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Norlund Orlicz sequence space and their Kothe-Toeplitz duals over
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Abstract. In this article, we introduce Norlund-Orlicz sequence space over n-normed space and established
that under certain conditions these space become n-BK space. We investigate some useful algebraic and

topological properties of Norlund-Orlicz sequence space. Additionally, we study the Kothe-Toeplitz duals
of Norlund-Orlicz sequence space.

1. Introduction and Preliminaries

The Theory of sequence space plays an important role in mathematics. We shall write w, {1, {,, {,c and
co for the set of all complex, bounded, p-absolutely summable, absolutely summable, convergent and null

sequences, respectively. Let (U], ||.|[) be a normed linear space and I' be a scalar-valued sequence space, then
the vector-valued sequence space I'(U) defined by

() = {() : u, € U forall r € N and |ul| € T}.
The ¢, (1 < p < o0) norm in a Banach space defined by

[ee]

1

lall =" ()
r=1

Peyerimhoff [13] and Mears [10] introduced the concept of Norlund means. Let (t,) be a sequence of non-

n
negetive real numbers with ty > 0 and T,, = Ztr for all n € IN. Then the Norlund mean of the sequence

r=0
t = (t,) is denoted by 0, and defined by

0=

n
Ztn—rur
r=0

Ty
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Yesilkayagil et al. [23] defined the Norlund sequence space Nds,, 1 < p < oo, defined by

[

1 ¢ ;
Nis, = {u = () ew: |lull, = (Z T—Zun_,u,w)’ <o, 1<p< oo},

n=1 ~"r=0

and

n

) 1y
Nos = {u = (uy) €w: ||ull = sup T—thn,yurl < oo}.
=0

The inclusion €, C Nds,(1 < p < o0) is strict. Wang [22] defined and investigated the non-absolute Norlund
sequence space N, as follows.

Np={u:(ur)€w:||u||p=(i

n=1

x
) <oo,1§p<oo},

1 n
— ) thu| < oo}.

Singh et al. [17] defined Norlund difference sequence space N,(A) and Neo(A) as

1 n
e E tn—rAur
T" r=0

1 n
— Y t,_u
Tﬂ;nrr

and

No = {u = (uy) €w: |Jull = sup

n

X
) <oo,1§p<oo},

1 n
— ¥ ti_Au,l < oo}.
7L

and prove that for 1 < p < oo, the inclusions N, C Ny(A) and Ne C Noo(A) are strict. Also, we define the
following sequence spaces

OP(A) = {u =) ew: Z (%thn—rAuA) <o, 1<p< OO}/
n=1 """ r=0

No(d) = {u = (ur) €w': ull, = (i

=1
and

Noo(A) = {u = (ur) € w: |Julloo = sup

n

and

1 n
Ow(A) = {u =) ew: snl;[l) T—H;Itn_rAuA < oo}.

The inclusions O,(A) € Ny(A), Nos, € N, and Nds, C Op(A) are strict for 1 < p < oo.

Kizmaz [6] introduced the concept of difference sequence space by studying ¢,(A), {w(A), c(A) and co(A).
Et et al. [3] further generalized the concepts by introducing the spaces Loo(AY), c(AY) and co(AY). For the
sequence u = (u,), Au = (Au,) = (U, — Ur41), let k, £ be non-negative integers, then for Z = ¢, ¢y and €, we
have the sequence spaces

Z(AY) = {u = (u) €w: (Afwy) € Z),

where Aiu = (A}fur) = (Af‘lu, - A£_1u7+1) and A} = u, for all r € N. The binomial representation of

Afu = (Alu,) defined by [
4
Alfur = E (_1)m(m)ur+km-

m=0

For more details about the difference sequence space, refer to [18], [14], [2], [15].
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Definition 1.1. A Banach space (U, || - ||) is called a BK-space if it has continuous coordinates, that is, for a complex
sequence u" = (u}),u" — u (n — oo) in then ul! — u, (n — o).

