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Weyl’s theorem for 2 X 2 upper triangular operator matrices

Chenhui Sun?®*, Lei Dai’

*School of Mathematics and Statistics, Weinan Normal University, Weinan, China

Abstract. Let H and K be complex infinite dimensional separable Hilbert spaces. We denote by Mc =
13 g a 2 X 2 upper triangular operator matrix acting on H @ K, where A € B(H), B € B(K) and
C € B(K, H). In this paper, we mainly characterize the equivalent conditions for the 2 x 2 upper triangular
operator matrices such that they satisfy Weyl’s theorem using the features of the elements on the diagonal.

1. Introduction

In 1909, Weyl examined the compact perturbations of certain self-adjoint differential operators and
found that the intersection of their spectra coincided with the isolated eigenvalues of finite multiplicity.
This observation was later abstracted to the assertion that “Weyl’s theorem holds”. Then there followed a
lot of excellent results on it ([8,[10}13]). With the deepening of the research, a series of deformation has been
produced, such as Browder’s theorem, property (UWFE), property (R) and so on. As we all know, operator
matrices play an important role in many branches of mathematics. In 1994, Du and Jin [9] firstly discussed
the existence of C such that Mc is invertible. Then the perturbations of spectra of upper triangular operator
matrices have attracted the attention of spectral theorists and many scholars have made fruitful results on
this subject [4}6]. Later, the existence of C such that Mc is respectively an upper semi-Fredholm operator,
a Weyl operator, etc has been talked about ([2, 3, [7]). Meanwhile, they talked about the Weyl’s theorem
of 2 X 2 upper triangular operator matrices when there are additional conditions on the diagonal elements
A and B. Also, the authors in [1] made some researches on the Weyl type theorem of upper triangular
operator matrices. Recently, Qiu and Cao give the sufficient and necessary conditions such that Mc satisfies
property (UWFE) for all C € B(K, H) when both A and B are general operators [9]. Besides, Yang and Cao
have done some work on the property (R) of 2 X 2 upper triangular operator matrices [11}[12]. But, as the
original theorem, there is no complete discussion on Weyl’s theorem of upper triangular operator matrices
under the conditions that A and B are general operators. Here, in this paper, we will do some work on
this topic. Specifically, we will give the sufficient and necessary conditions for the 2 X 2 upper triangular
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operator matrices such that they satisfy Weyl’s theorem. To begin with, we give some terminology and
notations.

Throughout this paper, C and IN denote the set of all complex numbers and the set of all non-negative
integers, respectively. H and K denote the complex infinite dimensional separable Hilbert spaces. We
denote by B(K, H) the algebra of all bounded linear operators from K into H. For convenience, we write
B(H) for B(H, H). For A € B(H), B € B(K), we denote by M¢ = Ig (B:
matrix acting on H & K, where C € B(K,H). For T € B(H), N(T) and R(T) stand for the kernel and the
range of T, respectively. If R(T) is closed and n(T) < oo, then we say T an upper semi-Fredholm operator;
while T is said to be lower semi-Fredholm if d(T) < oo, where n(T) and d(T) denote the dimension of
N(T) and the codimension of R(T), respectively. We call T € B(H) a bounded below operator if T is upper
semi-Fredholm with n(T) = 0. If T is an upper semi-Fredholm operator or a lower semi-Fredholm operator,
then we call T a semi-Fredholm operator. Now, the index of T is defined as ind(T) = n(T) — d(T). If
ind(T) = 0, then T is said to be a Weyl operator. The ascent and descent of T are defined respectively by
asc(T) = inf{n € N : N(T") = N(T"*")} and des(T) = inf{n € N : R(T") = R(T"*!)}. If the infimum does not
exist, we write asc(T) = oo (resp. des(T) = oo). T is called a Browder operator if it is Fredholm of finite
ascent and descent.

