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Abstract. In this paper, we show that if A is an infinite dimensional separable unital inner quasidiagonal
C'-algebra, and a : G — Aut(A) is an action of a finite group G on A which has the weak tracial Rokhlin

property, and A is a-simple, then the crossed product C*(G, A, a) is a separable inner quasidiagonal C*-
algebra again.

1. Introduction

Quasidiagonal C*-algebras have now been studied for more than 30 years. In [26] Voiculescu gave a
characterization of quasidiagonal C*-algebras as following:

Definition 1.1. A C*-algebra A s quasidiagonal if, for every x1,x,- -+ , x, € Aand e > 0, there is a representation 1
of A on a Hilbert space H, and a finite-rank projection p € B(H) such that ||pr(x;) —t(xi)pll < &, llpr(x)pll > llxill— ¢
for 1 <i < n, where B(H) is the C*-algebra of all bounded linear operators on H.

In [2] Blackadar and Kirchberg study NF algebras and strong NF algebras. To see the difference between
the class of NF algebras and the class of strong NF algebras, Blackadar and Kirchberg introduce the concept
of inner quasidiagonal by modifying Voiculescu’s characterization of quasidiagonal C*-algebras:

Definition 1.2 (Definition 2.2 of [3]). A C*-algebra Ais inner quasidiagonal if and only if for every x1, X, -+ , X, €
Aand e > 0, there is a representation 1t of A on a Hilbert space H and a finite-rank projection p € n(A)” c B(H)

with [[pre(x;)pll > llxjll — € and ||[p, 7t(x))]ll < € for all j, where B(H) is the C*-algebra of all bounded linear operators
on‘H.

It was shown that a separable C*-algebra is a strong NF algebra if and only if it is nuclear and inner
quasidiagonal [3]. Blackadar and Kirchberg also gave examples of separable nuclear C*-algebras which are
quasidiagonal but not inner quasidiagonal, hence NF algebras can be not strong NF.

Next we recall some permanence results of inner quasidiagonal C*-algebras.
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Theorem 1.3 (Theorem 2.3 of [28]). If A is a separable inner quasidiagonal C*-algebra, then so is pAp for every
non-zero projection p € A.

Corollary 1.4. If Ais a separable inner quasidiagonal C*-algebra and p € A is a non-zero projection, then M, @ pAp
is inner quasidiagonal for every n € IN.

Proof. It is obvious that matrix algebra M, is inner quasidiagonal. By Proposition 6.1 of [4] and Theorem
1.3 M,, ® pAp is inner quasidiagonal. [

The Rokhlin property in ergodic theory was adopted to the context of von Neumann algebras by Connes
in [6]. The Rokhlin property (see Definition 2.3) for actions on C*-algebras appeared in [12, 14-18]. This
property is useful to understand the structure of the crossed product of C*-algebras and properties passing
from the underlying algebra to the crossed product [22]. However, actions with the Rokhlin property are
rare and many C*-algebras admit no finite group actions with the Rokhlin property. Indeed, the Rokhlin
property imposes severe K-theoretical obstructions on C*-algebras. So in [23] Phillips introduced the tracial
Rokhlin property for finite group actions on simple unital C*-algebras (see Definition 2.4). The tracial
Rokhlin property is generic in many cases (see [24]), and also can be used to study properties passing
from the underlying algebra to the crossed product [1, 7, 9, 23]. As pointed out in [27], although Phillips’
definition of tracial Rokhlin property makes sense for non-simple C*-algebras, it may be too strong to be
distinctive from the Rokhlin property. Therefore, some weak versions of tracial Rokhlin properties are
introduced for non-simple C*-algebras (see [10, 11, 13, 27]), when C*-algebra is simple, these versions of
weak tracial Rokhlin properties all imply tracial Rokhlin properties. In this paper, we adopt the definition
of the weak tracial Rokhlin property (see Definition 2.5) in [27].

In [28], the following result has been proven:

Theorem 1.5 (Theorem 4.1 of [28]). If A is a separable inner quasidiagonal C*-algebra, and a : G — Aut(A) is
an action of a finite group G on A which has the Rokhlin property, then the crossed product C*(G, A, ) is a separable
inner quasidiagonal C*-algebra again.

