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Abstract. In this work, we investigate a projection-type method with double inertial terms for solving
pseudomonotone variational inequality in real Hilbert spaces. The proposed algorithm combines the
techniques of double inertial steps and the projection and contraction method. A sufficient condition for
weak convergence is established under pseudomonotonicity and uniform continuity assumptions. Finally,

some numerical results are also provided to demonstrate the effectiveness of our method and compare it
with recent related methods in the literature

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be a nonempty, closed
and convex subset of H. Let F : H — H be a single-valued continuous mapping. The classical variational
inequality (VI) in the sense of Fichera [15] and Stampacchia [28] (see also Kinderlehrer and Stampacchia
[20], Facchinei and Pang [14]) which is formulated as follows: Find a point x* € C such that

(FX*,x—x*y>0 ¥YxeC. 1)
We denote by Sol(C, F) the solution set of the VI (), which is assumed to be nonempty.

One of the projection methods for solving the problem (1) is extragradient method introduced Ko-
rpelevich [21] (also by Antipin [3] independently). The extragradient method has the following form:

Yn = Pe(xy, — TFxy), 2)
X1 = Pc(xy — Fyy),
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where 7 € (0,1/L) and F : C — H be monotone and L-Lipschitz continuous operator. Recently, the extra-
gradient method method has given conclusive results assuming monotone and the Lipschitz continuous
mappings (see, e.g., [1, 14,7, 18,12} [31])).

Observe that the extragradient method requires the evaluation of two orthogonal projections onto C per
iteration. The first method which overcomes this obstacle is the projection and contraction method (PC) of
He [17] and Sun [29]. For each iteration # € IN generates point y, in the spirit of :

Yn = PC(xn - Tann)r
and then the next iterate x,. is generated via the following
Xni1 = Xn = YDud(Xn, Yn), 3)

where y € (0,2), < « ),
Xn — ]/n/ Xn, yn
(e, y)IP

n =

and
d(xy,, ]/n) =Xn —Yn — Tn(Fx, — F]/n)/

where F : C — H be monotone and L-Lipschitz continuous operator and 7, € (0,1/L) or 7, is updated by
some adaptive rule as follows:

TullFxy — Fypll < pllx, — yall, u € (0,1).

The weak convergence analysis of (3) has been studied by several authors in the literature. See, for example,
[5, [11]. We see that the method (3) only needs one projection to be computed per iteration. Therefore, it
may be more efficient and cheaper than the extragradient method.

The inertial technique, which originates from a discrete version of a second order dissipative dynamical
system [2, 26]], is often used to accelerate the convergence rate of algorithms. Recently, inertial techniques
have been applied to design algorithms for solving variational inequalities and it received great attention
from many authors, see, e.g., [11}[13} 27,130, 32, 34} [35].

The main purpose of this paper is to further improve the projection and contraction method with double
inertial extrapolation steps for solving the problem (1) where F is pseudomonotone and non-Lipschitz
continuous mappings in Hilbert spaces. We establish weak convergence of the sequence generated by our
algorithm under the assumptions of uniformly continuous on bounded subsets of H instead of F is Lipschitz
continuous as in [32].

The article is organized as follows: in Sect. [2| we recall some concepts and lemmas which will be used
in the proof of main results and, in Sect. [3] a general inertial projection and contraction method with a
line-search procedure is introduced and its weak convergence. In Sect. |4, a numerical example is reported
to illustrate the performance of the proposed algorithm. Sect. |5, final conclusions are given.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. The weak convergence of {x,} to x
is denoted by x, — x as n — oo, while the strong convergence of {x,} to x is written as x, — x as n — oo.
For all x, y € H we have

Il + Yl < NIl + 2y, x + ).

Definition 2.1. ([6]) Let T : H — H be an operator. Then
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1. T is called L-Lipschitz continuous with constant L > 0 if
[[Tx —Tyll < Lllx - yll Vx,y€H,

if L = 1 then the operator T is called nonexpansive and if L € (0,1), T is called a contraction.
2. T is called monotone if
(Tx—-Ty,x—y)>0 VYx,y€H;

3. T is called pseudomonotone in the sense of Karamardian [19] if
(Tx,y—xy>0=(Ty,y—x) 20 Vx,yeH; 4)
4. T is called a-strongly monotone if there exists a constant o > 0 such that
(Tx =Ty, x—y) > allx - y||2 Vx,y € H;
5. T is called a-strongly pseudomonotone if there exists a constant a > 0 such that
(Tx,y—x) > 0= (Ty,y—x) 2 allx —y|* Vx,y€H;

6. The operator T is called sequentially weakly continuous if for each sequence {x,} we have: x, converges weakly
to x implies Tx, converges weakly to Tx.