The spectrum and the Weyl spectrum of T is defined by

a 2 X 2 upper triangular operator

o(T) = {A € C: T — Alis not an invertible operator},

0u(T) ={A € C: T — Al is not a Weyl operator}.

T is said to satisfy Weyl’s theorem if
0(T) \ 0(T) = meo(T),

where mo(T) denotes the set of all isolated eigenvalues with finite multiplicity of T. For some subset G
of the complex plane, we write isoG for the set of all isolated points of G. For some x € H, we denote by
span{x} the closed subspace spanned by x.

For the Weyl’s theorem of 2 X 2 upper triangular operator matrices, we get the following results.

Theorem 1.1. Let A € B(H) and B € B(K). Then Mc satisfies Weyl’s theorem for every C € B(K, H) if and only
if the following statements hold:

(1) My satisfies Weyl’s theorem;

() My = {A € C : A—Alis upper semi-Fredholm, B—Al is lower semi-Fredholm, d(A—AI) = n(B—AI) = oo} = 0;

(3) My ={A € isoo(A) Nisoc(B) : n(A — Al) < oo and d(A — AI) = n(B — AlI) = oo} = 0.

Corollary 1.1. Let A € B(H) and B € B(K). Then Mc satisfies Weyl’s theorem for every C € B(K, H) if and only
if the following statements hold:

(1) Mc, satisfies Weyl’s theorem for some Cy € B(K, H);

() My = {A € C : A—Alis upper semi-Fredholm, B—Al is lower semi-Fredholm, d(A—AlI) = n(B=AI) = oo} = ;

(3) M, = {A € isoa(A) Nisoo(B) : n(A — Al) < co,n(A = Al) + n(B — Al) > 0,d(A — AI) = oo} = ;

(4) Mz = {A € C: A — Al is bounded below, B — Al is surjective,0 < d(A — AI) = n(B — Al) < co} = 0.

The rest of this paper is organized as follows. In section 2, we shall make some preparation for the proofs
of the Theorem 1.1 and Corollary 1.1. Section 3 is devoted to the proof of main results. As an application,
we shall describe the Weyl’s theorem for upper triangular operator matrices when the main diagonal of the
matrix are Toeplitz operators.

2. Perturbations of spectra for upper triangular operator matrices

In order to discuss the Weyl’s theorem for operator matrices, in this section, we will give some conclu-
sions about perturbations of spectra of 2 X 2 upper triangular operator matrices.

Theorem 2.1. Let A € B(H) be a bounded below operator and B € B(K) be a surjective operator. If d(A) = n(B) = oo,
then there exists C € B(K, H) such that Mc is a Weyl operator but not a Browder operator.
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Proof. Suppose {hi,hs, hs,---} is an orthonormal basis of R(A)*. Let Ahy = hy, Ahy = hy. Using the fact
that n(A) = 0, we know that h, # 0, hy # 0. Firstly, we claim {hy, hy} € R(A) is linearly independent. In
fact, if axhy + ashy = 0, then A(axhy + aghy) = 0. Since A is bounded below, axhi + ash, = 0. It follows that
axhy = —aghy € R(A)* N R(A). Thus, we have that a, = a, = 0. The claim is proved.

Suppose {e1, €3, €5, - - - } is an orthonormal basis of N(B). Since B is surjective, there exists e; € N(B)* such
that Be, = e;. For ey, there exists e, € N(B)* such that Bey; = e,. For e3, there exists ¢s € N(B)* such that
Bes = e3. Proceeding sequentially, for any e,, there exists e, € N(B)* such that Be,, = ¢,. Now, we assert
{ew} | C N(B)* islinearly independent. Infact, if aye;+ases+- - -+az,e2, = 0, then B(azes +ases+- - +azue0,) = 0,
thatis, ase; +ager +ages+- - -+aoue, = 0. Itfollows thatase; +ages +ayges+- -+ = —(ager+ages+---) € N(B)NN(B)*.
Thus, we have

ape; + ages +ajppes +--- =0

a4y + ageéy + aqpeg + -+ = 0.
It is not difficult to show thata; = a¢ = ajg = --- = 0 and B(age; +agey + - --) = 0. Similar to the above method
in succession, we can obtain ay; = 0(i = 1,2,3,--- ,n). Therefore, this assertion is proved.

