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Multiset rough approximations and their generated topologies

Heba I. Mustafa®”, Ramy Wassef?

?Department of Mathematics, Faculty of Science, Zagazig University, Egypt

Abstract. In this paper, we introduce a generalized framework for multiset neighborhoods extending
the previously defined structures into eight distinct types. Based on these generalized neighborhoods, we
define corresponding multiset approximations and construct eight new topologies derived from them. Ad-
ditionally, we extend six classical types of rough set approximations to the multiset context and investigate
their properties in detail. These developments offer a unified and expanded perspective on approximation
theory within multiset environments.

Table 1: List of Symbols

Symbol | Meaning

1j(w/x) Mset j-neighbourhood of elemen x €V 6

Egj ) Mset lower approximation of x

fzj 69) Mset upper approximation of y

y‘% ) Mset accuracy measure of y

th_ Mset topology on 0

I% ) Mset Lower approximation of y generated by mset topology Y‘%.

T?h' $9) Mset upper approximation of y generated by mset topology Y%.
ngj (x) | Mset accuracy measure generated by mset topology Y?h.

_i‘jo (x) | Mset reflexive lower approximation typeiof x (i=1,2 or 3).
+i‘}’\gj (x) | Mset reflexive upper approximation typei0f x (i=1, 2 or 3).

@ ‘Rgi (x) | Mset similarity lower approximation type a of x (¢ =4, 5 or 6).

+“‘th (X) | Mset similarity upper approximation type « of x (o =4, 5 or 6).
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1. Introduction and preliminaries

The concept of rough set theory -introduced by Pawlak in 1982 [18]- provides a mathematical framework
for dealing with uncertainty and vagueness in data through lower and upper approximations based on
equivalence relations. Over time, this framework has been significantly expanded by considering reflexive,
similarity and arbitrary binary relations and various neighborhood-based approximations, thereby broad-
ening its scope and applicability. In 2014, Abd El-Monsef et al. [1] proposed a comprehensive strategy for
generating eight topologies using neighborhood systems, independent of base or subbase definitions. This
framework has been extended by other researchers for example: in 2021, Al-Shami [6] defined eight types
of containment neighborhoods. By them, he had constructed new rough set models. After that, in 2023,
H. I. Mustafa et al [16] used the system of containment neighborhoods to present new rough set models
generated by topology and ideals.

More recently, innovative methods have been developed for generating rough neighborhoods for accu-
rate decision-making in medical applications, such as COVID-19 variant diagnosis [10], and in the study of
primal approximation spaces [9]. In 2025, H. I. Mustafa and R. Wassef. [17] integrated soft set theory with
neighborhood systems and introduced eight soft neighborhood types built from parameterized relations.

In 2011 Abo-Tabl [2] introduced three types of approximations based on reflexive relation. In 2017,
Jianhua Dai et al [11] defined another three types of approximations based on similarity relation.

Parallel to these developments, S.P. Jena et al [15] introduced the concept of multiset as a powerful
tool for modeling collections where element repetition is significant. Integrating multiset structures with
rough approximation concepts has led to new perspectives in handling multiplicity within information
systems. In 2011, Girish and John defined the multiset right neighborhood. In 2013, Abo-Tabl defined the
minimal right multiset neighborhood and construct rough set approximations in multisets based on this
neighborhood.

The aim of this paper is to define eight generalized multiset neighborhoods, formulate multiset approxi-
mations based on these neighborhoods, construct eight multiset topologies derived from the approximations
and extend six classical rough set approximation types -That where studied in [8]- into the multiset domain
using reflexive and similarity relations.

This paper is organized as follows: In Section 2 we define the multiset eight neighborhoods which are
a generalization of the neighborhoods defined in [3], in Section 3 we define multiset approximations based
on these neighborhoods, in Section 4 we generate new eight multiset topologies based on the multiset
approximations as well as construct new multiset approximations from the interior and closure operators
of these topologies, in Section 5 and 6 we define multiset reflexive and multiset similarity approximations
respectively. We study the properties of the concepts we define and give an illustrative examples for them.