We note that @) is only one of the definitions of pseudomonotonicity which can be found in the literature. For
every pointx € H, there exists a unique nearest pointin C, denoted by Pcx such that [[x—Pcx|| < [lx—yl||Vy € C.
Pc is called the metric projection of H onto C. It is known that P is nonexpansive. For properties of the
metric projection, the interested reader could be referred to Section 3 in [16].

We need to recall the following Lemmas, which are useful for the later convergence analysis.

Lemma 2.2. ([2]) Let {¢,}, {04} and {a,} be sequences in [0, +00) such that

+00
Pret < Pu+ QnlPu = Prt) + 05 VY 21, ) 6, < +o0,

n=1

and there exists a real number a with 0 < a, < a < 1 for all n € IN. Then the following hold:
D) YorSi@n — @uoals < +0o, where [t], := max{t,0};
ii) there exists ¢* € [0, +00) such that limy, .0 @ = @".

Lemma 2.3. ([25]) Let C be a nonempty set of H and {x,} be a sequence in H such that the following two conditions
hold:

i) for every x € C, limy o0 Iy — || exists;

ii) every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.

Lemma 2.4. [10] For x € H and o > 8 > 0 the following inequalities hold.
lx — Pc(x — aFx)|| < [lx — Pc(x — BFx)||
a - B ’
llx = Pc(x = BEX)|| < [lx = Pc(x = aFx)ll,

where F : C — H is a nonlinear mapping.

Lemma 2.5. [18] Let Hy and H, be two real Hilbert spaces. Suppose F : Hi — H» is uniformly continuous on
bounded subsets of Hy and M is a bounded subset of Hy. Then F(M) (the image of M under F) is bounded.

Lemma 2.6. [9] Consider the problem Sol(C, F) with C being a nonempty, closed, convex subset of a real Hilbert
space H and F : C — H being pseudo-monotone and continuous. Then, x* is a solution of Sol(C, F) if and only if

(Fx,x —x") >0 Vx e C.
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3. Weak Convergence Analysis

In this section, we propose modified projection method for solving VIs. We assume that the following
conditions hold:

Condition 3.1. The solution set Sol(C, F) is nonempty.
Condition 3.2. The mapping F : H — H is pseudomonotone on H, that is,
(Fx,y—x)20=(Fy,y—x) 20 VYx,yeH.
In addition, the mapping F : H — H satisfies the condition
{z.d CC, z, = z = ||Fz|]| < liﬂglfllenll. (5)

Condition 3.3. F : H — H is uniformly continuous on bounded subsets of H.

The proposed algorithm is of the form:
Algorithm 3.4.

Initialization: Given p,l1 € (0,1),p € (0,1), 7 €(0,2),0 € [0,1],a, A € (0,1). Let so,s1 € H be arbitrary.
Iterative Steps: Given the current iterate s,, calculate s,.1 as follows:

Step 1. Compute

Uy =Sy + Sy — Sp-1)
Wy =Sy + 0(s; — Sp-1)

and
Yn = PC(wn - Tann)/
where T, is chosen to be the largest T € {p, pl, plz, ...} satisfying
T”Fyn — Fuw,|l < (u”]/n — Wyl (6)
Ifw, =y, or Fw, = 0 then stop and w, is a solution of . Otherwise
Step 2. Compute
Zp = Wy — )/AH(Dn/
where ( ®,)
Wy = Yn, Pn .
— O, £0,
Ay = ||CI)n||2 f "
0 %fq)n =0,

and
Dy, = wy, — Y — T(Fwy, — Fyp).

Step 3. Compute
Spr1 = (1 = Duy, + Az,

Setn:=n+1and go to Step 1.

