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Abstract. In this research work, the central focus is upon elaborating certain results in Banach spaces for
a new notion called A-right ascent of linear operators (where A is a given operator) which generalize an
important notion in operator theory: ascent. Furthermore, if A is a bounded linear operator, we investigate
the concept of A-right generalized weakly demicompact operators which in turn generalize the concept
of generalized weakly demicompact operators introduced in [8]. In particular, a characterization using
upper semi-Browder spectrum is set forward. Additionally, we identify some sufficient conditions on the
inputs of a closable block operator matrix to ensure the generalized weak demicompactness of its closure.
Moreover, some theorems in this paper generalize multiple known ones in the literature in particular [8].

1. Introduction

Let X and Y be two Banach spaces. We denote by C(X,Y) (resp. L(X,Y)) the set of all closed (resp.
bounded) linear operators defined from X into Y. We denote by K (X,Y) the closed subspace of compact
operators ofL(X,Y). Given an operator T ∈ C(X,Y), we denote byD(T) its domain, by α(T) the dimension
of its kernel N(T) and by β(T) the codimension of the range R(T) in Y. If X = Y, C(X,Y) and L(X,Y) are
replaced by C(X) and L(X) respectively. For T ∈ C(X), we recall that the resolvent set of T is defined by:

ρ(T) := {λ ∈ C : λI − T has a bounded inverse},

and the spectrum of T is
σ(T) := C\ρ(T).

The classes of upper semi-Fredholm, lower semi-Fredholm, Fredholm and semi-Fredholm operators from
X intoY are, respectively, defined by:

Φ+(X,Y) := {T ∈ C(X,Y): α(T) < ∞ and R(T) closed inY},
Φ−(X,Y) := {T ∈ C(X,Y): β(T) < ∞ and R(T) closed inY},
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Φ(X,Y):= Φ−(X,Y) ∩Φ+(X,Y),

and

Φ±(X,Y):= Φ−(X,Y) ∪Φ+(X,Y).

The set of bounded upper (resp. lower) semi-Fredholm operators from X intoY is defined by:

Φb
+(X,Y) = Φ+(X,Y) ∩ L(X,Y) (resp.Φb

−
(X,Y) = Φ−(X,Y) ∩ L(X,Y)).

Φb(X,Y) = Φ(X,Y)∩L(X,Y) stands for the set of bounded Fredholm operators fromX intoY. An operator
F ∈ L(X,Y) is called an upper semi-Fredholm perturbation if T + F ∈ Φ+(X,Y), whenever T ∈ Φ+(X,Y).
The sets of upper semi-Fredholm perturbations are denoted by F+(X,Y). If X = Y, the sets F+(X,Y) are
replaced by F+(X). The index of an operator T ∈ Φ±(X,Y) is defined by ind(T) := α(T) − β(T). For
T ∈ C(X,Y), T is said to have a left inverse modulo compact operator if there are Tl ∈ L(Y,X) and K ∈ K (X)
such that TlT = I − K on D(T), where I is the identity operator. The operators, Tl are called left inverse
modulo compact operators of T. It is well known that an operator T ∈ Φ+(X,Y), if it possesses a left inverse
modulo compact operators. The following two propositions provide some useful properties of Φ+(X,Y)
and Φ−(X,Y) which will be needed in the sequel. The set of semi-Weyl operators is defined by:

W
−

+(X) := {T ∈ Φ+(X) : ind(T) ≤ 0}.

Proposition 1.1. [1, 21] Let X be a Banach space. Therefore,
(i) The sets Φb

+(X), Φb
−

(X) and Φb(X) are open.
(ii) The index is constant on every component of each of the sets: Φb

+(X), Φb
−

(X) and Φb(X).

Proposition 1.2. [21] Let T ∈ L(Y,Z) and B ∈ L(X,Y), where X,Y andZ are three Banach spaces.
(i) If TB ∈ Φ+(X,Z), then B ∈ Φ+(X,Y).
(ii) If TB ∈ Φ−(X,Z), then T ∈ Φ−(Y,Z).

Now, we shall recall that for any closed linear operator T and for every x ∈ D(T), the graph norm ∥.∥T of
x is defined by ∥x∥T = ∥x∥ + ∥Tx∥. It follows from the closedness of T that XT := (D(T), ∥.∥T) is a Banach
space. Clearly, for every x ∈ D(T), we have ∥Tx∥ ≤ ∥x∥T, then T ∈ L(XT,X). If S0 is a linear operator such
thatD(T) ⊂ D(S0), then S0 is called T-defined. The restriction of S0 toD(T) is denoted by Ŝ0. Furthermore,
we have the obvious relations

α(T̂) = α(T), β(T̂) = β(T),R(T̂) = R(T),
α(T̂ + Ŝ0) = α(T + S0), β(T̂ + Ŝ0) = β(T + S0), and
R(T̂ + Ŝ0) = R(T + S0).

Let asc(T)(resp. desc(T)) denote the ascent (resp. the descent) of T, i.e., the smallest non-negative integer n
such thatN(Tn) = N(Tn+1) (resp. R(Tn) = R(Tn+1)). In case no such number exists, the ascent or descent of
T is said to be infinite. The notation N r

A(T) for linear operators A, T ∈ L(X) denote the A-right kernel of T,
defined by

N
r
A(T) = N(TA).

We assume that
LM(X) := {T ∈ L(X) : T(M) ⊂M},

where M is a linear subspace of X. An operator A ∈ L(X) denotes the A-right ascent of T ∈ LR(A)(X) (see
[9]) defined by

ascr
A(T) = inf{k ∈N : N r

A(Tk) = N r
A(Tk+1)},

whenever the minima exist. If no such numbers exist, the A-right ascent of T are defined to be∞. The case
when A = I, represent the ascent of T, that is ascr

A(T) = asc(T).



B. Trabelsi / Filomat 40:10 (2026), 3635–3647 3637

Remark 1.3. [9] We demonstrate that if A is an operator surjective, ascr
A(T) = asc(T).

