Filomat 39:34 (2025), 12235-12251
https://doi.org/10.2298/FIL25342350

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

Generalized screen generic lightlike submanifolds

Nergiz (Onen) Poyraz?, Mehmet Akif Akyol®*

*Cukurova University, Faculty of Arts and Sciences, Department of Mathematics, 01330, Adana, Tiirkiye
bDepartment of Mathematics, Faculty of Engineering and Natural Sciences, Usak University, 64000, Usak, Tiirkiye

Abstract. In this paper, we introduce generalized screen generic lightlike submanifolds of indefinite
Kaehler manifolds which is new class and an umbrella of invariant (complex), screen real, CR, SCR, GCR
and screen generic lightlike submanifolds. We give a non-trivial example for new class of submanifolds and
find new conditions for the induced connection to be a metric connection. Then we obtain a characterization
of such lightlike submanifolds in a complex space form. Moreover, we find some necessary and sufficient
conditions for minimal generalized screen generic lightlike submanifolds and give an example of minimal
generalized screen generic lightlike submanifold.

1. Introduction

In differential geometry, one of the most interesting topics is theory of submanifolds. According to the
behaviour of the tangent bundle of a submanifold, we have three classes of submanifolds: holomorphic
submanifolds, totally real submanifolds and CR-submanifolds.

The theory of lightlike submanifolds in geometry was firstly established and studied by Duggal and Be-
jancu [7]. They found that a non-degenerate screen distribution was employed to produce a non-intersecting
lightlike transversal vector bundle of the tangent bundle. In this way, they defined the notion of CR-lightlike
submanifolds of an indefinite Kaehler manifold as a generalization of lightlike real hypersurfaces of indefi-
nite Kaehler manifolds and showed that CR-lightlike submanifolds do not contain invariant and totally real
lightlike submanifolds in [3]. After that, Sahin and Giines investigated geodesic property of CR-lightlike
submanifolds and the integrability of distributions in CR-lightlike submanifolds [23]. Further, Duggal and
Sahin published a nice book focusing on the study of lightlike submanifolds, pertaining to the field of
differential geometry in [11]. This book provides a comprehensive examination of recent advancements in
lightlike geometry. The investigation of the geometric properties of lightlike hypersurfaces and lightlike
submanifolds has been the subject of research in several studies (see also: [4, 6,9, 10, 13-22, 24]). Later on,
Duggal and Sahin gave the notion of Screen Cauchy-Riemann (SCR)-lightlike submanifolds of an indefinite
Kaehler manifold which contains complex and screen real subcases in [6]. However, there is no inclusion
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relation between screen Cauchy-Riemann and CR submanifolds. In [8], the authors, as a generalization of
invariant submanifolds, screen real submanifolds, CR-lightlike and SCR-lightlike submanifolds, defined
and studied GCR-lightlike submanifolds of Kaehler manifolds, respectively. On the other hand, as a gener-
alization of invariant lightlike, screen real lightlike and generic lightlike submanifolds of indefinite Kaehler
manifolds, Dogan et al. introduced screen generic lightlike submanifolds and investigate the geometry
of submanifolds in [5] (see also:[12]). The growing importance of lightlike submanifolds in mathematical
physics, in particular, their use in relativity and many more, motivated the authors to study lightlike sub-
manifolds extensively. Motivated by above studies, we ask the following question:

Ave there any lightlike submanifolds of indefinite Kaehler manifolds which contains invariant (complex), screen
real, CR, SCR, GCR and screen generic lightlike submanifolds?

To answer this question, we introduce a new class called generalized screen generic lightlike subman-
ifolds of indefinite Kaehler manifolds. The paper is organized as follows: In section 2, we summarize
basic materials on lightlike submanifolds, indefinite Kaehler manifolds and indefinite complex space form
which will be useful throughout this paper. In section 3, we introduce generalized screen generic lightlike
submanifold of indefinite Kaehler manifolds as a generalization of invariant (complex), screen real, CR,
SCR, GCR and screen generic lightlike submanifolds and give a non-trivial example of the new class of
submanifolds. In the last section, we investigate some properties of minimal generalized screen generic
lightlike submanifolds and give an example of minimal generalized screen generic lightlike submanifold.

2. Preliminaries

Let (M, g) be a real (m + n)—dimensional semi-Riemannian manifold of constant index ¢, such that
mn>1,1<g<m+n-1and (M, g) be an m—dimensional submanifold of (M, 7), where g is the induced
metric of § on M. If 7 is degenerate on the tangent bundle TM of M then M is named a lightlike submanifold
of (M, g). For a degenerate metric g on M

TM* =U{u e T:M: g(u,v) = 0,Yo € T:M,x € M} 1)

is a degenerate n—dimensional subspace of T,M. Hence, both T,M and T,M* are degenerate orthogonal
subspaces but no longer complementary. Thus, there exists a subspace Rad(T M) = T,M N T,M* which is
known as radical (null) space. If the mapping Rad(TM) : x € M — Rad(TM), defines a smooth distribution,
named radical distribution on M of rank r > 0 then the submanifold M of (M, J) is named an r—lightlike
submanifold.