Definition 1.2. A real valued function||-, .. .,-||on U" is called n-norm on U if it satisfy the following four conditions:
(1) l(u1, uz, ..., un)ll = 0 if and only if uy, uy, ..., u, are linear dependent in U,
(2) (w1, uz, . .., uy)ll is invariant under permutation,

B) lGyur, ua, ..., u)ll = Iy, uz, . ..., un)ll for any y € R and
(4) “(u + u’/ MZ/ cecy ul’l) S ”(u/ u2/ cecy uTl)” + ”(u,/ 1/[2, cecy ul’l)”'
The pair (UL ||, .. .,-|l) is called n-normed space over the field R.

Remark 1.3. Let (U,|l,...,-|l) be an n-normed space of dimension d > n = 2 and {b1,b,,...,b,} be linearly
independent set in U. Then the following function ||-, ..., || on U™ is defined by

||(u1/ MZI sy un—l)”oo = mﬂx{”(ul, u2/ ey unflr bl)” : l = 1/ 2-/ ey Tl},
is called an (n — 1)-norm on U with respect to {by, by, ..., by}.
Definition 1.4. A sequence (u,) in an n-normed space (U, |-, ..., ||) is said to converge to some T € U if

i Nt =T, fi - foll = 0,

forevery fi, f2,..., fu-1 € UL

Definition 1.5. A sequence (u,) in an n-normed space (UL ||, ..., -|[) is said to be a Cauchy if

lim ”(ur - up/flr' . '/fn—l)” = 0/

rp—00
for every Cauchy sequences fi,..., fa-1 € U.
Remark 1.6. An n-Banach space is a complete normed-linear space with respect to the n-norm defined on U.

For more details about sequence space and n-normed spaces, one refer to [11], [4], [5].

Definition 1.7. A continuous, non-decreasing and convex function M : [0,00) — [0, o0) is said to be an Orlicz
function if it satisfies the following conditions
(DM(u) =0 for u =0, M(u) > 0 for u > 0,

2)M(u) — o0 as u — oo,

Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to define the following sequence space,
pm = {u =W,)eEw: ZM(M) < oo, for some T > O}.
r=1 T

The Orlicz sequence space £ is a Banach space with the norm defined by

llull = il’lf{’l’ >0: 2M(Iu—;|) < 1}.

For more details about Orlicz sequence space, refer to [12], [19], [20], [21], [16], [1].

Let w(n — U) denotes U-valued sequence space, where (U ||,...,||) be an n-normed real linear space,
M = (M;) be a sequence of Orlicz functions and v = (v,) be a sequence of positive real numbers. Then for
every nonzero fi, ..., fu € U, we define the following sequence spaces
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Ny, 0, AL I, ..l =

{(ur)ew(n—ll) ZM(H— M Jfiee fam

T

P
) <m,

for some T > 0},

Neo, 0, AL I, ll)

)<

r=0 T
for some T > O},
-Lp(i):n/ o, At” ||r ceey ”)
0 v, AL Cu, P
:{(Mr)GW(n_u)ZZMr( fl/ . ,fn,1 ) < 0,
r=1

for some T > 0},

Op(i):n/ 0, Af[ ||/ sy ||)

5 1 i vrtn—rAfur P
:{(ur) ewn-U): ZMZ(T Z %/flp-wfn—l ) < o,
i=1 =0

1

for some T > 0},

O, 0, AL Il ..., l])

Urty— rA u,

fnl

)<

for some T > 0}.