An operator T ∈ L(X) is called upper semi-Browder if it is upper semi-Fredholm and has a finite ascent.
For A, T ∈ L(X) and λ ∈ C, an eigenvalue of T, the dimN r,∞

A ((λ − T)) = dim
⋃

n∈NN
r
A((λ − T)n) is called

the A-right algebraic multiplicity of T and is indicated by multr
A(T, λ). We express by,WK (X) the subset

of weakly compact operators of L(X). In addition,WK (X) is a closed two-sided ideal of L(X) containing
K (X). Over the last years, the concept of demicompact has appeared in literature since 1966 as a result to
the growing efforts to discuss fixed points. It was firstly identified by W. V. Petryshyn in [19] as follows:

Definition 1.4. An operator T : D(T) ⊂ X → X, is said to be demicompact if every bounded sequence (xn)n inD(T)
such that (xn − Txn)n converges in X, has a convergent subsequence.

The class of such operators is indicated byDC(X). We note thatK (X) ⊂ DC(X).
It is work noting that this class invested by W. V. Petryshyn [19] and W. Y. Akashi [2] played a chief role in
Fredholm and B-Fredholm theory (see [2, 5, 12–15, 19]). In 2014, B. Krichen foregrounded in [12] the concept
of relative demicompactness for a closed linear operator. In 2021, B. Krichen and B. Trabelsi elaborated in
[14] some B-Fredholm results including the class of demicompact linear operators. In addition, they tackled
the relationship between this class and measures of weak noncompactness of linear operators with regard
to an axiomatic one.
At this stage, a new class will be introduced called A-right upper semi-Browder operators, where A is a
given linear operator on a Banach space X defined by:

B
r
+,A(X) := {T ∈ Φ+(X) : ascr

A(T) < ∞}.

In this research paper, the A-right upper semi-Browder spectrum of T is introduced as

σr
ub,A(T) := {λ ∈ C : λ − T < Br

+,A(X)}.

We are basically interested in the following essential spectra:

σe1 (T) := {λ ∈ C : λ − T < Φ+(X)} := C\Φ+T,

σe4 (T) := {λ ∈ C : λ − T < Φ(X)} := C\ΦT,

σe5 (T) := C\ρ5(T),

σeap(T) :=
⋂

K∈K (X)

σap(T + K),

σabp(T) :=
⋂

K∈K (X) and KT=TK

σap(T + K),

σap(T) :=
{
λ ∈ C : infx∈D(T) and ∥x∥=1 ∥(λ − T)x∥ = 0

}
,

where ρe5 (T) := {λ ∈ C : λ ∈ ΦT and ind(λ − T) = 0}. The subsets σap(.), σe1 (.) and σe4 (.) are, respectively, the
approximate point spectrum, the Gustafson and the Wolf essential spectra. σeap(T) is a non-empty compact
subset of the set of complex numbers C and it is called the essential approximate point spectrum of T and
σabp(T) is called Browder’s essential approximate point spectrum of T.
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Theorem 1.5. [18]Let X be a Banach space and T ∈ L(X).

σub(T) = σe1 (T) ∪ acc σap(T),

where acc σ(T) corresponds to the set of accumulation points of σ(T).

The theory of block operator matrices is highly needed in numerous areas of mathematics and has a wide
range of applications, namely in systems theory as Hamiltonians (see [7]), in the discretization of partial
differential equations as large partitioned matrices due to sparsity patterns, in saddle point problems in
non-linear analysis (see [4]), in evolution problems as linearization of second-order Cauchy problems and as
linear operators addressing coupled systems of partial differential equations. Such systems are frequently
invested in mathematical physics, e.g., in fluid mechanics (see [6]), magnetohydrodynamics (see [17]) and
quantum mechanics (see [24]). In all these applications, the spectral traits of the corresponding block
operator matrices are of crucial significance as they govern, for example, the time evolution and thus the
stability of the underlying physical systems. Among the most outstanding works on spectral theory of
block operator matrices, we state [10], where the author elaborated the essential spectra of 2 × 2 and 3 × 3
block operator matrices. We equally state [25], where a wide panorama of methods was set forward in order
to examine the essential spectra of block operator matrices. As far as this research work is concerned, our
central focus is upon the generalized weak demicompactness properties of the following matrix operator
L0 acting on the Banach space product X ×Xwhich is indicated by:

L0 =

(
T B
C D

)
.

Notably, the entries of L0 are unbounded. The operator T acts on the Banach space X and has the domain
D(T). D acts on the same Banach space X and is defined onD(D) and the intertwining operator B (resp. C)
is defined onD(B) (resp. D(C)) and acts from X into itself. We shall consider below thatD(T) ⊂ D(C) and
D(B) ⊂ D(D). It is to be noted in general that the operator L0 is neither a closed nor a closable operator even
if its entries are closed operators. In [3], it was corroborated that under some conditions, L0 is closable and
its closure is expressed by L. In the literature, multiple prominent findings were obtained concerning the
spectral theory of this type of operators. Among these works, we mention [25] where the author addressed
the essential spectra of the matrix operator using an abstract non-zero two-sided ideal. The main objective
of this work is to use the concept of generalized weak demicompactness to examine the essential spectra of
L, the closure of L0.
This paper is laid out as follows. In the next section, we recall some definitions and results needed in
the sequel of the paper. In particular, we discuss the relationship between A-right generalized weakly
demicompact operators and Fredholm and upper semi-Fredholm operators. In the third section, we
provide some sufficient conditions on the inputs of a closable block operator matrix so as to ensure the
A-right generalized weak demicompactness of its closure. Furthermore, we establish some perturbation
results for essential spectrum of matrix operators.

2. A-right Generalized Weak Demicompactness

In the remaining part of this paper, we denote→ for the strong convergence and⇀ for the weak convergence.
We open this section with the following definitions:

Definition 2.1. [13] Let X be a Banach space and let T : D(T) ⊂ X → X be a linear operator. The operator T is said
to be weakly demicompact, if for every bounded sequence (xn)n ⊂ D(T) such that xn − Txn ⇀ x ∈ X. Then, there
exists a weakly convergent subsequence of (xn)n.