Lemma 3.5. Assume that the mapping F : H — H is uniformly continuous on bounded subsets of H. The Armijo-line
search rule @ is well defined. In addition, we have T, < p.
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Proof. 1f w, € Sol(C, F) then w, = Pc(w, — pFw,) and m, = 0. We consider the situation w, ¢ Sol(C, F) and
assume the contrary that for all m we have

pI"IFPc(wy — pI"Fwy) = Fw,|l > pllPe(wy — pI"Fwy,) — wyl. )
This implies that

lw, — Pe(wy, — pl™ Fw,)||
pl™ '

IFwy — FPc(wy — pI" Fw)ll > p (8)

We consider the follows cases.
Case 1: w, € C. Since Pc is continuous, we have lim,—, |[w, — Pc(w, — pI"Fw,)|| = 0. From the uniform
continuity of the operator F on bounded subsets of C it implies that

lim ||Fw, — FPc(w, — pI"Fw,)|| = 0. 9)
Mm—o0
Combining (8) and () we get
. — Pe(w, — pI"F
lim [[ewn = Pe(wn = pI"Fwn)ll _ 0. (10)
m—co plm

Assume that z,, = Pc(w, — pI"Fw,) we have
(Zm — Wy + pI"Fwy, x —zy) 20 Vx € C.

This implies that

(Zm_w",x—zm>+(Fwn,x—zm)20 Vx e C. (11)

Jm
Taking the limit m — co in and using we obtain
(Fwy,x —w,) 20 Vx e,

which implies that w, € Sol(C, F) this is a contraction.
Case 2: w, ¢ C. Since F is uniformly continuous on bounded subsets of H. Hence, there exists M > 0,0 > 0
such that

[|Fz — F(Pcw,)|| <M Vz eV,

where V := {u € H : |lu — Pcw,|| < 6}. By I € (0, 1), it implies that there exists N € IN such that
pl"||[Fwy,|| < 6 Ym > N.

Thus, we get
IPc(wy, — pl"Fw,) — Pcw,|| < pI"'||[Fw,|| < p Ym > N.

This implies that Pc(w, — pI"Fw,) € V ¥m > N. Therefore, we deduce
IF(Pc(wn — pI"Fwy)) = F(Pcwy)l| < M ¥m > N,
which implies that the sequence {F(Pc(w, — pI"Fw,))}, is bounded. Hence
Bim pl"[[F(Pe(zw, - pl”Frv,)) - Fuoyl| = 0,

which contradits (7). O
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Lemma 3.6. Assume that Conditions hold. Let {w,} be any sequence generated by Algorithm If there
exists a subsequence {wy,} of {w,} such that {wy} converges weakly to z € C and limy_,e l|Wn, — Yull = O then
z € Sol(C, F).

Proof. We have y,, = Pc(w,, — ©4 Fwy,) thus,
(Wy, = T FWn, = Y, X = Yn,) <0 Vx € C

or equivalently

1
T_<w"k = Yy X — Yy < (Fy,, X — Yy Yx €C.
g
This implies that
1
T—<wnk = Yner X = Yue) + {FWy, Y, — Wy, < (Fwy,, x —wy,) Yx € C. (12)

Ny

Now, we show that

lim inf(Fw,, , x — wy,) > 0. (13)

k—

For showing this, we consider two possible cases. Suppose first that lim infy_,., T, > 0. We have {w,,} is
abounded sequence, F is uniformly continuous on bounded subsets of C. By Lemma[2.5| we get that {Fw,, }
is bounded. Taking k — oo in (12) since |[w,, — ¥, Il — 0, we get

lim inf(Fw,,, x — w,,) > 0.

—00

Now, we assume that lim infy_,. s, = 0. Assume z,,, = Pc(wy, — Ty, .[ "' Fwy,), we have 7, 17! > 7,,,. Applying
Lemma[2.4] we obtain

1
e T Al = - - .
s, =z, Il < 7||wnk Ynll = 0ask — oo

Consequently, z,, — z € C, this implies that {z,, } is bounded, which the uniformly continuity of the operator
F on bounded subsets of C it follows that

|Fwy, — Fzy |l = 0 as k — oo. (14)
By the Armijo line-search rule (6) we have

T~ IFn, = FPc(@y, = Ty~ Feou || > illton, — Pe(n, — Tl ™ Fawy, |-
That is,

1 ||wnk - Zl’lk”

ﬁ”Fwnk — Fzy |l > (15)

Ty 71
Combining and we obtain

”wl’lk - Zi’lk” _

lim =0.

k—o0 Ty [-1
Furthermore, we have

(Wy, — ’cnkl_lenk —Zy, X —2p) <0 Vx el
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This implies that