Let S (TM) be a screen distribution which is a semi-Riemannian complementary distribution of Rad(TM)
in TM. This means that

TM = S(TM) LRad (TM) (2)

and S(TM*') is a complementary vector subbundle to Rad(TM) in TM*. Let tr(TM) and Itr (TM) be
complementary (but not orthogonal) vector bundles to TM in TM,,, and Rad(TM) in S (TMY)*, respectively.
Then, we have

tr (TM) = Itr (TM) LS (TM*), 3)
TM |y= TM & tr (TM) = {Rad(TM) & Itr(TM)} LS(TM)LS(TM?). (4)

Theorem 2.1. [3] Let (M, g, S(TM), S(TM™*)) be an r—lightlike submanifold of a semi-Riemannian manifold (M, §).
Suppose U is a coordinate neighbourhood of M and &j, j € {1,..,r} is a basis of T(Rad (TM),,). Then, there exist a

complementary vector subbundle Itr (TM) of Rad(TM) in S (TMl)iI and a basis {N;}, i € {1,..,r} of [(Itr (TM),,)
such that

7(Ni, &) =6, g(Ni,N;)=0 5)
foranyi,je(l,.,r}
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We say that a submanifold (M, g, S(TM), S (TM*)) of (M, ) is
Case 1: r-lightlike if ¥ < min {m, n},
Case 2: Coisotropicif r = n < m, S(TM*) = {0},
Case 3: Isotropicif r = m < n, S(TM) = {0},
Case 4: Totally lightlike if r = m = n, S (TM) = {0} = S (TM™).
Let V be the Levi-Civita connection on (M, 7). Then, using (4), we have
VxY VxY +h(X,Y), (6)
VxN = -AgX+ VLN, @)
for any X, Y € I'(TM) and N € I(tr(TM)), where {VxY, AgxX} and {h(X, Y), V;N} belong to I'(TM) and
[(tr (TM)), respectively. V and V' are linear connections on M and on the vector bundle tr (TM), respectively.

Considering the projection morphisms L and S of tr(TM) on Itr (TM) and S (TM*) in (6), respectively, (6)
and (7) become

VxY = VxY+H(XY)+KXY), (8)
VxN = —AyxX+ VLN +D(X,N), 9)
VW = —AwX+ VW +DI(X, W), (10)

for any X,Y € T(TM), N € T(Itr (TM)) and W € T(S(TM%)), where h/(X,Y) = Li(X,Y), (X, Y) = Sh(X,Y),
VxY, AnX, AwX € T(TM), V5, W, DS(X, N) € I'(S (TM*)) and V4N, D'(X, W) € T(Itr (TM)). Hence, using (8)-(10)
and letting into account that V is a metric connection we derive

JIEXY, W) + g, DX W) = g(AwX,Y), (11)

FD*(X,N),W) = GAwXN), (12)

gH(X,Y),&) + G (X, €) + g(Y,Vx&) = 0. (13)
Let Q be a projection of TM on S(T'M). Thus, using (2) we obtain

VxQY = ViQY+h(X QY), (14)

Vxé = -A X+ Ve, (15)

for any X, Y € [(TM) and & € T(Rad(TM)), where (V3 QY, A; X} and {I"(X, QY), V;:&} belong to IS (TM)) and
I'(Rad (TM)), respectively.
Using the equations given above, we derive

gH'(X,QY),8) = g(A:X,QY), (16)
g (X,QY),N) = g(AnX,QY), (17)
gH'(X,&),6) = 0, A&=0. (18)

Generally, V on M is not metric connection. Since V is a metric connection, from (8), we obtain
(Vx)(Y, Z) = (X, Y), Z) + g (X, 2), Y).
However, it is important to note that V* is a metric connection on S(TM). We denote curvature tensor of a
lightlike submanifold by R, then the Gauss equation for lightlike submanifolds is given by
R(X, Y)Z RX,V)Z + Apxz)Y — Az + Az Y
= Az X + (VxH)(Y, 2) - (W)X, Z)
+ D'(X,K(Y,2)) - DL 1(X,2))
+ (VxIP)(Y, Z) - (Vyh)(X, Z)
+ DX H(Y,2) - D'(L (X, 2) (19)
forany X, Y, Z € I'(TM).
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Theorem 2.2. Let M be an r—lightlike submanifold of a semi-Riemannian manifold M. Then V is a metric connection
iff Rad(TM) is a parallel distribution with respect to V [3].

Definition 2.3. A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, §) is said to be totally umbilical
in M if there is a smooth transversal vector field H € T(tr(TM)) on M, called the transversal curvature vector field of
M, such that

h(X,Y)=Hg(X,)Y) (20)
forany X,Y € T(TM). In case H = 0, M is called totally geodesic [4].

Using (8) and (20) it is easy to see that M is totally umbilical iff on each coordinate neighborhood U there
exists smooth vector fields H' € T(Itr (TM)) and H® € T'(S (TM*')) such that

H(X,Y) = g(X, )H', i*(X,Y) = §(X, Y)H® and D'(X, W) = 0 (21)

forany X, Y € I'(TM) and W € I'(S (TM")).

Now, we recall some basic definitions of indefinite Kaehler manifolds. Let (M, §) be a 2k-dimensional
semi-Riemannian manifold and the constant index of gbe g, 0 < g < 2k. An almost complex structure | on M
is a tensor field of type (1,1) and an endomorphism of TPM, such that J> = —I, Vp € M, where I denotes the
identity transformation of T,M. Then, (M, ], 7) is called an almost complex manifold. If semi-Riemannian
metric g of an almost complex manifold M satisfies the following conditions, then (M, J, §) is an indefinite
almost Hermitian manifold

G(X,Y) =X, JY), VX,YeT(TM). (22)

Let V be the Levi-Civita connection on an indefinite almost Hermitian manifold (M, ], 7) and ] be parallel
with respectto V, i.e.,

(Vx))Y =0, ¥X Y e T(TM). (23)

Then M is called an indefinite Kaehler manifold.
If holomorphic sectional curvature of an indefinite Kaehler manifold is constant ¢, then it is called an
indefinite complex space form and denoted by M(c). The curvature tensor field of M(c) is given by

RX,YV)Z = i{g'(Y, )X - g(X, 2)Y + g(JY, 2)]X - g(JX, 2)]Y
+ 29(X,JY)]Z}, (24)
forany X, Y € [(TM) [1].