Definition 2.2. [8] LetX be a Banach space. An operator A and T ∈ L(X) is called a generalized weakly demicompact
operator if there exists a finite subset E of C containing 0 such that
(i) For all λ ∈ C\E, 1

λ T is a weakly demicompact operator,
(ii) λ ∈ C\E, T − λI has a finite ascent, and
(iii) all λ ∈ σ(T)\E, are eigenvalues of finite multiplicity and have no accumulation points except possibly points of E.
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Now, we shall introduce the following definition:

Definition 2.3. Let X be a Banach space. An operator A and T ∈ L(X) is called an A-right generalized weakly
demicompact operator if there exists a finite subset E of C containing 0 such that
(i) For all λ ∈ C\E, 1

λ T is a weakly demicompact operator,
(ii) λ ∈ C\E, T − λI has a finite A-right ascent, and
(iii) all λ ∈ σ(T)\E, are eigenvalues of finite multiplicity and have no accumulation points except possibly points of E.

The set E is called an A-right generalized set of T.

Remark 2.4. It is noteworthy that if, E is an A-right generalized set of T and D is a finite subset of C containing E,
then D is an A-right generalized set of T as well.

Lemma 2.5. [9] Let X be a Banach space. Let A, T ∈ L(X). Hence,

N
r
A(Tn) ⊂ N r

A(Tn+m) ∀ n, m ∈N (1)

Theorem 2.6. Let X be a Banach space and T ∈ LR(A)(X). If T is a generalized weakly demicompact operator, then
T is an A-right generalized weakly demicompact operator.

Proof. Let T ∈ LR(A)(X) and let T be a generalized weakly demicompact operator. Now, assume that
asc(T) = n < +∞ and x ∈ N r

A(Tn+1). Therefore, we obtain Ax ∈ N(Tn+1) = N(Tn). Thus, x ∈ N r
A(Tn) and

relying on Lemma 2.5 Eq. (1), we deduce that N r
A(Tn+1) = N r

A(Tn). Hence, T is an A-right generalized
weakly demicompact operator.

Theorem 2.7. Let X be a Banach space and T ∈ LR(A)(X). Then, the following conditions are equivalent:
(i) T is an A-right generalized weakly demicompact operator.
(ii) There exists a finite subset E ⊂ C containing 0 such that λI − T ∈ Φ+(X) for all λ ∈ C\E.

Proof. (i) ⇒ (ii) Assume that T is an A-right generalized weakly demicompact operator. We denote by
m = ascr

A(T) < ∞. Furthermore, for any eigenvalue λ ∈ C\E, we have multr
A(T, λ) < ∞which implies that

multr
A(T, λ) = dimN r,∞

A ((λ − T)) = dimN r
A((λ − T)m) < ∞.

Hence, grounded on Lemma 2.5 Eq. (1), we get

N(λ − T) ⊂ N r
A((λ − T)m).

Then, dimN((λ − T)) = α(λ − T) < ∞.
Now, in the second part of this proof, we attempt to demonstrate that R((λ − T)) is closed. Let (xn)n be any
sequence included in X. Let us take yn = (λ − T)xn such that yn → y ∈ X. As 1

λ T is weakly demicompact
and

xn −
1
λ

Txn ⇀
1
λ

y,

then there exists a subsequence (xφ(n))n of (xn)n such that xφ(n) ⇀ x ∈ X. Using both

xφ(n) ⇀ x and (λ − T)xφ(n) ⇀ y,

together with the closedness of (λ − T), we infer that y = (λ − T)x ∈ R(λ − T). Hence, R(λ − T) is closed.
(ii)⇒ (i) Assume that, there exists a finite subset E ⊂ C containing 0 such that λI−T ∈ Φ+(X) for all λ ∈ C\E.
Then, T is a generalized Riesz operator. Thus, denote by p = acs(λ−T) < ∞ for all E ⊂ C and all λ ∈ σ(T)\E
which are eigenvalues of finite multiplicity and have no accumulation point except possibly points of E.
Now, as T ∈ LR(A)(X), p = acs(λ − T) < ∞ and x ∈ N r

A(Tn+1), then Ax ∈ N(Tp+1) = N(Tp) and based upon
Lemma 2.5 Eq. (1), we deduce that

N
r
A(Tp) = N r

A(Tp+1).
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Hence, acsr
A(T) ≤ acs(T) ≤ p and acsr

A(T) < ∞. On the other side, using Theorem 2.1 in [11], we infer that
λ − T ∈ Φ+(X) for all λ ∈ C\E implies that 1

λT is a demicompact operator for all λ ∈ C\E. As a matter of
fact, from Lemma 1 in [15], we obtain 1

λ T which is a weakly demicompact operator for all λ ∈ C\E. Thus,
we conclude that T is an A-right generalized weakly demicompact operator.

Theorem 2.8. LetX be a Banach space and T ∈ L(X). If µT is an A-right generalized weakly demicompact operator
for each µ ∈ [0, 1] with an A-right generalized subset E, then λ − T ∈ Φ(X) and ind(λ − T) = 0, for all λ ∈ C\E.

Proof. Since µT is an A-right generalized weakly demicompact operator for each µ ∈ [0, 1], then λ − µT
∈ Φ+(X) for all λ ∈ C\E. Now, since the index ind(λ−µT) is continuous in µ and as it is an integer, including
infinite values, it must be constant for every µ ∈ [0, 1]. It follows that ind(λ−µT) = ind(λ−T) = ind(λ) = 0.
Consequently, λ − T ∈ Φ(X) and ind(λ − T) = 0, for all λ ∈ C\E.

Theorem 2.9. [20] Let X be a Banach space and T ∈ L(X). λ < σabp(T) if, and only if, λ − T ∈ W−
+(X) and

asc(T) < ∞.

The following Lemma can be drawn from [23].

Lemma 2.10. Let X be a Banach space and T ∈ L(X). Suppose there exists a nonnegative integer N such that
dim(N(Tk)) ≤ N when k ∈ {0, 1, 2.....}. Then, asc(T) ≤ N.

Theorem 2.11. Let X be a Banach space and A, T ∈ L(X). Then, the following conditions are equivalent:
(i) λ < σr

ub,A(T).
(ii) λ − T ∈ W−

+(X) and ascr
A(T) < ∞.