1
m(wnk = Zp, X = Z) + {FWy,, Zn, — Wy, ) < (Fwy,, X —wy,) Vx € C (16)
Nk

Taking the limit k — oo in we get

lim inf(Fw,, , x — wy,) > 0.

k—

Therefore, the inequality (13) is proved. Next, we show that z € Sol(C, F).
Now we choose a sequence {€;} of positive numbers decreasing and tending to 0. For each k, we denote
by Ni the smallest positive integer such that

(Fwn;, x = wy,) + € 20 Yj= N, (17)

where the existence of N follows from . Since {ex} is decreasing, it is easy to see that the sequence {Nj}
is increasing. Furthermore, for each k, since {wy,} € C we have Fwy, # 0 and, setting

F’ka

UN, = Ty
C IIFwn P

we have (Fwy,, un,) = 1 for each k. Now, we can deduce from that for each k

(Fwn,, x + e, — wn,) = 0.
Since the fact that F is pseudo-monotone, we get
(F(x + exun,), x + €xun, — wn,) = 0.
This implies that
(Fx,x —wn,) = (Fx — F(x + €xun, ), X + €xun, — Wn,) — €x{Ex, un,)- (18)

Now, we show that lim;_,, exun, = 0. Indeed, we have w,, — z as k — oo. Since F satisfies the condition
(B). We have

0 < ||Fz]| € likm inf||[Fw,,|| (note that Fz # 0 otherwise, z is a solution).
—00

Since {wn,} C {wy,} and €, — 0 as k — oo, we obtain

. . €k limsup, _,, €
0 < lim sup [lexun,|l = limsup Fo < rm e [IFoo =0,
k —00 k

k—o0 k—oo

which implies that limy_, exun, = 0.
Now, letting k — oo, then the right hand side of tends to zero by F is uniformly continuous,
{wn,}, {un,} are bounded and limy_,« €xun, = 0. Thus, we get

liminf(Fx, x — wy,) = 0.

k—o0

Hence, for all x € C we have

(Fx,x —z) = I}i_{g(l-"x,x —WN,) = likrgiO?KFx,x —wn,) = 0.

By Lemma 2.6| we obtain z € S0l(C, F) and the proof is complete. [
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Lemma 3.7. Assume that Conditions hold. Let {zy}, {wy}, {yn} be three sequences generated by Algorithm
Then the following statements hold:

2
llzn = x°1? < llw, — x°|I* - 7/IIZn —wy|* Yx* € Sol(C, F)
and
1+ y)z )
[, — n||2 < —|lwy — zlI". (19
N (PN )

Proof. We prove the first confirmation. Indeed, from y, = Pc(w, — 7,Fw,) we get

(Wp = Yn — TuFwy, yo —x*) 20, (20)
By the pseudomonotonicity of F and x* € Sol(C, F) we have

FYn, Yn = x7) 2 (FX, yn —x") 2 0. (21)
Adding (20) and 1) we get

(Yn = %", Wy = Y — Tu(Fwn — Fyn)) 2 0.

Thus

Yn =X, Qu) = (Yn = X", Wy = Y — Tu(Fwy — Fyn)) 2 0. (22)
Using (22) we have

(Wn = X7, Pu) = Wy = Yn, Pu) + (Yn — X7, D)

> <wn - ]/n/ CDn) (23)
On the other hand, we have
llzn = 17 = llwy = yAu@n — x| = |y = X = 2y Apwy — x°, D) + Y205l (24)

It implies from (23) and (24) that

Iz, — X*HZ < lwy, — X*HZ - ZVAn<wn = Yn, D,) + 7/27]%||(Dn||2- (25)
. (wy, — Yns D,)
Since A, = ———————, we get
SN &
AnlICDnHZ =(w, — Yu, D). (26)

Substituting (26) into (25), we get
|z, — x*Hz < lwy — x*Hz - ZVAn<wn = Yn, D,) + VZAn<wn = Yn, Dy

= ”wn - x*Hz - (2 - )/)VAn<wn = Yn, an)
= [fwy = X|F = 92 = YA Pl

2 —
=l — x| — TynyAncbnnz

2-y
2 2
= |lw, — x|° — —llwy, — z,lI".