Let M = spanfe;}, N = span{h}, F = spanfes} and E = span{hy}. Since dim(N(B)eM) = dim(R(A)*&N) =
oo, there exists an isometric invertible operator T; : N(B) © M — R(A)* & N. Define invertible operators
T, : F — N satisfying Toe4 = —hy and T3 : M — E such that it satisfies Tze; = hy. Let

. 0 0 O N(B)eM R(A*eN
C= 0 T 0 0], F . N
0 0 T3 0| M E
0 0 0 0 N(B)*©F R(A)©E
Next, we prove that this C satisfies the conclusion.
(1) Mc is Weyl.
(i) n(Mc) = 1.

Ax+Cy=0,

Let ( ; ) € N(Mc). Then {By o

y1 € N(B) © M. Then,

Due to y € N(B), suppose y = yi + ae;, where a € C and

0=Ax+Cy=Ax+Tiy1 + T3(ae1) = Ax + Thys + ahy = A(x + ahp) + T111,

which shows
Alx +ahy) = —T1y1 € R(A)N R(A)J'

Thus A(x + ah;) = 0 and T1y; = 0. Since A is bounded below and Tj is invertible, we have x = —ah, and
y1 = 0, which shows y = ae;. So
N(Mc) C span {( —elfz )}

Moreover, the inclusion span {( —ehz )} € N(Mc) is obvious. Therefore
1

span {( _6}112 )} = N(Mc),

which shows 0 < n(M¢) =1 < co.
(ii) R(M¢) is closed.
S hat M Xn Ug h Axn + Cy” — U L _ h
uppose that Mc Yo - % as n — oo, then By — (n — o). Lety, = a, + Bn, where
@, € N(B) and B, € N(B)*. From By, = Bf,, we know that {BBu};, is a Cauchy sequence. Moreover, since
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R(B) is closed, it follows that B|ng): is invertible, which implies that {f,} | is a Cauchy sequence. Suppose
@y = Uy + aye; and B, = v, + w,, where u, € N(B)©6 M, v, € Fand w, € N(B)L ©F. Then,

Axy, + Cy, = Axy + Thuy, + T3(ayer) + Tov,
= A(xn + anl’lz) + (Tlun + Tzvn).

Due to {A(x, + ayh2)}, € R(A) and {T1u, + Tov,ly, C R(A)*, it follows that both {A(x, + ayhy)}y | and
{T1uy + Tov,},, | are Cauchy sequences. Since R(A) is Closed we can suppose A(x, + a,hp) = Axo(n — o)

for some xo € H. Furthermore, from {Tyu,}) , C R(A)* e N and {T,v,}® -1 € N, we obtain both {Tu,}

and {T>v,}", are Cauchy sequences It follows that {u,};’ | and {v,}’ | are Cauchy sequences because T,
and T, are mvertlble so is wn {Bn — vn . Suppose that u, — ap € N(B)e M, v, — by € F, and

w, = co € N(B)* ©Fasn — 0. Thus, Ccp =0, Bao =Oand

Axy, + Cy, — Axg + Cag + Chp(n — o0)
= Axp + C(ﬂo + bo + Co).

Moreover, Bay = 0 shows

By, = BB, = B(u, + v,,) = B(bo + co) = B(ag + by + co)(n — ).

Xp X0 _| Yo
MC( Yn )_>MC( ag + bo + co )_( (2 )'
which means that R(Mc) is closed.
(iii) d(Mc) = n(My) = 1.

In conclusion, we have

A'x=0,
To see this, we assume that ( ; ) € N(M{). Then { Suppose x = x1 + X2 = x1 + ah;, where

C'x+B'y=0.
x1 € R(A)* ©N. Since C'x + B'y = 0, it follows that
Tyx1 = —[T5(ah1) + Byl € N(B) N N(B)* = {0}.

