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Abstract. The signal (or image) recovery problem typically involves solving a linear system with one
or multiple right-hand sides. In this paper, we propose algorithms for addressing these types of linear
systems. The conjugate gradient (CG) method is widely utilized to solve symmetric positive definite (SPD)
linear systems arising from signal problems. Communication significantly impacts the performance of
this algorithm. This paper presents algorithms aimed at reducing communication while solving linear
systems with single and multiple right-hand sides, utilizing both CG and cooperative CG algorithms.
Subsequently, the performance of the proposed algorithms is enhanced by employing techniques such as
varying the parameter s in s-step algorithms and adjusting the parameters in regularization. Finally, the
results of these algorithms and the effectiveness of the techniques used are demonstrated through several
numerical examples.

1. Introduction

Krylov subspace methods (KSMs) are one of the most efficient iterative methods to solve large and
sparse linear systems arising from engineering problems [4, 8, 12, 27, 28, 37, 49, 50]. The CG method is one
of the first KSM, introduced by Hestenes and Stiefel in 1952 for solving the linear system

Ax =1, (1)

where A € R™" is SPD matrix and x,b € R". Over the years, new versions of the CG algorithm have
emerged, each offering benefits such as improved accuracy, faster convergence, and synchronization capa-
bilities [34].
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When implementing CG or KSMs to solve linear systems, considerable time is often required to transfer
data between layers of main memory and fast memory. Therefore, it is crucial to develop algorithms that
optimize communication between memory layers and processors, ultimately reducing the overall runtime
of the algorithm. Communication-avoiding (CA) algorithms, which are based on s-step iterative methods,
play a pivotal role in this optimization. To further enhance the computational efficiency of algorithms, var-
ious techniques are employed to minimize communication costs. Initially, Rosendale introduced methods
aimed at this purpose [45]. Chronopoulos and Gear later expanded upon these methods with their s-step
technique [13], which was subsequently extended to address non-symmetric problems [15].

In efforts to minimize communication in numerical linear algebra algorithms [5], researchers have redefined
matrix multiplication and powers in innovative ways. Both parallel and sequential matrix decomposition
methods were proposed to reduce communication optimally [16]. The GMRES communication-avoiding al-
gorithm utilized ILU(0) preconditioning, yielding positive results [18]. Additionally, the s-step CG method
was utilized to further reduce communication through graph representations of matrix problems [31]. The
s-step block Orthomin(k) technique, also known as BOSOmin(s,b,k), was introduced in [14]; specifically,
for k = 1, BOSOmin(s,b,1) corresponds to the block s-step conjugate residual (CR) method.

Walker et al. explored enhancements to the stability of the GMRES method by improving the bases in tra-
ditional KSMs using the modified Gram-Schmidt (MGS) and Householder’s orthogonalization processes
[19,47]. The MGS process was applied for s-step methods in [15]. It was noted in [15] that using a monomial
basis may lead to instability, as convergence was not guaranteed for s > 6.

Hindmarsh et al. utilized a scaled (normalized) monomial basis to enhance convergence; however, this
resulted in only marginal improvements [19]. Joubert et al. employed a scaled and transposed Chebyshev
basis, which led to improved accuracy in traditional KSM [23]. In [3], Bai et al. achieved better convergence
in traditional KSM by using Newton’s basis. While correctly scaling the basis vectors reduces the condition
number of the basis matrix, it may bring the convergence closer to standard KSM and reintroduce depen-
dency calculations, which the correlation reduction algorithm aims to eliminate [3].

Hoemmen addressed this issue by introducing a new balance matrix and method as a preconditioning step
to eliminate the need for scaled basis vectors [20]. In [21], variable preconditioning was implemented in
CA method for solving electromagnetic problems. To tackle ill-conditioning in Krylov bases, Chebyshev
polynomial bases were used instead of monomial bases in [10]. Furthermore, Chebyshev and Newton poly-
nomials were integrated for the s-step CG method with dynamic basis updates [11]. The s-step BICGSTAB
method was introduced alongside new preconditioning methods to address the ill-conditioning of the
problem’s matrix [33].

