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Self-adjoint block multivalued linear operator matrix and application
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Abstract. It is shown that a self-adjoint block matrix multivalued linear operator (linear relation) is still
self-adjoint under diagonally dominant block matrix perturbations. The results obtained generalize the
corresponding one for linear operators and relax some of the required conditions. Then, we give some
perturbation theorems for matrix linear relations in Banach spaces based on a resolvent approach. Fur-
thermore, we apply the obtained results to investigate the existence of solutions for a system of degenerate
partial differential equations.

1. Introduction

Perturbation theory are one of the main topics in both pure and applied mathematics. Since the
self-adjoint operators form the most important class of linear operators that appear in applications, the
perturbation of self-adjoint operators and the stability of self-adjointness have received lots of attention.
In particular, Kato first studied the stability of self-adjointness of closed symmetric operators and showed
that the self-adjointness is preserved under relatively bounded perturbations with relative bounds less than
[12] . Followed by this work, Behncke, Kissin, etc. extended this work about stability of self-adjointness to
results about the stability of the deficiency indices [5, 13]. With further research of operator theory, more
and more multi-valued operators and nondensely defined operators have been found. For example, the
operators generated by those linear continuous Hamiltonian systems, which do not satisfy the definiteness
conditions, and general linear discrete Hamiltonian systems may be multi-valued or not densely defined
in their corresponding Hilbert spaces (cf. [16, 17]). So the classical perturbation theory of linear operators
is not available in this case. Motivated by this need, von Neumann [15] first introduced linear relations
into functional analysis, and then Arens [12] and many other scholars further studied and developed the
fundamental theory of linear relations. A liner relation is also called a linear subspace (briefly, subspace).
Since the theory of linear relations was established, the related perturbation problems have attracted
extensive attention of scholars and some good results have been obtained [2, 6, 9, 18, 19]. It is well known
that the self-adjoint relations are the most important class of linear relations that appear in applications.
To the best of our knowledge, there seem a few results about the stability of self-adjointness of linear
relation under perturbations [18, 19]. But it has not been specifically and thoroughly studied. In the present
paper, we shall concentrate on the stability of self-adjointness of linear relations. The results given in the

2020 Mathematics Subject Classification. Primary 47A06.
Keywords. Self-adjoint block matrix, System of degenerate partial differential equations.
Received: 29 November 2023; Accepted: 30 September 2025
Communicated by Dragan S. Djordjević
* Corresponding author: Maher Mnif
Email addresses: ammar_aymen84@yahoo.fr (Aymen Ammar), maher.mnif@gmail.com (Maher Mnif), amel.souhail@gmail.com

(Amel Souhail)



A. Ammar et al. / Filomat 39:34 (2025), 12073–12087 12074

present paper not only weaken the conditions of Theorem 4.1 in [18], but also cover the result obtained
in [19, Theorem 5.2]. The second aim of this paper is motivated by the need raised during the study of
the existence of solutions for some degenerate partial differential system of equations. The results given
constitute an abstract theoretical framework of the resolvent approach. It is a question of proving some
estimates of the solvent of the linear relations involved allowing to define a semi-group giving the solution
of the system.
The rest of the paper is organized as follow. In Section 2, some basic concepts and useful fundamental
results about linear relations are introduced. In Section 3, we first show that the deficiency indices of
Hermitian relations are invariant under relatively bounded perturbations with relative bounds less than 1
and we display some definitions and properties on adjoint linear relations. In Section 4, as a consequence,
stability of self-adjointness of Hermitian relations under bounded and relatively bounded perturbations
is obtained. In Section 5, we describe the resolvent approach of perturbing a multivalued linear operator
by another possibly multivalued linear operator and satisfying some estimate. In Section 6, we give an
application.

2. Preliminaries and auxiliary results

In this section, we shall recall some basic concepts and introduce some fundamental results about linear
relations.
Let X and Y be two infinite-dimensional Banach spaces over the some fields K, where K = R or C. A
multivalued linear operator (or a linear relation) T from X to Y is a mapping from a subspace

D(T) := {x ∈ X : Tx , ∅}

of X, called the domain of T, into P(Y)\{∅} (the collection of non-empty subsets of Y) such that T(αx+ βy) =
αT(x) + βT(y) for all non-zero scalars α, β ∈ C and x, y ∈ D(T). In this section we denote by L(X,Y) a space
of all bounded linear operators from X into Y, by LR(X,Y) a space of all multivalued linear operators from
X into Y. If X = Y, then denote L(X) := L(X,Y) and LR(X) := LR(X,Y).
A linear relation is uniquely determined by its graph, G(T), which is defined by

G(T) := {(x, y) ∈ X × Y : x ∈ D(T) and y ∈ Tx}.

The inverse of T is the linear relation, T−1 defined by

G(T−1) := {(y, x) ∈ Y × X : (x, y) ∈ G(T)}.

The subspaceN(T) := T−1(0) is called the null space of T, and T is called injective ifN(T) = {0}, that is, if T−1

is a single valued linear operator. The range of T is the subspace R(T) := T(D(T)), and T is called surjective
if R(T) = Y. When T is injective and surjective, we say that T is bijective. It is clear thatD(T−1) = R(T) and
R(T−1) = D(T).
A linear relation T is said to be closed if its graph G(T) is a closed subspace of X×Y. We denote by CR(X,Y)
the class of all closed linear relations on X into Y and abbreviate CR(X,X) to CR(X). The closure of T,
denoted by T, is defined in terms of its graph G(T) := G(T). We say that T is closable if T is an extension
of T. A relation T ∈ LR(X,Y) from one topological space to another is said to be continuous if for any
neighborhoodV ⊂ R(T), the inverse image T−1(V) is a neighborhood inD(T). Let T ∈ LR(X,Y). The norm
of Tu is denoted as follows

∥Tu∥ := inf{∥y∥Y : y ∈ Tu}, ∀ u ∈ D(T),

and
∥T∥LR(X,Y) := sup

∥u∥X≤1
∥Tu∥Y.