Now we recall the basic concepts needed for our study.

Definition 1.1. ([7]) A subset R C U x U is called a binary relation, it is said to be reflexive if (v,v) €
R Vv e, symmetric if (u,v) € R whenever (v,u) € R, transitive if (v, w) € R whenever (v,u) € R and
(u,w) € R, equivalence if R is reflexive, symmetric and transitive and serial if (v, w) € R for each v, w € O.

At first, Pawlak associated each set with two crisp sets called lower and upper approximations. These
approximations defined with respect to the equivalent classes as follows.

Definition 1.2. ([18]) If R is an equivalence relation on a universe O and [x]gr is the equivalence class
containing x € O. The lower approximation I'(x) and upper approximation I'(x) of a set x of O are given by

L IT(x)={xeO:[x]lg Cx}
ii. T(x)={xeO:[xlgNx#oP).
Proposition 1.3. ([18]) Let A, B C U, then:

(L1) L(A) = [F(A9)]".
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(L2) T(D) = 0.
(L3) T(ANB) =TI(A)NI(B).
(L4) T(A) UL(B) C (A UB).
(L5) If A C B, then T(A) C [(B).
(L6) L(¢) = ¢.
(L7) T(A) C A.
(L8) A CT(T(A)).
(L9) I(A) = L(I(A)).

(L10) T(A) = T(T(A)).
(U1) T(A) = [[(AY]C.
u2) T(¢) = ¢.
(u3) T(A N B) CT(A) NT(B).
(U4) T(AUB) =T(A) UT(B).

(U5) If A C B, then T(A) C T(B).

(U6) T(0) = 0.

(Uu7) AcT(A).

(U8) A 2T(T(A)).

(U9) T(A) = T(T(A)).
(U10) L(A) = [(L(A)),

(K) T[A® UB] C [[(A)]° UL(B).

(LU) T(A) CT(B).

3679

Then, the equivalence relation has been replaced by specific (or arbitrary) binary relation to expand the
scope of applications of rough set theory. This leads to deal with the so-called neighborhoods of an element
instead of its equivalence classes. As a result, various sorts of rough-set paradigms have been introduced
in the published literature. In what follows, we recall a set of these neighborhoods and paradigms that we

need to show the importance and robustness of this work.

Definition 1.4. ([5,19? ]) Let R be an arbitrary binary relation on a universe set U, then the j-neighborhoods

of an element x € O are defined as follows:

j € {r,Li,u, (r), 1), (D), (w}.
Lone(x) ={y e U: xRy}
ii. () ={yeU: yRy}

iii. 7i(x) = n:(x) N 7y(x)
iv. nu(x) = ne(x) U ni(x)
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N ne(y) if there exists x € nr(y)
V. 1y (X) = {X€m(y)
¢

Otherwise

N m(y) if there exists x € i(y)
vi. 17<1>(X) = ¢ xen(y)
¢ Otherwise

Vil 165y (%) = 1¢ry () N 171y (%)
Vil 1y (%) = ¢y (%) U 11y (%)

Definition 1.5. ([1]) Let R be an arbitrary binary relation on O and j : O — P(O) be a mapping which
assigns for each z in U its j-neighborhood in P(O). Then (O, R, ¢) is called a j-neighborhood space (j-NS).

Definition 1.6. ([5, 19? ]) Let (O, R, ) be a ;S, then the n;-lower approximation I'y, (x), nj-upper approxi-
mation Il (x) and nj-accuracy measure L (X) of a set y C U are defined as follows:

L I(x) ={z €O :n(2) € x}
ii. M(x)=1{z€O:n(z)Nx # ¢}

_ Iy @Al
-4 (0 = 7 G0

Where [["(z) U x| # 0.

Definition 1.7. ([8]) Let R be a reflexive relation on U and W; : O — P(O) be a mapping which assigns for
each z in O its j-neighborhood in P(O). Then (T, R, j) is called a reflexive j-neighborhood space (j-RNS).