In [17, 29], various communication reduction algorithms were derived. Other CA algorithms, including
CGNR, CGNE, BiCG, CGS, and BiCGSTAB, were proposed in [9, 24, 39]. These methods are commonly em-
ployed iterative techniques for solving large (particularly sparse) systems on high-performance computing
(HPC) platforms.

Adjusting both the parameter s and the regularization filter has been effectively implemented to enhance
algorithm performance. This technique was applied to the BiCG, BiCGstab, CGS, CGNE, and CGNR algo-
rithms [24, 39]. The semi-CG method was generalized and subsequently applied to signal reconstruction
problems by incorporating the s-step technique along with regularization [26]. The Planner algorithm is
utilized to solve an indefinite linear system, employing the s-step technique in its implementation [41]. A
new variant of the CR algorithm was introduced, incorporating the s-step technique into its design [40].
In [42], the s-step technique was employed in algorithms designed to solve shifted linear systems. This
technique was also applied to the algorithm for solving Sylvester matrix equations[25].

To solve the image (or signal) recovery problem, it is generally necessary to compute the inverse of an
operator (or matrix). Instead of directly computing the inverse, iterative algorithms, such as KSMs, are em-
ployed to solve the linear system. In these scenarios, an operator is applied to the source signal, producing a
different signal. To recover the original signal, the corresponding linear system should be solved. Therefore,
this paper focuses on solving linear systems using Krylov subspace algorithms, particularly enhancing the
CG algorithm to effectively tackle the linear systems arising from the signal recovery problem.
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This paper introduces the s-step CG method for systems with both single and multiple right-hand sides
AX =B, )

where A € R™" is SPD matrix and X,B € R™". This method by adjusting the number of steps while
maintaining method convergence, communication is minimized. Furthermore, by utilizing a regularization
technique involving shifted eigenvalues, we mitigate fluctuations in the approximation sequence, thereby
introducing the regularized variable s-step CG method.

The remainder of the paper is organised as follows. In Section 2, we first present the CG and cooperative
CG algorithms. Then based on these algorithms, the s-step algorithms for symmetric positive definite
linear systems with single or multiple right-hand sides are introduced. Section 3 provides suggestions for
selecting s in each iteration according to the function related to the parameters of the algorithm. Additionally,
a regularization method involving the shifting of the eigenvalues of the problem is proposed, followed by
the introduction of the Jacobi preconditioning method to derive the final version of the variable s-step
CG algorithms. Section 4 conducts a brief analysis of the method’s error and the effect of regularization.
Finally, Section 5 presents numerical results for each algorithm through several numerical tests on different
matrices, highlighting the degree of improvement in the approximations. Finally in Section 6, conclusions
are presented.

2. Description of s-step CG methods

The CG method is one of the KSMs for solving symmetric positive definite linear systems. This algorithm
is utilized in various branches of science to tackle different systems. In recent years, the algorithm of this
method has been developed in various ways and applied to address a range of problems [2, 32, 43, 51].
Here, the initial version of the CG algorithm known as the Hestenes-Stiefel CG (HS-CG) method is used
and presented in Algorithm 1.

Algorithm 1 CG algorithm for solving Ax = b

Choose xp
Po =710 = b- AXO
For i = 0 Until Convergence Do
Compute and Store Apy
Compute (p;, Ap;)
a; = (ri i)
LT piApi)
Xiy1 = Xi + Qipi
tis1 = 1i — aiAp;
Compute (rit1,7is1)
ﬁi _ (rivytivn)

RGED)

Pis1 = Tix1 + Bipi
i=i+1

End For.