As mentioned earlier, actions with the Rokhlin property are rare, while the tracial Rokhlin property is
generic in many cases. So in this paper, we study the crossed products of inner quasidiagonal C*-algebras
which has the weak tracial Rokhlin action.

The organization of the paper is as follows. In Section 2, we recall some definitions and fix some
notations. We also introduce strongly tracially inner quasidiagonal C*-algebras and show that each strongly
tracially inner quasidiagonal C*-algebra is an inner quasidiagonal C*-algebra. In Section 3, we show that
if A is an infinite dimensional separable unital inner quasidiagonal C*-algebra with Property (SP), and
a: G — Aut(A) is an action of a finite group G on A which has the weak tracial Rokhlin property, then
the crossed product C*(G, A, @) is a simple separable unital tracially inner quasidiagonal C*-algebra when
A is a-simple. In the last section, we prove that if A is an infinite dimensional separable unital inner
quasidiagonal C*-algebra, and o : G — Aut(A) is an action of a finite group G on A which has the weak
tracial Rokhlin property, then the crossed product C*(G, A, @) is a separable inner quasidiagonal C*-algebra
when A is a-simple.

2. Preliminaries

We will use the following convention:

(i) Let A be a C*-algebra. We denote by Aut(A) the automorphism group of A. Denote by A, the set of
all positive elements in A. Denote by Her(a) the hereditary C*-subalgebra generated by a € A..

(ii) Let x € A, ¢ > 0 and F C A. We write x €, F, if dist(x, F) < ¢, or there is y € F such that ||x — y|| < €.

(iii) Let A be a C'-algebra and a € Aut(A). We say A is a-simple if A does not have any non-trivial
a-invariant closed two-sided ideals.

(iv) Let A be a unital C*-algebra and a,b € A,. We say a ~ b if there exists an element x € A such that
a = x*xand Her(xx*) = Her(b). Wesay a < bif there exists b’ € Her(b) such thata ~ b’ ([21]). Here Blackadar’s
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comparison is a generalization of Murray-von Neumann comparison for projections. In particular, leta € A
be a positive element and let p € A be a projection. Then p < a if and only if there is a projection g € aAa
and a partial isometry v € A such that v"v = p and vv" = g, i.e,, p is Murray-von Neumann equivalent to a
projection in aAa.

Let € be a class of unital C*-algebras. Then the class of C*-algebras which can be tracially approximated
by C*-algebras in ¢, denoted by TA%, is defined as follows:

Definition 2.1 (Definition 2.2 of [8]). A unital C*-algebra A is said to belong to the class TA€ if for any € > 0,
any finite set F C ‘A, and any non-zero a € A, there exist a non-zero projection p € A and a C*-subalgebra C C A
such that C € €, 1¢c = p, and for all x € F,

(D |lxp — pxll < ¢,

(2) pxp € C,

B3)1-pxa.

In particular, in this paper we let € be the class of inner quasidiagonal C*-algebras. We say that A is a
tracially inner quasidiagonal C*-algebra if A € TA¥. We say that A is a strongly tracially inner quasidiagonal
C*-algebra if A € TA¥ and it also needs to satisfy that |[pxp|| > ||x|]| — € for all x € F in Definition 2.1.

Theorem 2.2. Each strongly tracially inner quasidiagonal C*-algebra ‘A is an inner quasidiagonal C*-algebra.

Proof. Since Ais astrongly tracially inner quasidiagonal C*-algebra, then for any finite set F = {x1, xp, -+ , x4} C
A, any € > 0 and any non-zero a9 € A,, there exist an inner quasidiagonal C*-algebra C € A such that
lc =p,and forall x € F,

(1) llep = pl < &,

(2) pap € C, and [lpxpll > [Ixll - &,

B)1-p 3a.

Now wecanfind ¢y, ca, -+, ¢, € Csuchthat||px;p—cill < £ fori =1,2,...,n. Since C is an inner quasidiagonal
C*-algebra, there exist a representation 7 of C on a Hilbert space H, and a projection g € n(C)” € B(H) such
that

) = el < g, lar(eall > Nl = .