3. Generalized Screen Generic Lightlike Submanifolds

Definition 3.1. Let M be a real r-lightlike submanifold of an indefinite Kaehler manifold manifold (M, 7). Then we
say that M is a generalized screen generic lightlike submanifold if the condition (A) and (B) are holded:
(A) There exist two subbundles D1 and D, of Rad(TM) such that

Rad(TM) = D1 @ D5, J(D1) = D1, J(D2) € S(TM). (25)
(B) There exist two subbundles Dy and D’ of S (TM) such that
S(TM) = {J(D2) & J(L2)} L D" L Dy, J(Do) = Do, (26)

where Dy is a non-degenerate distribution on M, ltr (TM) = Ly @ L, respectively.
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From definition of a generalized screen generic lightlike submanifold, TM of M is decomposed as

TM = D @ D* (27)
where

D = Dy @ J(D>) ® RadTM, (28)

D = J(Ly) L D’ @)

and
J(D') € S(TM) and J(D') & S(TM™).
It is clear that D is invariant. Besides, we have
Itr(TM) = L1 @ Ly, J(L1) = Ly, J(Ly) € S(TM). (30)

Now, we denote the projections from I'(TM) to I'(J(L,)) and I'(D’) by P; and P»; respectively. Thus, we
write

X =QX+PX+P,X (31)
= QX + PX (32)
and
JX = OX+wPiX+wP,X (33)
= OX+wX (34)

for any X € I'(TM); where QX € I'(D) and PX € I'(D*) and ®X and wX are tangential and transversal parts
of JX, respectively. Besides, it is clear that (D) # D'.
On the other hand, for a vector field Y € I'(D’), we have

JY = ®Y + wY (35)

such that, @Y € T(D') and wY € T(S(TM*')).
Similarly, for W € I'(tr(TM)), we get following decomposition

JW =BW +CW (36)
where BW is tangential part and CW is transversal part of JW, respectively.

If D; # {0}, D, # {0}, Dy # {0} and D’ # {0}, then M is called a proper generalized screen generic lightlike
submanifold of an indefinite Kaehler manifold (M, 7). For proper generalized screen generic lightlike
submanifold we note that the following features:

1. The condition (A) implies that dim(Rad(TM) > 3.

2. The condition (B) implies dim(D) = 2s > 6, dim(D’) = 2p > 2 and dim(D;) = dim(L,). Thus dim(M) > 9
and dim(M) > 14.

3. Any proper 9-dimensional generalized screen generic lightlike submanifold must be 3-lightlike.

4. (A) imply that index(M) > 3.

Proposition 3.2. A generalized screen generic lightlike submanifold M of an indefinite Kaehler manifold (M, §) is
screen generic lightlike submanifold iff D, = {0}.
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We easily observe that

(a) If D, = D’ = {0}, then M is an invariant lightlike submanifold.

(b) If D’ is anti-invariant and D; = {0}, then M is CR-lightlike submanifold.

(c) If D’ is anti-invariant and D, = Dy = {0}, then M is screen real lightlike submanifold.
(d) If D’ is anti-invariant and D, = {0}, then M is SCR-lightlike submanifold.

(e) If D’ is anti-invariant, then M is GCR-lightlike submanifold.

(f) If D, = {0}, then M is screen generic lightlike submanifold.

Proposition 3.3. There exist no coisotropic, isotropic or totally lightlike proper generalized screen generic lightlike
submanifolds M of an indefinite Kaehler manifold. Any isotropic or totally lightlike generalized screen generic
lightlike submanifold M is an invariant submanifold. Furthermore, a coisotropic generalized screen generic lightlike
submanifold is invariant lightlike submanifold iff D, = {0}.

Proof. Assume that M is a proper generalized screen generic lightlike submanifold. From definition of
proper generalized screen generic lightlike submanifold, we know that D; # {0}, D, # {0}, Dy # {0} and
D’ # {0}, that is both S(TM) and S(TM™) are non-zero. Thus, M can not be a coisotropic, isotropic or totally
lightlike submanifold. On the other hand, if M is isotropic, then S(TM) = 0 which implies that Dy = 0,
D' = 0and J(D) = 0. Therefore we derive TM = Rad(TM) = J(Rad(TM)), which is invariant respect to J.

If M is totally lightlike, then S(TM) = 0 and S(TM*) = 0. Hence, TM = Rad(TM), which implies M is
invariant.

Finally, let M be coisotropic. Then S(TM*) = 0 implies 4 = 0 and the real parts of w(D') = 0. Thus, if
M is invariant, then D, = {0}. Conversely, suppose that D, = {0}. Then TM = Dy ® (D) ® Rad(TM) =
Dy ® ®(D') @ D; i.e. M is invariant. Thus the proof is completed. [

Example 3.4. Let(M = ]R}f, ) be a semi-Euclidean space, where g is of signature (—, —,—, —, +,+,+,+,+,+,+,+,+,
+, +, +) with respect to canonical basis (dx1, dx2, X3, X4, X5, 9Xs, X7, dxg, IX9, IX10, IX11, IX12, IX13, OX14, OX15, OX16).
Consider the complex structure | defined by
J(x1, x2, ..., X15, X16) = (X2, —X1, X4, —X3, X6, —X5, X3, —X7, X10,
— X9, X12, —X11, X14, —X13, X16, —X15).

Suppose that M is a submanifold of R} defined by

Xy = u3sina—u4cosoz+%cosoz,x2:u3cosa+u4sina—%sina,
Us
X3 = M1,X4=1/£2,X5=u3,X6=u4+?,X7=M1,X8=M2,X9=—M9COSC¥,
X190 = UgCOS,X11 = —COSUg sinh Uy, X12 = sin Ug cosh Uuz,X13 = Usg,
x4 = 0,x15 = ugsina, x14 = Ug sina.
A local frame of TM is given by
Z1 = 0Jxz+0xy,Zy = 0x4 + dxg, Z3 = sin adxq + cos adx, + dxs,
Zy = —cosadx +sinadx; + dxg, Zs = %(cos adxy — sin adx, + dxg),
Ze¢ = sinugsinhuydxq + cosug cosh uzdxio,
Z7 = —cosiugcoshuydxyy + sinug sinh uy0x1,,
Zs = COSadxig+ dx13 + sinadxys, Zg = — cos adxg + sin adxig.

