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Additive results for the inverse along an element in a ring

Btissam Laghmam?, Hassane Zguitti**

?Department of Mathematics, Dhar El Mahraz Faculty of Science, Sidi Mohamed Ben Abdellah University, 30003 Fez, Morocco

Abstract. Let R be an associative ring. Drazin proved in [4] that if 2 and w € R are Drazin invertible such
that aw = wa = 0, then a + w is also Drazin invertible. The same results holds for Moore-Penrose inverses in
a ring with involution under the condition aw* = a*w = 0. The generalized invertibility of the sum of two
elements is very useful and many authors investigated the sum under different conditions. As the inverse
along an element is a generalization of the Drazin inverse and the Moore-Penrose inverses, we give some
additive results of the inverse along an element of two invertible elements along elements in an associative
ring. If a and w are invertible along d and c respectively, then we show under some conditions that a + w is
invertible along some ¢ related to d and c. Moreover, we give the expression of the inverse (a + w)!. As an

application, we study the inverse along an element of a 2 X 2 block matrix. Various examples are given to
illustrate our results.

1. Introduction

From now on, R will denote an associative unital ring whose unity is 1. Let 2 and x be two elements of
R. axa = a says x is an inner inverse of a, also, xax = x says x is an outer inverse of a. The element x if there
exists is not unique in general. To force its uniqueness, we need to impose some further conditions.

An element a € R is Drazin invertible [4], if there exists an element x € R such that
Xax = x, ax = xa, 4 — a4°x is nilpotent.

If such x exists it is unique and it is called the Drazin inverse of a and is denoted by a”. The Drazin index of

a, denoted by ind(a), is the nilpotency index of a — a%x. In the case ind(a) < 1, we say that a is group invertible
with inverse denoted by a*.

An involution * is a bijection x = x* on R, which satisfies the following conditions for all a,b € R:
i) (@) =a;

ii) (ab)* =b'a*;

iii) (a+0b) =a"+0b".
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We say that R is a *-ring if there is an involution on R. If R is an *-ring then a € R is Moore-Penrose
invertible if there exists some x € R such that

axa = a, xax = x, (ax)" = ax, (xa)* = xa.

Such x is unique if it exists and is denoted by a* (see [18,20]).
Following Mary [13], an element a € R is invertible along d € R if there is some x € R such that

xad =d = dax and x € AR N Rd.

If such x exists it is unique and called the inverse of a along d and it is denoted by al. We denote by R
the set of all invertible elements along d in R. This inverse has the advantage that it encompasses several
generalized inverses such as the Moore-Penrose inverse and the Drazin inverse:

e We have 4 is Drazin invertible if and only if d = ™ for some m € N i.e., aP = al"";

e We have a is group invertible and ind(a) = 1 if and only if d = a, i.e., a* = al";
e We have a is invertible if and only if d = 1, i.e., a”! = all’.

e If R is a ring with involution, a is Moore-Penrose invertible if and only if a is invertible along a7, i.e.,
at =al",

For more details about this inverse see [13}27].

Generalized inverses have quite important applications to difference equations or singular differential,
iterative method or multibody system dynamics, Markov chains, cryptography ... etc, see for instance
[2,17,115,[17,21H23]] and the reference therein.

The usual invertibility in a ring with unit is not in general preserved under addition, i.e., if 2 and w are
two invertible elements in a ring, then a + w is not necessary invertible. So it is natural to ask the following
question: under which condition we have

@+ w)d =a? +w9?

where a? is one of the generalized inverses of a.
Drazin [4] showed that if 4 and w € R are Drazin invertible and satisfy aw = wa = 0, then

(a+w)? =aP +uP.
Also if A and W are square matrices then under conditions AW* = 0 = AW" Penrose [20] proved that
(A+W)"r = A" + W*.

The sum of Drazin inverse and Moore-Penrose inverse for matrices have shown their utility across
various applied mathematical contexts, particularly in numerical linear algebra, statistics, linear control
theory, perturbation analysis of matrix and projection algorithms, see for instance [1H3} 11} [16} [19] 21} 23].

Several papers discuss the sum of Moore-Penrose inverse for matrices, or the addition of the Drazin
inverse and its versions in rings and Banach algebras, either by introducing new conditions or by relying
on matrix presentation. See [6H10} 12, 24] and the reference therein.

