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Available at: http://www.pmf.ni.ac.rs/filomat

On the maximum spectral radius of connected
graphs with a prescribed order and size

Ivan Damnjanovića,b
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Abstract. The spectral radius of a graph is the largest modulus of an eigenvalue of its adjacency matrix.
Let Cn,e be the set of all the connected simple graphs with n vertices and n− 1+ e edges. Here, we solve the
spectral radius maximization problem on Cn,e when e ≤ 130 or n ≥ e + 2 + 13

√
e.

1. Introduction

Throughout the paper, we take all the graphs to be undirected, finite and simple. For a given graph
G, we use V(G) to signify its vertex set. The adjacency matrix of a graph G, denoted by A(G), is the matrix
A ∈ RV(G)×V(G) such that for any i, j ∈ V(G), we have Ai j = 1 if vertices i and j are adjacent, and Ai j = 0
otherwise. The spectral radius, also known as the index, of a graph G, denoted by ρ(G), is the largest modulus
of an eigenvalue of A(G). It is known that ρ(G) is an eigenvalue of A(G) for any graph G; see [11, Chapter 8].
For more results on the spectral radii of graphs, the reader is referred to [18] and the references therein.

We use G1 ∨ G2 and G1 + G2 to signify the join and disjoint union, respectively, of graphs G1 and G2.
A graph G is a threshold graph if its vertices can be ordered in such a way that its corresponding adjacency
matrix is stepwise in the sense that whenever Ai j = 1 with 1 ≤ i < j ≤ n, we have Akℓ = 1 for any
k, ℓ ∈ {1, 2, . . . ,n} such that k < ℓ, k ≤ i and ℓ ≤ j; see [5, 13].

Let Gm be the set of all the graphs with m ∈N0 edges. In 1976, Brualdi and Hoffman [2, p. 438] initiated
the extremal problem of maximizing the spectral radius onGm. Afterwards, Brualdi and Hoffman obtained
the next two results in 1985.

Theorem 1.1 ([3, Theorem 2.1]). Suppose that G attains the maximum spectral radius on Gm for some m ∈ N0.
Then G is a threshold graph.

Theorem 1.2 ([3, Theorem 2.2]). Let m =
(k

2
)

with k ∈ N. Then graph G attains the maximum spectral radius on
Gm if and only if G � Kk + rK1 for some r ∈N0.
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Further work on the spectral radius maximization problem on Gm was done by Friedland [9, 10] and
Stanley [17]. In a subsequent paper from 1988, Rowlinson finalized the solution to the problem as follows.

Theorem 1.3 ([15]). Let m =
(k

2
)
+ t with k ∈ N and t ∈ {1, 2, . . . , k − 1}. Then graph G attains the maximum

spectral radius on Gm if and only if G � (Kt ∨ (Kk−t + K1)) + rK1 for some r ∈N0.

For any e ∈ N0, let ke be the largest natural number such that
(ke

2
)
≤ e and let te B e −

(ke
2
)
. Note that

0 ≤ te ≤ ke − 1. We observe that for any n ∈N and e ∈N0, there exists a connected graph of order n and size
n − 1 + e if and only if n ≥ be, where

be B


1, e = 0,
ke + 1, te = 0 and e , 0,
ke + 2, te , 0

(e ∈N0).

Let Cn,e be the set comprising the connected graphs of order n and size n − 1 + e. Now, for each e ∈N0 and
n ≥ be, letDn,e ∈ Cn,e be defined as

Dn,e B


(((

Kke−te + K1
)
∨ Kte

)
+ (n − ke − 2)K1

)
∨ K1, n ≥ ke + 2,

Kn, n < ke + 2.

Also, for each e ∈N0 and n ≥ e + 2, letVn,e ∈ Cn,e be defined as

Vn,e B
(
K1,e + (n − e − 2)K1

)
∨ K1.

In 1986, the spectral radius maximization problem on Cn,e was initiated by Brualdi and Solheid, who
obtained the next three results.

Theorem 1.4 ([4, Theorem 2.1]). Let e ∈N0 and n ≥ be, and suppose that G attains the maximum spectral radius
on Cn,e. Then G is a threshold graph.

Theorem 1.5 ([4, Theorems 3.1 and 3.2]). Let e ∈ {0, 1, 2, 3} and n ≥ be. ThenDn,e is the unique graph attaining
the maximum spectral radius on Cn,e.

Theorem 1.6 ([4, Theorem 3.3]). For each e ∈ {4, 5, 6}, there is an f (e) such that for every n ≥ f (e), the graphVn,e
is the unique graph attaining the maximum spectral radius on Cn,e.

Theorem 1.4 was later proved by Simić, Li Marzi and Belardo [16] with a different strategy. For alternative
proofs of Theorem 1.5 for the case e = 0, see [6] and [12]. In 1988, Theorem 1.6 was generalized by Cvetković
and Rowlinson as follows.

Theorem 1.7 ([7]). For each e ≥ 4, there is an f (e) such that for every n ≥ f (e), the graphVn,e is the unique graph
attaining the maximum spectral radius on Cn,e.

The value f (e) from Theorem 1.7 is not trivial to compute and it is larger than e2(e+ 2)2 for e ≥ 7. In 1991,
Bell solved the spectral radius maximization problem on Cn,e for the case te = 0.

Theorem 1.8 ([1]). For any λ > 3, let

f (λ) =
1
2

(λ + 1)(λ + 6) + 7 +
32
λ − 3

+
16

(λ − 3)2 .

Then for any e ≥ 6 such that te = 0, we have:

(i) if be ≤ n < f (ke), thenDn,e is the unique graph attaining the maximum spectral radius on Cn,e;
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(ii) if n = f (ke), thenDn,e andVn,e are the only two graphs attaining the maximum spectral radius on Cn,e;

(iii) if n > f (ke), thenVn,e is the unique graph attaining the maximum spectral radius on Cn,e.

In 2002, Olesky, Roy and van den Driessche resolved another case of the extremal problem.

Theorem 1.9 ([14]). Let e ≥ 9 be such that te = ke − 1 and let be + 1 ≤ n ≤ e − 1. Then Dn,e is the unique graph
attaining the maximum spectral radius on Cn,e.

Bearing in mind all the existing results, it is natural to expect that no graph besides Dn,e and Vn,e (if
defined) can be a solution to the spectral radius maximization problem on Cn,e, for any e ∈ N0 and n ≥ be.
Here, we investigate this extremal problem and resolve some new cases. To begin, we introduce the auxiliary
notion of T-subgraph and use it to construct a computer-assisted proof of the following proposition.

Proposition 1.10. Let e ∈ {4, 5, . . . , 130} and n ≥ be. Suppose that G attains the maximum spectral radius on Cn,e.
Then G � Dn,e or (n ≥ e + 2 and G �Vn,e).