Thus M is a 3—lightlike submanifold of R}® with Rad(TM) = Sp{Z1,Z2, Z3}, D1 = Sp{Z1, Z,}, D> = Sp{Zs)}. It is
easy to see [Z1 = Zy € I'(D1) and JZ3 = Zy, hence D1 = Sp{Z1,Z,} and D, = Sp{Zs}. On the other hand, since
JZ¢ = Z7 € I(S(TM)), we derive Dy = Sp{Z¢, Z7} and D" = Sp{Zg, Zo}. By direct calculations, we derive the lightlike
transversal bundle spanned by

N, = %(_33@ +0x7), Ny = %(—8964 +dxg), N3 = %(— sin adx; — cos adx; + dxs).



N. (Onen) Poyraz, M. A. Akyol / Filomat 39:34 (2025), 1223512251 12241
Then we see that Ly = Sp{N1, N2}, L, = Sp{N3} and the screen transversal bundle spanned by

Wi = 0Jxig, Wo = —cosadxig + dx13 — sin adxis,
W3 = sinadxg + cos adxig, Wy = sin adxig — cos adx;s,

where u = Sp{Ws, Wy}, JW3 = Wy. Since

]Zs = —CO0s a8x9 + 8x14 + sin a8x16 =79+ Wy,
—Zg + Wz

JZ9 = —cosadxy— sinadxis = >

then, M is a proper generalized screen generic lightlike submanifold of R}S.

Theorem 3.5. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold (M, g).
Then V is a metric connection iff the following conditions are satisfied:

Ay X = ViJY e T(J(D2) ® Dy), Y € I(Dy)
—ViJY = I*(X,]Y) € T(J(D, ® Dy),Y € T(Dy)
Bh(X,]JY) = 0,Y € [(RadTM).

Proof. Let V be a metric connection. From (23) we obtain

VxY = =JVx]Y (37)
for any X € I'(TM) and Y € I'(Rad(TM)). Thus from (6), (34) and (36) we obtain

VxY +h(X,Y) = -]J(Vx]Y + h(X, ]Y)), (38)

for any X € I'(TM) and Y € I'(Rad(TM)). Using (15) in (37) and taking the tangential parts from the above
equation give

VxY = ®A) X - OVY]Y — Bu(X, ]Y), (39)
for any X € I'(TM) and Y € I'(D;). Similarly, if we take Y € I'(D,) in (38) and using (14), we derive

VxY = —OVL]Y — OI* (X, JY) — Bh(X, ]Y). (40)
Therefore considering Theorem 2.2, the proof comes from (39) and (40). O

Theorem 3.6. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold (M, ).
Then Dy is integrable iff the following conditions are satisfied:

g(V*X]Y - V;]X, o7Z) = q(B(hS(X, JY) = 1Y, X)), 2), (41)
gH'XJY), &) = g, ]X),&), (42)
g (X, JY),N1) = gl (Y, JX),Ny), (43)
g(VyJY = VyJX,BN) = g(h'(Y,JX) - I*(X,]Y),CN), (44)

forany X, Y € T(Dy), Z € T(D'), £ € T(D,), N € T(Itr(TM)) and Ny € T(Ly).

Proof. From definition of generalized screen generic lightlike submanifold, Dy is integrable iff for any
X,Y € I'(Dy), [X, Y] € T(Dy), that is,

g([X/Y]/Z) = g([X/ Y]/Ié) = 9([X/ Y]/]Nl) = g_([X/ Y]/N) =0
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forany Z € T(D'), £ € [(Dy), N € T(Itr(TM)) and N; € ['(L,).
Using that V is a metric connection and (8), (14), (22), (23), (34) and (36), we derive

9([X, Y], Z) = g(Vy]Y = V3 JX, DZ) — (B (X, JY) - *(Y, ]X)), Z), (45)
g(IX, Y1, &) = gl (v, JX) - H'(X, JY), &), (46)
9([X, Y1, IN1) = g(h* (Y, JX) = h*(X, ]Y), Ny), (47)
JIX, YLN) = (VY = Vi JX + B (X, JY) = (Y, ]X), JN), (48)

which holds (41)-(44). This completes the proof. [

Theorem 3.7. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold (M, g).
Then D is integrable if and only if the following conditions are satisfied:

g(Vy]Y = Vi X, ®Z) = g(B* (X, ]Y) - B (Y, ]X)), Z), (49)
gH'(X,]Y), &) = g (Y, JX), €) (50)
forany X,Y € T(D), Z € T(D') and & € T(D»).

Proof. From definition of generalized screen generic lightlike submanifold, D is integrable iff for any
X, Y € T(D), [X, Y] € (D), that is,

9([X,Y],Z2) = g([X,Y],]E) =0

for any Z € [(D') and & € T(D»).
Since V is a metric connection and using (8), (14), (22), (23), (34) and (36), we get

9(X, Y], 2) = g(Vi]Y - V}JX, ®Z) - g(B(W*(X, ]Y) — I°(Y, ] X)), Z), (51)
91X, Y1, J&) = gH' (Y, JX) = H'(X,]Y), &), (52)
which satisfy (49) and (50). Hence, the proof is completed. [

Theorem 3.8. Let M be a generalized screen generic-lightlike submanifold of an indefinite Kaehler manifold (M, §).
Then, D' is integrable iff the following conditions are satisfied:

V,OW — Viy®Z — AywZ + AwzW € T(D), (53)

gH(Z,TW), &) = G W, ] Z), &) (54)
forany Z,W € T(D') and & € T(D,).