Definition 1.8. ([8]) Let (T, R, ‘I’j) be a j-RNS, then:

N n(v), If there exists v such that u € ;(v)
qp(u) = Juen;(v)

¢ Otherwise

Definition 1.9. ([8]) Let (O, R, W)) be a j-RNS, a reflexive 1 j-neighborhood approximations of x € U are
defined by:

‘R,;jl()() ={fueO: njm(u) C x}

(Called the reflexive 1-lower approximation of y).

‘th_l(x) ={ueO: njﬂ(u) Nx # ¢

(Called the reflexive 1-upper approximation of y).

Definition 1.10. ([8]) Let (U, R, W) be aj-RNS, a reflexive 2 j-neighborhood approximations of y € U are
defined by:

R;200 = Uinf (W) : n(w) € x).

(Called the reflexive 2-lower approximation of y).
R2(0) = [R;200))

(Called the reflexive 2-upper approximation of ).

Definition 1.11. ([8]) Let (O, R, ¥j) be a j-RNS, a reflexive 3 j-neighborhood approximations of x € O are
defined by:

R;300 =[R20

(Called the reflexive 3-lower approximation of y).

R0 = Uin) (W) : () N x # ¢).

(Called the reflexive 3-upper approximation of x).
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Definition 1.12. [8] Let R be a similarity relation on O and W; : O — P(O) be a mapping which assigns for
each z in U its j-neighborhood in P(O). Then (O, R, W) is called a similarity j-neighborhood space (j-SNS).

Definition 1.13. ([8]) Let (O, R, ¥j) be a j-SNS, then:

U ni(v), If there exists v such that u € 7;(v)
i = faeity

o} Otherwise

Definition 1.14. ([8]) Let (O, R, Vj) be a j-SNS, then the similarity 4 j-neighborhood approximations of
X € O are defined by:

R0 =fuel: W c b

(Called the similarity 4-lower approximation of ).

9%;].4(;() ={ueO: r]].U(u) Nx # o)

(Called the similarity 4-upper approximation of y).

Definition 1.15. ([8]) Let (U, R, ¥j) be a j-SNS, then the similarity 5 j-neighborhood approximations of
X € O are defined by:

R0 = Uinf (W) : n(w) € v,

(Called the similarity 5-lower approximation of y).

RI500 = (RPN

(Called the similarity 5-upper approximation of y).

Definition 1.16. ([8]) Let (O, R, ¥j) be a j-SNS, then the similarity 6 j-neighborhood approximations of
X € O are defined by:

R;000 = [RiOGO

(Called the similarity 6-lower approximation of x).

Ri000 = Ul ) : () 0 x # ¢).

(Called the similarity 6-upper approximation of y).

Definition 1.17. ([13, 14]) [Multiset] An mset 6 drawn from the set A is represented by a function count Cs
defined as C5 : A — N where N is the set of non-negative integers. Let 6 be an mset drawn from the set
A = {x1,Xp,...,Xe} with x appearing n times in 6. It is denoted by x €" 6. The mset 6 drawn from the set
A is denoted by 6 = {ky/x1, ka/x2, ..., kn/xn} where 6 is an mset with x; appearing k; times, x, appearing ky
times and so on. Cg(x) is the number of occurrences of the element x in the mset o and the elements which
are not included in the mset 6 have zero count.

Let 6 be an mset drawn from a set A, the support set(also called root set) of 0 denoted by 6" is a sub-
set of A and 6* = {x € A : Cs(x) > 0}. i.e. 6" is an ordinary set. An mset 0 is said to be an empty mset if for
all x € A, Cs(x) = 0. The cardinality of an mset 0 drawn from a set A is denoted by Card(0) and is given by
Card(6) = ), Cs(x).
XEA
Definition 1.18. ([13, 14]) Let 6 and & be two msets drawn from a set A, then:
i. 6= ¢&if Cy(x) = Ce(x) for all x € A.

ii. &Coif Ce(x) < Cy(x) for all x € A.(submset)

iii. B=0U&if Cg(x) = Max{Cs(x), Cc(x)} for all x € A.

iv. B =0nN¢&if Cg(x) = Min{Cs(x), Ce(x)} for all x € A.

v. p=0& & if Cp(x) = Cs(x) + Cg(x) forall x € A.
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vi. =066 ¢ if Cp(x) = Max{Cs(x) — Cg(x), 0} for all x € A.
Where @ and © denotes the mset addition and mset subtraction respectively.