D. V. Thong et al. / Filomat 39:34 (2025), 12299-12314 12307
Next, we show the second statement. Using (6) we have
1Dyl = ||, — Yn — Tn(Fw, — Fyn)”
2 |lwn = yull = TallFw, — Fy,ll
> ||lw, — ]/n” - ‘U“wn - ]/n”
= (1= @llwn = yall,

and it is easy to see that [|P,]| < (1 + p)llw, — yall. Now, we will shall the lemma. We have

<wn = Yn, (Dn> = <wn — Yn, Wn — Yn — Tn(Fwn - F]/n)>
= lw, - yn”2 = Tp{Wy, — Yn, Fwy, — F]/n>
> [[wy = Yull* = Tullwn = yullllFw, — Fy,ll

2 2
> |lw, - yn” - H”wn - yn”

= (1 - wllwy — yull (27)
This implies that
00— Yall? < —— G0 — o, D) = —— A D = (1A, D,
n n _1—‘Ll n nr n 1_# n n A”(l—#) n n
1
= m”wn -zl (28)
Using the definition of {A,}, 27) and [|®,]| < (1 + w)llw, — yull we get
2
1+ )
RO Y LR S Y L (1en 9)
Ay <wn_yn/q)n> B 1_(u||wn_]/n”2 h (1_.’4) '
Substituting (29) into (28) we obtain
o =yl < s . (30)
[(1—wy)?

The proof of lemma is completed. [

Now, we give our main results.

Theorem 3.8. Assume that Conditions hold. If the factor A of Algorithm |[3.4]is chosen such that 0 < A <
5— V26

amd0 < a< for some O > 2 then the sequence {s,} is generated by Algorithm|3.4|converges weakly

1+6
to an element x* € Sol(C, F).

Proof. Claim 1.

Av = An <[ S5 0= 07 - - 0 + 2 - A+ 00651 -,

where

Ap = llsn = XIP = [(1 = Aa + A01llsu-1 = xIP + (1= @)llsn = su-all”.

a-n
A

Indeed, by Lemma 3.7} we deduce

12 = I < llwn = 27|12 (31)



D. V. Thong et al. / Filomat 39:34 (2025), 12299-12314 12308
On the other hand, we have

s = X1 = 1I(1 = A)y + Azy — x|
= 1 = M)t = ) + Alzg = 2P
= (1= Ml = 2P + Allzg = 2P = A0 = Ml = 2l (32)

Substituting the inequality (31) into (32), we deduce
lIswe1 = 1P < (1= Al = XN + Allew, = 2P = AL = Aty = 2ol (33)

Note that
Spr1 = (1 = Duy, + Az,

and this implies that
Zy — Uy = l(s — Uy) (34)
n n = 2 n+1 — Upn).

Substituting (34) into (33) we get

o * * 1 - A
lswir = 1P < (1 = Ay = 1P + Al = 217 = LDy — 2 (35)
From the definition of w,, we get
”wn - x*”2 = ||5n + G(Sn - sn—l) - X*Hz
111+ 6)(sn — x°) — Ot — TP
— (1 + Ol = X1 = Bllsnt — %I + (L + )65y — sysl? (36)
and
”un - x*Hz = ”511 + Of(sn - Sn—l) - x*”2
— 111+ )0 — 3°) = alsnt — TP
=1+ a)llsy — XI* = allsy—1 = I + (1 + a)allsy — syl (37)

Substituting (36) and (37) into (35), we have

551 = I < (1= A)((1 + @llsy = ¥ = allsu—1 — 217

+ (1 + @)allsy = su-11) + A+ O)llsy = xIF = Ollsy—1 — x|

+ (4 00l ~ 55117) ~ T s — P
— [ = )1+ @) + AL+ O)]llsn — X1 = [(1 = At + AOfsyr — 1
+ (= D+ @)+ A+ )6l — 5011 ~ T s — . (38)

Moreover, we get

“Sn+1 - unHZ = I|Sn+1 —Sn — a(sn - Sn—1)||2
2 2 2
= |Isps1 = sull® + a®llsn — su-1ll” — 2048441 — S, Sn — Su-1)
> |Isns1 = Sull® + @Pllsy — su-1ll* = 2allsns1 = Sullllsn — su-1ll

> (1= a)llsner = sull® + (0 = ) llsn = sl (39)
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Substituting (39) into (38) we deduce
lIswe1 = 1P < [(1 = A)(A +a) + AL+ O)llsy = x°IP = [(1 = D + AO1lIsy-1 — '