We note that T is continuous if and only if ∥T∥ < +∞. We say that T is bounded if it is continuous and
everywhere defined.
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Proposition 2.1. Let S ∈ LR(X) satisfyingD(S) = X and ∥S∥ < 1, and let S(0) be closed. Then,
(i) (I − S)−1

∈ LR(X) is everywhere defined and continuous.

(ii) ∥(I − S)−1
∥ ≤

1
1 − ∥S∥

.

Proof.
(i) See [7, Proposition 2.4].
(ii) We have (I− S)−1(S− I) = −I.Hence, by [6, Proposition I.4.2] (I− S)−1S+ I = (I− S)−1. So, by [6, Corollary
II.3.13]

∥(I − S)−1.∥ ≤ 1 + ∥(I − S)−1
∥∥S∥.

Thus, ∥(I − S)−1
∥ ≤

1
1 − ∥S∥

. Q.E.D.

Definition 2.1. Given an operator T ∈ LR(X). By ρ(T) ⊂ C we denote the resolvent set of T, i.e., λ ∈ ρ(T) if and
only if the inverse operator (λI−T)−1 is a linear bounded single-valued operator defined on the whole space X. In this
case we denote

R(λ,T) := (λI − T)−1

and call it the resolvent of T.

Lemma 2.1. Let X and Y be two Banach spaces, A,A′ ∈ LR(X), B,B′ ∈ LR(Y), C,C′ ∈ LR(Y,X) and D,D′ ∈
LR(X,Y). Then
(i) (

A C
D B

) (
A′ C′

D′ B′

)
⊆

(
AA′ + CD′ AC′ + CB′

DA′ + BD′ DC′ + BB′

)
(ii) Moreover, if A = B = C′ = D′ = 0, then we have the equality(

0 C
D 0

) (
A′ 0
0 B′

)
=

(
0 CB′

DA′ 0

)
.

Proof. (i) [17] Proposition 14 (i).
(ii) Let ((

x1
x2

)
,

(
y1
y2

))
∈ G

((
0 CB′

DA′ 0

))
.

Then y1 ∈ CB′x2 and y2 ∈ DA′x1. Hence there exist z1 ∈ A′x1 and z2 ∈ B′x2 such that y1 ∈ Cz2 and y2 ∈ Dz1.
Hence ((

z1
z2

)
,

(
y1
y2

))
∈ G

((
0 C
D 0

))
and

((
x1
x2

)
,

(
z1
z2

))
∈ G

((
A′ 0
0 B′

))
.

Thus, ((
x1
x2

)
,

(
y1
y2

))
∈ G

((
0 C
D 0

)
.

(
A′ 0
0 B′

))
.

Therefore, (
0 C
D 0

) (
A′ 0
0 B′

)
=

(
0 CB′

DA′ 0

)
.

Q.E.D.

Let X and Y be two Banach spaces. We define on the product space X ⊕ Y a norm by letting

∥(x, y)∥ =
√
∥x∥2 + ∥y∥2.
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In the Banach space X ⊕ Y, we consider the linear relation L given by the block matrix of linear relation

L =

(
A B
C D

)
,

where A ∈ LR(X), B ∈ LR(Y,X), C ∈ LR(X,Y) and D ∈ LR(Y) are densely defined closable linear relations
with its natural domain

D(L) :=
(
D(A) ∩D(C)

)
⊕

(
D(B) ∩D(D)

)
also densely defined, but not necessarily closed. The graph of L is defined by

G(L) :=
{(

(x1, x2), (y1, y2)
)

: (x1, x2) ∈ D(L), y1 ∈ Ax1 + Bx2 and y2 ∈ Cx1 +Dx2

}
.

Lemma 2.2. Let X and Y be two Banach spaces, A ∈ LR(X), B ∈ LR(Y,X), C ∈ LR(X,Y) and D ∈ LR(Y). Then,

for all
(

v1
v2

)
∈ D(L), we have

(i) ∥L
(

v1
v2

)
∥ ≤ ∥Av1∥ + ∥Bv2∥ + ∥Cv1∥ + ∥Dv2∥.

(ii) Moreover, if A = D = 0, then we have

∥L

(
v1
v2

)
∥ =

√
∥Cv1∥

2 + ∥Bv2∥
2

and if C = B = 0, and A, D are continuous, then

∥L∥ ≤

√
∥A∥2 + ∥D∥2.

Proof. (i) By definition, ∥L
(

v1
v2

)
∥ = inf{∥

(
y1
y2

)
∥X⊕Y :

(
y1
y2

)
∈ L

(
v1
v2

)
}. Let

(
y1
y2

)
∈ L

(
v1
v2

)
. Then

there exist y1,1 ∈ Av1, y1,2 ∈ Bv2, y2,1 ∈ Cv1 and y2,2 ∈ Dv2 such that y1 = y1,1 + y1,2 and y2 = y2,1 + y2,2.We
have √

∥y1∥
2 + ∥y2∥

2 ≤

√
(∥y1,1∥ + ∥y1,2∥)2 + (∥y2,1∥ + ∥y2,2∥)2

≤ ∥y1,1∥ + ∥y1,2∥ + ∥y2,1∥ + ∥y2,2∥.