Proof. (i)⇒ (ii) Assume that λ < σr
ub,A(T), then λ − T ∈ Φ+(X) and ascr

A(T) < ∞. Now, let’s demonstrate that
ind(λ − T) ≤ 0. By contradiction, suppose that ind(λ − T) > 0. Then,

λ ∈ σeap(T) ⊂ σabp(T).

Resting on Theorem 2.9, λ − T <W−
+(X) or asc(λ − T) = ∞. First case, if λ − T <W−

+(X), this contradicts
the fact that λ − T ∈ Φ+(X) and ind(λ − T) > 0. Second case, if asc(λ − T) = ∞, then asc(λ − T) > N, for
all N ∈ N. Hence, departing from Lemma 2.10, we deduce that dimN(λ − T) is not finite, which yields a
contradiction. Thus, we conclude that ind(λ − T) ≤ 0.
(ii)⇒ (i) The sense of this Theorem is trivial.

Theorem 2.12. Let X be a Banach space and A, T ∈ L(X) such that 0 ∈ σr
ub,A(T). If T is an A-right generalized

weakly demicompact operator, then T has a finite A-right upper semi-Browder spectrum.

Proof. Assume that T is an A-right generalized weakly demicompact. Then, referring to Theorem 2.7, there
exists a finite subset E ⊂ C containing 0 such that λI−T ∈ Φ+(X) for all λ ∈ C\E, with a finite A-right ascent.
Therefore, σr

ub,A(T) ⊂ E and hence σr
ub,A(T) is a finite subset.

Theorem 2.13. LetX be a Banach space and A, T ∈ L(X) such that 0 ∈ σr
ub,A(T) and A is surjective. If T has a finite

A-right upper semi-Browder spectrum, then T is an A-right generalized weakly demicompact operator.

Proof. Assume that σr
ub,A(T) is a finite subset of C. For all λ ∈ C\σr

ub,A(T), λ − T is an A-right upper semi-
Browder. Then,λ−T is an upper semi-Fredholm which implies that 1

λT is demicompact for allλ ∈ C\σr
ub,A(T).

Hence, from Lemma 1 in [15], we infer that 1
λT is weakly demicompact for all λ ∈ C\σr

ub,A(T). Furthermore,
we have ascr

A(λ−T) = p < ∞, for allλ ∈ C\σr
ub,A(T). Additionally, as A is surjective, asc(λ−T) = p < ∞, for all

λ ∈ C\σub(T) (see [9], Remark 2.4). Let λ ∈ σ(T)\σr
ub,A(T). Since λ ∈ σ(T), then λ is an isolated point of σap(T)

(see [18], Corollary 20). Thus, λ ∈ σap(T)\σr
ub,A(T). Now, we deduce that λ is an eigenvalue of T of finite

multiplicity (see [20], Corollary 2.2). Again, we get all λ ∈ σ(T)\σr
ub,A(T) which have no accumulation points

except possibly points of σr
ub,A(T) (see [18], Corollary 20). From this perspective, T is A-right generalized

weakly demicompact and an A-right generalized set σr
ub,A(T).
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Theorem 2.14. Let X be a Banach space, T ∈ LR(A)(X) and P(x) =
∑n

k=0 akxk be a non-zero complex polynomial,
with P(0) = 0, ak =

1
de1(P)λk−1 for all λ ∈ C\{0} and x2 ... xn its zeros, such that P(T) is A-right generalized weakly

demicompact with an A-right generalized set E = {0}. Then, T is A-right generalized weakly demicompact with an
A-right generalized set E′ = {0, x2, ..., xn}.

Proof. Assume that there exists P a non-zero complex polynomial such that P(T) is A-right generalized
weakly demicompact with an A-right generalized set E = {0}. Let P(x) =

∑n
k=0 akxk. Hence, for ν ∈

C\{0, x2, ..., xn}, we draw the following equality:

P(ν) − P(T) =
n∑

k=1

ak(νk
− Tk).

On the other side, for any k ∈ {1, ..., n}

νk
− Tk = (ν − T)

k−1∑
j=0

ν jTk− j−1.

This allows us to state that

P(ν) − P(T) = (ν − T)B(T) = B(T)(ν − T), (2)

where

B(T) =
k−1∑
j=0

ν jTk− j−1.

Let m ∈N. Using Eq. (2), we obtain

(P(ν) − P(T))m = (ν − T)m[B(T)]m = [B(T)]m(ν − T)m. (3)

Grounded on Eq. (3), we deduce

N
r
A

(
(ν − T)m

)
⊂ N

r
A

(
(P(ν) − P(T))m

)
, for all m ∈N.

This implies⋃
m∈N

N
r
A

(
(ν − T)m

)
⊂

⋃
m∈N

N
r
A

(
(P(ν) − P(T))m

)
. (4)

Departing from Definition 2.3, we have ascr
A(µ− P(T)) < ∞, for all µ ∈ C\{0}. In particular, for µ = P(ν) , 0,

we get ascr
A(P(ν) − P(T)) < ∞. Suppose that ascr

A(P(ν) − P(T)) = m0. Then,

dim
⋃
m∈N

N
r
A

(
(P(ν) − P(T))m

)
= dimN r

A

(
(P(ν) − P(T))m0

)
< ∞.

With respect to equation (4), we obtain

dim
⋃
m∈N

N
r
A

(
(ν − T)m

)
< ∞,

which allows us to get ascr
A(µ − T) < ∞. Now, we need to demonstrate that α(ν − T) < ∞ and R(ν − T) is

closed. Let x ∈ N(λ−T) for all λ ∈ C\{0}. Then, [λ−
∑m

k=0
1

de1(P)
1
λk−1 Tk]x = 0 for all λ ∈ C\{0}. We deduce that,

x ∈ N(λ − P(T)) for all λ ∈ C\{0}. Again, using Definition 2.3, we infer that α(λ − T) < ∞, for all λ ∈ C\{0}.
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Therefore, in particular, for λ = ν, we get α(ν−T) < ∞, which implies that there exists a closed subspaceX1
of X such that

X = N(ν − T) ⊕ X1.