+[1 =M1 +a)a+ A1+ 0)0 - (a? — ) a ;A)]Hsn S
1-A
-0 s sl (40)
<llsn = X7 + [(1 = Ve + AB][lIsy — x°IP* = llsn-1 — x°[I°]
+[1=-M)A+a)a+ A1 +0)0 - (a* —a) @ ;\A)]Ilsn —sp_1l. (41)
Let (1- 1)
Ay = lsy = X = [(1 = D + ABO]llsu—1 — x°I* + (1= allsa — su1ll*.
Using (@0), we get
a-A . o . _ )
App1 — Ny £ — 1 (1-a) 1-AA+a)a— A1+ 0)0|llspr1 — sall”
Claim 2.

lim |ls, — x*|* exists.
n—oo

1
Indeed, we use the assumption A < ——,0 > 2 we get > 6 and we also obtain

1+6 A
(1 - A) (1 2 2 _ _
1 —a)-1-A1+a)a—-A1+0)8>6(1-a) —2(1-71)-2A
= 6a% - 200+ 6 - 2. (42)
- \/% . 2 .
From0<a < 5 it follows that 6a” — 26a + 6 —2 > 0 Using , we get
Ans1 = Ay < —(00® =260 + 6 = 2)|[sp41 — Sl < 0. (43)

Therefore, we have
1-A
An = sy =21 = [~ Na+ A0l ~ 21 + 221~ s, sl
> [lsy — x°|* = €llsy1 — x|,
where € := (1 — A)a + A, (it is easy to see that € := (1 — A)a + A0 < max{a, 0} < 1). This follows that

lIsn = %17 < €llsu-1 = xIF + Ay

€llsn-1 = x*I* + Ay,

INIA

<€l — X+ Ay (€0 41+ 1)

Ay

1-

<€ lsy, — x| + (44)
For all n > ny, we also have

2 2
Aps1 = [Ispe1 = X717 = €llsy — x|

> —ells, - x'II%. 45
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From (44) and (@5), we obtain

€Ay,

—Api1 <€llsy = xP < €7 I, — x| + o

It follows from (@3) that

k
(002 =200 +0-2) Y lIsus1 = sull® < Ay = Agin

n=np

A
< /\kfno+1||sn0 _ x*”2 + : o
—€

1o

< lsu, — x| + , Vk > ny.
1-¢€
This implies
Y lsnat = sll? < +eo.
n=1
This follows that

lim [|s;41 = sull = 0
n—oo

Moreover, from (1)), (@6) and Lemma 2.2} we have

lim ||s, — x*|]* = L.
n—o0o

Claim 3.
Agl;llwn - yn” =0.
Indeed, we have

||Sn+1 - unHZ = ||Sn+1 —Sn — a(sn - Sn—1)||2

2, 2 2
= Isn+1 = sull” + allsy = su-all* — 2a(su+1 = Su, S — Su-1)-
Combining [@7) and (#8), it follows that lim, . |I$4+1 — U4|[* = 0. We have
. 1.
lim [[uy — zull = 5 Him [I$y41 — unll = 0
n—oo A n—oo
and

lim [[w, —sul| = 0 lim [|s;, — sp—1[| = 0.
n— o0 n—-oo

lim [l —sull = & lim [Is, = 81/l = 0.
Combining (50) and (51), we deduce

lim |Ju, — wy|| = 0.
n—oo

12310

(46)

(47)

(48)

(49)

(50)

(51)

(52)
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It follows from (49) and that

lim [ty — 2] = 0. (53)
n—o0

From and we get
lim ||w, — yull = 0. (54)

Claim 4. The sequence {s,} converges weakly to an element of Sol(C,F). Indeed, using Claim 2, we get
lim, e |lsn — x*|| exists, hence the sequence {s,,} is bounded. Now, we choose a subsequence {s, } of {s,} such
thats,, — z*. By (50), we have w,, — z*. From (54), we deduce lim,, .« [[w, — y,|l = 0, by Lemma 3.6, we get
z* € Sol(C, F).
So, we show that:

1. For all x* € Sol(C, F), lim,,_, ||, — x*|| exists.

2. Each sequential weak cluster point of the sequence {s,} is in Sol(C, F).

Now, using Lemma we conclude that the sequence {s,} converges weakly to an element of
Sol(C,F). O

4. Numerical Illustrations

In this section, we present an numerical experiments in solving variational inequality problems. We
compare the proposed algorithm with two well-known algorithms including Algorithm 3.1 of Cai et al.
in [4], Algorithm 3 of Xie et al. [33]. All the numerical experiments are performed on an HP laptop with
Intel(R) Core(TM)i5-6200U CPU 2.3GHz with 4 GB RAM. The programs are written in Matlab2018a.