In the s-step CG method, the new s directions are determined concurrently from the Krylov bases, which
are derived from the residual vector r at each iteration. These s directions should be selected to ensure
orthogonality with the preceding directions, and the approximation is obtained by minimizing the residual
function in the s directions simultaneously. Consequently, each iteration of the s-step method corresponds
to the sth iteration of the standard (one-step) CG method. This approach reduces computational tasks and
memory usage, while significantly enhancing parallelization capabilities and data locality [30].
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Algorithm 2 s-step CG algorithm for solving Ax = b

Choose xy and sg

ro = b- AX()

P = [TQ,ATQ,AZVQ,...ASO_li’()]

For i = 0 Until Convergence Do
a; = (PLAP;)™(Pir)

Xiv1 = x;i + Piay;

iy = t; — APjav;

Choose sj41

Biy1 = [ris1, Arig, A%risa, ~~AS'I+1717’1'+1]
Bi = (PLAP) ™ (P!ABys)

Piy1 = Biy1 + Pi3;

i=i+1

End For.

In the cooperative CG method, instead of starting with a single initial guess, several initial guesses are
utilized, allowing the system to be solved multiple times in parallel. This method is introduced in [7]. The
cooperative CG algorithm is presented in Algorithm 3.

Algorithm 3 Cooperative CG algorithm for solving AX = B
Choose X, € R™*

B = [blb|...|b] it
Ro =B -AX,
Py =Ry

For i = 0 Until Convergence Do
a; = (PLAP) " (R!P;)

Xiy1 = Xi + Piy;

Riy1 = R; — APja;

Bi = (PIAP;) ™ (P!AR;;1)

Piy1 = Riy1 + Pif;

i=i+1

End For.

Based on the cooperative CG method, we formulate the s-step CG method for systems with multiple
right-hand sides. The primary difference between the two approaches lies in the right-hand side of the
problem, which can be easily adapted. The s-step CG algorithm for systems with multiple right-hand sides
is presented in Algorithm 4.
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Algorithm 4 s-step CG algorithm for solving AX = B

Choose X, € R™¢

Ry =B-AX,

Py =Ry

For i = 0 Until Convergence Do
a; = (PLAP)™ (R!P;)

Xiy1 = Xi + Py
Rit1 = R; — AP;a;
Choose s;j41

Wi = [Riv1, ARis1, A’Ris, .., A5 1R 1]
Bi = (PLAP) " (PIAW;11)

Py = Wi + Pif;

i=i+1

End For.

3. Selection of variable s

In the literature review of s-step methods, it is observed while increasing s can reduce communication
costs, a large s may result algorithmic instability. Determining an optimal value of s for different problems
is challenging. An alternative approach is to dynamically adjust s at each step based on the decreasing
residual norm. One method for determining the parameter s involves using numerical sequences within
the GMRES algorithm [22], where the parameter s is derived from the vectors within the algorithm. In the
CG algorithm, the parameter a;, and in the s-step algorithm, the norm of « (||all2), are closely related to the
residual norm. By decreasing these parameters and reducing the residual norm, the parameter s can be
increased by

S . )
lletll2
The selection of the parameter s is inversely related to the residual norm and directly related to the selection
of direction vectors. Correctly choosing the direction vector results in a more accurate @, which in turn
affects the inner product of the residual in the direction vector. By decreasing «, the parameter s can be
increased. For example, if F is a decreasing function with respect to «, then s can be defined as

s = F(a).
Various functions can be employed for generating F. One simple example is

1
Fla) = —.
lleell2
Taking the integer part of this value helps to prevent s from becoming zero. Therefore, in the s-step method,
we consider the parameter s as

s=1+| ], (4)

lletll2
where the symbol \_mJ represents the greatest integer less than or equal to m While determining the
parameter s as per (4) may suit the classical CG method for single right-hand side problems, it might not be
as effective for problems with multiple right-hand sides. To solve this problem, we introduce the sequence

1
= 1 = — —_— V = 1 2 e —
Sl 7 Sl’l maXx {Sn 1/\‘”a(:, Z)HZJ} 1 Vaald /Sn 1s (5)
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that performs effectively across various scenarios. This sequence incrementally increases s by reducing the
residual norm. In this method, the value of s progressively increases in iterations, maintaining stability for
problems with multiple right-hand sides. By determining the parameter s in this way and incorporating it
into the algorithms of the previous sections, the s-step method with a variable s can be efficiently utilized.