Proof. From definition of generalized screen generic lightlike submanifold, D is integrable iff, for any
Z,WeT(D), X eT(Dy), &£ €eT(D,), N’ € I(Ly) and N € I'(Itr(TM)),

9(Z, W1, X) = 9(1Z, W], ]&) = g(1Z, W1, ]N") = 4([Z, W],N) = 0.
Using (8), (10), (22), (23) and (34), we derive

g([Z, W1, X) = g(VZ(I)W - VWw®Z - A,wZ + Az W, [X), (55)
9([Z, W1, J&), = g (W, JZ) - H(Z, TW), &), (56)
ﬁ([Zr W] ’ ]N,) = _g_(VZq)W - VW(I)Z + AwZW - AwWZI N,)r (57)
g([Z, W],N) = g‘(VZ(DW - Vw®Z — AowZ + AuzW, JN). (58)

From (55)-(58), we get (53) and (54). O
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Theorem 3.9. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold (M, §).
Then, D is parallel iff the following conditions are satisfied:

Vx®Z — A,z X has no components on I'(Dg L J(Ly)), (59)
H(X, ®Z) = -D'(X, wZ) (60)
and BH/(X,]Y) = 0, for any X, Y € T(D) and Z € T(D").
Proof. D is parallel iff
9(VxY,Z) = g(VxY,J&) = 0
forany X,Y € I'(D), Z € I'(D’) and & € I'(D»). Considering (8), (10), (22), (23) and (34) we get
9(VxY, Z) = —=g(Vx®Z + (X, DZ) — AwzX + D'(X, 0Z),]Y), (61)
9(VxY,J&) = =g (X, ]Y), &), (62)
which completes proof. [

Theorem 3.10. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold (M, ).
Then, D" is parallel iff the following conditions are satisfied:

V,;OW-A.wZ € T(D), (63)
H(z,®oW) = -D'(Z,oW) (64)
forany X e (D) and Z, W € T'(D").
Proof. D' is parallel iff
g(VzW, X) = g(VzW, J€) = g(VzW,JN") = g(VZzW,N) = 0
forany Z, W e I'(D’), X € I'(Dy), £ € I'(D;) and N € I'((Itr(TM)). Using (8), (10), (22), (23) and (34) we obtain

g(VzW, X) = g(VzOW — AuwZ, JX), (65)
g(VZW,IN') = G(VzOW - AuwZ,N'), (66)
gVzW,N) = g(V,OW - A,wZ, JN), (67)
g(VzW, J€) = —=g(h(Z, W) + D'(Z, wW), &). (68)

Therefore from (65)-(68) we see that Vx®Z — A,z X € I'(D’) and considering (68) we derive (64). O

Theorem 3.11. Let M be a lightlike submanifold of an indefinite complex space form M(c) with ¢ # 0 Then, M is a
generalized screen generic lightlike submanifold of M(c) iff:
(i) The maximal invariant subspaces of TpM, p € M, define a distribution

D = Dy & J(D,) ® Rad(TM),

where Rad(TM) = Dy ® D, and D is a non-degenerate invariant distribution.
(ii) There exists a lightlike transversal vector bundle Itr(TM) such that

G(RX, Y)N,N') =0,

forany X,Y e I'(Dy), N, N’ € T'(Itr(TM)).
(iii) There exists a non-degenerate distribution D' on M such that

GRX,Y)Z, V) #0,

forany X, Y e (D), Z,V € T(D).
(iv) There exists a non-degenerate distribution u on S(TM™*) such that

FRX, Y)Z,W) 0,
where for any X,Y € T(D), Z € T(D"), W € T(TM*), but W & T ().



N. (Onen) Poyraz, M. A. Akyol / Filomat 39:34 (2025), 1223512251 12244

Proof. Let M be a generalized screen generic lightlike submanifold of M(c), ¢ # 0. From (i), D = Dy @ J(D2) &
Rad(TM) is maximal invariant subspaces. Next from (24), we obtain

FRE YN, N') = 59(X, TGN, N) = 0

for any X,Y € I['(Dy), N, N’ € T'(Itr(TM)). Since g(X,]JY) # 0 and §(JN,N’) = 0, we get §(R(X, Y)N,N’) = 0.
Thus (ii) holds. If we use (24) forany X, Y € (D) and Z,V € I'(D"), we derive

FR(X,V)Z,V) = 53X, INF(Z,V) # 0

then (iii) holds.
Similarly, for any X,Y € [(D), Z € T(D'), W € T(TM*), we have

FR(X,V)Z,W) = 55X, IV)F(Z, W) # 0
then (iv) holds.

<) : Conversely, we suppose that (i), (ii), (iii) and (iv) are satisfied. From (i), D = Dy ® J(D,) @ Rad(TM)
is maximal invariant subspaces and Rad(TM) = D; @ D,. Then, we see that a part, D, of Rad(TM) is a
distribution on M such that J(D,) N Rad(TM) = {0}. It also shows that the other part of Rad(TM) is invariant.
Thus (A) of the definition of generalized screen generic lightlike submanifold is satisfied. Therefore, we
can choose a screen distribution containing J(D,) and Dy (since Dy is non-degenerate). Itr(TM) orthogonal
to S(TM) implies that g(JN, &) = —g(N, J§) = 0 for £ € I'(D,). Hence we conclude that some part of J(Itr(TM))
defines a distribution on M, say J(Lz). On the other hand, from (ii) we derive 5g(X, JY)§(JN,N’) = 0 for any
X,Y € I'(Do), N, N" € T'(Itr(TM)). Since ¢ # 0 and D is non-degenerate we conclude that (N, N’) = 0 that
is J(Itr(TM)) N Rad(TM) = {0}. Moreover, if (&, N) = 1 for £ € I'(D,), N € I'(L;) then we have g(J&,JN) = 1.
This shows that J(L,) is not orthogonal to J(D;) and hence, it is not orthogonal to D. From (iii), we see that
there exists a non-degenerate anti-invariant distribution D on S(TM) such that since §(JZ, V) # 0, for any
Z,V e I(D'), then