Without loss of generality, we can assume that 7 is nondegenerate. Define ® = n®0: C + (1 — p)A(1 —
p) = B(H) by m(a + (1 — p)b(1 — p)) = n(a) for alla € C and b € A. Then 7 is also nondegenerate and
q € (C)” < B(H). By Theorem 55.1 of [20] there exist a Hilbert space #), a subspace H; of H,, a
nondegenerate representation p of A and a unitary operator U : H — H| such that p(a) = Un(a)U" for all
a€C+(1-pA1 —-p). Letq = UgU". Then q is a projection acting on H; and it can be extended naturally
to a projection acting on Hj. To simplify the notation, we still denote the extended projection by .

Note that [lx; — (pxip + (1 = p)xi(1 = p)Il < llpxi(1 = p) + (1 = p)xipll < 5. Then

llgp(xi) — p(xi)gll llgp(xi) — gp(e)ll + ligp(ci) — pleqll + lip(cig — p(xiqll
llxi = cill + llgp(ci) — pleaqll + lici — xill
= 2llx; —cill + \UqU Urt(c)U" — Urn(c;) U UqU’||

2llx; = cill + Ugm(c)U" — Un(ci)qU||

&
§<€,
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and
lgpGgll = llgp(ci)q + qp(xig — gp(ciql

> lgp(cigll = llgp(xi)g — gp(ciqll
= llgp(cigll = llgp(pxip + pxi(1 = p) + (1 = p)xip + (1 = p)xi(1 = p))g — qp(ci)qll
= llgp(cigll = llgp(pxip — ci)q + qp(pxi(1 — p) + (1 = p)xip)q + qp((1 = p)xi(1 = p))qll
> (el = (2 +2- 2 +0)
> UgRe)gl’ll - 5
= llgn(call - 5
> el - =

2¢e

= |lpxip + c; — pxipll - 3
2¢
> |lpxipll = llei — pxipll - 3

5¢
> |lpxipll = 3

> lxill - e
It is a straightforward calculation to show that g € p(A)”. Therefore, A is inner quasidiagonal. [

Definition 2.3 (Definition 1.1 of [23] or [15]). Let A be a separable unital C*-algebra, and let a : G — Aut(A)
be an action of a finite group G on ‘A. We say that a has the Rokhlin property if for every finite set F C A, and every
€ > 0, there are mutually orthogonal projections e, € A for g € G such that:

(1) lleeg(en) — egull < € forall g,h € G,

(2) llega — aeyl| < € forall g € Gandall a € F,

(3) Lgeceg = 1.

Definition 2.4 (Definition 1.2 of [23]). Let A be an infinite dimensional simple separable unital C*-algebra, and
let a : G — Aut(A) be an action of a finite group G on A. We say that a has the tracial Rokhlin property if for
every finite set F C A, every € > 0, and every positive element x € A with ||x|| = 1, there are mutually orthogonal
projection e, € A for g € G such that:

(1) lleeg(en) — egull < € forall g,h € G,

(2) llega — aey|| < € forall g € Gandalla € F,

(3) Withe = dec eg, 1-exx,

(4) With e as in (3), we have |lexe|| > 1 — ¢.

It is obvious that a has the Rokhlin property implies that « has the tracial Rokhlin property.
An element a in a C*-algebra A is said to be full if the closed two-sided ideal generated by a is the whole
C*-algebra A. Next we give the definition of the weak tracial Rokhlin property.

Definition 2.5 (Definition 4.2 of [27]). Let A be an infinite dimensional separable unital C*-algebra, and let « :
G — Aut(A) be an action of a finite group G on A. We say that a has the weak tracial Rokhlin property if for every
finite set F C A, every € > 0, every positive element b € A with ||bl| = 1 and every full positive element x € A, there
are mutually orthogonal projections e; € A for g € G such that:

(1) lleeg(en) — egnll < € forall g, h € G,

(2) |lega — aey|| < € forallg € Gandalla € F,

(3) Withe = dec e 1—exx,

(4) With e as in (3), we have |lebe|]| > 1 — €.
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By Proposition 4.4 of [27] the weak tracial Rokhlin property coincides with the original tracial Rokhlin
property in the simple C*-algebra case.