The computer-assisted proof is carried out through a SageMath script that can be found in [8]. After-
wards, we compare the graphsDn,e andVn,e and give a criterion on n and e that determines which of these
two graphs has a larger spectral radius. This result yields the complete solution to the extremal problem
for the case e ≤ 130. Finally, we apply a strategy inspired by Bell [1] to show thatVn,e is the unique solution
when e > 130 and n ≥ e + 2 + 13

√
e, thereby improving the bound from Theorem 1.7.

2. Preliminaries

We consider all spectral properties of a graph to correspond to its adjacency matrix. For any threshold
graph G, we assume that V(G) = {1, 2, . . . ,n}, where n = |V(G)|, with the vertices being arranged in such
a way that A(G) is a stepwise matrix. Note that the stepwise adjacency matrix A(G) is unique for each
threshold graph G. For any p ∈ N0, we denote the identity matrix of order p by Ip, and for any p1, p2 ∈ N0,
we denote the zero (resp. all-ones) matrix with p1 rows and p2 columns by Op1,p2 (resp. Jp1,p2 ). When the
matrix size is clear from the context, we may drop the subscripts and write I, O or J for short.

We take all the polynomials and rational functions to be in the variable λ. We use PG(λ) and PA(λ)
(resp. ρ(G) and ρ(A)) to denote the characteristic polynomial (resp. spectral radius) of a graph G and square
matrix A, respectively. Also, we use ρ(P) and ρ2(P) to denote the largest and second largest real root of a
polynomial P(λ) . 0, taking into account root multiplicity. For convenience, we let ρ(P) = −∞ if P(λ) has
no real root, and ρ2(P) = −∞ if P(λ) has at most one (simple) real root.

Throughout the rest of the paper, for the sake of brevity, we write k B ke, t B te and b B be when the value
e is fixed. We follow Bell [1] in denoting the adjacency matrix ofDn,e by B. Also, let y be the corresponding
Perron vector of Dn,e and let γ = ρ(Dn,e). It is not difficult to observe that y1 ≥ y2 ≥ · · · ≥ yn > 0; see [15,
Lemma 1]. For each e ∈N0 and n ≥ e + 2, we denote the adjacency matrix ofVn,e by C. Besides, let z be the
corresponding Perron vector ofVn,e and let χ = ρ(Vn,e). Similarly, note that z1 ≥ z2 ≥ · · · ≥ zn > 0.

Lemma 2.1. For any e ≥ 4 such that te ≥ 1, and any n ≥ be, we have y2 = y3 = · · · = yt+1, yt+2 = yt+3 = · · · = yk+1
and yk+3 = yk+4 = · · · = yn, alongside

(γ + 1)y1 = y1 + ty2 + (k − t)yk+1 + yk+2 + (n − k − 2)yn, (1)
(γ + 1)y2 = y1 + ty2 + (k − t)yk+1 + yk+2, (2)

(γ + 1)yk+1 = y1 + ty2 + (k − t)yk+1, (3)
γyk+2 = y1 + ty2, (4)
γyn = y1 (provided n > ke + 2). (5)

Also, γ is the largest real root of

λ(λ + 1)(λ3
− λ2(k − 1) − λ(k + t + 1) + (t + 1)(k − t − 1))

− (n − k − 2)(λ3
− λ2(k − 2) − λ(k + t − 1) + t(k − t − 1)).

(6)
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Proof. From the eigenvalue–eigenvector equations for γ and y, we directly obtain y2 = y3 = · · · = yt+1,
yt+2 = yt+3 = · · · = yk+1 and yk+3 = yk+4 = · · · = yn, as well as (1)–(5). Recall that be = ke + 2 and suppose that
n ≥ be + 1. In this case, the vector

[
y1 y2 yk+1 yk+2 yn

]⊺
is an eigenvector of

0 t k − t 1 n − k − 2
1 t − 1 k − t 1 0
1 t k − t − 1 0 0
1 t 0 0 0
1 0 0 0 0

 (7)

for the eigenvalue γ. Therefore, γ is the spectral radius of (7), hence a routine computation yields that γ is
also the largest real root of (6). It is not difficult to verify that this claim also holds for the case n = be.

The following lemma can be proved analogously to Lemma 2.1, so we omit its proof.

Lemma 2.2. For any e ≥ 4 and n ≥ e + 2, we have z3 = z4 = · · · = ze+2 and ze+3 = ze+4 = · · · = zn, alongside

(χ + 1)z1 = z1 + z2 + ez3 + (n − e − 2)zn,

(χ + 1)z2 = z1 + z2 + ez3, (8)
χz3 = z1 + z2, (9)
χzn = z1 (provided n > e + 2).

Also, χ is the largest real root of

λ(λ + 1)(λ2
− λ − 2e) − (n − e − 2)(λ2

− e).

We end the section with another result that can easily be verified.

Lemma 2.3. For any e ∈N, we have

ρ(K2 ∨ eK1) =
1 +
√

8e + 1
2

.

3. T-subgraphs

In the present section, we introduce the notion of T-subgraph and obtain several auxiliary lemmas.
These results lead to a computer-assisted proof of Proposition 1.10. We begin as follows. For any e ≥ 1,
n ≥ be and threshold graph G ∈ Cn,e, let n − 1 = d1 ≥ d2 ≥ d3 ≥ · · · ≥ dn be the degree sequence of G. Also,
let s be maximal such that ds ≥ 2. Then the T-subgraph of graph G, denoted by T (G), is the subgraph of G
induced by the vertex set {2, 3, . . . , s}. Note that T (G) is a connected threshold graph of order s − 1 and size
e, and also observe that the threshold graphs from Cn,e can be uniquely determined by their T-subgraph.
For the sake of brevity, let T1(G) = T (G) ∨ K1. We proceed with the next lemma.

Lemma 3.1. For any e ≥ 1, n ≥ be and threshold graph G ∈ Cn,e, we have that ρ(G) is the largest real root of

λPT1(G)(λ) − (n − n′)PT (G)(λ),

where n′ = |T1(G)|.

Proof. Let x be the Perron vector of G, and observe that

A(G) =

 0 J1×(n′−1) J1×(n−n′)
J(n′−1)×1 A(T (G)) O
J(n−n′)×1 O O

 .
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If n > n′, then we have xn′+1 = xn′+3 = · · · = xn, while the vector
[
x1 x2 · · · xn′ xn

]⊺
is an eigenvector of

W =

 0 J1×(n′−1) n − n′

J(n′−1)×1 A(T (G)) O
1 O 0

 (10)

for the eigenvalue ρ(G). Therefore, ρ(G) = ρ(W). We note that ρ(G) = ρ(W) holds even when n = n′, in
which case the last column of (10) contains only zeros. By computing

PW(λ) =

∣∣∣∣∣∣∣∣
λ −J −(n − n′)
−J λI − A(T (G)) O
−1 O λ

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
λ −J 0
−J λI − A(T (G)) O
−1 O λ

∣∣∣∣∣∣∣∣ +
∣∣∣∣∣∣∣∣

0 O −(n − n′)
−J λI − A(T (G)) O
−1 O λ

∣∣∣∣∣∣∣∣
= λ

∣∣∣∣∣ λ −J
−J λI − A(T (G))

∣∣∣∣∣ − (n − n′)
∣∣∣λI − A(T (G))

∣∣∣ = λPT1(G)(λ) − (n − n′)PT (G)(λ),

the result directly follows.