Hence, it is sufficient to confirm that there is a constant M > 0 such that for every x ∈ X1, ∥(ν − T)x∥ ≥M∥x∥
(see [21], Theorem 3.14). Otherwise, there exists a sequence (xp)p of X0 such that ∥(ν − T)xp∥ → 0 and
∥xp∥ = 1. Again, since α(P(ν) − P(T)) < ∞, then there exists a closed subspace X2 of X such that

X = N(P(ν) − P(T)) ⊕ X2.

Therefore, (P(ν) − P(T)) : X2 −→ R(P(ν) − P(T)) is invertible with a bounded inverse on R(P(ν) − P(T)).
Additionally, we obtain

(ν − T)xp → 0. (5)

Thus, relying on equations (2) and (5), we deduce that

(P(ν) − P(T))xp → 0.

Departing from the boundedness of [P(ν) − P(T))|X2 ]−1 on R(P(ν) − P(T)), we deduce that xp → 0. This
contradicts the continuity of the norm. As a result, we conclude that (ν−T) ∈ Φ+(X), for all ν ∈ C\{0, x2...xn}.
Hence, from Theorem 2.7, T is an A-right generalized weakly demicompact with an A-right generalized set
E = {0, x2...xn}.

Proposition 2.15. [15] LetX be a Banach space. Let T, S0 ∈ L(X), w be an nth root of the unit with n ∈N\{0} and
let B ∈ L(X) such that Bn = S−1

0 and BT = TB. Then, Tn
∈ DCS0 (X) if, and only if, ωkBT ∈ DC(X), for all 0 ≤ k ≤

n − 1.

Example 2.16. Consider the space C∞, which consists of continuous ω-periodic functions y : [0, t] −→ R, and C∞0 ,
the space of continuously differentiable ω-periodic functions y : [0, t] −→ R. The space C∞ with the maximum norm
∥.∥∞ and C∞0 with the norm defined as ∥ f ∥1 = ∥ f ∥∞ + ∥ f ′∥∞ are both Banach spaces. Assume that A: R −→ R is
surjective. Let T be the operator defined by

Ty(t) − θIy(t) = −
[

GL
F

1
s y(t) −

y(0)t−
1
s

Γ(1 − 1
s )

] 1
2 ,

for all s ∈ N \ {0, 1} and θ ∈ C \ {1}, where GLF
1
s represents the Grünwald-Letnikov fractional derivative with

fractional order 1
s , and K : C∞0 → C

∞ is given by

(Ky)(t) = y′(t).

From this perspective, we get this equality

GLF
1
s y(t) =

y(0)t−
1
s

Γ(1 − 1
s )
+ F−(1− 1

s )y′(t),

where F−(1− 1
s ) denotes the fractional integral with fractional order (1 − 1

s ). Observe that

GLF
1
s y(t) =

y(0)t−
1
s

Γ(1 − 1
s )
+C F( 1

s )y(t),

where CF( 1
s ) denotes the Caputo derivative of fractional order 1

s , leading to

(
θI − T

)2s
y(t) =

[
GL

F
1
s y(t) −

y(0)t−
1
s

Γ(1 − 1
s )

]s
= [CF( 1

s )]sy(t),
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for all θ ∈ C \ {1}. According to [[16], as well as Theorem 3.4], it follows that

(θI − T)2sy(t) = y′(t),

for all θ ∈ C \ {1}. Clearly, K is a bounded linear operator and ∥(θI − T)2s
∥ < 1 for all θ ∈ C \ {1}. Therefore,

(θI − T)2s is a demicompact operator for all θ ∈ C \ {1}. By applying Proposition 2.15, we can conclude that (θI − T)
is a demicompact operator for all θ ∈ C\ {1}. Furthermore, using Theorem 2.1 [11], we obtain Iy(t)−θIy(t)+Ty(t) =

−

[
GL

F
1
s y(t) − y(0)t−

1
s

Γ(1− 1
s )

] 1
2 which is an upper semi-Fredholm operator for all θ ∈ C \ {1}. Hence, for λ = θ − 1,

λIy(t)−Ty(t) =
[

GL
F

1
s y(t)− y(0)t−

1
s

Γ(1− 1
s )

] 1
2
∈ Φ+(X) for all λ ∈ C\ {0}. Given that A is surjective, it follows from Theorem

2.7 that T is an A-right generalized weakly demicompact operator.

3. A-right Generalized Weak Demicompactness Results for Matrix Operator

As far as this section is concerned, we shall use some conditions reported in [22], imposed on the entries
of the operator L0 to guarantee its closedness. Having obtained the closure of the operator L0, we shall
examine its essential spectra. For this reason, we shall consider, in the product space X × X, the following
matrix operator

L0 =

(
T B
C D

)
, (6)

where the operator T acts onX and has domainD(T), B is defined onD(B) and acts on the Banach spaceX,
and the intertwining operator C (resp. D) is defined on the domain D(C) (resp., D(D)) and acts on X. At
this stage, let us take into account the following assumptions [22].
(H1) T is a closed, densely defined linear operator on Xwith a nonempty resolvent set ρ(T).
(H2) The operator B is a densely defined linear operator onX and for some (hence all) µ ∈ ρ(T), the operator
(T − µ)−1B is closable. (In particular, if B is closable, then (T − µ)−1B is closable).
(H3) The operator C satisfies D(T) ⊂ D(C), and for some (hence all) µ ∈ ρ(T), the operator C(T − µ)−1 is
bounded. (In particular, if C is closable, then C(T − µ)−1 is bounded).
(H4)D(B) ⊂ D(D).
(H5) For some (hence all) µ ∈ ρ(T), the operator D − C(T − µ)−1B is closable. We shall indicate by S(µ) its
closure.

Remark 3.1. (i) With respect to assumptions (H1) and (H2), we infer that for each µ ∈ ρ(T) the operator G(µ) :=
(T − µ)−1B is bounded on X.
(ii) Departing from the assumption (H3), we deduce that the operator: F(µ) := C(T − µ)−1 is bounded on X.