Definition 1.19. ([13, 14]) A domain A is defined as a set of elements from which msets are constructed.
The mset space [A]” is the set of all msets whose elements are in A such that no element in the mset occurs
more than w times. The set [A]* is the set of all msets whose elements are in A such that there is no limit
on the number of occurrences of an element in the mset.

Remark 1.20. ([13, 14]) Using Definition 1.19, the mset sum can be modified as follows:
Cs,46, = Min{w, Cs, (x) + Cg,(x)} for all x € A.

Remark 1.21. ([13, 14]) Let 6 be an mset drawn from A with x appearing n times in 6. [6]x denotes that the
element x belongs to the mset 6 and [[0]x| denotes the cardinality of the element x in 6.

Definition 1.22. [Power mset] ([13, 14]) Let 6 € [A]* be an mset, the power mset of 0, denoted by P(9) is the
set of all submsets of 6. We have & € P(0) if and only if £ C 6. £ ek P(5) where k = [ ( ll[é]X' , the product

[]xl
X
[1 is taken over by distinct elements of z of the mset N, [[M];| = m iff x € ¢ and |[{]x| = niff x €™ &, then

z
Bl \_ (@ )_
[E]x] n n!(w —n)!
The power set of an mset is the support set of the power mset and is denoted by P*(6), where Card(P*(9)) =
n
H (1 + a)i).
i=1

Remark 1.23. The power mset is an mset but its support set is an ordinary set whose elements are msets.

Definition 1.24. ([13, 14]) The maximum mset is denoted by H where Cpy(x) = Max{Cs(x) : x €™ 6,06 €
[A]Y, n < w}.

Definition 1.25. ([13, 14]) Let [A]* be an mset space and {01, 0>, ...} be a collection of msets drawn from
[A]”, then the following operations are possible under an arbitrary colection of msets.

i. The union
)i = (Cus,09/x : Cu, (%) = Max{Cy, (x) : x € A}

i€l

ii. The intersection
()81 = {Crs,09/x : Cyg, (x) = Miin{Cy, () : x € A}

iel

iii. The mset addition

P 61 = (Cas, (x: Con, () = Y C5,09 : x € A)

i€l i€l
iv. The mset complement

6 =H66 = {Cs(x)/x : Cse(x) = Cx(x) — Cs(x), x € A}

Definition 1.26. ([13, 14]) Let 6; and 0, be two msets drawn from a set A, then the cartesian product of 6;
and 6, is defined as 01 X 87 = {(m/x,n/y)/mn : x €™ 61,y € 6}. Where x is repeated m times in 61, y is
repeated n times in 0, and the pair (m/x, n/y) is repeated mn times in 61 X 0;.
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Definition 1.27. [Mset Relation] ([13, 14]) A submset R of 6 X ¢ is said to be an mset relation on ¢ if every
member (m/x,n/y) of R has a count equals the product of m and n. (m/x) related to (n/y) is denoted by
(m/x)R(0/y).

Definition 1.28. ([13, 14]) Let 6 € [A]¥ and ‘R is a relation on 6 then
i. R is reflexive if (m/x)R (m/x) for all m/x in 6, irreflexive if (m/x)R (m/x) never holds for any m/x in 9.

ii. R is symmetric if (m/x)R(n/y) implies (n/y)R(m/x), antisymmetric if (m/x)R(n/y) and (n/y)R(m/x)
imply m/x and n/y are equal.

iii. R is transitive if (m/X)R(n/y) and (n/y) R (k/z) imply (m/x)R (k/z).
iv. R is equivalence relation it is reflexive, symmetric and transitive.