As the inverse along an element is a generalization of the Drazin, the group inverse and the Moore-
Penrose inverses, then motivated by papers cited above, we give some additive results of the inverse along
an element of two invertible elements along elements in an associative ring. If 2 and w are invertible along
d and c respectively, then we show under some conditions that a + w is invertible along some ¢ related to d
and c. Moreover, we give the expression of the inverse (2 + w)!. As an application, we study the inverse
along an element of a 2 X 2 block matrix. Many examples are given to illustrate our results.
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2. The inverse along an element for the sum of two elements

We start by the main result which generalizes the Drazin’s result and the Penrose’s result for the sum of
two Drazin (Moore-Penrose) invertible elements.

Theorem 2.1. Leta € R and w € RI° with d # c. Ifac = ca = 0 and wd = dw = 0 then a + w € R+ gnd
(@ + w9 = gt 4 g

Proof. Since a € R then al € dR N Rd and a¥lad = d = daal®. Also w € RI° gives w!° € cR N Rc and
wlewe = ¢ = cwwle.

Set y; = al and y, = wl°. Then

y1 =dt = xd forsome t,x € R and yiad =d = day;.

Yo =ct’ =x'cforsomet’,x’ € R and ywc =c = cwy,.
Now set y = y; + yo. We will show that y = (a + w)l#*c,
() y e (d+)RNR@E + c). Indeed:

(xy1a + X' yow)(d + ¢) = xyrad + xy1ac + X" yrwd + X" yrwe
=xd+0+0+x'c
=ty
= .
Hence y € R(d + ¢). Also

(d + o)(ayrt + wyat') = dayrt + dwyat’ + cayrt + cwyat’
=dt+0+0+ct
=htlp
=y.
Thus y € (d + c)R. Consequently, we obtain that y € (d + c)RNR(d + ¢).
(i1) We have
y(a + w)(d + c) = yad + yac + ywd + ywc
= yad + ywc = y1ad + yrwe + yoad + yrwe
=d + xdwc + x'cad + ¢
=d+0+0+c
=d+c.
(iii) We also have
(d+o)(a+w)y = day + dwy + cay + cwy
= day + cwy = dayy + cwy, + day, + cwys
=d + cwdt + dact’ + ¢
=d+0+0+c=d+c.

From (i), (i) and (iii) we conclude that y = a¥ + w/€ is the inverse of a + w along d +c. O

Example 2.2. Let R = M,(Q) be the ring of 2 X 2 matrices over Q and let a, w, d, c € R be given by

(20 _(00) ,_(50 (0 0
“Zloo) “Tlo i) “Tloo) “Tlo 3)
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. R, w3 0 e e [0 0
It is easy to see that a is invertible along d with a'* = 5 o and w is invertible along c with w' = 0 2/

Also, we have ac = ca = 0 = wd = dw. Applying Theorem we get thata + w = ( g is invertible

”[5 O]
1
alongd+c=(5 O)and(2 (1)) 03 =((2) g)

0 3 0 1

NI= O

By induction we obtain the following corollary.

Corollary 2.3. Let ay,...,a, € Rand dy,...,d, € R be such that a; € R\, a;d; = dja; = 0 for i # j. Then the sum
a1 + - +ay is invertible along dy + - - - + d,, with inverse

(1 + -+ ap)lChesd) = gt gy gl

As an immediate consequence of the previous theorem, we retrieve the result obtained in [4, Corollary
1]

Corollary 2.4. Let a,w € R. If a and w are Drazin invertible such that aw = wa = 0, then a + w is also Drazin
invertible.

Proof. Assume thata and w are Drazin invertible. Then 4 is invertible along 4™ and w is invertible along w"
with aP = a¥" and wP = w™", where m = ind(a) and n = ind(w). Let k = max(m,n). Setd = a* and ¢ = w*.
Since aw = wa = 0, then ac = ca = 0 = wd = dw. Now by Theorem a+w e RIE+) = Qi@+ = Rllarw)
Therefore a + w is Drazin invertible and (a + w)P = a” + wP. O

We retrieve also the result of Penrose [20].

Corollary 2.5. Let R be a *-ring. If a and w € R are Moore-Penrose invertible such that aw* = w*a = 0, then their
sum a + w is also Moore-Penrose invertible; and (a + w)* = a* + w*.