We recall the following result which describes the closure of L0.

Theorem 3.2. [3] Let conditions (H1) − (H3) be satisfied and the lineal D(B) ∩ D(D) be dense in X. Then, the
operator L0 is closable and the closure L of L0 is provided by:

L = µ −
(

I 0
F(µ) I

) (
µ − T 0

0 µ − S(µ)

) (
I G(µ)
0 I

)
. (7)

In other words,

L : D(L) ⊂ (X ×X) −→ X ×X(
x
y

)
7−→ L

(
x
y

)
=

(
T(x + G(µ)y) − µG(µ)y
C(x + G(µ)y) − S(µ)y

)
.

withD(L) =
{

L
(
x
y

)
∈ X × X : x + G(µ)y ∈ D(T) and y ∈ D(S(µ))

}
.

It is to be noted that the description of the operator L is not dependent on the choice of the point µ ∈ ρ(T).
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Remark 3.3. Let λ ∈ C. Relying on Eq. (4.2), it follows that

L = µ −
(

I 0
F(µ) I

) (
µ − T 0

0 µ − S(µ)

) (
I G(µ)
0 I

)
, (8)

where M(µ) =
(

0 G(µ)
F(µ) F(µ)G(µ)

)
.

We begin this section with a finding for a particular representation of L0.

Lemma 3.4. Let X be a Banach space and A ∈ L(X). Consider the 2 × 2 operator matrix

MD =

(
B D
0 C

)
,

where MD ∈ L(R(A),R(A))(X ×X) =
{
MD ∈ L(X ×X) : B,C,D ∈ LR(A)(X)

}
. Hence, B and C are A-right generalized

weakly demicompact operators if, and only if, MD is an A-right generalized weakly demicompact operator.

Proof. Let λ ∈ C. Clearly, we have

λ −MD =

(
λ − B −D

0 λ − C

)
.

Since B and C are A-right generalized weakly demicompact, then there exist two finite subsets E0 and E1
of C including 0 such that λ − B ∈ Φ+(X) for all λ ∈ C \ {E0} and λ − C ∈ Φ+(X) for all λ ∈ C \ {E1}. With
regard to Remark 2.4, it follows that B and C are also A-right generalized weakly demicompact with the
generalized set E = E0 ∪ E1. This allows us to get λ − B ∈ Φ+(X) for all λ ∈ C \ {E} and λ − C ∈ Φ+(X)
for all λ ∈ C \ {E}. Now, when applying Lemma 6.6.1 [10], we get λ −MD ∈ Φ+(X × X) for all λ ∈ C \ {E}.
As MD ∈ L(R(A),R(A))(X × X) and with to reference Theorem 2.7, we obtain MD which is A-right generalized
weakly demicompact with the A-right generalized set E.
Conversely, suppose that MD is an A-right generalized weakly demicompact operator. According to
Theorem 2.7, there exists a finite subset E ofCwhich contains 0 such that λ−MD is an upper semi-Fredholm
operator, for all λ ∈ C\(E ∩ σ(C)). First, we provide the following factorization

λ −MD =

(
λ − B −D

0 λ − C

)
=

(
I −D(λ − C)−1

0 I

) (
λ − B 0

0 I

) (
I 0
0 λ − C

)
.

Since (
λ − B 0

0 I

) (
I 0
0 λ − C

)
=

(
I 0
0 λ − C

) (
λ − B 0

0 I

)
,

and using the fact that λ −MD ∈ Φ+(X × X), from Lemma 6.6.2 in [10], it follows that λ − B and λ − C are
upper semi-Fredholm, for all λ ∈ C\{E}. Hence, referring to Theorem 2.7, B and C are A-right generalized
weakly demicompact operators.

Now, let’s consider the following set:
Λr
X,A = {J ∈ LR(A)(X) : ωJ is A-right generalized weakly demicompact for every ω ∈ [0, 1]},

the Frobenius Schur factorization can be expressed in terms of

αL = αµ −
(

I 0
F(µ) I

) (
αµ − αT 0

0 αµ − αS(µ)

) (
I G(µ)
0 I

)
.

Let λ ∈ C. We therefore have

λ − αL := UVα(λ)W − (λ − αµ)M(µ), (9)

where U =
(

I 0
F(µ) I

)
, Vα(λ) =

(
λ − αT 0

0 λ − αS(µ)

)
and W =

(
I G(µ)
0 I

)
.

It is possible at this stage of analysis to express the main result of this section.



B. Trabelsi / Filomat 40:10 (2026), 3635–3647 3645

Theorem 3.5. Let X be a Banach space, let A ∈ L(X) and let T, G(µ), F(µ) and S(µ) ∈ LR(A)(X). Suppose that the
operator L0 defined in Eq. (6) satisfies (H1) − (H5). Let µ ∈ ρ(T) and λ ∈ C. If for α ∈ [0, 1] such that λ , αµ,
the operators αT and αS(µ) are A-right generalized weakly demicompact, there exists Hα

λl a left Fredholm inverse of
UVα(λ)W such that M(µ)Hα

λl ∈ Λ
r
X,A, then αL is A-right generalized weakly demicompact for all α ∈ [0, 1].

Proof. We suppose that the hypothesis holds. Let µ ∈ ρ(T) and λ ∈ C. Using Eq. (9), we obtain

λ − αL := UVα(λ)W − (λ − αµ)M(µ).

Now, let Hαλ := UVα(λ)W. Since T, S(µ) ∈ LR(A)(X), αT and αS(µ) are A-right generalized weakly demi-
compact, using Lemma 3.4, we deduce that there exists a finite subset E containing 0 such that Vα(λ) is an
upper semi-Fredholm operator, for all λ ∈ C\{E}. Let E1 := E ∪ E0, where the set E0 := { 1

α : α ∈ E\{0}}. It
is clear that Vα(λ) is an upper semi-Fredholm operator, for all λ ∈ C\{E1}. Consequently, there exists a left
Fredholm inverse Vα

λl of Vα(λ). Resting upon Proposition 6.7.1 [10], it is defined as follows:

Vαλl =

(
Tα
λl K0

K1 Sα
λl(µ)

)
,

where Tα
λl, Sα

λl(µ) are left Fredholm inverse, respectively, of λ − αT and λ − αS(µ) and K0, K1 are compact
operators. Now, based on Lemma 6.7.1 [10], we deduce that Hα

λl :=W−1Vα
λlU

−1 is a left Fredholm inverse of
Hαλ. Then, there exists K2 ∈ K (X ×X) such that

HαλlH
α
λ = I − K2.