Thus,∥∥∥∥∥∥L
(

v1
v2

)∥∥∥∥∥∥ ≤ ∥y1,1∥ + ∥y1,2∥ + ∥y2,1∥ + ∥y2,2∥

≤ ∥Av1∥ + ∥Bv2∥ + ∥Cv1∥ + ∥Dv2∥.

(ii) If A = D = 0 then

∥L

(
v1
v2

)
∥ = inf{∥

(
y1
y2

)
∥X⊕Y : y1 ∈ Bv2 and y2 ∈ Cv1}.

But, ∥Bv2∥ ≤ ∥y1∥, for all y1 ∈ Bv2 and ∥Cv1∥ ≤ ∥y2∥, for all y2 ∈ Cv1. Thus,√
∥Cv1∥

2 + ∥Bv2∥
2 ≤

√
∥y1∥

2 + ∥y2∥
2, ∀y1 ∈ Bv2 and y2 ∈ Cv1.

This gives the required result. Now, if C = B = 0, then by the same way we get∥∥∥∥∥∥L
(

v1
v2

)∥∥∥∥∥∥ = √
∥Av1∥

2 + ∥Dv2∥
2 ≤

√
∥A∥2 + ∥D∥2

√
∥v1∥

2 + ∥v2∥
2.
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Hence,
∥L∥ ≤

√
∥A∥2 + ∥D∥2.

Q.E.D.

Definition 2.2. [6, Definition, VII.2.1] Let S, T ∈ LR(X,Y). S is said to be T-bounded if D(T) ⊂ D(S), and there exist
non-negative constants a, and b, such that

∥Sx∥ ≤ a∥x∥ + b∥Tx∥ f or all x ∈ D(T).

In that case, the infinimum of all the number b is called the T-bound of S.

Lemma 2.3. [3, Lemma 3.1] Let T ∈ LR(X,Y), S ∈ LR(X,Y) be T-bounded with T-bound δ < 1 satisfies
S(0) ⊂ T(0) andD(T) ⊂ D(S). Then, T ∈ CR(X,Y) if, and only if, T + S ∈ CR(X,Y).

Definition 2.3. [3, Definition, 2.1] The block matrix linear relationL =
(

A B
C D

)
is called diagonally dominant if

C is A-bounded with A-bound a real b1 and B is D-bounded with D-bound a real b2. In this case the real r = max(b1, b2)
is called the order of the domination.

Theorem 2.1. [3, Theorem, 3.1] The block matrix linear relation L is diagonally dominant of order < 1 such that
B(0) ⊂ A(0) and C(0) ⊂ D(0). Then,
L is closable if, and only if, A and D are closable.
In this case, the closure of L is given by,

L =

(
A B
C D

)
.

Corollary 2.1. [3, Corollary, 3.1] The block matrix linear relation L is closed if L is diagonally dominant of order
< 1, A and D are closed, B(0) ⊂ A(0) and C(0) ⊂ D(0).

2.1. Adjointness of multivalued linear operator
In this subsection, we display some definitions and properties on adjoint linear relations.
Let X be a normed linear space. Then, X′

denotes the dual space of X, i.e., the space of all the continuous
linear functionals x′ defined on X, with the norm

∥x′∥ = inf{λ such that |x′x| ≤ λ∥x∥ f or all x ∈ X}.

If K ⊂ X, and L ⊂ X′

, we shall adopt the following notation:

K⊥ = {x′ ∈ X
′

such that x′(x) = 0 f or all x ∈ K}
L⊤ = {x ∈ X such that x′(x) = 0 f or all x′ ∈ L}.

Clearly, K⊥ and L⊤ are closed linear subspaces of X′

and X, respectively.
Let T ∈ LR(X). The adjoint of T, which is T′, is defined by

G(T′) = G(−T−1)⊥ ⊂ X
′

× X
′

where
〈
(y, x), (y′, x′)

〉
= ⟨x, x′⟩ + ⟨y, y′⟩. This means that

(y′, x′) ∈ G(T′) if, and only if, y′y − x′x = 0 for all (x, y) ∈ G(T).

Similarly, we have y′y = x′x for all y ∈ Tx, x ∈ D(T). Hence, x′ ∈ T′y if, and only if, y′Tx = x′x for all
x ∈ D(T).
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Proposition 2.2. [6, Proposition III.1.3] Let T ∈ LR(X).

(a) (T)′ = T′.

(b) (T′)−1 = (T−1)′

(c) (λT)′ = λT′, λ , 0.

Proposition 2.3. [6, Proposition III.1.4] Let T ∈ LR(X).

(a)N(T′) = R(T)⊥.

(b) T′(0) = D(T)⊥.

(c)N(T) = R(T′)⊤.

(d) T(0) = D(T′)⊤.

Proposition 2.4. [6, Proposition III.1.5] Let T,S ∈ LR(X).

(a) G(S′ + T′) ⊂ G((S + T)′).

(b) IfD(T) ⊂ D(S), and S is continuous, then

S′ + T′ = (S + T)′.

(c) (S + T)′ is an extension of S′ + T′ if, and only if, (D(S) ∩D(T))⊥ = D(S)⊥ +D(T)⊥.

Proposition 2.5. [6, Proposition III.1.6] Let T ∈ LR(X) and Let S ∈ LR(X). Then,

G(T′S′) ⊂ G((ST)′).