Definition 1.29. [Multiset Topology] ([13, 14]) Let 6 € [A]Y and Y C P*(5), then Y is called a multiset
topology if Y satisfies the following properties.

i Dand darein Y.
ii. The union of elements of any sub collection of Y is in Y.
iii. The intersection of any finite sub collection of Y is in Y.

A multiset topological space is the ordered pair (6, Y). Note that Y is an ordinary set whose elements are
msets and the multiset topology is abbreviated as M-topology.

Definition 1.30. ([13, 14]) Let (6, Y) be an M-topological space and & C 0, then the interior of ¢ is defined as
the mset union of all open msets contained in £ and is denoted by Int(¢).
ie Int(&) =U{G C6: G isanopen msetand G C &} and Crpy(g) (%) = Max{Cg(x) : G € &}

Definition 1.31. ([13, 14]) Let (6, Y) be an M-topological space and & C 9, then the closure of & is defined as
the mset intersection of all closed msets containing & and is denoted by CI(¢).
ie Cl(¢) =N{K C6:K isaclosed mset and ¢ C K} and Ccyg)(x) = Min{Ck(x) : € S K}.

Definition 1.32. ([12]) Suppose that R is an arbitrary mset relation on 6. With respect to R, we can define
a neighborhood of an element m/x in M as follows:

(myxr = [y : y € M, (mR /).

The mset (m/x)r is also called an R-relative mset.

Definition 1.33. ([12]) Let R be an arbitrary mset relation on the universal set 6 and let (m/x)r be the R-
relative mset (i.e. neighborhood of (m/x) in 6). Forany & C 0, a pair of lower and upper mset approximations:
RL(&) = {m/x: (m/x)r C &}.

Ry(&) = {m/x: (m/x)rN & # O}.

Definition 1.34. ([13]) Let R be any binary mset relation on 6 in [A]?, then the mset (n/y)r is defined as:
(N (m/x)r if there exists m/x € 0 : y €™ (m/x)r
(n/y)r = { yen(m/xX)r
¢ Otherwise

Definition 1.35. ([3]) Let R be any binary mset relation on a non-empty multiset 6. For any subset & C 0,
the lower and upper approximations of & according to ‘R are defined as:

R(A) = fmyx : (mpor € &),

R(A) = {m/x : (m/x)r N & # ).

An accuracy measure of the mset & C 6 according to any mset relation R is defined as:
IRl

pgr (&) = RO

0 < ug(A) <1and if € is definable in 6 then g (&) = 1.
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2. Multiset neighborhoods

In this section, we generalize the two multiset neighborhoods of definitions 1.32 and 1.34 -which were
studied in [12] and [3] respectively- to be eight types, we study the relations between these neighborhood
as well as give an illustrative example.

Definition 2.1. [Mset Neighborhood] Let 6 € [A]™ be an mset and R be an mset relation on 6, then the
mset j-neighborhoods of an element x € "6 denoted by 7;(x) are defined as:

j € {r,Liu ), D), 1), (wh
L ne(w/x) = {nfy 1y € "6, (w/x)R(n/y)}
ii. m(w/x) = {n/y : y € "6, (n/y) R(w/x)}
iii. 1i(w/x) = ne(w/x) 0 m(w/x)
iv. u(w/x) = ne(w/x) U m(w/x)
N 7ne(nfy) if there exists y € "5 such that x € "1 (nfy)

V. 1y (W/x) = {X€Vne(n/y)
o} Otherwise

N m/y) if there exists y € "6 such that x € Wr(n/y)
vi. gy (w/x) = {x€Vnn/y)
¢ Otherwise

Vil 165y (W/X) = 1y (W/X) 0 11y (W/x)
Vil 1y (W/X) = 1y (W/X) U 101y (W/X)

Remark 2.2. 7y(w/x) is the same as (w/x)r in Definition 1.32 and 7y (w/x) is the same as (w/x)r in Definition
1.34.