Lemma 1.8. For 1 < p < oo, the Banach spaces
(i) Ny is normed by

el = (i

P);

1 i
T Z‘ tn—rur
i

r=0

i=1

(it) O, is normed by

Il =

1

Ms

17=

1]
—_
o

i

12760
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(iti) £, is normed by

=) 1

14

Il = (Y i)
=1

(iv) Noo is normed by

1 i
= —Z £,
[[aal| sgplTi 2 n—rlly

(v) O is normed by

1 i
= — En—rUy|.
el gpngynmA

Throughout this article, we use the following inequality. Let p = (p,) be a sequence of positive real number
with 0 < p, < sup p, = F and let G = max{1,2F!}. Then for the sequences (c,) and (d,) in the complex plane,

we have
&+ dp" < Glle " + 1) @

Also, |c,]Pr < max{1,]|c|f} forall c € C.

2. Main Results

This section studies Norlund Orlicz sequence space over n-normed space. Further, we study their com-
pleteness and interesting inclusion relations between these spaces.

Theorem 2.1. Let Mt = (M;) be a sequence of Orlicz functions and v = (v,) be a sequence of positive real numbers.
Then the class of sequence Z(IN, v, A]f, I ..., l), is linear for 1 < p < oo, where Z = Ny, Neo, Op, Oco and Ly,

Proof. Letu = (u,),z = (zr) € Op(M, v, A]‘;, I,..., ) and y,6 € R. Then there exist a positive numbers 71, 7,
such that

00 1 i Ot A[u p
Z M'(T Z M,fl, «oos fu=1||] < oo, for some 71 >0
i=1 =0 o
and
00 1 i Ok A[’Z P
/\/(i(F Z #,fl,...,fn_l < oo, for some 7, > 0
i=1 i r=0 2

Let 13 = max(2ly|t1,2|6|72). Since M = (M;) is non-decreasing and convex so by using inequality (1), we
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have

YOrtu Abuy + S0yt ALz,

o0 1 i p
ZM;(_ /fl/"-/fn—l )
=1 170 3
= 1 o ||OrtnrALur g
< M| = —_—f, e, fue
_Z ( i|y|Z = fue
i=1 r=0
- 1 i Urtn—rA]fzr g
+ =0 —_— A, e, fue
Y MY [ A fi

Oty AU,

p
/fl/-"/fl’l—l )
)P
Thus, yu+oz € O,, (M, o, A]‘;, l|-,...,-|). Hence O;7 (M, o, A}f, II-,...,-|l)is alinear space. Using similar arguments,
we can show that the space Z(M, v, Ai, II,...,-ll) is linear for Z = N, Neo, O and L,. [

T3

Oty ALz,

/fl/”-/fn—l

3

Theorem 2.2. Let M = (M;) be a sequence of Orlicz functions, v = (v,) be a sequence of positive numbers, and U be

an n Banach space. Then for1 <p < oo
(i) The space Z(M, v, Ai, I, ..., |l) is an n Banach space, n-normed by |lu', u?,..., ”””Z(mv,Ag) =0iful,u?,u

{ =) i 1
1 p
are linearly dependent and Z‘HW, fi, oo fall+ ( Z Mifz )p forevery fi,..., fa-1 €
=1 i=1 Lr=0

U ifut,u?,...,u" are linearly independent, where Z = Ny, Op, Noo and O
(ii) The space L,(M, v, Ai, I, ..., |l)isann Banach space, n-normed by |[u',u?, ..., ”n”L,,(mt,v,Ag) = 0iful,u?,u

U,Alfur P\ 4 .
i fama forevery fi,..., fu-1 € U if

T

3 n

e, U

¢
vrtn_rAkur
T

rfl/--'/fn—l

3 n

e, U

' 00
are linearly dependent and = leur, fi,ooo famll + (Z/\/b
r=1 r=0

ul,u?, ..., u" are linearly independent.