Observe that T} is invertible, so x; = 0 and hence x = ah;. By the definition of T3, Toe4 = —h;, and hence

(21§
lleall®

< T;]’l1,€4 >=< hy,Trey >= — < hy, | >= —||h1||2 = - < 64,64 > .

Therefore, Tyhy =

64 Suppose that e, = By since e, € N(B)* = R(B"). From the fact that T} (ah1)+B"y =
lllliil‘l‘z |||f311|‘||2 B'up + B'y = 0. Combined with the fact that B is surjective, it is
llhl2

known that B is injective, which means that y = a el Ho- So

* hl
N(M) € span I o .
lles]?

Moreover, the inclusion “ 2 ” is obvious. Therefore

hq §
o g o

which shows d(Mc) = n(Mg) =1 < co.
Combined with n(Mc) = 1, we know that Mc is a Weyl operator.
(2) Mc is not Browder.

Iﬂ’ ||2

eg + By =0. Then —a

0, we have —a
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It is suffices to verify that N (M’é) #N (M’gl) for any p > 2. Take zg = ( 6(2) ) and write xp = 0, yo = ex.
P
By the definition, we know
Cyo=0,Byy = ez,H,Bzyo = ey, ,Bp’zyo = ey = ey, B’Hyo =eyand BPyp = e1.
So
Cyo =CByo =--- = CB" %y = CB" 'y = 0.
Hence,
AP*lxg + APCyg + - - - + A>’CBP 2y + ACBP 1y + CBFyo
A2C€4 + Cey = AZ(T2€4) + Tzeq
= Az(—hl) +hy = —Ahy +Ah2 =0

and By = B(B*yo) = Be; = 0. It means thatz, € N(M’grl). We know thatzy ¢ N(M’é)because BPyg =e; #0.
Therefore, N (M’é) #N (M;grl) for any p > 2 and so asc(Mc) = oo. In short, we give a complete proof. [J

Theorem 2.2. Let A € B(H) be an upper-semi Fredholm operator and B € B(K) be a lower-semi Fredholm operator.
If d(A) = n(B) = oo, then there exists C € B(K,H) such that Mc is a Weyl operator with n(Mc) = d(Mc) =
n(A) + d(B) + 1.

Proof. Supposed(B) = tand n(A) = m. Suppose that {ei}fg C N(B)is orthonormal andlet M = spanfe, ey, -+ , €41}
Let R(A)* = N® W, where N is a closed subspace of R(A)* with dimN = n(A)+1=m+1. And let F be a
subspace of N(B)* with dimF = m + 1. Now, we take {Ui}?:il and {hk}k’”:’“l1 as the orthonormal bases of N and
F satisfying hi = B*gy, where gi € N(B*)*, respectively. Define an invertible operator T; from N(B) © M onto
R(A)* © N, and define an invertible operator T, : F — N so that it satisfies Toh; = vi(i = 1,2,--- ,m+1). It
is clear that dimR(A) = co. Therefore, there is a closed subspace E C R(A) such that dimE = dimM =t + 1
and suppose that {Auq, Auy, - -, Ausyq} is an orthornormal basis of E. Define an invertible linear operator
T3 : M — E satisfying Tze; = Aui(i=1,2,--- ,t +1). Let

T, 0 0 0 N(B)eM R(A)*oN
co| 0 20 0 F . N

0 0 T; 0] M E

0 0 0 0 N(B)*eF R(A)oE

Next, we prove that this C satisfies the conclusion.
) nMc)=m+t+1.

