂, ξ(κ̂), ϑ(κ̂))) = Z1(ξ)(κ̂), κ̂ ∈ [1,T], 0 < γ1 ≤ 1,

For some ς1 > 0, we consider the following inequalities:

||Z1(ξ)||∞ ≤ ς1. (15)

Definition 4.1. The system (1)- (2) is U-H stable ifM1 > 0, for every solution ξ∗ ∈ C([1,T],R) of inequality (15)
there exist a unique solution on ξ ∈ C([1,T],R), of problem (1)- (2) with:

||ξ − ξ∗||∞ ≤ M1ς1.

Theorem 4.2. Suppose that (F5) and is satisfied, then the BVP (1)- (2) is U-H stable if

Lτπ1 > 1.
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Proof. Let ξ ∈ C([1,T],R), be the solution of the BVP (1)- (2) satisfying (3).
Let ξ be any solution satisfying (15):

c
HDγ1

[
ξ(κ̂)

ϖ1(κ̂, ξ(κ̂), ϑ(κ̂))

]
= Λ1(κ̂, ξ(κ̂), ϑ(κ̂)) +Z1(ξ)(κ̂), κ̂ ∈ [1,T], 0 < γ1 ≤ 1.

Therefore

ξ∗(κ̂) = Θ(ξ∗)(κ̂) + ϖ1(κ̂, ξ(κ̂), ϑ(κ̂)))
( 1
Γ(γ1)

∫ κ̂

1
(lo1
κ̂

s
)γ1−1
Z1(ξ)(κ̂)

d
ds

−
µ1

Γ(γ1)(λ1 + µ1)

∫ T

1
(lo1

T
s

)γ1−1
Z1(ξ)(κ̂)

d
ds
+

ν1

λ1 + µ1

)
,

it follows that

|ξ∗(κ̂) −Θ(ξ∗)| ≤

∣∣∣∣∣∣ϖ1(κ̂, ξ(κ̂), ϑ(κ̂)))
( 1
Γ(γ1)

∫ κ̂

1
(lo1
κ̂

s
)γ1−1
Z1(ξ)(κ̂)

d
ds

−
µ1

Γ(γ1)(λ1 + µ1)

∫ T

1
(lo1

T
s

)γ1−1
Z1(ξ)(κ̂)

d
ds

)∣∣∣∣∣∣,
≤ L1

(lo1T)γ1

Γ(γ1 + 1)

(
1 +

|µ1|

|λ1 + µ1|

)
ς1,

Consequently, based on the fixed point property of the operator Θ, provided in (9), we derive that

|ξ(κ̂) − ξ∗(κ̂)| = |ξ(κ̂) −Θ(ξ∗)(κ̂) + Θ(ξ∗)(κ̂) − ξ∗(κ̂)|
≤ |Θ(ξ)(κ̂) −Θ(ξ∗)(κ̂)| + |Θ(ξ∗)(κ̂) − ξ∗(κ̂)|
≤ L1τ1π1∥ξ − ξ

∗
∥ + L1τ1ς1, (16)

From the above equation (16) it follows that

∥ξ − ξ∗∥ ≤ L1π1τ∥ξ − ξ
∗
∥ + Lτς1

≤
Lτς1

1 − L1τ1π1

≤ M1ς1,

with
M1 =

Lτ1

1 − L1τ1π1
,

Hence, the problem (1)- (2) is U-H stable.

5. Example

Consider the following system of coupled fractional differential equations:

cD1/2
( ξ(κ̂)
ϖ1(κ̂, ξ(κ̂), ϑ(t))

)
=

1
100

(ξ(κ̂) +
1
2

) +
5

200
ϑ(κ̂)

1 + ϑ(κ̂)
+ e−2,

cD1/2
( ϑ(κ̂)
ϖ2(κ̂, ξ(κ̂), ϑ(κ̂))

)
=

3
400

| cos ξ(κ̂)|
1 + | cos ξ(κ̂)|

+
1
26

sinϑ(κ̂) + e−1, (17)

ξ(1)
ϖ1(1, ξ(1), ϑ(1))

+
ξ(e)

ϖ1(e, ξ(e), ϑ(e))
= 0,

ϑ(1)
ϖ2(1, ξ(1), ϑ(1))

+
ϑ(e)

ϖ2(e, ξ(e), ϑ(e))
= 0, (18)
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Here γ1 = δ1 =
1
2 , T=e,λ1 = µ1 = µ2 = 1, ν1 = ν2 = 0, and

ϖ1(κ̂, ξ, ϑ) =
(κ̂ + 1)

100

(
sinϑ(κ̂) +

|ξ|
1 + |ξ|

+ 3
)
+ e−1,

ϖ2(κ̂, ξ, ϑ) =
(e−κ̂ + 1)2

100

(
sinϑ(κ̂) + |ξ|

)
+

1
2
,

Λ1(κ̂, ξ(κ̂).ϑ(κ̂)) =
1

100
(ξ(κ̂) +

1
2

) +
5

200
ϑ(κ̂)

1 + ϑ(t)
+ e−2,

Λ2(κ̂, ξ(κ̂), ϑ(κ̂)) =
3

400
| cos ξ(κ̂)|

1 + | cos ξ(κ̂)|
+

1
26

sinϑ(κ̂) + e−1,

π1 =
2

53
, π2 =

2
9
, σ1 =

3
400

, σ2 =
1
26
.

From the given data, we find that τ1 = 1.457895 and τ2 = 1.235648.
Therefore

L1τ1(π1 + π2) + L2τ2(σ1 + L2σ2) = 0.123456987 < 1.

By the Theorem 3.1, the problem (17)-(18) with the given Θ1 and Θ2 has at least one solution on [1,T].

Conclusion

Most natural phenomena are treated using different types of fractional differential equations. This
diversity in this type of equation helps us to scrutinize the integration of many phenomena in various
fields. This helps us in creating programs that enable us to consume rational materials. In this paper, Based
on the Banach contraction mapping, and U-H stability we treated the existence, uniqueness, and Stability
of solutions to a fractional (Hybrid) differential equation with hybrid boundary conditions respectively.
This equation plays an important role in the field of the control system. For future work, we suggest using
other types of fractional derivative operators such as the generalized Hilfer fractional derivative, the one
who is interested in the subject can also investigate the existence and uniqueness of the solutions for the
tripled systems via several fixed points theorems such as Leray-Schuader’s alternative, and Monch’s fixed
point theorem.
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