Proof. 1t is easy to show that the spaces Z(M, v, A,f, I ..., Lp(M, o, A]f, II-,...,|l) are n-normed spaces un-
der the n-norm as defined above. Here, we only prove the completeness for the space O« (M, v, A]f, -, ..., D
and the others can be proved by similar arguments. We consider (uh);"=1 be a Cauchy sequence in
O (M, 0, AL I-,...,Il), where ut =l = () € O, 0, AL |I-,...,-|l) for each h € N. Let ¢ > 0.
Then there exist a positive integer N such that

h 2
" =u”, g%, ..., g o, @moaty < €

forallh,p > N and for every 42,...,4" € Ox(M, v, AL |I-,...,-|)).
We have

¢
Y W =i, fi, o fuall
r=1

i

+sup Ml(% Z

r=0

Oty AL (ult — ut)

T

rfl/---rfnfl

)<
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forall h,p > N and for every fi, ..., fu-1 € U. This shows

4

Yl =i, fi fuall < €

r=1
and ' ,
1 o || Ortn—rAL(u) = 11})
| = —_— f,..., fuall) < €
Slzl-le(Ti;)‘ < 1 fut ) €

for all h,p > N and for every fi, ..., f,-1 € U. Hence, IIuI; - uf,f1,...,fn_1|| <eforallr=1,2,...,¢ and for
every fi,..., fu-1 € U. Therefore, (ui’) is a Cauchy sequence for all ¥ = 1,2,..., ¢ in U, an n-Banach space.
Hence, (u’;) convergesin U forallr=1,2,...,¢. Let I}imu}; =u,forallr=1,2,...,¢.

B
forall h,p > N and for every fi, ..., fu-1 € U. This implies for every fi, fo,..., fu-1 € U
1<
M ;

forall h,p > N and i € N. Thus, (Aiu’}) is a Cauchy sequence in O (M, u, Ai, II-,...,Il) which is complete.
Hence, (Aiuf) converges for each r € IN. Let I}im Aiuf = z,, for each r € IN.

Further, we have
i

SL}p M,(% Z

r=0

Oty AL — 1))

T

/fl/"'/fn—l

Urtn—rA;f(uI: - Llf)

- 1o fua|| < €

Forr =1, we have

¢
¢
. h . m
,}1_{?0 Al = ]}1_{?0 mz=o(_1) (m)u1+km =2, (2)
Also,
}}im ul = u, (3)

forr=1+km,form=1,2,...,{—1.
Thus, from equation (2) and (3), we have hlimu}ll +¢ exists. Let hlimu}l’ +¢ = Ui4¢. Proceeding in this way

inductively }}im ul' = u, exists for each r € N.

—00

Now for every fi,..., fu-1 €U

13 {
lim Y e} =l fi o foall = ) Mol =, i foall <
r=0 r=1

forallh > N.
Again, using the continuity of n-norm, we find that for every f;,..., fi-1 € U

J<e

0,0 ¢
v,t,,_,Aku, = Optp—r AU,

i

Mz-(% Y

r=0

v,tn_,Aiuﬁ’ . vrtn_rAIfuf

L lim L f fi

forall h > N and i € N. Hence, for every fi, ..., f-1 € U

i

sup Mi(% Y,

r=0

/fl/-'-/fn—l

)<

T
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forallh > N.
Thus, for every g2, ..., g" € Ox(M, 1, A]f, |}

h 2 V
" —u,g°,... ,gn”ow(ﬂﬁ,v,A,f) <2¢

for all h > N. Hence, (1" — u) € O(M, v, Ai, I, ..., -]l). Since Ou(M, v, Ai, II-,...,-ll) is a linear space, thus
forallh > N,u = u" — (" — u) € Ou(M, v, Ai,ll-,...,-”). Hence O (M, v, A]f, II,...,-|l) is complete and is an
n-Banach space. [

Corollary 2.3. If the base space is a Banach space. Then the spaces Z(W, v, AL, ||-,...,-|l) is an n-BK space, where
Z = Ny,0p, Ly, Noo and O.

Theorem 2.4. Let M = (M;) be a sequence of Orlicz functions, v = (v,) be a sequence of positive numbers. Then
ZON, u, Ai‘l, ..o ) € Z(M, u, Ai, Il-,....ll), where Z = Ny, Op, L, Noo and Oc.