Proof. We have a and w are Moore-Penrose invertible is equivalent to a1 and w*" exist. Set d = a* and
c = w*, we have ac = ca = 0 and hence (ac)* = (ca)* = 01ie., c'a* = wa* = a'w = 0 = dw = wd. According to
Theorem 2.1}

a+we Rlla*+w* — Rll(a+w)*/

which is equivalent to a + w is Moore-Penrose invertible and
(a+w)t =a* +w*.
|

Remark 2.6. In the Theorem we assume that d # c. In the case d = ¢ and under the same conditions as in
Theorem it is not difficult to see that automatically d = 0. Which is a trivial case, since every element is invertible
along 0.

3. The inverse along an element for 2 X 2 block matrices

For a 2 x 2 matrix over a ring, the inverse along a 2 X 2 matrix were studied in [14} 26]. In this section,
we applied the obtained results in Section 2 to investigate the inverse along an element for 2 X 2 matrices
over a ring.
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Lemma 3.1. Let My(R) be the ring of 2 X 2 matrices over the ring R. If a € R and w € RI° then we have
A € My(R)IP and W € My(R)€ where

a 0 0 0 d 0 00
A—(O O),W—(O w),D—(O O)andC—(O c)'

Il
D_|[| a 0 Ic _ 0 0
A —( 0 O)andW —(0 e
a0

Proof. Suppose thata € RI*. Then al¥ = xd = dy for some x,y € R. Set Y = ( 00 ) We have

In this case, we have

(5 8 ) ) ()0
o[ )2 BT ) ) )
(5 S8 ) 8-l )ermvemone
(508 )% 2)-(5 2)rereomon

Hence we obtain that Y is the inverse of A along D.

Similarly, we show that W is invertible along C and W/ = ( 8 O”c ) . O
w

Theorem 3.2. Let My(R) the ring of 2 X 2 matrices over the ring R. If a € R and w € R then ( g 2} ) €

”[ d o]
M;y(R) ¢ J)and

ofee)r g

Ifd = c, we get

0 w 0 w

ofeel sy

Proof. Set
a 0 d 0 0 0 0 0
A:(O 0),D (0 O)W (0 w)andC=(0 c)'

Asa € R and w € RI, it follows from Lemma[3.1|that A € My(R)IP and W € My(R)C with

I 0 0 O
ID_| 4 Ic _
A —(0 O)andW _(0 ”C).



B. Laghmam, H. Zguitti / Filomat 39:34 (2025), 12155-12165 12160

00

Furthermore, we have AC = CA = 0 0

) = WD = DW. Now if we apply Theoremfor Aand W, we

obtain A+ W=/ & 0 is invertible along D + C = a0 and
0 w 0 ¢

a0 0 0 ald 0
o owe= (5 )8 B)-(% )

O

Theorem 3.3. Let R be a ring and My(R) be the ring of 2 X 2 matrices over R. If z € R, a € RV and w € RI° then,

a z d dc ald  _gldygplle
X= ( 0 w ) is invertible along T = ( 0 ¢ )and X = ( 0 e )

Al gl ygple

Proof. We will prove that Y = ( 0 e

) is the inverse of X along T.

(i) We have
a? —alizle \(a z \(d dc
ar=( )6 e (6 ¢
B u”da aviz —aVizwlew \( d de
- wlew 0 ¢
B a”dad avadc + a¥zc — alzwlewe
- wiFwe
([ d dc
“lo0 ¢
(i) Also

TXY

d dc z gld —gldzgylle
0 ¢ )( 0 w )( 0 wil° )
d

a dz+dcw all —gldzgple
0 0 wle

da lld —daa”dzw”c + dzwl® + deww )

cwwl

—dzw + dzwl® +dec \ _(d dc) _ T
B 0 c {0 ¢ )T ™
(iii) As a € R, w € R then a = dx = yd and w!° = cx’ = v/c, for some x, y,x’, ' € R.
Y Y yx,y
Let

—wlle — lle —alld — gldr
yo X Wt and U=|[Y ~@ -2
0 x 0 y

d dc \[ x —wl— xzwle
0 ¢ 0 x’
dx —dwl® — dxzw! + dex’ )

|
(5
|
|

Then

0 wlic

ald  —glldzgplie B
0 wlic
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y —al— a”dzy d dc
0 0 ¢
]/

[ yd ydc— a”dc —alzy’c
= v

Hence Y € TM,(R). Also

alld alde — glide — glld gy lle
wlc

and _ gl
_( 0 wil ) =Y

Thus Y € M,(R)T. Therefore, we conclude that X is invertible along T and

d dc

Xsz(g ;})”[0 c Jz(a“d izl )

0 wl
O

With same argument we obtain the following result for lower triangular matrices.