Let( ; ) e N(Mo). Then{
where y; € N(B) © M. Then,

Ax+Cy =0,

By =0 Due to y € N(B), suppose iy = Y1 + ajeq + e + -+ + Ary16441,

0=Ax+Cy = Ax+Tiy +Ts(arer +azer + -+ ap1€641)

Ax + lel + A(alul +auy + -+ amum)

A(x + muy + agup + -+ + apaip) + Ty,
which shows
A(x +auy +aruy + -+ + at+1ut+1) = _lel € R(A) N R(A)J'

Thus A(x + ajug + axup + -+ + apue1) = 0 and T1y; = 0. Since Tj is invertible, we have y; = 0, which
shows y = aje; +azex + -+ - + a1641. Moreover, we get x + ajuy + aptiy + -+ + apqipe1 € N(A). It follows that
X € —(ajuy + aguip + -+ - + ap1Upe1) + N(A). So

t+1
N(Mc) gspan{( ‘e:‘ )} ® [N(A) & {0}].

i=1
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Moreover, the inverse inclusion clearly holds. Therefore

t+1
N(Mc) =span{( Z‘ )} ® [N(A) & {0}].

i=1
which shows 0 < n(M¢) =m+t+1 < oo.
(ii) Similar to the theorem 2.1, we can prove that R(Mc) is closed.

(iii) We also can prove that d(Mc) = n(Mg) = m +t + 1. To see this, we assume that ( ; ) € N(Mp). Then

A'x =0,

C'x+B'y=0.
Note that x € N(A*) = R(A)*. Suppose that x = x; + x, where x; € R(A)* © N and x, € N. Due to
C'x + By = 0, it follows that

T1x1 = —(T5x2 + B'y) € N(B) N N(B)* = {0}.
Observe that T; is invertible, so x; = 0 and hence x = x,. Assume that y = y; + y», where y; € N (B*)* and
Y2 € N(B"). Then, T5x, = =B"y; € F. Suppose that x = x, = 4101 + 4202 + - -+ + @y410m41. Then,
Toxo = athy +aghy + -+ +aythyn
= mB'g1+aBg + - + a1 B g
= BY(migr +a2g92 + - + Qs Gme1)-

Hence, B*(y1 + @191 + 292 + - -+ + Ays1gm+1) = 0. Combined with 1,41, , g1 € N(B*)* and injectivity of
BNy, we have y1 = —(a1g1 + - + Aps1Gm+1)- SO, y € —(a191 + a292 + - - - + Amr1Gm+1) + N(BY). So,

m+1
N(MZ) C span {( _”!; )} @ [{0} & N(BY)].
! i=1

Moreover, the inclusion
m+1
span {( _”; )} & [{0} & N(B")] € N(M)
t)i=1
is obvious. Therefore )
N(M) = span {( _”; )} o [{0} & N(B")].
Y=
which shows d(Mc) = n(Mg) = m +t + 1. Combined with n(Mc) = m +t + 1, we know that Mc is a Weyl
operator with n(Mc) = d(Mc) = n(A) +d(B) +1. O

3. Weyl's theorem for upper triangular operator matrices

Weyl’s theorem may or may not hold for a direct sum of operators for which Weyl’s theorem holds. In
the section, we will consider the sufficient and necessary conditions such that M satisfy the Weyl’s theorem
for all C € B(K, H). The following lemma is very useful to give this result.

Lemma 3.1. Let A € B(H) and B € B(K) with n(A) < oo, n(A) + n(B) > 0 and d(A) = oo. If 0 € isoo(A) N isoc(B),
then there exists C € B(K, H) such that 0 € Tig0(Mc).

Proof. It is clear that 0 € isog(Mc) for any C € B(K, H). We can claim that R(A) is not closed. In fact, if not,
A is upper semi-Fredholm. From 0 € isoo(A), we get A is a Browder operator, which is in contradiction to
d(A) = oo. If n(B) < oo, taking Mc = M, the conclusion obviously holds. If n(B) = oo, by [11, Lemma 3.1],
the conclusion holds, too. [
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Based on this, we give the proofs of the main results.