I[(J(D)) c I(D') c T(S(TM)). (69)

On the other hand, from (iv), we have §(JZ,W) = —g(Z,JW), for any X,Y € I(Dy), Z € T(D'), W €
[(TM*), but W ¢ I'(u). So, it is clear that

I(J(D)) € TI(S(TM™)). (70)

Thus, from (69) and (70), we obtain neither T(J(D")) is in T(D’) totally, nor [(J(D")) is in [(S(TM*)) totally,
which satisfies (B) of the definition of generalized screen generic lightlike submanifold. This completes the
proof. O

Definition 3.12. We say that M is a D-geodesic generalized screen generic lightlike submanifold if its second
fundamental form h satisfies

h(X,Y)=0, VX Y eT(D). (71)
It is easy to see that M is a D-geodesic generalized screen generic lightlike submanifold if

H(X,Y)=h(X,Y)=0, VXY eTI(D). (72)
On the other hand, if h satisfies

WX, Y)=0, VXeTI(D), YeI(D" (73)

then M is called a mixed geodesic generalized screen generic lightlike submanifold.
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Proposition 3.13. The distribution D of a generalized screen generic lightlike submanifold M of M is a totally
geodesic foliation in M iff M is D-geodesic and D is parallel respect to V on M.

Proof. Suppose that D defines a totally geodesic foliation in M, that is, VxY € T(D), for any X,Y € ['(D).
Then, we get

g(VxY,Z) = g(VxY,J&) = g(VxY, &) = g(VxY, W) = 0
for any Z € [(D"), & € T(Dy), & € T(Rad(TM)) and W € T(S(TM*)). Considering (8), we obtain
aVxv,e) = g(XY),9),
!]_(VXY, W) = !]_(hs (X/ Y)/ W)
then, it is clear that, for any X, Y € I'(D), H(X,Y) = (X, Y) = 0. In other words, M is D-geodesic and D is
parallel respect to V on M.
Conversely, we assume that M is D-geodesic and D is parallel respect to V on M. Since i/(X, Y) = h*(X,Y) = 0,

for any X, Y € T(D), then VxY € T(TM). On the other hand, since D is parallel on M, using (8), we have
VxY € I'(D). This completes the proof. [

Theorem 3.14. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold M.
Then, M is mixed geodesic iff the followings are holded:

(i) g(AwzX = Vx@Z, JE) = g(H'(X, DZ + ViwZ, ]&),

(i1) g(AwzX — Vx®Z, BW) = §(h*(X, ®Z) + ViwZ,CW),
for any X € T(D), Z € T(D").

Proof. Suppose that M is mixed geodesic, then from (72), §(h'(X, Z),&) = 0 and g(h*(X, Z), W) = 0 for any
X € T(D), Z € I(D"), & € T(Rad(TM)) and W € I'(S(TM%)). Thus from (7), (8), (22), (23), (34) and (36), we
derive

JU(X, 2),&) = g(Vx@Z + H(X, DZ) = AzX + VwZ, ]E),
g (X, Z), W) = g(Vx@Z — AwzX, BW) + §(h° (X, PZ) + ViwZ,CW)
which proves our assertion. [J
For any Y € I'(TM), differentiating (34) and using (8), (9), (10), (22), (23), (33), (34) and (36), we derive

Vx®Y + B(X, ®Y) + I¥(X, DY) — Ayp,y X + ViwPrY
+D°(X, wP1Y) = Aup, Y + V@wP2Y + D/(X, wP,Y) = ®VxY
+wP1VxY + wP,VxY + BH (X, Y) + CH(X,Y) + BR*(X,Y) + CH(X, Y).

Taking tangential, lightlike transversal and screen transversal parts of this equation, we obtain

(Vx®)Y = AupyX + Aup,yX + BE(X, Y) + BEE(X, Y), (74)
H(X, ®Y) + VLwP1 Y + D'(X, wP,Y) = wP1VxY + CH(X, Y), (75)
B (X, DY) + D¥(X, wP1Y) + ViwP2Y = wP,VxY + Ch(X, Y). (76)

Lemma 3.15. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold M. Then
M is mixed geodesic iff

WP1(=Vx®PZ + Ayp,zX + Aup,zX) = C(H'(X, DZ) + Vi wP1Z + D'(X, wP,2)), (77)

a)P2(—VXCDZ + Aa}P1ZX + Ampzz)() = C(hs(X, (DZ) + DS(X, a)Plz) + V;a)PZZ) (78)
forany X e T(D), Z € T(D*).
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Proof. Using (8), (9), (10), (22), (23), (33) and (36), we obtain

WX,Z) = —J(Vx(PZ+ wP1Z + wP,Z)) - VxZ
= —J(Vx®Z + H(X, ®Z) + h* (X, DZ)
~Awp,zX + ViwP1Z + D¥(X, wP1 Z)
~Awp,zX + Vi@PyZ + D'(X, wP2Z) — VxZ

for any X € I'(D), Z € I'(D"). Considering (34) and (36) and taking transversal part of this equation, we
have

WX, Z) = —(w(Vx®Z)+ CH (X ®Z)+ Ch* (X, DZ)
~wAqp,zX + CVywP1Z + CD*(X, wP1 Z)
~wAqp,zX + CV5wP2Z + CD'(X, wP,Z)).

Hence, i(X, Z) = 0iff (77) and (78) aresatisfied. O

Lemma 3.16. Let M be a generalized screen generic lightlike submanifold of an indefinite Kaehler manifold M. Then,
we have

VxZ = ®AyzX — OVxDZ — BI(X, DZ) — BV, wP1Z — BD¥(X, wP,Z) — BVwPyZ — CD'(X, wP>Z)
forany X € T(Dy), Z € T(D").