Furthermore, if either
(i) R(T′) = X′ andD(S) ⊂ R(T), or
(ii)D(S′) = X′ and R(T) ⊂ D(S).
Then,

(ST)′ = T′S′.

In the remainder of this section we assume that X is a complex Hilbert space with inner product < ., . >.
Then, the adjoint of T ∈ LR(X) is defined by:

T
′

= {(y, 1) ∈ X : < 1, x >=< y, f > f or all (x, f ) ∈ T}.

T ∈ LR(X) is called a Hermitian relation if T ⊂ T′ , and it is called a self-adjoint relation if T = T′ .

Lemma 2.4. Let T ∈ LR(X). Then T is Hermitian if and only if for all u, v ∈ D(T), and for all x ∈ Tu, y ∈ Tv we
have < x, v >=< u, y > .

Proof. Let u, v ∈ D(T), x ∈ Tu, and y ∈ Tv. We have

(u, x) ∈ G(T) ⊂ G(T′);
(v, y) ∈ G(T) ⊂ G(T′).

As, (u, x) ∈ G(T′) and (v, y) ∈ G(T), then by the definition of the adjoint we get < x, v >=< u, y > as desired.
For the reverse implication, let (x, y) ∈ G(T) and let (z, t) ∈ G(T). Thus, y ∈ Tx and t ∈ Tz. So, by hypothesis
we have

< y, z >=< x, t > .

Hence, (x, y) ∈ G(T′).
Q.E.D.
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Lemma 2.5. Let T ∈ LR(X). Then T is Hermitian if and only if for all x ∈ D(T) and y ∈ Tx we have < y, x > is real.

Proof. Let x ∈ D(T) and y ∈ Tx.We claim that < y, x >∈ R. Indeed, as (x, y) ∈ G(T) and T is Hermitian, then
(x, y) ∈ G(T′). So, < y, x >=< x, y > . Then, < y, x >= ¯< y, x >. Therefore, < y, x > is real. For the reverse
implication, let u, v ∈ D(T) and x, y be such that x ∈ Tu and y ∈ Tv.We shows that < x, v >=< u, y > . To do
this, we make the following calculation.

< x, v > − < u, y > = < x, v − u > + < x,u > − < u − v, y > − < v, y >;
= − < x − y,u − v > + ¯< v − u, y >+ < v − u, y > + < x,u >
− < v, y > .

But, as, x ∈ Tu, y ∈ Tv and x − y ∈ t(u − v), then by hypothesis, we get that < x, v > − < u, y > is real. On
another hand we note that the previous calculation remains true if we replace (x,u) by (ix, iu). This shows
that

< ix, v > − < iu, y >= i(< x, v > − < u, y >)

is also real. Hence, we get that < x, v > − < u, y >= 0 as claimed. Now, using Lemma 2.4, we get that T is
Hermitian. Q.E.D.

Lemma 2.6. [20, Lemma 11] Let T be a closed and Hermitian linear relation. then, for any x ∈ D(T) and any z ∈ C
with z = a + ib and a, b ∈ R,

∥(T − zI)(x)∥ = ∥(T − aI)(x)∥ + b∥x∥.

Definition 2.4. [17, Definition, 2.3] Let T ∈ LR(X). The subspace R(T − λI)⊥ is called the deficiency space of T
and λ, and the number dλ(T) := dim(R(T − λI)⊥) is called the deficiency index of T and λ.

Lemma 2.7. [20, Lemma 9] Let T ∈ CR(X) and satisfy that there exists c > 0 such that

∥T(x)∥ ≥ c∥x∥, x ∈ D(T).

Let S ∈ LR(X) withD(T) ⊂ D(S) and S(0) ⊂ T(0), and satisfy

∥S(x)∥ ≤ b∥Tx∥, x ∈ D(T),

for some constant 0 ≤ b < 1. Then, T + S is closed. Moreover,

dimR(T + S)⊥ = dimR(T)⊥.

2.2. Main Results

Our goal in this section is to find sufficient conditions ensuring that L is self-adjoint when the diagonal
matrix linear relation T is self-adjoint. We start our investigation by the following theorem which gives
sufficient conditions for L to be Hermitian. Let us define the block matrix linear relation

L =

(
A B
C D

)
, T :=

(
A 0
0 D

)
and S :=

(
0 B
C 0

)
,

where A, B, C and D be closed linear relations withD(A) ⊂ D(C) ,D(D) ⊂ D(B).

Theorem 2.2. Let X and Y be two Hilbert spaces. Suppose that A ∈ LR(X), B ∈ LR(Y,X), C ∈ LR(X,Y) and
D ∈ LR(Y). If A, D are self-adjoint relations and C = B∗, then L is an Hermitian relation matrix. ♢
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Proof. Let us assume that
[(

x
y

)
,

(
z
t

)]
∈ G(L). We propose to show that

{〈(
z
t

)
;
(

x
y

)〉
:
(

z
t

)
∈ L

(
x
y

)}
,

takes real values. For this purpose, let
(

z
t

)
∈

(
Ax + By
Cx +Dy

)
, then there exists z1 ∈ Ax, z2 ∈ By, t1 ∈ Cx and

t2 ∈ Dy such that z = z1 + z2 and t = t1 + t2. Hence, we have〈(
z
t

)
,

(
x
y

)〉
= ⟨z, x⟩ + ⟨t, y⟩

= ⟨z1 + z2, x⟩ + ⟨t1 + t2, y⟩
= ⟨z1, x⟩ + ⟨z2, x⟩ + ⟨t1, y⟩ + ⟨t2, y⟩.