Proof of Theorem 1.1. Necessity. (2) If there is Ay € M;, then by using Theorem 2.2 we can find C € B(K, H)
such that Mc — Aol is a Weyl operator. Since M satisfies Weyl's theorem, it follows that Mc — Aol is Browder,
and hence asc(A — Agl) < oo and des(B — A¢l) < oco. Thus, by perturbation theorem of semi-Fredholm
operator, there exists ¢ > 0 such that A — Al is bounded below, B — Al is surjective, ind(A — AI) = ind(A — Agl),
ind(B — AI) = ind(B — Agl) and d(A — AlI) < o0 & n(B — AI) < co. From Theorem 2.1, there exists Cy € B(K, H)
such that M, — Al is Weyl but not Browder if d(A — AI) = n(B — Al) = oo, which is in contradiction to the fact
that M satisfies Weyl’s theorem for every C € B(K, H). This means that d(A — AI) < co and n(B — Al) < oo if
0 <|A = Agl < €. Thus A — Aol and B — Ayl are Fredholm operators, a desired contradiction.

(3) If there is Ay € My, then by using Lemma 3.1 we can find C € B(K, H) such that A € m(Mc). Since
M satisfies Weyl’s theorem, it follows that M — Aol is Browder, and hence A — Ayl is upper semi-Fredholm
and B — Al is lower semi-Fredholm. Combined with Ag € isog(A) N isoc(B), we have A — Aol and B — Agl
are Browder operator, which shows a contradiction.

Sufficiency. For any C € B(K, H), let Ay € o(Mc)\ow(Mc), then n(A—Agl)+n(B—Aol) > 0, A— Aol is an upper
semi-Fredholm operator, B — Aol is a lower semi-Fredholm operator and d(A — Apl) < 00 & n(B — Apl) < oo.
From (2) we get A — Apl and B — Aol are Fredholm and hence My — A¢l is Fredholm and

ind(Mo — Aol) = ind(A — Aol) + ind(B — Aol) = ind(Mc — Aol) = 0,

that is My — Aol is Weyl. Since M, satisfies Weyl’s theorem, we know that My — Ayl is Browder. It follows
that both A — Aol and B — Ayl are Browder. Therefore, M — A¢l is Browder. We get that Ay € moo(Mc).

On the other hand, for any Ay € 700(Mc), then n(A — Agl) < oo, n(A — Agl) + n(B — Apl) > 0, and there
exists some € > 0 such that A — Al is bounded below and B — Al is surjective for any 0 < |A —Aq| < €. Besides,
d(A — Al) < oo if and only if n(B — AI) < co. From (2) we know d(A — AI) < oo and n(B — Al) < oo, and so
A — Al and B — Al are Fredholm. Therefore, My — Al is Fredholm and ind(M, — Al) = ind(Mc¢ — Al) = 0, that
is Mo — Al is Weyl. So, My — Al is Browder. It follows that A — Al and B — Al are Browder. Since A — Al is
bounded below and B — Al is surjective, it shows that both A — Al and B — Al are invertible. That is to say,
Ag € is00(A) U p(A) and Ag € isoo(B) U p(B). Next, we will divide it into the following cases.

Case 1. Ap € p(A).

Now, we claim that n(B — Agl) < co. In fact, if not, we can take an orthornormal set {y,}>~, € N(B -
Aol). There exists a sequence {x,}, C H such that (A — Apl)x, = Cy, for any n > 1 because A — Aol is

surjective. Thus, {( ~n )} C N(Mc — Apl). It is easy to show that {( ~n )} C N(Mc¢ — Agl) is
n=1 n=1

linearly independent, which contradicts with n(Mc — Agl) < co. Therefore, n(B — Agl) < co. This shows that
Ag € mgo(Mp). Since M) satisfies Weyl's theorem, it follows that My — Ayl is Browder, and so both A — A¢l
and B — Ayl are Browder. Therefore, Mc — Agl is Browder. So, Ay € a(Mc) \ 0,(Mc).

Case 2. A € p(B).