In view of Lemma 3.1, we introduce the auxiliary function RG : [ρ(T1(G)),+∞)→ R given by

RG(λ) =
λPT1(G)(λ)
PT (G)(λ)

(λ ≥ ρ(T1(G))),

for any e ≥ 1, n ≥ be and threshold graph G ∈ Cn,e. From the theory of nonnegative matrices (see, e.g.,
[11, Chapter 8]), we have ρ(T1(G)) > ρ(T (G)), which means that RG is well-defined. As it turns out, RG is
monotone.

Lemma 3.2. For any e ≥ 1, n ≥ be and threshold graph G ∈ Cn,e, the rational function RG is a strictly increasing
bijection from [ρ(T1(G)),+∞) onto [0,+∞).

Proof. Let n′ = |T1(G)|. From the theory of symmetric matrices, we have

PT1(G)(λ) = (λ − ξ1)(λ − ξ2) · · · (λ − ξn′ ) and PT (G)(λ) = (λ − ζ1)(λ − ζ2) · · · (λ − ζn′−1)

for some real numbers ξ1 ≤ ξ2 ≤ · · · ≤ ξn′ and ζ1 ≤ ζ2 ≤ · · · ≤ ζn′−1. For any λ > ξn′ , we get

R
′

G(λ) =
λPT1(G)(λ)PT (G)(λ)

(
1
λ +
∑n′

i=1
1

λ−ξi

)
− λPT1(G)(λ)PT (G)(λ)

∑n′−1
i=1

1
λ−ζi(

PT (G)(λ)
)2

= RG(λ)

 1
λ
+

n′∑
i=1

1
λ − ξi

−

n′−1∑
i=1

1
λ − ζi

 .
We trivially observe that RG(λ) > 0 for every λ > ξn′ . Besides, we have ξ1 ≤ ζ1 ≤ ξ2 ≤ ζ2 ≤ · · · ≤ ζn′−1 ≤ ξn′

from the eigenvalue interlacing theorem; see [11, Chapter 9]. Therefore,

1
λ
+

n′∑
i=1

1
λ − ξi

−

n′−1∑
i=1

1
λ − ζi

=

n′−1∑
i=1

( 1
λ − ξi+1

−
1

λ − ζi

)
+

1
λ
+

1
λ − ξ1

> 0.

With all of this in mind, we conclude that R′G(λ) > 0 for any λ > ξn′ , which means that RG is strictly
increasing. Since RG is continuous and RG(ρ(T1(G))) = 0, it also follows that its image is [0,+∞).

From Lemma 3.2, we directly obtain the next corollary.
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Corollary 3.3. For any e ≥ 1, n ≥ be and threshold graph G ∈ Cn,e, let

Q(λ) = λPT1(G)(λ) − αPT (G)(λ),

where α ≥ 0 is real. Then we have ρ(Q) = R−1
G (α), alongside Q(λ) < 0 for any λ ∈ (ρ(T (G)), ρ(Q)).

Proof. Let β = R−1
G (α), as well as ξ1 = ρ(T1(G)) and ξ = ρ(T (G)). By Lemma 3.2, we have Q(β) = 0, alongside

Q(λ) > 0 for anyλ > β, and Q(λ) < 0 for anyλ ∈ [ξ1, β). Therefore, ρ(Q) = β. From the theory of nonnegative
matrices, we know that ξ1 is a simple root ofPT1(G)(λ). By virtue of the eigenvalue interlacing theorem, this
means that for any λ ∈ (ξ, ξ1), we have PT1(G)(λ) < 0 and PT (G)(λ) > 0, hence Q(λ) < 0.

We now define the polynomial

QG1,G2 (λ) B λ
(
PT1(G1)(λ)PT (G2)(λ) − PT1(G2)(λ)PT (G1)(λ)

)
+ (|T (G1)| − |T (G2)|)PT (G1)(λ)PT (G2)(λ)

for any e ≥ 1, n ≥ be and threshold graphs G1,G2 ∈ Cn,e. As it turns out, QG1,G2 (λ) can be used while proving
the extremal property ofVn,e andDn,e, as shown in the following two lemmas.

Lemma 3.4. Suppose that e ≥ 4 and n ≥ e + 2, and let G ∈ Cn,e be a threshold graph such that G � Vn,e. Then
QG,Vn,e (λ) is a nonzero polynomial with a positive leading coefficient. Moreover, the following holds:

(i) if ρ(QG,Vn,e ) < ρ(T1(Vn,e)), then χ > ρ(G);

(ii) if ρ(QG,Vn,e ) ≥ ρ(T1(Vn,e)) and n > e + 2 + RVn,e (ρ(QG,Vn,e )), then χ > ρ(G).

Proof. Observe that T (Vn,e) = K1,e and T1(Vn,e) = K2 ∨ eK1. Let ξ1 = ρ(K2 ∨ eK1) and note that ξ1 > ρ(T (G)).
Indeed, T (G) is a graph of size e, hence by Theorems 1.2 and 1.3, we have

ρ(T (G)) ≤ ρ(Kt ∨ (Kk−t + K1)) < ρ(Kk+1) = k.

On the other hand, Lemma 2.3 implies

ξ1 =
1 +
√

8e + 1
2

≥
1 +
√

4k(k − 1) + 1
2

=
1 + (2k − 1)

2
= k.

Note that χ ≥ ξ1 due to Lemmas 3.1 and 3.2. Therefore, by Lemma 3.1 and Corollary 3.3, we conclude that
χ > ρ(G) holds if and only if

χPT1(G)(χ) − (n − n′)PT (G)(χ) > 0,

where n′ = |T1(G)| ≤ e + 1. Since

n − e − 2 =
χPK2∨eK1 (χ)
PK1,e (χ)

,

a routine computation yields that χ > ρ(G) is equivalent to QG,Vn,e (χ) > 0.
If we suppose that QG,Vn,e (λ) is a zero polynomial or has a negative leading coefficient, then this implies

that there is a ζ ≥ ξ1, such that χ ≤ ρ(G) provided χ ≥ ζ. Bearing in mind Lemma 3.2, we obtain a
contradiction to Theorem 1.7. Therefore, QG,Vn,e (λ) must be a nonzero polynomial with a positive leading
coefficient. If ρ(QG,Vn,e ) < ξ1, then χ ≥ ξ1 implies QG,Vn,e (χ) > 0, hence χ > ρ(G). This proves statement (i).
Now, suppose that ρ(QG,Vn,e ) ≥ ξ1. In this case, the value RVn,e (ρ(QG,Vn,e )) is well-defined. Furthermore, if
n − e − 2 > RVn,e (ρ(QG,Vn,e )), then Lemmas 3.1 and 3.2 imply χ > ρ(QG,Vn,e ). From here, we get χ > ρ(G),
which proves statement (ii).