Lemma 2.6 (Lemma 4.3 of [27]). Let A be an infinite dimensional separable unital C*-algebra, and let o : G —
Aut(A) be an action of a finite group G on A. If o has the weak tracial Rokhlin property, then for every finite set
F c A, every € > 0, every positive element b € A with ||b|| = 1 and every full positive element x € A, there are
mutually orthogonal projections e, € A for g € G such that:

(1) lleeg(en) — egull < € forall g,h € G,

(2) llega — aey|| < € forall g € Gand all a € F,

(3) Withe = ¥, eg, € is a-invariant, 1 —e < x,

(4) With e as in (3), we have ||ebe|| > 1 — «.

3. Tracially inner quasidiagonality of crossed product C*-algebras
Let’s first recall some of the results that will be used below.

Lemma 3.1 (Lemma 4.11 of [27]). Let A be a unital C*-algebra, and let a : G — Aut(A) be a finite group action
which has the weak tracial Rokhlin property. Then A is a-simple if and only if the crossed product C'(G, A, a) is
simple.

We say that a C*-algebra A has the Property (SP), if every non-zero hereditary C*-subalgebra of A
contains a non-zero projection.

Lemma 3.2 (Lemma 4.12 of [27]). Let A be an unital C*-algebra, and let o : G — Aut(A) be a finite group action
which has the weak tracial Rokhlin property. If A is a-simple, then either A has Property (SP) or a has the Rokhlin

property.

Lemma 3.3 (Lemma 4.16 of [27]). Let A be a C*-algebra with Property (SP), and let a : G — Aut(A) be an
action which has the weak tracial Rokhlin property. Then the crossed product C*(A, G, a) also has Property (SP).
Moreover, every non-zero hereditary C*-subalgebra of C*(A, G, &) has a non-zero projection which is equivalent to
some projection in A in the sense of Murray-von Neumann.

Lemma 3.4 (Lemma 3.5.7 of [19]). Let A be a non-elementary simple C*-algebra with Property (SP). Then, for any
non-zero projection p in A and any integer n > 1, there are n mutually orthogonal sub-projections p1,p2, -+ ,pu of p
which are mutually Murray-von Neumann equivalent.

Lemma 3.5 (Lemma 4.9 of [8]). Let A be a simple C*-algebra with the Property (SP). Then, for any finite set of
projections {p1, ..., pnl, there is a non-zero sub-projection e of p1 such that e is Murray-von Neumann equivalent to
a sub-projection of p; forall 1 <i < n.

Lemma 3.6 (Lemma 2.1 of [23]). Let n € IN. For every ¢ > 0, there is a 6 > 0 such that, whenever (ejx)1<jk<n IS a
system of matrix units for M,,, whenever B is a unital C*-algebra, and whenever wjy, for 1 < j, k < n, are elements of
B such that ||w;,k —wijll <6 for 1 < j,k < n, such that |[wj, g, wj,k, = 0,k Wiy k|l < 6 for 1< ja, jo, k1, ko < n, and
such that the wj j are orthogonal projections with }.i_ w;; = 1, then there exists a unital homomorphism ¢ : M, — B
such that g(e;;) = wj; for 1 < j < nand |lp(ejx) — wirll < e for 1 < j,k < n.

Theorem 3.7. Let A be an infinite dimensional separable unital inner quasidiagonal C*-algebra with Property (SP).
Let @ : G — Aut(A) be an action of a finite group G on A which has the weak tracial Rokhlin property. If A is
a-simple, then the crossed product C*(G, A, o) is a simple separable unital tracially inner quasidiagonal C*-algebra.

Proof. Let 8 = C(G, A,a). By Lemma 3.1 B is simple. It suffices to consider a finite set of the form
S = FU{u, : g € G}, where F is a finite set of the unit ball of A and u,; € B is the canonical unitary
implementing the automorphism a,. So let F C A be a finite set with ||a|| < 1 for alla € F, let ¢ > 0, and let
x € Bbe anon-zero positive element. Set n = card(G). By Lemma 3.3 8 has Property (SP). Since 8 is infinite
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dimensional unital simple, it is non-elementary. By Lemma 3.4 we can find # non-zero mutually orthogonal

and equivalent projections p1,pz,- -+ , p» in xBx. Then by Lemma 3.3 again, we can find a projection g € A
such that g < p1. For finite set of projections {a,-1(9) | g € G}, by Lemma 3.5 there is a non-zero sub-projection
p of g such that p is Murray-von Neumann equivalent to a sub-projection of a,-1(q) forall g € G. So ay(p) S p1
forallg € G.