It follows that

λ − αL :=
[
I − (λ − αµ)M(µ)Hαλl

]
Hαλ − (λ − αµ)M(µ)K2. (10)

Since M(µ)Hα
λl ∈ Λ

r
X,A, then from Theorem 2.7, we get (γ − ωM(µ)Hα

λl) which is an upper semi-Fredholm
operator, for all γ ∈ C\{E1}. As µ ∈ ρ(T) implies that α(µ − T) ∈ Φ(X), αµ ∈ ρ(T)\{E1}. Hence, we obtain

1
λ−αµ ∈ C\{E1}. Consequently, we get

[
I − (λ − αµ)M(µ)Hα

λl

]
which is an upper semi-Fredholm operator.

Applying Theorem 5.26 [21] on Eq. (10), we therefore have
[
I − (λ − αµ)M(µ)Hα

λl

]
Hαλ which is an upper

semi-Fredholm. Again applying Theorem 5.26 [21] on Eq. (10), we deduce that the first product term is
an upper semiFredholm. Since (λ − αµ)M(µ)K2 ∈ F+(X × X), it follows that λ − αL ∈ Φ+(X × X) for all
λ ∈ C\{E1}. Hence, from Theorem 2.7, αL is an A-right generalized weakly demicompact operator with the
A-right generalized set E1.

Corollary 3.6. Let X be a Banach space, let A ∈ L(X) and let T, G(µ), F(µ) and S(µ) ∈ LR(A)(X). Suppose that
the operator L0 defined in Eq. (6) satisfies (H1) − (H5). Let µ ∈ ρ(T) and let λ ∈ C such that λ , µ. If T and
S(µ) are A-right generalized weakly demicompact, there exists Hλl, a left Fredholm inverse of UVα(λ)W such that
M(µ)Hλl ∈ Λ

r
X,A. Then, L is an A-right generalized weakly demicompact operator.

Proof. The proof is a direct application of Theorem 3.5 for α = 1.

Proposition 3.7. Let X be a Banach space, A ∈ L(X) and let λ ∈ C such that T, G(λ), F(λ) and S(λ) ∈ LR(A)(X).
Suppose that the operator L0 defined in Eq. (6) satisfies (H1) − (H5). If D and T are A-right generalized weakly
demicompact and B ∈ F+(X), then L is an A-right generalized weakly demicompact operator.

Proof. We suppose that the hypothesis holds. According to the Frobenius Schur factorization, we get

L = λ − PQ(λ)R,

where P =
(

I 0
F(λ) I

)
, Q(λ) =

(
λ − T 0

0 λ − S(λ)

)
, R =

(
I G(λ)
0 I

)
, F(λ) = C(T − λ)−1, S(λ) = D − C(T − λ)−1B

and G(λ) = (T − λ)−1B. D is A-right generalized weakly demicompact. Then, there exists a finite subset
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E1 ∈ C containing 0 such that λ−D ∈ Φ+(X) for all λ ∈ C\{E1}, which is equivalent to get λ̂ −D ∈ Φ+(XB,X)
for all λ ∈ C\{E1}. Let N := C(T − λ)−1B, Q := λ −D and R := λ − S(λ). Since B̂ ∈ F+(XB,X) and C(T − λ)−1

is bounded, it follows that N̂ ∈ F+(XB,X). Thus, we obtain for all λ ∈ C\{E1}, Q̂ − N̂ ∈ Φ+(XB,X). Hence,
we have Q̂ −N ∈ Φ+(XS(λ),X). As a consequence, R̂ ∈ Φ+(XS(λ),X), for all λ ∈ C\{E1}, which allows us to
deduce that λ − S(λ) ∈ Φ+(X) for all λ ∈ C\{E1}. On the other side, since T is A-right generalized weakly
demicompact, it follows that there exists a finite subset E2 of C containing 0 such that λ − T ∈ Φ+(X)
for all λ ∈ C\{E2}. Therefore, based on Lemma 3.4, we get Q(λ) ∈ Φ+(X × X), for all λ ∈ C\{E}, where
E = E1 ∪ E2. Moreover, the boundedness of the operators P and R yields λ − L which is an upper semi-
Fredholm operator for all λ ∈ C\{E}. As T, G(λ), F(λ) and S(λ) ∈ LR(A)(X), it follows from Theorem 2.7 that
L is A-right generalized weakly demicompact.

In the last part, we shall enact the relationship between the essential spectrum of the matrix operator L and
the essential spectrum of its entries. First, let us recall the following decomposition

λ − αL = UVα(λ)W − (λ − αµ)M(µ),

where U =
(

I 0
F(µ) I

)
, Vα(λ) =

(
λ − αT 0

0 λ − αS(µ)

)
, W =

(
I G(µ)
0 I

)
, F(λ) = C(T−λ)−1, S(λ) = D − C(T − λ)−1B

and G(λ) = (T − λ)−1B.

Theorem 3.8. Let X be a Banach space, A ∈ L(X) and let T, G(µ), F(µ) and S(µ) ∈ LR(A)(X). Suppose that the
operator L0 defined in Eq. (6) satisfies (H1) − (H5). Then,
(i) If for every λ ∈ [Φ+T∩Φ+S(µ)]\{0}, there exists Hλl a left Fredholm inverse of UV(λ)W such that M(µ)Hλl ∈ Λ

r
X,A,

then
σe1 (L)\{0} ⊂ [σe1 (T) ∪ σe1 (S(µ))]\{0}, where L is the closure of L0.