Lemma 3.5. Suppose that e ≥ 4, te ≥ 1 and n ≥ be, and let G ∈ Cn,e be a threshold graph such that G � Dn,e. Then
the following holds:
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(i) if QG,Dn,e (λ) is a nonzero polynomial with a positive leading coefficient with ρ(QG,Dn,e ) < ρ(T1(Dn,e)), then
γ > ρ(G);

(ii) if QG,Dn,e (λ) is a nonzero polynomial with a negative leading coefficient with ρ2(QG,Dn,e ) < ρ(T1(Dn,e)) <
ρ(QG,Dn,e ) and n < be + RDn,e (ρ(QG,Dn,e )), then γ > ρ(G).

Proof. Observe that T (Dn,e) = Kt∨ (Kk−t + K1) and T1(Dn,e) = Kt+1∨ (Kk−t+K1). Recall that be = ke+2 and let
ξ1 = ρ(Kt+1 ∨ (Kk−t + K1)). We trivially verify that ξ1 > k, hence we can conclude analogously to Lemma 3.4
that ξ1 > ρ(T (G)), which implies that γ > ρ(G) is equivalent to QG,Dn,e (γ) > 0. If QG,Dn,e (λ) is a nonzero
polynomial with a positive leading coefficient such that ρ(QG,Dn,e ) < ξ1, then γ ≥ ξ1 gives QG,Dn,e (γ) > 0.
Therefore, we obtain γ > ρ(G) in accordance with statement (i).

Now, suppose that QG,Dn,e (λ) is a nonzero polynomial with a negative leading coefficient such that
ρ2(QG,Dn,e ) < ξ1 < ρ(QG,Dn,e ) and n < be +RDn,e (ρ(QG,Dn,e )). In this case, ρ(QG,Dn,e ) , −∞must be a simple root
ofQG,Dn,e (λ) due toρ2(QG,Dn,e ) < ρ(QG,Dn,e ). From here, we getQG,Dn,e (λ) > 0 for anyλ ∈ (ρ2(QG,Dn,e ), ρ(QG,Dn,e )).
By Lemma 3.2, we have that RDn,e (ρ(QG,Dn,e )) is well-defined. Moreover, n − be < RDn,e (ρ(QG,Dn,e )) implies
γ < ρ(QG,Dn,e ), while γ > ρ2(QG,Dn,e ) also holds because γ ≥ ξ1. With all of this in mind, we conclude that
QG,Dn,e (γ) > 0, hence γ > ρ(G), which yields statement (ii).

We are now in a position to describe a strategy that can be used to construct a computer-assisted proof
of Proposition 1.10. We present an algorithm that inputs an argument e ≥ 4 such that te ≥ 1 and attempts
to apply Lemmas 3.4 and 3.5 to verify the claim that no threshold graph G ∈ Cn,e such that G � Dn,e,Vn,e
can have the maximum spectral radius on Cn,e, for any n ≥ be. For a given e ≥ 4 with te ≥ 1, let Se be the
finite set of all the graphs that appear as the T-subgraph of a threshold graph from Cn,e for some n ≥ be.
Moreover, letS∗e = Se \{K1,e,Kt∨ (Kk−t + K1)}. The algorithm iterates over all the graphs T ∈ S∗e and performs
the following procedure:

(1) Let G ∈ Cn,e be a threshold graph such that T (G) = T. Note that n ≥ |T ∨ K1| and be ≤ |T ∨ K1| ≤ e + 1.

(2) Verify that QG,Dn,e (λ) . 0.

(3) If the leading coefficient of QG,Dn,e (λ) is positive, verify that ρ(QG,Dn,e (λ)) < ρ(T1(Dn,e)) and use
Lemma 3.5(i) to conclude that G does not attain the maximum spectral radius on Cn,e. Report success
and stop the algorithm.

(4) If the leading coefficient of QG,Dn,e (λ) is negative, verify that ρ2(QG,Dn,e ) < ρ(T1(Dn,e)) < ρ(QG,Dn,e ) and
use Lemma 3.5(ii) to conclude that G does not attain the maximum spectral radius on Cn,e, provided
n < nU B b + RDn,e (ρ(QG,Dn,e )).

(5) Note that ρ(QG,Vn,e ) . 0, due to Lemma 3.4. If ρ(QG,Vn,e ) < ρ(T1(Vn,e)), use Lemma 3.4(i) to conclude
that G does not attain the maximum spectral radius on Cn,e, provided n ≥ nL B e + 2.

(6) On the other hand, if ρ(QG,Vn,e ) ≥ ρ(T1(Vn,e)), use Lemma 3.4(ii) to conclude that G does not attain the
maximum spectral radius on Cn,e, provided n > nL B e + 2 + RVn,e (ρ(QG,Vn,e )).

(7) Verify that nU > nL, thus showing that at least one of the graphs Dn,e and Vn,e has a larger spectral
radius than G, regardless of what the value of n is. Report success.

The algorithm reports failure and stops if any of the verifications does not pass for any T ∈ S∗e. It can
be conveniently implemented using SageMath [20] as shown in [8]. The developed program uses a strictly
decreasing sequence of positive integers (s1, s2, . . . , sc) to represent a T-subgraph T so that c is maximal such
that Ac,c+1 = 1, and for each i ∈ {1, 2, . . . , c}, the value si is maximal such that Ai,i+si = 1, with A being the
(stepwise) adjacency matrix of T. With this in mind, generating all the members of S∗e gets down to finding
all the ways in which e can be represented as a decreasing sum of positive integers. This can be efficiently
done, e.g., via the auxiliary function generateIncreasing implemented in C++20 in [19]. The developed
SageMath script can then be applied to iterate over all of these T-subgraphs and perform the verification
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algorithm on each of them. Since the algorithm reports success for any e ∈ {4, 5, . . . , 130} such that te ≥ 1,
Proposition 1.10 follows from the obtained computational results and Theorems 1.4 and 1.8. We end the
section by noting that the algorithm implementation can be optimized by using the following two claims
which can easily be verified.