Since Bis simple, p is full in B, by Lemma 3.3 of [25] there are 51,55, - - , 5, in B such that Z;»"zl s]-ps; >1g.
We write s; = Y e tjgtty, Where tj, € Aforall j€ {1,2,...,m}, g € G. Then

Z sjps; = Z(Z tj,yug)P(Z‘ tigtty) = Z Z Z tigigp ity )t -

j=1 j=1 geG 7'€G j=1 g€G g'eG

Since s*ps + t'pt — (s*pt + t'ps) = (s* — t")p(s — t) = 0, we have that s"pt + t'ps < s"ps + t'pt for all s, t € B. Thus

m m m
20, 2 titap g iy 1)) tiatap o)ty = 1), ) gty
j=1

j=1 geG g'eG geG j=1 geG

Let P =} e a4(p). Then

m m
nY Y bgPt =n Y Y tag(p)t, > 1.
j=1 geG j=1 geG
By Lemma 3.3 of [25] P is full in A.

Set g = ¢/n. Choose 6 > 0 according to Lemma 3.6 for n as given and for &g in place of £. Apply
Lemma 2.6 to a, with F as given, with 6 in place of ¢, and with P in place of x, obtaining projections ¢, € A
for g € G. Set e = }. g€y By construction, ugeu;; = ay(e) = e for every g € G. Also, for a € F we have
llea — aell < Y. gec llega — aeyll < neo.

Define wy; = ug-1e, for g,h € G. We claim that the w;;, form a 6-approximate system of n X n matrix
units in eBe. We estimate

“w;,h - wh,g“ = ||ehu;h—l = Upg eg” = “uglf1 ehu;h—l - eg” = ”CVgh*1 (en) — eg” <.
Also, using ege, = o4 ey, at the second step,

”wghhlwgz,hz - 65]2,h1wy1,h2” = ”umhl’lehlugzhglehz - 692,h1 uylhglehzu
||”g1h;1€h1 ugzhglehz - uglhIlgzhglehzgglhlehz||

Hug]hl‘lgzh;l (u;zhilehl ugzhgl - ehzgglh )ehzll < 0.

Finally, ). cc Wgg = Ljeceg = e

Let (04,1)g,1ec be a system of matrix units for M,,. By the choice of 6, there exists a unital homomorphism
®o : M, — eBe such that ||po(v,n) — wyull < € for all g, € G, and @o(v,,4) = e, for all g € G. Now define a
unital homomorphism ¢ : M, ®e1Ae; — eBeby p(v,,®a) = @o(vy,1)a@o(v14) for g,h € Ganda € e;Ae;. Since
M, ® e;Aey is an inner quasidiagonal C*-algebra by Corollary 1.4, and ¢ is injective, so D := @(M,, ® e;HAe;)
is also an inner quasidiagonal C*-algebra.

For any a € S, choosing ¢ € D such that |leae — ¢|| < € and |lea — ae|| < neg < e. Finally, note that
l-esPinA and P 5 p1 +p2+ -+ py in B, by Lemma 2.11 and Proposition 2.13 of [27] we have

l—e<p+p2+--+p, € xBx. Thus B is a tracially inner quasidiagonal C*-algebra. [

4. Inner quasidiagonality of crossed product C*-algebras

We recall that a unital C*-algebra A is said to be finite, if x*x = 1 implies that xx* = 1. A is said to be
stably finite, if M,,(A) is finite for all n € IN.
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Theorem 4.1 (Theorem 4.1 of [8]). Let € be a class of finite unital C*-algebras. Then any simple C*-algebra in the
class TA¥ is finite. Moreover, if C*-algebras in € are stably finite, then simple C*-algebras in the class TA€ are also
stably finite.

It is known by definition that inner quasidiagonal C*-algebras are quasidiagonal C*-algebras. Note that
quasidiagonal C*-algebras are stably finite by Proposition 3.19 of [5]. Thus we have that inner quasidiagonal
C'-algebras are stably finite.

By combining Lemma 3.3, Theorem 3.7 and Theorem 4.1, we get the following;:

Theorem 4.2. Let A be an infinite dimensional separable unital inner quasidiagonal C*-algebra with Property (SP).
Let a : G = Aut(A) be an action of a finite group G on A which has the weak tracial Rokhlin property. If A
is a-simple, then the crossed product C*(G, A, ) is a simple separable unital finite tracially inner quasidiagonal
C*-algebra with the Property (SP).