Since G(C) = G(B∗), then (x, t1) ∈ G(B∗). So, by the definition of an adjoint relation on Hilbert spaces we
obtain

⟨t1, y⟩ = ⟨x, z2⟩, for all (y, z2) ∈ G(B).

Thus,〈(
z
t

)
,

(
x
y

)〉
= ⟨z1, x⟩ + ⟨t1, y⟩ + ⟨t1, y⟩ + ⟨t2, y⟩. (1)

Since A and D are self-adjoint relations, then by using (1) and Lemma 2.5, we conclude that{〈(
z
t

)
;
(

x
y

)〉
:
(

z
t

)
∈ L

(
x
y

)}
⊂ R.

Now, again by Lemma 2.5, we conclude that L is Hermitian. Q.E.D.

We then recall the following lemma that will be useful in the proof of the main theorem of this section.

Lemma 2.8. [8, Lemma, 2.5] Let X be a complex Hilbert space. Let A be an Hermitian linear relation. If there is
λ ∈ C such that R(A − λI) = R(A − λI) = X then, A is self-adjoint.

We are now able to state and prove the main theorem.

Theorem 2.3. Let us define the block matrix linear relations

L :=
(

A B
C D

)
, T :=

(
A 0
0 D

)
and S :=

(
0 B
C 0

)
,

where A, B, C and D be closed linear relations with C = B∗, D(A) ⊂ D(C) , D(D) ⊂ D(B), B(0) ⊂ A(0) and
C(0) ⊂ D(0).
If L is diagonally dominant of order b < 1

√
2
, then L is self-adjoint whenever T is self-adjoint. If Moreover, C∗ = B

then we have the equivalence.

Proof. Since, L is diagonally dominant of order b < 1
√

2
, it follows from Corollary 2.1, that L is closed. On

another hand, there exists a real a > 0 such that

∥B1∥ ≤ a∥1∥ + b∥D1∥ 1 ∈ D(D)
∥C f ∥ ≤ a∥ f ∥ + b∥A f ∥; f ∈ D(A).

It follows that
∥B1∥2 ≤ 2a2

∥1∥2 + 2b2
∥D1∥2; 1 ∈ D(D)

∥C f ∥2 ≤ 2a2
∥ f ∥2 + 2b2

∥A f ∥2; f ∈ D(A).
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Hence, we obtain for zt = ( f , 1)t
∈ D(A) ⊕D(D) = D(T )

∥Sz∥2 = ∥B1∥2 + ∥C f ∥2

≤ 2a2
∥1∥2 + 2b2

∥D1∥2 + 2a2
∥ f ∥2 + 2b2

∥A f ∥2

≤ 2a2
∥∥∥∥∥ (

f
1

) ∥∥∥∥∥2

+ 2b2(∥D1∥2 + ∥A f ∥2)

≤ 2a2
∥z∥2 + 2b2

∥T z∥2

≤ 2b2
(a2

b2 ∥z∥
2 + ∥T z∥2

)
≤ α(β∥z∥2 + ∥T z∥2),

with α = 2b2 and β = a2

b2 . In addition, since T is closed and Hermitian, by Lemma 2.6, we obtain

∥(T ± iβI)(z)∥ = ∥T (z)∥ + β∥z∥.

Therefore,

∥Sz∥2 ≤ α(β∥z∥2 + ∥T z∥2) = α∥(T ± iβI)(z)∥,

∥Sz∥ ≤ α∥(T ± iβI)(z)∥.

Since 0 < α < 1, applying Lemma 2.7 to T ± iβI and Swe get that

dimR(L ± iβI)⊥ = dimR(T ± iβI)⊥.

But asT is self adjoint, then by Remark 12 in [1], the spectrum ofT is real and consequently dimR(T±iβI)⊥ =
0.Hence, dimR(L± iβI)⊥ = 0.On another hand, by Theorem 2.2,L is Hermitian and therefore it is the same
for L ± iβI. Applying Lemma 2.8, we get that L ± iβI and hence L is self-adjoint. The proof is complete.

Q.E.D.

Theorem 2.4. Let us define the block matrix linear relation

L =

(
A B
C D

)
,

where A ∈ LR(X), B ∈ LR(Y,X), C ∈ LR(X,Y) and D ∈ LR(Y) are densely defined closable linear relations. Let
the following conditions be satisfied:

1. For some η ∈ (0, 1],

∥R(λ,A)∥ ≤ K1|λ|
−η, f or su f f iciently lar1e λ ∈ Γ.

∥R(λ,D)∥ ≤ K2|λ|
−η, f or su f f iciently lar1e λ ∈ Γ,

where Γ is an unbounded set of the complex plane contained in ρ(A) ∩ ρ(D).

2. D(A) ⊆ D(C),D(D) ⊆ D(B), B(0) and C(0) are closed and

∥Cx∥ ≤ K3∥Ax∥
η
2 ∥x∥1−

η
2 , f or all x ∈ D(A).

∥Bx∥ ≤ K4∥Dx∥
η
2 ∥x∥1−

η
2 , f or all x ∈ D(D).
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Then, for every sufficiently large λ ∈ Γ, the multivalued linear operator (λI−L)−1 is defined on the whole space X⊕Y
and

∥(λI − L)−1
∥ ≤ K|λ|−η,

for sufficiently large λ ∈ Γ and some constant K.
Moreover, if for sufficiently large λ ∈ Γ, (I − R(λ,T)S)−1 is single valued then (λI − L)−1 is also single valued for
sufficiently large λ ∈ Γ.