Lemma 3.6. For any e ≥ 1 such that te ≥ 1, and ne ≥ be, we have

RDn,e (λ) =
λ(λ + 1)(λ3

− λ2(k − 1) − λ(k + t + 1) + (t + 1)(k − t − 1))
λ3 − λ2(k − 2) − λ(k + t − 1) + t(k − t − 1)

and ρ(λ3
− λ2(k − 1) − λ(k + t + 1) + (t + 1)(k − t − 1)) = ρ(T1(Dn,e)).

Lemma 3.7. For any e ≥ 1 and n ≥ e + 2, we have

RVn,e (λ) =
λ(λ + 1)(λ2

− λ − 2e)
λ2 − e

and ρ(λ2
− λ − 2e) = ρ(T1(Vn,e)).

4. Comparison of graphsDn,e andVn,e

In this section, we provide a criterion that compares γ and χ. We begin by introducing the polynomial

Ψe(λ) = λ3(k − 1)(k − 2)(k2
− 3k + 4t)

− λ2(k5
− 6k4 + k3(4t + 15) − k2(20t + 18) + k(8t2 + 24t + 8) − (4t2 + 12t))

− λ(k2
− k + 2t)(k3 + k2(t − 4) − k(3t − 5) + (4t2

− 2t − 2))

+ t(k − t − 1)(k2
− 3k + 2t)(k2

− k + 2t)

for every e ≥ 4. Now, let ψe be the largest real root ofΨe(λ) and let

ωe B e + 2 +
ψe(ψe + 1)(ψ2

e − ψe − 2e)

ψ2
e − e

.

With this in mind, we can state the two main results of the present section as follows.

Proposition 4.1. For any e ≥ 4 and n ≥ e + 2, exactly one of the following three statements holds:

(i) ρ(Vn,e) < ρ(Dn,e) < ψe;

(ii) ρ(Vn,e) = ρ(Dn,e) = ψe;

(iii) ρ(Vn,e) > ρ(Dn,e) > ψe.

Proposition 4.2. For any e ≥ 4, we have ωe > e + 2, alongside the following:

(i) if be ≤ n < ωe, then ρ(Dn,e) < ψe;

(ii) if n = ωe, then ρ(Dn,e) = ψe;

(iii) if n > ωe, then ρ(Dn,e) > ψe.

We start by showing that ψe and ωe are well-defined for any e ≥ 4 using the next two lemmas.

Lemma 4.3. For any e ≥ 4, the polynomialΨe(λ) is cubic and its leading coefficient is positive.
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Proof. Let P(e) = (k − 1)(k − 2)(k2
− 3k + 4t). We trivially observe that P(4) = 8 and P(5) = 16. Now, suppose

that e ≥ 6. In this case, we have k ≥ 4 and t ≥ 0, hence

P(e) ≥ (k − 1)(k − 2)(k2
− 3k) = k(k − 1)(k − 2)(k − 3) > 0,

as desired.

Lemma 4.4. For any e ≥ 4, we have ψe > ke + 1.

Proof. If t = 0, then k ≥ 4 and we have

Ψe(λ) = k(k − 1)(k − 2)λ(λ + 1)(λ(k − 3) − (k − 1)2),

hence

ψe =
(k − 1)2

k − 3
= k + 1 +

4
k − 3

> k + 1.

On the other hand, if t = 1, 2, 3, then we get

Ψe(k + 1) = −(k − 1)(k − 2)(4k3 + 5k2
− 19k − 8),

Ψe(k + 1) = −4(k5
− 3k4

− 5k3 + 47k2
− 28k + 20),

Ψe(k + 1) = −4k5 + 15k4
− 2k3

− 411k2 + 302k − 504,

respectively. It is not difficult to verify that Ψe(k + 1) < 0 holds in each of these cases, which means that
ψe > k + 1, by Lemma 4.3.

Now, suppose that t ≥ 4. In this case, a routine computation leads to

Ψe(k + 1) = −4t4
− t3(4k2

− 4k + 12) − t2(k4 + 6k3 + 23k2
− 22k − 8)

+ t(8k4 + 12k3
− 32k2 + 4k + 24) − (4k5

− 20k3 + 16k).

Since 4k2
− 4k + 12, k4 + 6k3 + 23k2

− 22k − 8 > 0 alongside t2
≥ 4t, t3

≥ 16t and t4
≥ 64t, we have

Ψe(k + 1) ≤ −256t − 16t(4k2
− 4k + 12) − 4t(k4 + 6k3 + 23k2

− 22k − 8)

+ t(8k4 + 12k3
− 32k2 + 4k + 24) − (4k5

− 20k3 + 16k)

= t(4k4
− 12k3

− 188k2 + 156k − 392) − (4k5
− 20k3 + 16k).

(11)

If 4k4
− 12k3

− 188k2 + 156k − 392 ≤ 0, then we obtain

Ψe(k + 1) ≤ −(4k5
− 20k3 + 16k) < 0,

which yields ψe > k + 1. On the other hand, if 4k4
− 12k3

− 188k2 + 156k − 392 > 0, then (11) implies

Ψe(k + 1) ≤ (k − 1)(4k4
− 12k3

− 188k2 + 156k − 392) − (4k5
− 20k3 + 16k)

= −4(k − 1)(4k3 + 43k2
− 43k + 98) < 0.

In this case, we also get ψe > k + 1.

Lemma 4.3 verifies that Ψe(λ) has a real root, hence ψe is well-defined. On the other hand, Lemma 4.4
shows that ψ2

e − ψe − 2e > 0, since

1 +
√

8e + 1
2

<
1 +
√

4k(k + 1) + 1
2

=
1 + (2k + 1)

2
= k + 1 < ψe.

Therefore, for each e ≥ 4, the valueωe is well-defined and we haveωe > e+2. We proceed with the following
lemma on the spectral properties ofDn,e.
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Lemma 4.5. Suppose that e ≥ 4, te ≥ 1 and n ≥ be, and let Yi =
yi

y1
for i ∈ {2, ke + 1, ke + 2}. Then we have

Y2 =
γ(γ + 2) − k + t + 1

γ(γ + 1)(γ − k + t + 1) − t(γ(γ + 2) − k + t + 1)
,

Yk+1 =
γ(γ + 1)

γ(γ + 1)(γ − k + t + 1) − t(γ(γ + 2) − k + t + 1)
,

Yk+2 =
(γ + 1)(γ − k + t + 1)

γ(γ + 1)(γ − k + t + 1) − t(γ(γ + 2) − k + t + 1)
.