Proof. Letu = (u,) € N,,(SIR, v, Ai‘l, II,...,l),1 < p < co. Then for every non zero fi, ..., fu1 € U,

—1
Urn 7 ur
ZMI H /fl/"-/fnfl

Now, we have for every nonzero fi,..., fi-1 € U

)p < . )

(o A u
M,‘( . Z rln—r r fn . )
1 < Ot A
SMI( = M/fl/“'/fn—l )
Ti e T
1 d Urtn—rAi_lqu
+M1( Tl - fum1 )

r=0

It is known that for 1 < p < oo, |c + dJP <27(|c]’ + |dJ’). Hence, for 1 < p < oo,

1 = OrbnrDluty p
Ml(”i ;O f/fl/' . -/fnfl )

1 v Oty Al
SZP{MI(HT Z M/fl/ oo rfnfl
1
r=0

T

)p
J}

-1
Urtn rAk Urs1

+M,; H iy )

T

Then for each positive integer r, we get

r i ¢
1 Optn—r AUy
Z /\/IZ(HT7 Z frfl/ .. ~/fnf1

)F’
Oty A
<2p{ZM ” rnr ’ fl/"'/fi’l—l
i=1

r

-1
Urty- rA Urs1
2: k
+ M, H— — fl/-"/fn—l
i=1 r=0

)p
/)

T
i=
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Taking r — oo and using equation (4), we have

Pl 5 <

Thus, N,(M, v, A]f‘l, ..., ) € Npy(D, o, A " Ao i) for 1 < p < 0. Using similar arguments we can prove
for the spaces Z = O,, L,, Noo and O. The mcluswn is strict, and it follows from the following example. [

Example 2.5. Considering U = R3, a real linear space. Define ||-,-|| : Ux U — R by |/, v'|| = max{lujo
uyvy|, [uyoy — vjusl, [ugol — ujvlll, where u’ = (u}, uy, uy), v = (vl,v 3) € R. Then (U, ||-,-||) is a 2-normed lznear
space. Let(vr)—lt,,r—l(M)=I,f0ralli€]N,€:2andk—1 Letw = (u,) =(r+1,r+1,r+1) forall
r € N. Then A*(u}) = (0,0,0) for all r € N. Hence, (u;) € Ny(W, v, A% ||-,-Il), Thus A(u}) = (-1,-1,-1) for all
r € N. Hence, (u;) € Npy(MW, 0, A, I, -|l). The inclusion is strict.

Theorem 2.6. Let M = (M;) bea sequence of Orlicz function, v = (v,) be a sequence of positive numbers. Then

(i) Op(M, v, Af -l € N, (I, U,Ai, o) © N (O, U,Ai,” ...,*||) and the inclusions are strict.
(i) O,(M, v, k,||, ) € O, 0, AL Il € Noo 0, AL I, 1) and the inclusions are strict.

Proof. Clearly, the inclusions follow from the definition. [

Remark 2.7. £,(M, v, ALl ..., ) € Op(M, 0, AL L, ...,

Example 2.8. Let p = 1 and 2-norm ||-,+|| on U = R3 in example 2.5. Let £ = 2,k =1,(v;) = 1 and (M;) = L
Consider the sequence (u;) = {(2,2,2),(0,0,0),(0,0,0),...}. Then Al = (2,2,2) forr=1and A?u! = (0,0,0) for
all ¥ > 1. Then (1)) € LM, v, A%, ||, -l) but () ¢ O(M, v, A2, ]|, -

Theorem 2.9. For 1 <p < g, we have

(00, 0,8 I A) > NyOR 0, AL )
(i) LM, 0, AL, n,..., D> L0, AL Il .. |
(iii) Oq(im, v, A[, [l,...,- ) D O,,(EUE v, k,|| D