3.1. Regularization technique with shifting eigenvalues

The regularization method was first proposed by Tikhonov and used to reduce the amount of noise in
ill-posed problems by making corrections to the problem matrix, thereby reducing its condition number.
Among the regularization methods, we can mention the Tikhonov method [44], the truncated singular
value decomposition method (TSVD), the mapped regularization method [38]. The Tikhonov function to
regularize the linear system Ax = b is defined as follows

() = [lAx bl + AZ||L, ©)

where ¢ is the filter function, A is the regularization parameter, and L is an operator. The main problem
in the regularization method is to determine the parameter A in such a way that the Tikhonov function (6)
is minimized. This parameter is determined using specialized techniques, and a very effective method is
presented in [52]. The mentioned methods aim to move the eigenvalues of the matrix A away from zero,
which results in reducing the condition number of this matrix. Here, we will attempt to achieve this by
shifting the eigenvalues of the matrix A.

In the CG method, the sequence of approximations in each iteration is obtained from the approximation of
the previous iteration as follows

X1 = X; + ap. (7)
If we want to move forward in each s-step, this equation can be expressed as
S
Xo, X0 + a1p1, X0 + a1p1 + dapa, ..., X + Z a;p; = xo + Pa, (8)
i=1

where P € R™ is the matrix of bases and a € R®! is the vector that includes the «; coefficients. Without
loss of generality, let us assume that the initial guess is zero, then we have

xs = Pa. )

By comparing (9) with the Fourier expansion of x; on the basis vectors P

S
xo= ) oXoxs, pipi, (10)
i=1
we obtain
ai = 07{xs, pi) (11)

On the other hand, in the CG algorithm we have

lIrilla
i (12)
p;Api
From lﬁr" approximates the eigenvalues of the matrix A}, the above equation can be expressed as
1
ai = —lirill2, (13)

A
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where A, is the eigenvalue of the matrix A. To regularize the CG method, we use the fact that the a parameter
contains the eigenvalues of the matrix A™'. Now we can utilize this point to obtain a. Noting to Tikhonov
regularization

a
6(@) = ——, (14)

we suggest shifting the eigenvalues of A™! away from near zero by
(ri, 1i) (15)

Qi = —/——
PZ(A + Hil)pi

The parameter y; should be determined in such a way that it changes with a greater rate corresponding to
the sequence of eigenvalues of the matrix A, as this effectively moves the small eigenvalues of A™! away
from zero. Therefore we have

(i, 1i)

a; = t—()l? , (16)
i (A + ol ) pi
and according to (3), for s-step algorithmthis we obtain
P (A + 1) P
In the above approximation, the parameter « of the problem matrix is given as a shift of yu = s(sl_+1) This

ensures that the approximation of the eigenvalues of the matrix A~ within a does not become excessively
large.

3.2. Jacobi preconditioner

When solving linear systems, an ill-conditioned matrix makes the solution highly sensitive to errors.
Specifically, a small error in the problem’s input can lead to a significant error in the solution.
Preconditioning methods were used for KSMs and yielded favorable results[35, 46, 48]. In s-step KSMs,
the basis matrix is typically constructed using the problem matrix. As a result, the condition number of
the Krylov basis matrix is often proportional to the condition number of the problem matrix. Therefore,
preconditioning is employed to reduce the condition number of the problem matrix, which in turn lowers
the condition number of the Krylov basis matrix.

The preconditioner matrix is generally an approximation of the inverse of the problem matrix, obtained
through various methods. Multiplying this matrix on both sides of the problem reduces the condition
number of the system matrix compared to that of the original system matrix.