Proof. Considering (8), (9), (10), (22), (23), (33) and (36), we get

VxZ = —OVx®Z - Bh (X, DZ) — BW*(X, DZ) + DA,p,zX
—BVLwP1Z — BD*(X, wP1Z) + ®A,p,zX
~BVS,wP>Z — CD'(X, wP»Z),

for any X € T(Dy), Z € T(D"). If we take tangential parts of last equation, then we obtain
VxZ = @Az X — OVxDZ — BI(X, DZ) — BV, wP1Z — BD¥(X, wP1Z) — BVwPyZ — CD'(X, wP,Z)
which proves our assertion. [J

Theorem 3.17. There exist no totally umbilical proper generalized screen generic lightlike submanifold of an indefinite
complex space form M(c), ¢ # 0.

Proof. Suppose that M is a totally umbilical proper generalized screen generic lightlike submanifold of M(c),
c # 0. Then, from (19) and (24) we get

R(X,JX)Z = ~54(X, X)]Z 79)
and

R(X, JX)Z = (VxI*)(JX, Z) = (VixI*)(X, 2), (80)
for any X € T(Dy), Z € T(D"). Since M is totally umbilical, from (21) we obtain

(VxI*)(JX, Z) = —g(Vx]X, 2)H® — g(]X, VxZ)H’. (81)
We know that

g9(JX,Z) =0.
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From the last equation, we have

(Vx9)JX, Z) = g(VxJX, Z) + g(JX, VxZ) = 0. (82)
Thus, from (81) and (82) we get

(VxI*)(JX, Z) = 0. (83)
Similarly, we have

(Vixl*)(X, Z) = 0. (84)

Hence, using (79), (80), (83) and (84) we obtain
c
E!J(X/ X)]Z = O/
that is, c = 0 is derived. This is a contradiction which completes the proof. O

Lemma 3.18. Let M be a totally umbilical proper generalized screen generic lightlike submanifold of an indefinite
Kaehler manifold M. Then H® ¢ T'(u).

Proof. Let M be a totally umbilical proper generalized screen generic lightlike submanifold of an indefinite
Kaehler manifold M. Then, considering (76) we get

g(X, JY)H® = g(X,Y)CH’ + wP,VxY, VX, Y € I(Dy).
If we get X = JY, then we obtain

g(Y,Y)CH® = wP,VjyY.
Thus, we get H® ¢ I'(u), which completes the proof. [

Theorem 3.19. Let M be a totally umbilical generalized screen generic lightlike submanifold of an indefinite Kaehler
manifold M. If distribution Dy is integrable then the induced connection V is a metric connection.

Proof. Suppose that M is totally umbilical generalized screen generic lightlike submanifold. Then, consid-
ering (75) we derive

g(X,JY)H' = wP,VxY + g(X, Y)CH'
for any X, Y € I'(Dy). From the last equation,
9(X, JY)H' = g(¥, JX)H' = wP1[X, Y]

is derived. Since Dy is integrable, for any X, Y € I'(Dy), then [X, Y] € I'(Dy). If we take X = JY in last equation
then we get

g, VH' = 0.

Since Dy is non-degenerate, then H' = 0 that is, from (20) /' = 0. Hence the proof is completed. [
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4. Minimal generalized screen generic lightlike submanifolds

Definition 4.1. We say that a lightlike submanifold M of a semi-Riemannian manifold (M, §) is minimal if:
(i) h* = 0 on Rad(TM) and
(ii) trh = 0, where trace is written with respect to g restricted to S(TM).

It has been proved in [2] that the above definition is independent of S(TM) and S(TM™), but it depends
on tr(TM).

Example 4.2. LetM = (]R}f, g) be a semi-Euclidean space with signature (—, —, —, —, +,+,+,+,+,+,+,+,+,+,+,+)
and (x1, X2, X3, X4, ..., X15, X16) be the standard coordinate system of lR}l(’. Consider the complex structure | defined by
J(x1, x2, ., %15, x16) = (X2, X1, —X4, X3, —X6, X5, —Xg, X7, —X11 COS @ — X1g Sin a,
—X17 COS (@ + Xg Sin &, Xg COS & + X717 Sin &,

X10 COS & — X11 SiN @, —X14, X13, —X16, X15)-

Let M be a submanifold of R}® given by

. . Us
X1 = uisina+uUp, Xp =uUyp —UySINQ, X3 = Uz, x4=u4—?,
Us
X5 = U1PCOSA,Xe = —UpCOSK,X7 = U3, x8=u4+3,
X9 = sinugsinhuy,x19 = sinugcoshuy, x11 = — cos ug cosh iy,
X12 = —COSlUg sinhu7, X13 = Ug — U9, X14 = Ug + Ug, X15 = O,X16 =0.
Then, TM is spanned by
. d d d d .
/1 =sina— + — +cosa—,Z, = — —sina— — cosa—,
8x1 &XZ 8x5 &xl 8x2 8x6
d J d d 1, 0 d

Ia=—+—,74=—+—,75=~(—— + —
8x3 8x7' 8X4 &.'X'g ! 2( 8x4 8x8 )’
. 0 0 . 0 . . J
Ze = oS Ug sinh uy — + cos ug cosh 1ty —— + sin ug cosh uy —— + sin ug sinh u; —,
axg 8x10 an 8x12

. 0 . . 0 . 0 J
Z7 = sin ug cosh uy — + sin ug sinh u7 —— — cos ug sinh #y —— — cos g cosh 1y ——

%9 Ix10 ox11 ox1p’
2,9 ,__9 . 9
8 Ix13 ox14” ’T dxi3  Oxis’
where Rad(TM) = {Z1,Z5, Z3} and Dy = {Zg, Zo}. By direct calculation, we obtain that Itr(TM) is spanned by
1 : 0 0 1, 0 .
Ny = E(_ smoz&—x1 S + Cosa8_x5)'N2 = E(_8_x1 + smoza—x2 — Cos a8_x6)'
1, 0 0
N; = E(—8—x3 + a—x7)

Furthermore, the screen transversal bundle is spanned by

d ) 0 . . 0 . d
W1 = — cos ug cosh 17— + cos ug sinh 1y —— + sin 1 sinh 1y —— — sin ug cosh 1y ——
8X9 Bxlo axn (9x12
. . d . 0 d i d
W, = —sin ug sinh ;= + sin ug cosh 1y —— — cos u cosh uy; —— + cos ug sinh 1y ——
Ixg ox1o Ix1 ox12
d d d Jd
W3 =

=—+— Wy=—7— + —.
x5 Ixie dxis  Jxie
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Since JWq # Wy, then it is easy to see that u = {Ws, Wy} and
JZ¢ = cosaZy; —sinaWy,
JZ; = —cosaZg—sinaW,.