(ii) If for all α ∈ [0, 1] and λ ∈ [ΦαT ∩ ΦαS(µ)]\{0}, there exists Hα
λl a left Fredholm inverse of UVα(λ)W such that

M(µ)Hα
λl ∈ Λ

r
X,A, then

σei (L)\{0} ⊂ [σei (αT) ∪ σei (αS(µ))]\{0}, where i ∈ {4, 5}.

Proof. (i) Let λ < [Φ+T ∩ Φ+S(µ)]\{0}. Then, λ − T ∈ Φ+(X) and λ − S(µ) ∈ Φ+(X). As T and S(µ) ∈ LR(A)(X),
it follows from Theorem 2.7, that T and S(µ) are A-right generalized weakly demicompact. Using the fact
that there exists Hλl, a left Fredholm inverse of UV(λ)W such that M(µ)Hλl ∈ Λ

r
X,A, and applying Corollary

3.6, we deduce that the matrix operator L is A-right generalized weakly demicompact. Thus, according to
Theorem 2.7, λ − L is an upper semi-Fredholm operator. Hence, λ < σe1 (L)\{0}. Thus,

σe1 (L)\{0} ⊂ [σe1 (T) ∪ σe1 (S(µ))]\{0}.

(ii) Let λ < σe4 (αT) ∪ (αS(µ)) ∪ {0}. Then, λ − αT ∈ Φ(X) and λ − αS(µ) ∈ Φ(X), which implies that
λ − αT ∈ Φ+(X) and λ − αS(µ) ∈ Φ+(X). Therefore, grounded on Theorem 2.7, we have αT and αS(µ)
which are A-right generalized weakly demicompact operators, for all α ∈ [0, 1]. Now, using the fact that
there exists Hα

λl a left Fredholm inverse of UVα(λ)W such that M(µ)α
λl ∈ Λ

r
X,A and applying Theorem 3.5, we

obtain the matrix operator αL which is A-right generalized weakly demicompact for all α ∈ [0, 1]. Hence,
by applying Theorem 2.8, λ − L ∈ Φ(X ×X). Hence, λ < σe4 (L)\{0}. Thus,

σe4 (L)\{0} ⊂ [σe4 (αT) ∪ σe4 (αS(µ))]\{0}.

For the Schechter’s spectrum, let λ < σe5 (αT) ∪ σe5 (αS(µ)) ∪ {0}. Then, λ − αT and λ − αS(µ) are Fredholm
with index zero. Consequently, we get λ − αT ∈ Φ+(X) and λ − αS(µ) ∈ Φ+(X). As T and S(µ) ∈ LR(A)(X), it
follows from Theorem 2.7 that αT and αS(µ) are A-right generalized weakly demicompact for all α ∈ [0, 1].
Now, using the fact that there exists Hα

λl, a left Fredholm inverse of UVα(λ)W such that M(µ)Hα
λl ∈ Λ

r
X,A and

applying Theorem 3.5, we deduce that the matrix operatorαL is A-right generalized weakly demicompact for
all α ∈ [0, 1]. Hence, departing from Theorem 2.8, λ−L ∈ Φ(X×X) with index zero. Thus, λ < σe5 (L)\{0}.



B. Trabelsi / Filomat 40:10 (2026), 3635–3647 3647

References

[1] P. Aiena, Semi Fredholm Operators, Perturbation Theory and Localized Svep, IVIC, 2007.
[2] W. Y. Akashi, On the Perturbation Theory for Fredholm Operators, J. Maths 21 (1983), 603–612.
[3] F. V. Atkinson, H. Langer, R. Mennicken, A. A. Shkalikov, The essential spectrum of some matrix operators. Math. Nachr. 167 (1994),

5–20.
[4] M. Benzi, G.H. Golub, J. Liesen, Numerical solution of saddle point problems. Acta Numer. 14 (2005), 1–137.
[5] W. Chaker, A. Jeribi, B. Krichen, Demicompact linear operators, essential spectra and some perturbation results, Math. Nachr. (2015),

1–11.
[6] S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability. The International Series of Monographs on Physics. Clarendon Press,

Oxford, 1961.
[7] R. F. Curtain, H. Zwart, An Introduction to Infnite-dimensional Linear Systems Theory. Applied Mathematics. Springer, New York,

1995.
[8] I. Ferjani, A. Jeribi, B. Krichen, Spectral properties involving generalized weakly demicompact operators. Mediterr. J. Math. 16 (2019),

no. 2, Paper No. 30, 21 pp.
[9] Z. Garbouj, Some generalizations of ascent and descent for linear operators. Arab. J. Math. (Springer) 10 (2021), no. 2, 367–393.

[10] A. Jeribi, Spectral Theory and Applications of Linear Operators and Block Operator Matrices. Springer, New-York, 2015.
[11] A. Jeribi, B. Krichen, M. Salhi, Characterization of relatively demicompact operators by means of measures of noncompactness. J. Korean

Math. Soc. 55 (2018), no. 4, 877–895.
[12] B. Krichen, Relative essential spectra involving relative demicompact unbounded linear operators. Acta Math. Sci. Ser. B (Engl. Ed.) 34

(2014), no. 2, 546–556.
[13] B. Krichen, D. O’Regan, On the class of relatively weakly demicompact nonlinear operators Fixed Point Theory. 19 (2018), no. 2, 625–630.
[14] B. Krichen, B. Trabelsi, B-Weyl and Drazin invertible operators linked by weak pseudo S0-demicompactness. Ric. Mat. 73 (2024), no. 1,

593–610.
[15] B. Krichen, B. Trabelsi, Some spectral results for demicompact operators and their restrictions with an application to transport equations.

Ric. Mat. 73 (2024), no. 3, 1511–1536.
[16] C. Li, W. Deng, Remarks on fractional derivatives. Appl. Math. Comput. 187 (2007), no. 2, 777–784.
[17] A.E. Lifschitz, Magnetohydrodynamics and Spectral Theory. Developments in Electromagnetic Theory and Applications. Kluwer Aca-

demic Publishers Group, Dordrecht, 1989.
[18] V. Müller, Spectral theory of linear operators and spectral systems in Banach algebras. Second edition. Operator Theory: Advances and

Applications, 139. Birkhäuser Verlag, Basel, 2007.
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