Proof. The equations (2)–(4) transform into

(γ + 1)Y2 = 1 + tY2 + (k − t)Yk+1 + Yk+2, (12)
(γ + 1)Yk+1 = 1 + tY2 + (k − t)Yk+1, (13)

γYk+2 = 1 + tY2, (14)

respectively. By combining (13) and (14), we get (γ + 1)Yk+1 = γYk+2 + (k − t)Yk+1, hence

Yk+1

Yk+2
=

γ

γ − k + t + 1
. (15)

Also, by multiplying (12) with γ and plugging in (13) and (15), we obtain

γ(γ + 1)Y2 = γ(γ + 1)Yk+1 + (γ − k + t + 1)Yk+1,

which implies

Y2

Yk+1
=
γ(γ + 2) − k + t + 1

γ(γ + 1)
. (16)

From (15) and (16), we conclude that

Y2 = ξ
(
γ(γ + 2) − k + t + 1

)
,

Yk+1 = ξγ(γ + 1),
Yk+2 = ξ(γ + 1)(γ − k + t + 1)

holds for some ξ > 0. By using (14), a routine computation now leads to

ξ =
1

γ(γ + 1)(γ − k + t + 1) − t(γ(γ + 2) − k + t + 1)
,

which completes the proof.

We also need the next technical lemma on the monotonicity of λ 7→ Ψe(λ).

Lemma 4.6. For any e ≥ 28, the function λ 7→ Ψe(λ) is strictly increasing on [ke,+∞).

Proof. Observe that

Ψ′e(λ) = 3λ2(k − 1)(k − 2)(k2
− 3k + 4t)

− 2λ(k5
− 6k4 + k3(4t + 15) − k2(20t + 18) + k(8t2 + 24t + 8) − (4t2 + 12t))

− (k2
− k + 2t)(k3 + k2(t − 4) − k(3t − 5) + (4t2

− 2t − 2))
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and

Ψ′′e (λ) = 6λ(k − 1)(k − 2)(k2
− 3k + 4t)

− 2(k5
− 6k4 + k3(4t + 15) − k2(20t + 18) + k(8t2 + 24t + 8) − (4t2 + 12t)).

From Lemma 4.3, we conclude that λ 7→ Ψ′′e (λ) is strictly increasing, hence for any λ ≥ k, we have

Ψ′′e (λ) ≥ 6k(k − 1)(k − 2)(k2
− 3k + 4t)

− 2(k5
− 6k4 + k3(4t + 15) − k2(20t + 18) + k(8t2 + 24t + 8) − (4t2 + 12t))

= −t2(16k − 8) + t(16k3
− 32k2 + 24) + (4k5

− 24k4 + 36k3
− 16k).

Since 0 ≤ t ≤ k − 1, we further obtain

Ψ′′e (λ) ≥ −(k − 1)2(16k − 8) + (4k5
− 24k4 + 36k3

− 16k) = 4(k − 1)(k4
− 5k3 + 10k − 2)

for any λ ≥ k. Since k ≥ 5, we trivially observe that k4
− 5k3 + 10k − 2 > 0, hence λ 7→ Ψ′e(λ) is strictly

increasing on [k,+∞).
A routine computation gives

Ψ′e(k) = −8t3
− t2(22k2

− 18k − 4) + t(3k4 + 6k3
− 17k2 + 12k + 4) + (k6

− 7k5 + 8k4 + 9k3
− 9k2

− 2k).

Due to 0 ≤ t ≤ k − 1, we have

Ψ′e(k) ≥ (k6
− 7k5 + 8k4 + 9k3

− 9k2
− 2k) − (k − 1)2(22k2

− 18k − 4) − 8(k − 1)3

= (k − 1)(k5
− 6k4

− 20k3 + 43k2 + 4k − 12).

It is not difficult to verify that k5
− 6k4

− 20k3 + 43k2 + 4k − 12 > 0, provided k ≥ 8. Therefore, we have
Ψ′e(λ) > 0 for any λ ≥ k, which means that λ 7→ Ψe(λ) is strictly increasing on [k,+∞).

We are now in a position to complete the proof of Proposition 4.1 as follows.

Proof of Proposition 4.1. First, assume that t = 0. As noted in the proof of Lemma 4.4, in this case we have
ψe = k + 1 + 4

k−3 . Therefore, the result follows from [1, Lemma 1] for the case n ≥ e + 3, while it is trivial to
extend this proof to also cover the case n = e + 2.

Now, suppose that t ≥ 1. We follow Rowlinson [15] in observing that y⊺(B − C)z = (γ − χ)y⊺z, where
y⊺z > 0. Since t ≥ 1, the matrix B − C has e − k ≥ 1 entries above the main diagonal that are equal to one.
Therefore, y⊺(B − C)z = α − β, where

β = y2(zk+3 + zk+4 + · · · + ze+2) + z2(yk+3 + yk+4 + · · · + ye+2) = (e − k)(y2z3 + z2yn),

while

α =
t+1∑
i=3

k+2∑
j=i+1

(yiz j + ziy j) +
k∑

i=t+2

k+1∑
j=i+1

(yiz j + ziy j)

= z3

 t+1∑
i=3

k+2∑
j=i+1

(yi + y j) +
k∑

i=t+2

k+1∑
j=i+1

(yi + y j)

 = z3

 t+1∑
i=3

k+2∑
j=i+1

(y2 + y j) +
k∑

i=t+2

k+1∑
j=i+1

2yk+1


= z3

 t+1∑
i=3

((k + t − 2i + 3)y2 + (k − t)yk+1 + yk+2) +
k∑

i=t+2

2(k − i + 1)yk+1


= z3
(
(t − 1)yk+2 + (k − 1)(t − 1)y2 + (k − t)(k − 2)yk+1

)
.
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Suppose that γ > χ. In this case, we have α > β, hence

(e − k)z2yn < z3
(
((k − 1)(t − 1) − (e − k)) y2 + (k − 2)(k − t)yk+1 + (t − 1)yk+2

)
,

i.e.,

z2

z3
<

((k − 1)(t − 1) − (e − k)) y2 + (k − 2)(k − t)yk+1 + (t − 1)yk+2

(e − k)yn
. (17)

By combining (8) and (9), we get (χ + 1)z2 = χz3 + ez3, which leads us to

z2

z3
=
χ + e
χ + 1

= 1 +
e − 1
χ + 1

> 1 +
e − 1
γ + 1

=
γ + e
γ + 1

. (18)

Let Yi =
yi

y1
for i ∈ {2, k + 1, k + 2,n} and note that Yn =

1
γ . Thus, from (17) and (18), we obtain

(e − k)(γ + e)
γ(γ + 1)

< ((k − 1)(t − 1) − (e − k)) Y2 + (k − 2)(k − t)Yk+1 + (t − 1)Yk+2.

By applying Lemma 4.5 and performing a routine computation, we reachΨe(γ) < 0. Similarly, we can show
thatΨe(γ) > 0 if γ < χ, andΨe(γ) = 0 if γ = χ.