Proof. Letu € Oy(M, v, Ai, [I,...,-I]). Then there exist T > 0 such that

= 1 = OrbnrAlty P
MI(H_ —/flr"-/fn—l ) < 0o.
This implies

P o

Since (M;) is non decreasing for sufficiently large values of i, thus we get

iMl H_Z ZJY%Aurrfl/-“/fnf‘l )q
i=1
)F’

[ee]
vr n— rA Uy
<Y M H— T i fo

i=1

< 00,

Thus, u € O,(M, v, AL .. Using similar arguments we can establish the inclusions (i) and (ii). O
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3. Kothe-Toeplitz duals of Norlund Orlicz sequence space

Kothe and Toeplitz [7] introduced the idea of dual sequence space. Then Maddox [9] generalized this
notion to U-valued sequence classes where U is an n Banach space. The a and p-duals of a (complex-
valued) sequence space E, denoted by E* and EF respectively, and defined by

EY = {(c,) cw: Z lcyu,| < oo forall u = (u,) € w},
r=1

Ef = {(C,) Ew: Z cuy converges for all u = (u,) € w}
r=1
Definition 3.1. A real valued n-functional defined on By X - - - X B,,, where By, . .., B, are linear manifolds of a linear
n-normed space. Let H be an n-functional defined on a domain By X --- X B,. Then H is called a linear n-functional
whenever for all 'by, by, ..., by € B1,2b1,2 by, ... > b, € Byand "by," by, ... " b, € B, we have
(@) H(*by, by, ... 0,2 01,2 by, ... 2 by, ... by, by, .. M Dy) = Yo<iy, iy, o i<n H(b;, ' b,,... b;)
(ll) H(ﬁlbl, ce rﬂnbn) = 51, ce /ﬁn H(bl,bz, .. .,bn),fOV all ﬁl,ﬂz, . /ﬁn eRR.

Remark 3.2. Let H be an n-functional with domain D(H). Then H is called bounded if there is a real constant
R > 0 such that |H(by, ..., by)l < Rllby, ..., bl for all (by,...,b,) € D(H). If H is bounded, we define the norm
|H|| = glb{R : H(b1, ..., by) < Rl|by, ..., byl forall (by,...,b,) € D(H)}. If H is not bounded, we define |H|| = +co.

Proposition 3.3. A linear n-functional H is continuous if and only if it is bounded.

Proposition 3.4. Let A* be the set of bounded linear n-functionals with domain Ay X. .. X A,. Then A* is an n-Banach
space up to linear dependence.

For any n(> 1)-normed space E, the continuous dual of E denote by E*.

Definition 3.5. Let E be an n-normed linear space, normed by ||-,...,-||g, the Kothe-Toeplitz dual of the sequence
space Z(E) whose base space is E, defined as

[Z(E))* = () : 0, € E',r € Nand (ltr, 92, - ., gallelor, for -, fulle:) € 1)
forevery fo,..., fu €E', g2,..., 90 € E,(u,) € Z(E). Clearly for p € U, if U C V, then V* C U“.
Remark 3.6. We consider the set
SN, 0, AL Il = {u = () s € N0, AL Il M), 1 = .o = e = O).

Then for 1 < p < oo, SN,(M, v, A]f, I, ..., l) is a subspace of N,(M, v, A]f, I, ..., I). The other subspaces are also
determined in the same way.

Theorem 3.7. u € SNw(AY) implies supr~||u,, f>,..., full < .
r

Proof. Since, u € SN(A"), thus

< 00.