In this example, we examine a variational model that addresses a fundamental problem in traffic
networks—namely, the determination of network equilibrium flow—which is conventionally represented
by the minimum-cost flow problem in operations research. The model is formulated through an appropriate
variational inequality (see [22,123]]). A concise overview of the problem is provided below, and further details
can be found in [22} 23]

Notation
The following notations are employed:
e f;denotes the flow on arc A; := (r,s),and f := (f1,..., f,,)T represents the vector of flows across all arcs;

e Each arc A; is associated with an upper capacity bound d;, and d := (dy, ..., d)’;

ci(f) denotes the cost on arc A; as a function of the flow, foralli = 1,...,n, and ¢(f) := (c1(f), ..., cn(f))T,'
it is assumed that c(f) > 0;

q; denotes the net flow balance at node jforj=1,...,p,and g := (q1,...,4,)";

I' = (yij) € RP™" is the node-arc incidence matrix, whose entries are defined as

-1, ifnode iis the starting node of arc A;,
yij ={+1, ifnodeiis the ending node of arc A},

0, otherwise.
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Variational Inequality Formulation

A flow vector f is said to be a variational equilibrium flow for the capacitated network model if and only
if it satisfies the following variational inequality (see [22]):

Find f* € Ky such that {c(f*), f — f') 20, Yf€Ky,
where the feasible set Ky is defined as
Kf={feR"|Tf=q,0<f<d}.

This problem reduces to the classical minimum-cost network flow problem when the cost function c(f) is
independent of the flow, i.e., c(f) := (cij, (i, j) € A).

Numerical Example

In the numerical experiment (see [22]], Example 2.1), we consider the following data:

-1 -1 0 0 0 O 0 O
1 0 -1 -1 0 0 0 O
1o 1 0 0 -1 -1 0 0 B _—_— T
r_ 0 0 1 O 1 0 _1 0 7 q_(_zlololololz) 7 d_(2/1/1/1/1/1/2/2) .
o o o0 1 0 1 0 -1
o o 0 o 0 o0 1 1

The cost function is defined as ¢(f) := Cf, where C = diag(D) and
D=(55,1,2,3,4,50,3.5,1.5).
The corresponding solution to this network flow problem is obtained as
f* = (1.000,1.000, 0.1575, 0.8425,0.885, 0.115, 1.0425,0.9575) .
The initial values are chosen as follows: xy = (1,1,---,1) € R8,x; = 0.9x for all Algorithms. We choose
p=001,1=06,u=057y=120=05a=001,A = 0.3 for our Algorithm 1,y =1.0,/ =0.6,u = 04,5, =

s f(x) = 0.5x for Algorithm 3.1and y = 1.0, = 0.8,1 = 0.5, 4 = 0.5,a = 0.5,k = 0.5,1) = gy, f(¥) = 0.5x
and

min {oz, L} , ifx, # x4_1,
o, = [Ixn = 21l
a, if x, = x,-1,
1
with &, = e for Algorithm 3. To terminate algorithms, we use the condition D, := ||x, — f*|| < 107*

or iterations > 500. The numerical result is described in Figure 1.

Figure 1 gives the errors of our proposed algorithm, Algorithm 3.1 of Cai et al.[4] , Algorithm 3 of Xie et
al. [33] as well as their execution times and the number of iteration. They show that the proposed algorithm
behaves better than other algorithms.
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Convergence (Error vs Iteration) Efficiency (Error vs Time)

T

—©— Our Algorithm 1

—&— Algorithm 3.1 of Cai et al.
Algorithm 3 of Xie et al.

T T
—&— Our Algorithm 1
—&— Algorithm 3.1

o} Algorithm 3

-

Iix,
>
%

n

D

0 50 100 150 200 250 300 350 400 450 500 1 1.5 2 25 3 3.5 4 45
Iteration Time (s)

Figure 1: Comparison of all Algorithms in Example.

5. Conclusions

In this paper, based on the projection method we introduce an algorithm with double inertial steps for
solving a variational inequality problem involving pseudomonotone mappings in Hilbert spaces. Weak
convergence is given under pseudomonotoni city and uniform continuity assumptions. Numerical experi-
ments are presented to illustrate the performance of the proposed algorithm.
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