Various methods can be used to derive the preconditioner matrix, primarily through matrix decompositions
of the problem matrix. Classical methods such as Jacobi, Gauss-Seidel, and Successive Over-Relaxation
(SOR), as well as more recent methods like incomplete LU and incomplete Cholesky, are popular for
constructing the preconditioner matrix.

By inverse of diagonal elements of the problem matrix, Jacobi preconditioner is obtained as

1 1 1
M =di (—,—,...,—). 18
128 a1 ax Ann (18

The Jacobi preconditioner is computationally efficient due to its sparsity and ease of computation, but it is
a weak approximation of inverse of the problem matrix [6].



H. Shokri Kaveh et al. / Filomat 39:34 (2025), 12167-12187 12174

4. Error analysis

In this section, we seek to present the error bound for the regularized variable s-step CG method. First
the error of the iterations of the CG method is given.

Theorem 4.1. [36] Suppose that xy is the approximate value obtained from the CG method in N iterations and x is
the exact solution. Then,

KA -1)"
uf—xmusz[——i——— " = xolla, (19)
VK2(A) + 1]

where K(A) is the condition number of the matrix A in 2-norm and xo is the initial guess.
The regularization error bound can be expressed as follows.

Theorem 4.2. Suppose that x; is the approximate value obtained from the CG method and x\' is the regularized
solution in N iterations. Then,

MJ%M_ZAM oyl (20)

where A; is the eigenvalue of the matrix A and r; is the residual in the i-th iteration.

Proof. First, we can write

SRR e e
5 St -5l

Since A; and p; are positive, we can derive:

il—ilun
[ /\i /\ T i 2p1

i=1

re
ey — x5 ll2

) lIrillzpi (21)

2

N

<Y Tom T e 22)

i=1

O

Now, the general error bound of the regularized CG method can be obtained as the sum of the algorithm
cutoff error bound and the regularization error bound.

Theorem 4.3. Suppose that x* is the exact solution and x;\‘}q is the reqularized solution in the N-th iteration. Then,

llx* = x7lla < llx" = xnlla + ||xN -l (23)
KA -1)"
L2 = xolla + IIV I2llpill2, (24)
( VE(A) + 1 Z Ai (A b

where A; is the eigenvalue of the matrix A and r; is the residual in the i-th iteration.
Proof. The proof of this theorem follows from Theorems 4.1 and 4.2. [

In the case that the s-step CG algorithm is regularized using (17), we choose u; to be small. Then the
regularization error will also be small. However, it should be noted that as s; increases, the algorithm may
be interrupted due to N = ) s;. Therefore, the parameter p plays a controlling role in the upper error bound.

The regularized s-step CG algorithms for the systems with single and multiple right-hand sides are
presented in Algorithms 5 and 6. In these algorithms, Jacobi preconditioning is used as a general initial
step.



H. Shokri Kaveh et al. / Filomat 39:34 (2025), 12167-12187 12175

Algorithm 5 Regularized variable s-step CG algorithm for Ax = b.

M-=]acobi perconditioner for A
A=MA&B=Mb

Choose xy

To = B - AXO
P() =10

So = 1

For i = 0 Until Convergence Do
o= (PH(A + i DP) (P'r)

siv1 = 1+ Loy

Xiv1 = X + P

riv1 =1 — APiay;

Bit1 = [7i+1/A7’i+1/A27’i+1/~-~/As_1ri+1]
Bi = (PLAP) ™ (P!ABis)

Pii1 = Biy1 + Pif;

i=i+1

End For.

Algorithm 6 Regularized variable s-step CG algorithm for systems with multiple right-hand sides AX = B.

M-=Jacobi perconditioner for A
A=MA&B=MB
Choose X, € R™¢

Ry = B - AX,
Py = Ry
S():l

For i = 0 Until Convergence Do

a; = (PA + &y DP) (RP)

Si+1 = max{si_l, Lm] V] = 1, 2, vey Si—l}
Xiy1 = X + Pia;

Ris1 = R — APja;

Wiy = [Ri+1/ARi+1/A2Ri+1/ m/Asi_lRiH]

Bi = (PLAP) ™ (PIAW,.1)

Piy1 = Wi + Pip;

i=i+1

End For.