Lemma 4.3 (Lemma 1.15 of [23]). Let A be an infinite dimensional finite unital C*-algebra with Property (SP), let

x € A be a positive element with ||x|| = 1, and let € > 0. Then there exists a non-zero projection q € xAx such that,
whenever e € A is a projection such that 1 — e < q, then |lexe|]| > 1 — ¢.

Lemma 4.4. Let A be an infinite dimensional separable unital inner quasidiagonal C*-algebra with Property (SP).
Let o : G — Aut(A) be an action of a finite group G on A which has the weak tracial Rokhlin property. If A is
a-simple, then the crossed product C*(G, A, o) is a strongly tracially inner quasidiagonal C*-algebra.

Proof. Let 8 = C*(G, A, a). For any given ¢ > 0 and any finite set F = {x1,x2,...,x,} € B with |jx;|| = 1,i =

1,2,...,n,and any non-zeroe € B,. LetH = {x1,x3, ..., Xy, X]X1,X3X2, . .., XXy} and Hy = {x]x1, x3%2, . . ., X5, %}

Let ¢ satisfy 1 + &y — (1 — eo)% = ¢ and 0 = min{ep, ¢}. By Theorem 4.2 B is a simple separable unital
finite tracially inner quasidiagonal C*-algebra with the Property (SP). So we can find non-zero projections
pi € (x;x;)B(x:x;) fori = 1,2,...,n. By Lemma 3.5 there is a non-zero sub-projection e of p; such that e is
Murray-von Neumann equivalent to a sub-projection of p; forall 1 <i < n.

Note that 8 is a tracially inner quasidiagonal C*-algebra, there exist a non-zero projection p € 8 and an
inner quasidiagonal C*-subalgebra C C B with 1¢ = p such that:
(1) llxp —pxll < 6 forall x € H,
(2) pxp €5 C forall x € H, and
B)l-p=xe
Since 8 is finite and has Property (SP), by Lemma 4.3 we have [[pbp|| > 16 forall b € Hy, i.e. [px;xipll > 1-6
fori=1,2,...,n. Now we compute that

llpxipll = |lxipll = llpxip — xipll
> fwpll =6 = llpxixpll = 6
> (1-06)1-6
> (1-e)?—g

1—(1+e—(1—ep)?)
1-—e.

Thus we have
(1) llxp — pxll < e forall x € F,
(2) pxp €. Cand |lpxpl| > 1 — e forallx € F,
B)l-p=xe
Finally, for any F = {x1,x2,...,%,}, let M = max{|lx1]|, [|x2ll, ..., |Ixx|l}. In the above proof, we can obtain a
general conclusion by replacing ¢ with ;.
|

Next we will prove our main theorem.
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Theorem 4.5. Let Abean infinite dimensional separable unital inner quasidiagonal C*-algebra. Let o : G — Aut(A)
be an action of a finite group G on A which has the weak tracial Rokhlin property. If A is a-simple, then the crossed
product C*(G, A, a) is a separable inner quasidiagonal C*-algebra.

Proof. Since a has the weak tracial Rokhlin property, by Lemma 3.2 A has Property (SP) or a has the Rokhlin
property. If a has the Rokhlin property, by Theorem 1.5 C*(G, A, a) is a separable inner quasidiagonal C*-
algebra.

Next we assume that A has Property (SP). By Lemma 4.4 C*(G, A, «a) is a strongly tracially inner
quasidiagonal C*-algebra, then we have that C*(G, A, a) is an inner quasidiagonal C*-algebra by Theorem
22, 0

Corollary 4.6. Let A be an infinite dimensional simple separable unital inner quasidiagonal C*-algebra. Let a :
G — Aut(A) be an action of a finite group G on A which has the tracial Rokhlin property. Then the crossed product
C*(G, A, ) is a separable inner quasidiagonal C*-algebra.

Proof. As pointed out in [27] that the weak tracial Rokhlin property and the tracial Rokhlin property are
the same when A is simple. A is automatically a-simple when A is simple. Thus we get the conclusion by
Theorem 4.5. O
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