Then, D' = Sp{Zs, Z7} and M is a generalized screen generic lightlike submanifold of R}°.
On the other hand, by direct computations and using Gauss and Weingarten formulas, we get

VzZr=0, i=1,2,3,4,5,8,9, 1<T<9

and
W\(Zs,Z) =0, 1(Z7,Z7) =0,
1
W (Zs, Zg) = — W,
(Ze: Zo) sinh? Uy + cosh? Uy 2
1
W(Z7,27) = Ws.

sinh? uy + cosh? Uy

Hence, we get

W(X,Z1) =W (X, Z2) = (X, Z3) = 0
forany X € T(TM), that is, i* = 0 on Rad(TM) and

trace |S(TM) h=0.
Then, it is clear that M is not totally geodesic, but it is a minimal generalized screen generic lightlike submanifold of
M =R,
Theorem 4.3. Let M be a proper generalized screen generic lightlike submanifold of an indefinite Kaehler manifold
M. Then M is minimal iff

traceA*éqls(TM) =0, tmceAst(TM) =0 (85)
g, D'(X,W)) = 0 for any X,Y,& € I(Rad(TM)) and W,W; € T(S(TM™)), where q € {1,2,...,r} and p €
{1,2,...,n—r}

Proof. We know that i’ = 0 on Rad(TM) [2]. Definition of a generalized screen generic lightlike submanifold,
M is minimal iff
25 4 14 k
Y eh(Xi, X)+ Y hGE; JEN + Y HONj IN)) + Y €ah(Za, Za) = 0
i=1 j=1 j=1 a=1
and #° = 0 on Rad(TM), where 2s = dim(Dy), p = dim(D;) and k = dim(D’). From (11), we have #* = 0 on
Rad(TM) iff (Y, D'(X, W)) = 0, for any X, Y € T(Rad(TM)) and W € I'(S(TM*)). Moreover, we get

NN G0, 1€, £Ny + GH (NG, N, EN

q:l i=1

v v
traceh | gm) = P
i

n-r

1<
+— Z eplg(*(JEj, JEj), We)Wp + g(h*(JN;, JN ), W)W} (86)

n—r 1 2s . k .

— r{; 0 (Xi, Xi), W)W + 21 G (Za, Za), W) W)
1 2s k

+20 F0 G XD, ENy + Y G (Za, Za), €Ny .

=1 i=1 a=1

=



N. (Onen) Poyraz, M. A. Akyol / Filomat 39:34 (2025), 1223512251 12250

Using (11) and (16) in (86), we obtain
r.r
traceh | s = Z 9(AL JEj, JENy + g(A% IN;, IN)N,

ql]
n-=r

eplg(Aw,JEj, JEHWp + g(Aw,INj, IN;) W} (87)
=1

—_
‘
5
=

X, X)W + Z 9(Aw, Za, Za) W)

a=1

n—r
+Z
p=1

+ Z Z (A, Xi, XNy + Z 9(A:, Za, Za)Ng},

q=1 i=1

which completes the proof. [

Theorem 4.4. Let M be a totally umbilical generalized screen generic lightlike submanifold of an indefinite Kaehler
manifold M. Then M is minimal iff

tmceA; Ipyep’ = traceAw; |p,ep =0 (88)
forany &, € T'(Rad(TM)) and Wt € [(S(TM*Y)), where g € {1,2,...,rtand T € {1,2,..,n —r}.
Proof. M is minimal iff #* = 0 on Rad(TM) and traceh = 0 on S(TM), i.e.

traceh | samy = traceh |p, +traceh |yp,) +traceh |y, +traceh |pr
2a b b c
= Y ehlee)+ Y hUE,JE) + Y BONj, IN) + ) e, ). (89)
=1 j=1 j=1 k=1

where 2a = dim(Dy), b = dim(D;) and ¢ = dim(D’). Considering (20) in (89) we obtain

traceh | smy = traceh |p, +traceh |p

2a ¢
Z h(e;, e;) + Z h(ex, ex).

If we choose an orthonormal basis of S(TM) as {e;}!"]", then we derive

[\

a

traceh |S(TM)

i [l (er &) + Ho(eiye)] + ) ex [ ex,ex) + I (ex, )]

k=1

ISINTN
kN

e,[% Z 901 ei e, EQN, + —— X 006 e, We)Wr (90)

=1

C

Y el Zg(h (e e6), €Ny + — Zg(h%ek, ), W)Wrl.

k=1

+

Using (11) and (16) in (90), we obtain

2a r n-r
1 ) 1
traceh |soray = Z Ei[; Z (A ei e)Ng + p— Z g(Awyei, e))Wr]
i=1 q:l T=1

C

1 14 B . 1 n—r
+ L. el Zf (A e e)Ng + —— TZ—; 9(Aw;ex, e))Wr].
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Therefore we derive

traceh |scran= tmceA’ék Ipep’ HtraceAw; |pep’ -

Hence, we get

traceA;, |pyep'=0 and traceAw;, |pep = 0.

This completes the proof. [
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