5. Numerical tests

In this section, we present several numerical examples. In each example, we compare the performance
of the original CG algorithm (with s = 1) to our proposed algorithms. The condition numbers of the
matrices used in these examples are listed in Table 1 [1]. In all cases, the initial guess is a zero vector (a
vector with all elements equal to zero), and the right-hand side values consist of a one vector (a vector with
all elements equal to one). Additionally, we employ the Jacobi preconditioner. In the first example, the
parameter s for each iteration is determined using (4). As demonstrated, the variable s-step CG method
achieves a nearly accurate solution in fewer iterations while using the same number of basis vectors. In
subsequent examples, we determine the parameter s for each step using the sequence introduced in (5),
which effectively reduces the number of iterations required by the algorithm. In the first example, the value
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of s is determined using (4), while in the following examples, it is determined using (5). Procedures are
implemented in Matlab and computations are performed on a computer with 2.16 GHz and 4G RAM.

Matrix N Norm-2 Condion number | SPD
1138-bus | 1138 | 3.0149x10% 1.2284x107 yes
662-bus | 662 | 4.0081x10° 8.2712x10° yes
besstk14 | 1806 | 1.1923x10% 1.3100x1010 yes
nosl 237 | 2.4567x10° 2.5344x107 yes
nosb5 468 | 5.8203x10° 2.9191x10* yes

Table 1: Information of the matrices.

Example 5.1. In the first example, we compare the standard CG method with the s-step CG method. The
value of s is determined using Equation (4). The performance of two mentioned methods for the matrices
listed in Table 1 is illustrated in Figure 1. The CPU time for each method is presented in Table 2.

Matrix CG | vs-step CG
1138-bus | 2.4248 1.6112
662-bus | 0.9528 0.5986
besstk14 | 5.8803 3.7132
nosl 0.1588 0.1532
nosb 0.5883 0.4424

Table 2: CPU time of CG and variable s-step CG for Example 5.1.

Example 5.2. In the second example, we study the standard cooperative CG method with the s-step coop-
erative CG method. The initial guesses are random vectors, and the right-hand side values are also random
vectors. Additionally, the Jacobi preconditioner is employed with ¢ = 4. The performance of the methods
for the matrices listed in Table 1 is given in Figure 2, and their respective CPU time are given in Table 3.

Matrix | coop-CG | v s-step coop-CG
1138-bus | 6.1140 5.8025
662-bus | 2.7677 2.1462
besstk14 | 15.2836 13.5569
nosl 0.5502 0.5481
nos5 1.8980 1.1412

Table 3: CPU time of cooperative CG and variable s-step cooperative CG methods for Example 5.2.

Example 5.3. Here we compare the standard CG method with the s-step CG method for problems involving
multiple right-hand sides AX = B. The initial guesses are random matrices, and the right-hand side values
are also random matrices. The Jacobi preconditioner is also considered with ¢t = 4. The results are depicted
in Figure 3, and their respective CPU time are reported in Table 4.

Example 5.4. In this example, the standard CG method is compared with the regularized s-step CG method.
The initial guesses are random, and the right-hand side values are also random. Additionally, the Jacobi
preconditioner is employed, with t = 4. The performance of these two methods for the matrices listed in
Table 1 is presented in Figure 4 for the linear system Ax = b and in Figure 5 for the linear system with
multiple right-hand sides AX = B.
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log llrll)
log(llrll)

[ 50 100 150 200 250 300
iteration iteration
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log irll)
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—O—CG
0 — # —vs-step CG| |

iteration

(e) nos5 matrix

Figure 1: Numerical results of CG and variable s-step CG methods for Example 5.1.
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12178

Figure 2: Numerical results of cooperative CG and variable s-step cooperative CG methods for Example