From Lemma 4.4, we know that ψe > k. If 4 ≤ e ≤ 27, then with the help of any adequate mathematical
software, we can verify that Ψe(λ) has three distinct real roots such that ψe is the only root from [k,+∞).
On the other hand, if e ≥ 28, then Lemma 4.6 implies that λ 7→ Ψe(λ) is strictly increasing on [k,+∞), which
means that ψe is the only root of Ψe(λ) from [k,+∞). Therefore, in any case, we have Ψe(λ) > 0 for any
λ ∈ (ψe,+∞), andΨe(λ) < 0 for any λ ∈ [k, ψe).

Finally, note thatDn,e contains Kk+1 as a proper subgraph, hence γ > k. With this in mind, we conclude
that Ψe(γ) > 0 if and only if γ > ψe, Ψe(γ) = 0 if and only if γ = ψe, and Ψe(γ) < 0 if and only if γ < ψe.
Thus, we have that exactly one of the three statements (i), (ii) and (iii) from Proposition 4.1 holds.

Proposition 4.2 can now be proved by using Proposition 4.1 together with the results from Section 3.

Proof of Proposition 4.2. We have shown that ωe > e + 2. Suppose that n ≥ e + 2. As already noted, we have

ψe >
1 +
√

8e + 1
2

= ρ(K2 ∨ eK1) = ρ(T1(Vn,e)).

With this in mind, Lemma 3.7 yieldsωe = e+2+RVn,e (ψe). Since |T1(Vn,e)| = e+2, by Lemma 3.1, Lemma 3.2
and Corollary 3.3, we conclude that χ = ψe holds if n = ωe, while χ > ψe holds if n > ωe, and χ < ψe holds if
e + 2 ≤ n < ωe. Proposition 4.1 implies that γ = ψe holds if n = ωe, while γ > ψe holds if n > ωn, and γ < ψe
holds if e + 2 ≤ n < ωe. This proves statements (ii) and (iii), and partially proves statement (i) for the case
e + 2 ≤ n < ωn. Now, suppose that b ≤ n < e + 2. In this case, γ < ψe follows from Lemma 3.1, Lemma 3.2,
Corollary 3.3 and the fact that γ < ψe is satisfied when n = e + 2, due to ωe > e + 2.

By virtue of Propositions 1.10, 4.1 and 4.2, we obtain the solution to the spectral radius maximization
problem on Cn,e for the case 4 ≤ e ≤ 130.

Theorem 4.7. For any e ∈ {4, 5, . . . , 130} and n ≥ be, we have:

(i) if be ≤ n < ωe, thenDn,e is the unique graph attaining the maximum spectral radius on Cn,e;

(ii) if n = ωe, thenDn,e andVn,e are the only two graphs attaining the maximum spectral radius on Cn,e;

(iii) if n > ωe, thenVn,e is the unique graph attaining the maximum spectral radius on Cn,e.
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5. Extremality of graphVn,e

We now apply a strategy inspired by Bell to investigate the spectral radius maximization problem on
Cn,e for the remaining case when e > 130. In this case, we prove thatVn,e is the unique solution whenever
n ≥ e + 2 + 13

√
e, thereby extending Theorem 1.7, where the same extremal result was proved with a lower

bound f (e) on n that is larger than e2(e + 2)2 for e ≥ 7. Our main result is given in the following theorem.

Theorem 5.1. Let e ≥ 5 be such that te ≥ 1, and let ℓe =
eke

e − ke − 1
. Then for any

n > e + 2 +
ℓe(ℓe + 1)(ℓ2

e − ℓe − 2e)
ℓ2

e − e
, (19)

the graphVn,e is the unique graph that attains the maximum spectral radius on Cn,e.

Proof. First of all, note that e > k + 1 for each e ≥ 5, hence ℓe is well-defined. It is straightforward to verify
that ℓe > k+ 1. Indeed, ℓe > k+ 1 is equivalent to ek > (k+ 1)(e− k− 1), i.e., e < (k+ 1)2, which trivially holds.
Since ρ(K2 ∨ eK1) < k + 1, we have that the right-hand side of (19) is also well-defined and it is larger than
e + 2.

Let G ∈ Cn,e be a graph that attains the maximum spectral radius on Cn,e. By way of contradiction,
suppose that G � Vn,e. By Theorem 1.4, we have that G is a threshold graph. We denote its (stepwise)
adjacency matrix by A. Also, let x be the corresponding Perron vector of G and let ρ = ρ(G). Recall that
x1 ≥ x2 ≥ · · · ≥ xn > 0. Since Dn,e contains Kk+1 as a proper subgraph, we have γ > k, which implies ρ > k.
Besides,Vn,e contains K2 ∨ eK1 as a proper subgraph, hence χ > k due to Lemma 2.3.

Let c be maximal such that Ac,c+1 = 1. Since G � Vn,e, we have 3 ≤ c ≤ k. Now, for each i ∈ {2, 3, . . . , c},
let si be maximal such that Ai,si = 1. Note that k + 2 ≤ s2 ≤ e + 1 and

∑c
i=2(si − i) = e. Let h be maximal such

that Ak+2,h = 1 and observe that 2 ≤ h ≤ c. Similarly to Proposition 4.1, we have x⊺(C − A)z = (χ − ρ)x⊺z,
where x⊺z > 0. Let r be the number of entries of C − A above the main diagonal that are equal to one, i.e.,
r = e + 2 − s2 =

∑c
i=3(si − i). Therefore, x⊺(C − A)z = α − β, where

α = x2(zs2+1 + zs2+2 + · · · + ze+2) + z2(xs2+1 + xs2+2 + · · · + xe+2) = r(x2z3 + z2xn),

while

β =
c∑

i=3

si∑
j=i+1

(xiz j + x jzi) = z3

c∑
i=3

si∑
j=i+1

(xi + x j) ≤ z3

c∑
i=3

si∑
j=i+1

(x2 + x j) = rx2z3 + z3

c∑
i=3

si∑
j=i+1

x j.

If we let q B 1
r
∑c

i=3
∑si

j=i+1 x j, then from ρ ≥ χ, we obtain β ≥ α, which leads us to r(x2z3+qz3) ≥ r(x2z3+z2xn),
i.e.,

q
xn
≥

z2

z3
. (20)

To resume, we define q1 and q2 as q1 B
1
r
∑h

i=3
∑si

j=i+1 x j and q2 B
1
r
∑c

i=h+1
∑si

j=i+1 x j, so that q = q1 + q2.

Also, let a′ =
∑k+2

j=2 x j

k+1 . For any i ∈ {3, 4, . . . , h}, we have si ≥ k + 2, hence∑si
j=i+1 x j

si − i
≤

∑k+2
j=2 x j

k + 1
= a′.