Proof. Let us define the block matrix linear relations

T :=
(

A 0
0 D

)
and S :=

(
0 B
C 0

)
.

We note that, forλ ∈ ρ(T ), I+T(0) = (λ−T )R(λ,T ) = λR(λ,T )−TR(λ,T ).Hence, we get that−I+λR(λ,T ) =
TR(λ,T ) for all λ ∈ ρ(T ). Then, for sufficiently large λ ∈ Γ, by condition 1.,

∥TR(λ,T )∥ ≤ 1 + |λ|∥R(λ,T )∥.

Thus,

∥AR(λ,A)∥ ≤ 2K1|λ|
1−η.

and

∥DR(λ,D)∥ ≤ 2K2|λ|
1−η.

Hence, by conditions 1. 2., Lemmas 2.1 and 2.2, for sufficiently large λ ∈ Γ and for any v =
(

v1
v2

)
∈ X ⊕ Y

we have

∥SR(λ,T )v∥ ≤
∥∥∥∥∥ (

0 B
C 0

) (
(λ) − A−1 0

0 (λ −D)−1

) (
v1
v2

) ∥∥∥∥∥,
≤ ((K3∥A(λ − A)−1v1∥

η
2 ∥(λ − A)−1v1∥

1− η2 )2 +

(K4∥D(λ −D)−1v2∥
η
2 ∥(λ −D)−1v2∥

1− η2 )2)
1
2 .

On another hand, for any ϵ > 0 we have

K3∥A(λ − A)−1v1∥
η
2 ∥(λ − A)−1v1∥

1− η2 ≤
ϵ2

2
∥A(λ − A)−1v1∥

η
∥(λ − A)−1v1∥

1−η +

K2
3

2ϵ2
∥(λ − A)−1v1∥

≤ (
ϵ2

2
K12η +

K2
3

2ϵ2
K1|λ|

−η)∥v1∥

and

K4∥D(λ −D)−1v2∥
η
2 ∥(λ −D)−1v2∥

1− η2 ≤
ϵ2

2
∥D(λ −D)−1v2∥

η
∥(λ −D)−1v2∥

1−η +

K2
4

2ϵ2
∥(λ −D)−1v2∥

≤ (
ϵ2

2
K22η +

K2
4

2ϵ2
K2|λ|

−η)∥v2∥.

Hence,

∥SR(λ,T )v∥ ≤

√
(
ϵ2

2
K12η +

K2
3

2ϵ2
K1|λ|−η)2∥v1∥

2 + (
ϵ2

2
K22η +

K2
4

2ϵ2
K2|λ|−η)2∥v2∥

2

≤ (
ϵ2

2
2η +

max(K3,K4)2

2ϵ2
|λ|−η) max(K1,K2)∥v∥.
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Therefore, for q ∈]0, 1[ given and ϵ > 0 fixed,

∥SR(λ,T )∥ ≤ q < 1, f or su f f iciently lar1e λ ∈ Γ.

Then, by using Proposition 2.1, i), the multivalued linear operator (I − SR(λ,T ))−1 is everywhere defined
and continuous and moreover by Proposition 2.1, ii), the multivalued linear operator has an uniformly
bounded norm

∥(I − SR(λ,T ))−1
∥ ≤

1
q − 1 j

, f or su f f iciently lar1e λ ∈ Γ. (2)

Further, for λ ∈ Γ,

(I − SR(λ,T ))(λI − T ) ⊆ λI − T − SR(λ,T )(λI − T ) = λI − T − S = λI − L. (3)

Then, by the definition of the inverse operator of multivalued linear operators we get that[
(I − SR(λ,T ))(λI − T )

]−1

⊆ (λI − L)−1.

From this, taking into account, e.g., [14, Proposition A.1.1 (a) page 280] and using [6, Formula I.1.3 (6) page
3] , we get, for sufficiently large λ ∈ Γ,

(λI − T )−1(I − SR(λ,T ))−1
⊆ (λI − L)−1. (4)

This says that (λI − L)−1 is defined on the whole space X ⊕ Y. Indeed, by (3), the range of λI − L contains
that of (I −SR(λ,T ))(λI −T ) which is X ⊕ Y. Then, the claimed result follows from (5). On the other hand,
by (2), (5), [6, Corollary II.3.13 page 38] and condition 1., we obtain

∥(λI − L)−1
∥ ≤ ∥(I − T )−1

∥.∥(I − SR(λ,T ))−1
∥,

≤ K|λ|−η,

for sufficiently large λ ∈ Γ, where K = 1
1−q

√
K2

1 + K2
2. Let us see that (λI − L)−1 is single valued whenever

(I −R(λ,T )S)−1 in single valued. From I ⊂ (λI −T )R(λ,T ) and [14, Proposition A.1.1 (d) and (e) page 280],
for sufficiently large λ ∈ Γ

λI − L ⊆ λI − T − S;
⊆ λI − T − (λI − T )R(λ,T )S,
⊆ (λI − T )(I − R(λ,T )S).

Then, by the definition of the inverse operator of multivalued linear operators (see, e.g., [6, Preliminaries
I.1.1 page 1]) and e.g., [14, Proposition A.1.1 (a) page 280],

(λI − L)−1
⊆ (I − R(λ,T )S)−1(λI − T )−1 = (I − R(λ,T )S)−1R(λ,T ). (5)

Since the right-hand side operator is single valued, for sufficiently large λ ∈ Γ, then (λI −L)−1 is also single
valued for the same λ. We get that these λ belongs to ρ(L) and (λI − L)−1 = R(λ,L). Q.E.D.