5.2.
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Figure 3: Convergence of CG and variable s-step CG methods for Example 5.2.
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Figure 4: Convergence of CG and regularized variable s-step CG methods for Ax = b to Example 5.4.
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Figure 5: Convergence of CG and regularized variable s-step CG methods for AX = B to Example 5.4.
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Matrix CG v s-step CG
1138-bus | 6.0901 5.6787
662-bus | 2.3260 2.1408
besstk14 | 15.0201 13.5653
nosl 0.6120 0.3929
nos5 1.3404 1.1803

12181

Table 4: CPU time of CG and variable s-step CG for multiple right hand sides problems for Example 5.2.

Example 5.5. In this example, multiple images are reconstructed using the algorithm presented for linear
systems with multiple right-hand sides. Here the exact solution to the problem is an image that, after
applying the operator (matrix) A to it, yields image B. With matrices B and A in hand, we aim to reconstruct
the original image. Here, preconditioning was not used, and the parameters are considered as

A = gallery('toeppen’, n,2,-5,20,-5,2), B = AXpxar, (25)
i-1

s1=1, si=1+ Llog(Z i)l (26)
j=1

where Xpy,: is presented in Table 5. The results are presented in Figures 6 and 7. Also the error of the
algorithms is shown in Table 6.

Problem nxn SPD
Cameraman | 256x256 | Yes
Lena 190x190 | Yes

Table 5: The Problems in Example 5.5.

Problem Errorcg Errors_cg
Cameraman | 2.2689%-11 | 2.0169e-11
Lena 3.6813e-14 | 3.3379¢-14

Table 6: Errors of CG and variable s-step CG methods for Example 5.5.

Example 5.6. As the final example, the performance of the variable s-step technique is demonstrated by
reconstructing a one-dimensional signal using the two specified algorithms for a linear system with a single
right side. We consider the following parameters

A = gallery("toeppen’, 100, 4, -10,18,-10,4), b = Axpyact, (27)
T -3
XExact = S1 = ISIH(IE)/ XExact = SZ =e 1, (28)
i—1
si=1, Vi>1, si=1+14|) sl (29)

j=1

Here preconditioning was not used. Figures 8 and 9 show the reconstructed signal and the residue for each
algorithm. Also Table 7 presents the CPU time of the algorithms.
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(@) XExqct (b) B

(d) Xs-cc
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iteration

(e) Residuals

Figure 6: The results for Example 5.5.
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(@) XExact (b) B

(c) Xca (d) Xs-cc

Iogiirlfy

iteration

(e) Residuals

Figure 7: The results for Example 5.5.
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Figure 8: The results for Example 5.6.
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Figure 9: The results for Example 5.6.
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Signal | Error of CG | Error of s-CG | CPU time of CG | CPU time of s-CG
S 1.6310e-08 1.8796e-13 0.020711 0.015870
S» 3.1441e-10 5.1442e-15 0.020035 0.015378

Table 7: CPU time and errors for CG and variable s-step CG methods to Example 5.6.

6. Conclusions

Based on the findings from the preceding sections, it can be concluded that by selecting the variable
parameter s, we not only improve parallelism but also maintain the convergence of the method. While
it was previously believed that s-step algorithms would, at best, achieve convergence comparable to the
original algorithm, in some cases, they can even improve it. With the appropriate selection of this parameter,
convergence can be achieved using the same number of floating-point operations and less time (especially
when parallelized). The variable s-step CG method proves to be an effective and efficient approach for
various problems, including CG for systems with both single and multiple right-hand sides. This method
helps reduce algorithmic communication while preserving convergence. Additionally, obtaining the s
parameter for each step using algorithmic parameters simplifies the method’s analysis and paves the way
for future improvements. Although the proposed regularization method may increase the computational
load and runtime per iteration, it can be particularly effective when the initial data contains noise. We
recommend using the s-step CG method for well-posed problems and the regularized s-step CG method
for ill-posed ones.
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