Therefore, we obtain

q1 ≤
a′

r

h∑
i=3

(si − i). (21)



I. Damnjanović / Filomat 39:34 (2025), 12281–12297 12294

Since e <
(k+1

2
)

and x1 ≥ x2 ≥ · · · ≥ xn > 0, it is not difficult to conclude that

k+2∑
j=2

(ρ + 1)x j < (k + 1)
k+2∑
j=1

x j, (22)

which implies

(ρ + 1)a′ =
1

k + 1

k+2∑
j=2

(ρ + 1)x j <
k+2∑
j=1

x j = (k + 1)a′ + x1,

i.e.,

(ρ − k)a′ < x1. (23)

By combining (21) and (23), we reach

(ρ − k)q1 ≤
x1

r

h∑
i=3

(si − i). (24)

We now turn our attention to q2. Let a′′ =
∑k+2

j=1 x j

ρ+1 . Since sh+1 < k + 2, we have

(ρ + 1)xi =

si∑
j=1

x j <
k+2∑
j=1

x j = (ρ + 1)a′′

for any i ∈ {h + 1, h + 2, . . . , c}. Therefore,

q2 ≤
a′′

r

c∑
i=h+1

(si − i). (25)

Moreover, from (22) we obtain (ρ − k)
∑k+2

j=1 x j < (ρ + 1)x1, i.e.,

(ρ − k)a′′ < x1. (26)

By combining (25) and (26), we conclude that

(ρ − k)q2 ≤
x1

r

c∑
i=h+1

(si − i). (27)

From (24) and (27), we get

(ρ − k)q ≤
x1

r

c∑
i=3

(si − i) = x1 = ρxn,

which means that
q
xn
≤

ρ

ρ − k
= 1 +

k
ρ − k

≤ 1 +
k

χ − k
=

χ
χ − k

. (28)

From (8) and (9), we obtain

z2

z3
=
χ + e
χ + 1

. (29)

Finally, by combining (20), (28) and (29), we have χ+e
χ+1 ≤

χ
χ−k , i.e., χ ≤ ℓe. We have already shown that

ℓe > k+ 1 > ρ(T1(Vn,e)), which means that a contradiction follows directly from Lemma 3.1, Lemma 3.2 and
Corollary 3.3.
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We end the section with the following corollary of Theorem 5.1.

Corollary 5.2. For any e > 130 and n ≥ e+ 2+ 13
√

e, the graphVn,e is the unique graph that attains the maximum
spectral radius on Cn,e.

Proof. First of all, suppose that t = 0. In this case we have e =
(k

2
)

and k ≥ 17, hence the result directly
follows from Theorem 1.8 by trivially verifying that

1
2

(k + 1)(k + 6) + 7 +
32

k − 3
+

16
(k − 3)2 <

k(k − 1)
2

+ 2 +
13
√

2

√
k(k − 1)

holds for any k ≥ 17.
In the rest of the proof, we assume that t ≥ 1. By virtue of Theorem 5.1, it suffices to show that

e + 2 +
ℓ(ℓ + 1)(ℓ2

− ℓ − 2e)
ℓ2 − e

< e + 2 + 13
√

e, (30)

where ℓ = ek
e−k−1 . It is trivial to verify by computer that (30) holds when 86 ≤ e ≤ 350. Now, suppose that

e ≥ 351 and note that k ≥ 27. Since
√

e >
√

k(k−1)
2 > k−1

√
2

, to finalize the proof, it is enough to show that

ℓ(ℓ + 1)(ℓ2
− ℓ − 2e)

(k − 1)(ℓ2 − e)
<

13
√

2
.

Due to ℓ = k + k2+k
e−k−1 , we have

ℓ ≤ k +
k2 + k((k

2
)
+ 1
)
− k − 1

=
k2
− k + 2
k − 3

(31)

and

ℓ ≥ k +
k2 + k((k

2
)
+ k − 1

)
− k − 1

=
k3 + k2

− 2k
k2 − k − 4

. (32)

From (31), we get

ℓ(ℓ + 1) ≤
(k2
− k + 2)(k2

− 1)
(k − 3)2 (33)

and

ℓ(ℓ − 1) − 2e ≤
(k2
− k + 2)(k2

− 2k + 5)
(k − 3)2 − 2

((k
2
)
+ 1
)
=

4(k − 1)(k2
− k + 2)

(k − 3)2 , (34)

while (32) leads to

ℓ2
− e ≥

(k3 + k2
− 2k)2

(k2 − k − 4)2 −
((k

2
)
+ k − 1

)
=

(k − 1)(k + 2)(k2 + k − 4)(k2 + 3k + 4)
2(k2 − k − 4)2 . (35)

By combining (33)–(35), we conclude that

ℓ(ℓ + 1)(ℓ2
− ℓ − 2e)

(k − 1)(ℓ2 − e)
≤

8(k + 1)(k2
− k − 4)2(k2

− k + 2)2

(k − 3)4(k + 2)(k2 + k − 4)(k2 + 3k + 4)
.

The desired result now follows by trivially observing that

8(k + 1)(k2
− k − 4)2(k2

− k + 2)2

(k − 3)4(k + 2)(k2 + k − 4)(k2 + 3k + 4)
<

13
√

2

holds for any k ≥ 27.
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6. Conclusion

The present paper extends the previous work done on the spectral radius maximization problem on a
set of connected graphs with a prescribed order and size. With all the existing results in mind, it is natural
to pose the following conjecture.

Conjecture 6.1. For any e ≥ 4 and n ≥ be, we have:

(i) if be ≤ n < ωe, thenDn,e is the unique graph attaining the maximum spectral radius on Cn,e;

(ii) if n = ωe, thenDn,e andVn,e are the only two graphs attaining the maximum spectral radius on Cn,e;

(iii) if n > ωe, thenVn,e is the unique graph attaining the maximum spectral radius on Cn,e.

The confirmation of Conjecture 6.1 would completely solve the extremal problem of interest. By The-
orems 1.8 and 4.7, Propositions 4.1 and 4.2, and Corollary 5.2, Conjecture 6.1 is currently known to hold
provided at least one of the following three conditions is satisfied:

(i) e ≤ 130;

(ii) te = 0;

(iii) n ≥ e + 2 + 13
√

e.

Recall that the graph Vn,e is defined only when n ≥ e + 2. Therefore, we conclude that if the order n only
barely surpasses that threshold of e + 2, it is guaranteed thatVn,e is the unique solution.

At the moment of writing, it seems difficult to confirm or refute Conjecture 6.1. We believe that the
logical next step would be to obtain a result for the graphDn,e analogous to Section 5. In other words, is it
possible to derive a good enough f (e) ≤ ωe such that for any sufficiently large e, the graphDn,e attains the
maximum spectral radius on Cn,e provided be ≤ n ≤ f (e)? Although this question was partially addressed
in Theorem 1.9 for the case te = ke − 1, it remains to investigate whether such a threshold can be achieved
for every e > 130.
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