Remark 2.1. The condition (I −R(λ,T )S)−1 in single valued for sufficiently large λ ∈ Γ is satisfied when one of the
following conditions is fulfilled.
i) B and C are singfe valued bounded operators.
ii) R(C) ⊂ D(0) and B is single valued.
iii) R(B) ⊂ A(0) and C is single valued.
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Theorem 2.5. Let us define the block matrix linear relation

L =

(
A B
C D

)
,

where A ∈ LR(X), B ∈ LR(Y,X), C ∈ LR(X,Y) and D ∈ LR(Y) are densely defined closable linear relations. Let
the following conditions be satisfied:

1. For some η ∈ (0, 1],

∥R(λ,A)∥ ≤ K1|λ|
−η, f or su f f iciently lar1e λ ∈ Γ.

∥R(λ,D)∥ ≤ K2|λ|
−η, f or su f f iciently lar1e λ ∈ Γ,

where Γ is an unbounded set of the complex plane contained in ρ(A) ∩ ρ(D).

2. B and C are single valued operators,D(A) ⊆ D(C),D(D) ⊆ D(B), B(0) and C(0) are closed and

∥Cx∥ ≤ K3∥Ax∥
η
2 ∥x∥1−

η
2 , f or all x ∈ D(A).

∥Bx∥ ≤ K4∥Dx∥
η
2 ∥x∥1−

η
2 , f or all x ∈ D(D).

3. There exist two Banach spaces Z1 and Z2 satisfying D(A) ⊂ Z1 ⊂ D(C) , D(D) ⊂ Z2 ⊂ D(B) such that, for
some θ ∈ (0, 1],

∥R(λ,A)∥L(X,Z1) ≤ K1|λ|
−θ,

∥R(λ,D)∥L(Y,Z2) ≤ K2|λ|
−θ,

for sufficiently large λ ∈ Γ.

Then, every sufficiently large λ ∈ Γ belongs to ρ(L) and

∥R(λ,L)∥ ≤ K|λ|−η,

for some constant K.

Proof. Let us define the block matrix linear relation

T :=
(

A 0
0 D

)
and S :=

(
0 B
C 0

)
.

From conditions 1. and 2. we get condition 1. and 2. of Theorem 2.4. Therefore, the result of Theorem
2.4 is true. Thus, in order to get the assertion of Theorem 2.5, it is now enough to show that the operator
(λI − L)−1 is single valued.
Since S is single valued then, for sufficiently large λ ∈ Γ, R(λ,T )S is also single valued. On the other hand,
as S is closable andZ := Z1 ⊕Z2 is a Banach space contained inD(S) then ∥S∥L(Z,X⊕Y) is finite. Hence, by
condition 3.,

∥R(λ,T )S∥L(Z) ≤ ∥R(λ,T )∥L(X⊕Y,Z)∥S∥L(Z,X⊕Y) ≤ K|λ|−θ < 1,

for sufficiently large λ ∈ Γ. Therefore, I − R(λ,T )S has a bounded single valued inverse operator (I −
R(λ,T )S)−1 in L(Z). Then, since the image R((λI − L)−1) = D(T ) and the image R(R(λ,T )) = D(T ), we
obtain, by (5), that the operator (λI −L)−1 is single valued (in fact, (λI −L)−1 = (I − R(λ,T )S)−1R(λ,T ), for
sufficiently large λ ∈ Γ). Q.E.D.
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Remark 2.2. The conclusion of Theorem 2.5 remains valid if we replace the condition 2 by one of the following two
conditions.
i) B and C are single valued operators, D(A) ⊆ D(C), D(D) ⊆ D(B), and for any ε > 0, there exists K1(ε) > 0 and
K2(ε) > 0 such that

∥Cx∥ ≤ ε∥Ax∥η.∥x∥1−η + K1(ε)∥x∥, f or all x ∈ D(A).
∥By∥ ≤ ε∥Dy∥η.∥y∥1−η + K2(ε)∥y∥, f or all y ∈ D(D).

ii) For some σ > 0, ∥SR(λ,T )∥ ≤ K|λ|−σ for sufficiently large λ ∈ Γ. Indeed, the condition 2 in Theorem 2.5 is
needed in order to apply Theorem 2.4. But, in Theorem 2.4 the condition 2 has been only used for proving that
∥SR(λ,T )∥ ≤ q < 1, for sufficiently large λ ∈ Γ.

3. Application

Consider an initial boundary value problem for an elliptic-parabolic system of coupled equations of the type



∂
∂t (m1(x)u1(x, t)) = ∇ • (a(x)∇u1(x, t)) +

n∑
i=1

ai(x)
∂(m2(x)u2(x, t))

∂xi

+c1(x)u1(x, t) + f1(x, t), (x, t) ∈ Ω × (0, τ],

∂
∂t (m2(x)u2(x, t)) = ∇ • (b(x)∇u2(x, t)) +

n∑
i=1

bi(x)
∂(m1(x)u1(x, t))

∂xi

+c2(x)u2(x, t) + f2(x, t), (x, t) ∈ Ω × (0, τ],(
u1(x, t)
u2(x, t)

)
=

(
0
0

)
, (x, t) ∈ ∂Ω × (0, τ],(

m1(x)u1(x, 0)
m2(x)u2(x, 0)

)
=

(
v0,1(x)
v0,2(x)

)
, x ∈ Ω.