Now, 0 < n(A — Apl) < co. Then Ay € 1go(Mp). Similar to case 1, we get that Ay € o(Mc) \ 0w(Mc).

Case 3. Ag € isod(A) N isoa(B).

Since M, = 0, it follows that n(B — A¢l) < co or d(A — Agl) < oo. If n(B — Agl) < oo, then 0 < n(A — Aol) +
n(B — Agl) < oo, thatis Ag € mo(My). It follows that M¢c — Aol is Browder. Now, suppose that d(A — Apl) < 0.
This shows that A — Agl is Fredholm. Since Ay € isoo(A), it follows that A — Ayl is Browder. We can claim
n(B — Agl) < o0. In fact, if not, then there are two cases to consider.

(1) dimC(N(B — Agl)) < oo.

Then there exists a linearly independent sequence {y,}, € N(B — A¢l) such that Cy, = 0 forany n > 1.

It is clear that {( ; )} C N(Mc — Agl), which gets that n(Mc — A¢l) = o0, a contradiction.
n n=1

(i) dimC(N(B — Aol)) = oo.
Since A — Al is Browder, it follows that H = R(A — Apl) & R(A — Apl)* and d(A — Agl) < oo, and hence
dimC(N(B — Aol)) N R(A — Agl) = co. Thus there exists {x,}>>, € H such that (A — Aol)x, = Cy,, where

{yn},., is an orthonormal set of N(B — A¢l). It is easy to see that {( o )} is a linearly independent set
n

n=1
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of N(M¢ — Agl), a contradiction.

Thus, Ag € Te(Mp). Similarly, we can prove that Ay € o(Mc) \ 0,(Mc). O

In Theorem 1.1, the set M, can also be replaced by {A € isoc(A) Nisoo(B) : n(A — Al) < oo, n(A — Al) +
n(B — Al) > 0,d(A — Al) = oo} such that the theorem holds.

Under the condition A is a bounded below operator and B is a surjective operator, by Theorem 2.1,
we know that there exists C € B(K, H) such that Mc is a Weyl operator but not a Browder operator if
d(A) = n(B) = co. Meanwhile, it is obvious that there exists C € B(K, H) such that M is a Weyl operator
but not a Browder operator if 0 < d(A) = n(B) < oo.

Proof of Corollary 1.1. By Theorem 1.1 and the previous analysis, we only need to prove sufficiency. And
we only need to prove that Weyl’s theorem holds for Mj.

Let Ay € 0(Mp) \ 0,(Mp), then Mc, — Aol is Weyl. We get that M¢, — Aol is Browder because M, satisfies
Weyl’s theorem. Thus there exists ¢ > 0 such that Mc, — Al is invertible if 0 < |A — Ag| < € and hence A — AI
is bounded below, B — Al is surjective and d(A — AlI) = n(B — Al). From (2) and (4) we get both A — Al and
B — Al are invertible and so My — Al is invertible, that is Ag € go(Mp).

On the other hand, for any Ay € mp0(Mo), then n(A — Apl) < co and 0 < n(A — Aol) + n(B — Apl) < co. We
know that A¢ € isoo(Mc,) and n(Mc, — Agl) < n(A — Aol) + n(B — Agl) < 0. Clearly, A € isoo(A) U p(A) and
Ag € isoo(B) U p(B). Next, we continue to divide it into the following cases.

Case 1. A € p(A).

In this case, 0 < n(B — Agl) < co. Suppose {e1,e2,--- , e} is an orthonormal basis of N(B — AyI), where
k = dimN(B — A¢l). There exists a sequence {xn}ﬁ:1 C H such that (A — Aol)x, = Coe, forany 1 < n <k

k

because A — Ayl is surjective. Thus {( —ex,, )} C N(Mc, — Aol). Thus n(Mc, — Aol) > 0. It follows that
n n=1

Ag € Too(Mc,). We can get that B — Ayl is Browder because Mc, satisfies Weyl’s theorem. Combined with
Ao € p(A), My — Aol is Browder, i.e., Ag € (M) \ 0:(Mo).