Corollary 3.4. Let R be a ring and Ma(R) be the ring of 2 X 2 matrices over R. Ifz € R, a € RV and w € RI° then,
Il
X = ( a0 )is invertible along T = ( d 0 )and XIT = ( [ﬁc i OHC )
z w cd ¢ —w'za"  w

Remark 3.5. In the previous theorem, if we take z = 0 then we get is invertible along( g dCc ) with inverse

a 0

0 w
a0 a 0. . . d 0 . , a0
0wl . Also by Theorem|3.2 0w | invertible along 0 ¢ with the same inverse 0 we |

Example 3.6. Let R = Q. We have 2 is invertible along 3 with 2I3 = 1, and -5 is invertible along —4 with

2
—5l-4 = —%. By Theorem we have forall z € Q,( g _25 ) is invertible along ( (3) __142 ) and

Bt

One may expect that the converse of the previous theorem holds. The following theorem answers this
question in a manner.

Theorem 3.7. Let UT »(R) be the ring of 2 X 2 upper triangular matrices over the ring R and let a,w,d,cand z € R.

Then we have a € RV and w € RI° if and only if X = ( g zzu is invertible along T = ( g dcc )
g _glidepllc
In this case, XI" = ( ¢ 4 ﬁcw )
0 w

Proof. Assume that X = ( 8 ; ) is invertible along T = ( g dCC )with XIT=y= ( g _Oézﬁ ) Then

YXT =T = TXY and Y = TUT »(R) N UT »(R)T.
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Firstly,
TXY = ( daoc  —daazf + dzp + dcwp )
0 cwp
and
YTX = ( aad  aadc + aze — azfwc )
0 Bwe

By matrices identification, we get that aad = dac = d and cwp = pwc = c.

On the other side, let Y = TS = NT with S = ( ““8 22 ) € UTH(R) and N = ( ”01 ZZ ) € UT »(R). Then
4 4

[ dsy dsy+de4d )\, [ a -azf
e R ]

Thus, a € dR and 8 € cR. Furthermore,

[ md mdc+mnye\_, [ a -azf
NT_( 0 n4c )_Y_(O B )

which implies that & € Rd and € Rc. Hence a € dRNRd and B € cR N Re. Finally, we conclude thata € R
and w € RI° with al? = @ and w!° = g.
The only if is obtained by Theorem

Corollary 3.8. Let LT »(R) be the ring of 2 X 2 lower triangular matrices over the ring R and let a,w,d, cand z € R.

Then we have a € R¥ and w € RI° if and only if X = ( z 2} ) is invertible along T = ( jj (c) )

i 0
In this case, XIT = ( _leggld gl )

Theorem 3.9. Ifz,t € R, a € R and w € R such that ct = 0 = td, then ( l:

z \. . . d dc
w )zs invertible along( 0 ¢ )

and
dc

d
a z ”( 0 c] a”d —alizglle
tow - wle
0
0

Proof. We have( {; ZU ) =Q1+Qy, with(Qq = ( (a) w )and Q= ( (t) ) By Theorem Qq isinvertible

along( g dCC )and

H[g dcc] ad —glizgle
o )

0 w”c

{o 0]
Furthermore, Q, is invertible along ( 8 8 ) with Q, 00 = ( g 8 ) Also ( g dCc )( (2 8 ) =

( 8 8 ) = ( 0 8 )( g dcc ), since td = 0 = ct. Applying Theorem we obtain that Q; + Q, is invertible

along(g dcc and

aval s 1T
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O

Corollary 3.10. Ifz,t € R, a € R and w € RI such that zc = 0 = dz, then ( ? 5) ) is invertible along ( Cili (c) )

and
d 0

( o )”[ o ]Z( _wﬁzand o )

If we take t = 0 in Corollary we obtain the following corollary.
Corollary 3.11. Let My(R) be the ring of 2 X 2 matrices over the ring R. If t € R, a € R and w € R such that

zc=0=dz,then(ﬂ

z\. . . d o0
0 w )zs invertible along( o e )and

d o0
a z\\cd c) (a" o0
0 w Lo wk )
The following corollary is also an immediate consequence of Theorem

w1 w2

Corollary 3.12. Let c,d € Rand a,w € My(R) such that a = ( 4 & )and w = (
as ag W3 Wy