(6)

Here, Ω is a bounded domain in Rn of class C2, n = 2, 3; ∇ denotes the gradient vector with respect to
x variable; m1(x) > 0 and m2(x) > 0 on x ∈ Ω and m1(.),m2(.) ∈ C2(Ω); a(x), b(x), ai(x), bi(x), c1(x), c2(x) are
real-valued smooth functions onΩ, there exists δ1 > 0, δ2 > 0 such that a(x) ≥ δ1 > 0, b(x) ≥ δ2 > 0, c1(x) ≤ 0
and c2(x) ≤ 0 for all x ∈ Ω.
Moreover, m1 and m2 are ρ-regular in the sense that m1,m2 ∈ C1(Ω) and for some ρ ∈ (0, 1) for n = 2 and
ρ ∈ ( 2

3 , 1) for n = 3,

∥∇m1(x)∥ ≤ C1 m1(x)ρ, x ∈ Ω,

∥∇m2(x)∥ ≤ C2 m2(x)ρ, x ∈ Ω.

Take the space X := L2(Ω) ⊕ L2(Ω), and the. operatorM defined on X by

Mu =
(
M1 0

0 M2

) (
u1
u2

)
:=

(
M1u1
M2u2

)
:=

(
m1(.)u1
m2(.)u2

)
.

Define the matrix linear operators :

Gu :=
(
G1 0
0 G2

) (
u1
u2

)
:=

(
∇.(a(.)∇u1) + c1(.)u1
∇.(b(.)∇u2) + c2(.)u2

)
withD(G) :=

(
H2(Ω) ∩H1

0(Ω)
)
⊕

(
H2(Ω) ∩H1

0(Ω)
)

and

Su :=
(

0 B
C 0

) (
u1
u2

)
:=

 ∑n
i=1 ai(.)

∂u2
∂xi∑n

i=1 bi(.)
∂u1
∂xi


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withD(S) := H1(Ω) ⊕H1(Ω).

Introduce the new unknown function v =
(

v1
v2

)
:=M

(
u1
u2

)
and set

T = GM−1 =

(
G1M

−1
1 0

0 G2M
−1
2

)
defined onM1(

(
H2(Ω) ∩H1

0(Ω)
)
) ⊕M2(

(
H2(Ω) ∩H1

0(Ω)
)
).

Then the system (6) is reduced to the inclusion system

∂
∂t

(
v1
v2

)
∈ L

(
v1
v2

)
+

(
f1(x, t)
f2(x, t)

)
(7)

with initial condition

v1(0) = v0,1, v2(0) = v0,2 (8)

where

L := T + S =
(
G1M

−1
1 B

C G2M
−1
2

)
.

In order to apply Theorem 2.5 to the system defined by the matrix relation L, we will first check its
assumptions. In view of Remark 2.2, and since the operators B and C are continuous, it is sufficient to check
the conditions 1 and 3. To do this, we start by noting that,

∥R(λ,GiM
−1
i )∥L(X) = ∥Mi(λMi − Gi)−1

∥L(X) for i ∈ {1, 2}.

On another hand, by [10], (1.5) we have the estimate

∥Mi(λMi − Gi)−1
∥L(X) ≤ Ki(1 + |λ|)

−
1

(2−ρ) ; (9)

holds in the sector Σi := {λ ∈ C : Reλ ≥ −Ci(1 + |Imλ|)} for some Ci > 0. Thus, the condition 1 of Theorem
2.5 is fulfilled with η = 1

(2−ρ) .
Further, arguing as in [7] and introduce the Hilbert spaceZ := H

n
2+ε(Ω), 0 < ε < 1

2 .
It can be shown that

∥R(λ,Gi)∥L(X,Z) ≤ Ci(1 + |λ|)
n
4+
ε
2−

1
(2−ρ) ;

in the sector Σi. Then for any ρ ∈ (0, 1) if n = 2 and for ρ ∈ ( 2
3 , 1) if n = 3, there exists ε > 0 such that the last

exponent will be negative. Therefore, condition 3 of Theorem 2.5, is fulfilled with θ = − n
4 −

ε
2 +

1
(2−ρ) > 0.

Noting now that Z ⊂ H1(Ω) and S is bounded from H1(Ω) ⊕ H1(Ω) into L2(Ω) ⊕ L2(Ω). Therefore, the
Theorem 2.5 can be applied and we conclude that

∥R(λ,T + S)∥L(X) ≤ C|λ|−
1

(2−ρ) , (10)

for any sufficiently large λ in Σ1∩Σ2. In addition, a change of unknown function in (6) to u(x, t) = e−ktw(t, x)
with sufficiently large k yelds that (10) can be assumed to hold for all λ in the sector Σ1 ∩ Σ2 and not only
for |λ| big enough. Hence, by Theorem 3.1 in [11], we conclude that L = T + S generates an infinitely
differentiable semigroup etL on X with ∂

∂t e
tL
⊂ LetL, t > 0. Then in view of Theorem 3.7 in [11], we get that

the function defined by (
v1(x, t)
v2(x, t)

)
= etL

(
v0,1(x)
v0,2(x)

)
+

∫ t

0
e(t−τ)L

(
f1(x, τ)
f2(x, τ)

)
dτ

is the unique strict solution to (7) and (8). This then yields that for any f ∈ Cσ([0, τ); L2(Ω) ⊕ L2(Ω)),
1−ρ
2−ρ < σ ≤ 1, and

(
v0,1
v0,2

)
∈ L2(Ω) ⊕ L2(Ω), there exists a unique strict solution of the system (6).
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