1w
s%p I'Tz ; A'u,t,_,

Let,

< 00

1<
‘— Afurtn_,
iy

1 ., 1 .
_'A[ 1urtn—r - ?Ag 1Mr+1i'n—(r+1)
i i

sup
P

= sup
,

< 00,
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Now,

r

1 _ _
:Hf Z (Af Yty — A 1”p+1tn—(p+1))
1

p=1
’
<),
p=1

1, 1,
HEA[ Yty — ﬁAf Yiitae )

1 1
—Ag_llxl they — —A‘)—lu 11’ —(p+1
T; PP T p+1tn—(p+1)

=0(r).
This implies
sup Ay, o, ful| < 00,
r
Similarly,
sup 2| A2y, Sfareeos ful| < 00,
r
continuing this process, we have
sup Ay, fareeos ful| < 00,
r

fork=1,2,...,¢.
For k = ¢, we get the desired result. [

Lemma 3.8. u € SN, v, A]f, I, ..., -I) implies supr_flluy, fo, oo, full < o0 forevery fo,..., f, € U.
r

Proof. Using Theorem(3.7), we easily prove Lemma (3.8). O

Theorem 3.9. Let v = (v,) be a sequence of positive numbers, M = (M) be a sequence of Orlicz functions. Then the
Kathe-Toeplitz duals of the space SNy(W, v, AL, |I-,...,|l) is U, that is, [SN(I, v, AL II-, ..., ID]* = U, where

U = {c =(c): Z rfllcr,fz,...,fnllu* < oo, forevery fa,..., fn € U}.
r=1

Proof. If c € U, then
Y ler foroos fullulling, g2, gl
r=1

(o8]
=Y Fller for oo Fallar Nt g, Gallu)
r=1

< 00,

for each u € SN (M, v, A]f, II-,...,|l) by Lemma (3.8). Hence, u € [SNe(M, v, AL II-, ..., -[)]%.
Again, let c € [SN(M, v, Ai, [I, ..., ID]*. Then

(o)
Y ler foreeos fulliellig, g2, - gullu < oo,
r=1

for each u € SN (M, v, Ai, =)}
Define the sequence u = (u,) by
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0, r<¢,
U, =
lr>¢
and choose g5, ..., g, € U such that

0, r<¢

I, o, gall = 71U, g, -, gl = {r'f,r >t

Thus, we have f,,..., f, e U"

(e8] (9]
Y ller foro fullue = Y 1 g2, galluler, fo, - fullr
r=1 r=1
4
=Y 1,2, gallulics, for -, Fullr
r=1

(e8]
+ Y1 g2 galulics, for -, fullr
r=1

<00,
This impliesc e U. O

Theorem 3.10. Let v = (v;) be a sequence of positive real numbers, M = (M;) be a sequence of Orlicz functions
Then [SNOO(g‘R/ 0, A]t;/ “/ crs ”)]a = [ODO(E]‘RI 0, A]f/ ||/ cey ”)]a

Proof. Since SN (I, v, Ai I, ..., ) €O (M, v, A]f, I-,...,-ll), we have [Os(I, v, Alf [I5,...,-ID]* € [SNw(, v,
AL, ..., D] Let ¢ € [SNao(, 0, AL l-,...,ID]* and u € Ow(‘lR,U,Ai,ll-,...,-ll). Consider the sequence
u = (u,) defined by
{ur,r <{,
U, =
u,,r>¢,

where, 1’ = (1) € SNw(M, v, AI‘;, I, ..., -I). Then we write

oo {
Y ller, foroo filluellty, g, galla = Y Ner, foo oo, fullue e, @2, - gllu
r=1

<
—_

+

gk

”CV/fZ/- . -/fn||U*||u;/g2/- . -/gnHU

I
—_

<00,
This implies ¢ € [O(M, v, AL, ..., D]*. O
Corollary 3.11. Let v = (v,) be a sequence of positive real numbers, M = (M;) be a sequence of Orlicz functions.
Then [SNDOg‘R/ U/ A[/ ||I ey ||)]Ut = [NOO(E)‘R/ U/ A[/ ||/ ey ||)]0(

4. Conclusion

In this article, we obtained many useful topological and algebraic properties of Norlund Orlicz sequence
space and established their Kéthe-Toeplitz duals. These results will be helpful to study Euler, Holder,
Hausdorff, and other means in the setting of Orlicz sequence space. Additionally, these investigations
generalize the concept of summability theory in the setting of Orlicz sequence space.
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