Case 2. Ay € p(B).

Now, 0 < n(A — Apl) < co. Combined with n(A — Agl) < n(Mc, — Aol) < n(A — Apl) + n(B — Apl), we know
that Ap € mpo(Mc,). Similar to case 1, we get that Ay € o(Mp) \ 0,,(Mp).

Case 3. Ay € isog(A) Nisoo(B).

Since M, = (), it follows that d(A — Agl) < co. Due to Aq € isog(A), it follows that A — Aol is Browder and
(A — Aol) > 0. Then 0 < n(A — Agl) < n(Mc, — Aol) < n(A — Agl) + n(B — Agl), thatis Ay € me(Mc,). Again
we can show that Ay € a(Mj) \ 0,,(Mp). O

Remark 3.2. Comparing the conditions in Theorem 1.1 and Corollary 1.1, it is clear that M, = {A €

isoo(A) Nisoo(B) : n(A — Al) < 00,d(A = Al) = n(B — AI) = oo} € M), = {A € isoa(A) Nisod(B) : n(A — Al) <

00, (A — AI) +n(B — AI) > 0,d(A — Al) = co}. But in Corollary 3.1 “M’, = 0” cannot be changed by “M, = 0".
For example, let A, B € B(£?) be defined by

Xy X3 X3 X4

'”)IB(XIIXZI-XS/'”) = (.Xz,—

A(xl/x21x3/"') = (Orxll 3/ gr 21?/”

.
Since o(A) = o(B) = {0}, it follows that o(Mc) = o(Mc) = {0} for all C € B(f?*) and M, = 0, 0 € M,.
Meanwhile, M; = Ms = 0. Define Cy € B({?) by

Colx1,x2,x3,-++) = (x1,0,0,---).

Then mpo(Mc,) = 0 and so Mc, satisfies Weyl’s theorem. But since o(My) \ 0,(Mp) = @ and meo(Mp) = {0}, it
follows that My does not satisfy Weyl’s theorem.

In the following, we shall give an application of Theorem 1.1. Let H*(T) denote the Hardy space of the
unit circle T in the plane. Give ¢ € L*(T), the Toeplitz operator with symbol ¢ is the operator on H*(T)
defined by

T(pf_)P((Pf),
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where f € H*(T) and P is the orthogonal projection of L?(T) onto H*(T). The spectrum of a Toeplitz operator
is always connected and o(T,) = 04(T,), this implies that Weyl’s theorem holds for every Toeplitz operator.
We write C(T) for the algebra of all complex-valued continuous functions on T. For ¢ € C(T), we know
T, — Al is Fredholm if and only if T, — Al is upper semi-Fredholm and the essential spectrum o,(T,,) of T,
is 0.(Ty) = @(T). We can see that if A or B is Toeplitz operator, both the set M; and M, in Theorem 1.1 are
empty set. Then:

Example 3.1. Suppose that T, and T, are Toeplitz operator with ¢, ¢ € C(T), then Weyl’s theorem holds for

Mc = ( %’ 7(:;5 ) for every C € B(H?(T)) if and only if Weyl’s theorem holds for My = ( ];)90 ]E; )
Using the property of Toeplitz operator, we also get that Weyl’s theorem holds for M¢ = ( %" 1(,: ) for
¢

every C € B(H*(T)) if and only if 0,(Mo) = 0w(Tp) U ow(Ty).

Let wn(¢) denote the winding number of ¢ with respect to the origin. We have the fact that if T, is
Frehdolm, then ind(T,,) = —wn(¢).

If @, ¢ € C(T) satisfies

wn(p —A) -wn(¢p — A) = 0 for each A € C\[op(T) U p(T)],

T

then Weyl’s theorem holds for M¢ = ( 07) 7(,; ) for every C € B(H?*(T)).
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