). Assume that the

following conditions hold:
i) aywn + axws is invertible along d;
ii) aswy + aswy is invertible along c;
iii) c(azwy + agws) = 0 = (azwy + agws)d.
a1, + arws a1wy + arwsy

Then aw =
az3wq + agws  azwy + aswsy

) is invertible ulong( g cic ), with inverse

(mw1 + aw)? —(ayw1 + ayws) (a1, + ayws)(asws + agws)e
0 (azwo + 114104)”C '

Example 3.13. Let R = My(Q) and a,d, w, ¢, z, t € R such that

e=(30) =5 o) w=(i &) =1 9)

0 -1 Z1 22 . .
t:( 0 1 ); z =( 2 ) with z1, 23,23, z4 € Q arbitrary.

11
We have a is invertible along d with al? = ( § § |and wis invertible along ¢ with wl© = ( g g ) Also
5 5
00 a . . d dc .
we can check that ¢t = 0 0l= td. Then by Theorem [3.9 ; is invertible along 0 ¢ with
inverse L1 man mas
[ d de 2 2 2104 2104
a z {0 ¢ ) [a" —alzple) 0 0 0 0
t w L0 wl° 10 0 O 0
00 3 2

Theorem 3.14. Let My(R) be the ring of 2 x 2 matrices over the ring R. Ift € R, a € R and w € R such that

ct =0 =td, then ( a0 ) is invertible along( a0 )and
t w 0 ¢

d o0

etk 2
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0 0 0
Proof. Set(i w):Q1+Q2,whereQ1=(a w andQ2=(t

0 8 ) We have, (), is invertible along

Ila
( 8 8 )with inverse( 8 8 ) Also by Theorem Q, is invertible along( g 8 )with( uo c‘?w )as
inverse. Now since
d 0 d 0 0 0
o5 ¢)=(s 2)e(i o)
it follows from Theorem [2.1|that | * 0 = Q1 + Q, is invertible along d 0 with [ “ 0 [O €)=
t w 0 c t w
a0
( 0 wl ) -

Lemma 3.15. Let a,d € R be such that a? is invertible along d. Then a is invertible along ad and al = a(a®)¥. Also
a is invertible along da and a' = (a?)Vq.

Proof. Assume that a*> € R¥. Let x = (a*). Then xa?d = d = da*x and x € dR N Rd. Hence, (ax)a(ad) = ad =
(ad)a(ax) and ax € adR N aRd C adR N Rdax C adR N Rax. Therefore a € RI* and 4" = ax.

With the same argument, we show that a is invertible along da and al* = (a*)Wa. O

Theorem 3.16. Let a,w,z,t € R be such that a € R¥, w € RI¢ and zt € R, Assume that the following conditions
hold:

i) uzt = ztu;

i)td=ct=0;

i) zc=dz=0;

iv) wtu = tua = 0;

v) ztuzw = aztuz = 0.

Then( 4z )is invertible along( 4 ztuz )and
tw tu ¢

d ztuz

(ﬂ z )”[ heooc ]z ( al z(tz)'”‘z)'

tow izt wle

a z\_ (a O _ > [zt O .
Proof. Let(t w)—Q1+Q2,whereQ1—(0 w)ansz—(t 0).WehaveQ2—( 0 tZ)Smcezt

is invertible along u, then by virtue of Theorem 6.1 in [5], #z is invertible along tuz and (tz)I* = #((zt)*)?z.

. > [zt 0. . . u 0
Thus it follows from Theoremthat Q5= ( 0 ) is invertible along( 0 tuz )and
[ 0
zt 0 0 tuz | [ (zH) 0
0 tz B 0 (tz)it= |’
. .. . ztuz \ .. . z(tz)lt
Moreover, it follows from Lemma(3.15/that Q; is invertible along w0 withinverse Hzt) 0
Since
0 ztuz 0 ztuz 0 0
Ql(tu 0 )_(tu 0 )Ql‘(o 0)

and

(5 ¢)=(0 ¢)e=(5 o)
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[

then applying Theoremto Q1 and Q, we obtain ( IZ zzu ) is invertible along ( tci zhuz ) and

d ztuz

(ﬂ; z )”[ e ):( al z(tz)”t”z).

w tzt) ol

O
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