Definition 2.3. Let R be an mset relation on 6 and ¢ : 6 — P*(0) be a mapping which assigns for each
x € W0 its mset j-neighborhood in P*(0). then (6, R, ) is called an mset j-neighborhood space (j-MNS).

Definition 2.4. Let (6, R, ¢j) be an mset j-neighborhood space (6-&;S) and x C 6, then:
i. (W/x) € y means that x € Wy.
ii. xy*=061y.
Proposition 2.5. Let (6, R, ) be aj-MNS, x € o then:
i 1i(w/x) € ne(wW/x) € Nu(w/X).
ii. 1i(w/x) C m(w/x) C 1u(w/x).
i, 1) (W/X) S Ny (W/X) S Tgaywyx)-
1. 16y (W/X) € 1y (W/X) € Neuywp)-
v. If R is symmetric then ne(w/x) = m(w/x) = ;(W/x) = Mu(w/x).
Proof. i. ni(w/x) = [ne(w/x) N m(w/x)] € ne(w/x) € [n:(w/x) U m(w/X)] = nu(w/x).

(ii-iv) similar to (i)
v. If R is symmetric, then (w/x)R(k/y) & (k/y)R(w/x). Hence ne(w/x) = q(w/x) = ni(w/x) = nu(w/x). O
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Example 2.6. Let 6 = {2/a, 3/b} be an mset and R be an mset relation on 6 defined by:
R ={(1/a,2/a),(1/a,3/b), (2/a,2/a),(2/a,1/b), (2/b, 2/a), (2/b, 2/b), (3/b, 1/a), (3/b, 3/b)}.
Then P*(0) = {{1/a}, {2/a}, {1/b}, {2/b}, {3/b}, {1/a, 1/b}, {1/a,2/b}, {1/a,3/b}, {2/a,1/b}, {2/a,2/b}, 6, ¢} and the

mset j-neighborhoods of each x € ¢ are given by:

Table 2: Mset j-Neighborhoods

w/X e(w/x)  mw/x)  niw/x) nuW/X) neW/x) oy w/x)  nawix) ey (w/x)
1/a {2/a,3/b}  {3/b} {3/b} {2/a,3/b}  {1/a,3/b} {1/a,3/b} {1/a,3/b} {1/a,3/b}
2/a {2/a,1/b}  {2/a,2/b}  {2/a,1/b} {2/a,2/b} {2/a,1/b} ({2/a} {2/a} {2/a, 1/b}
1/b ¢ {2/a} ¢ {2/a} {2/a,1/b} ¢ ¢ {2/a,1/b}
2/b {2/a,2/b}  {2/b} {2/b} {2/a,2/b}  {2/a,2/b}  {2/b} {2/b} {2/a, 2/b}
3/b {1/a,3/b}  {1/a,3/b} {1/a,3/b} {1/a,3/b} {1/a,3/b} {3/b} {3/b} {1/a, 3/b}

3. Multiset approximations based on multiset neighborhoods

In this section, we generalize the multiset approximations of definitions 1.33 and 1.35 -that were studied
in [3], study their properties and give an illustrative example.

Definition 3.1. Let (6, R, 1)j) be aj-MNS, x C 6. Then the mset lower approximation Z% (x), upper approx-
imation ffh‘ (A), boundary region ‘8% (X), positive region POS% (X), negative region NEG% (x) and accuracy
measure ygj (x) are defined as:
i I3, 00) = {(w/x) € 82 m(w/x) € x)-
ii. Ty () = (wh) € 8 iy(w/x) 1 x # ).
ii. §,00) = T}, (0 © 15, ().
iv. POS}(x) = Iy ()

=0
v. NEG)(x) = 66Ty (x)

CARDIL; ()]

. 5 -
vi. Mnj(X) CARD[T?IJ.(X)]

Remark 3.2. The lower approximation, upper approximation and accuracy measure of Definition 3.1 at
j = r are the same as that of Definition 1.33 and at j = (r) they are the same as that of Definition 1.35.

Proposition 3.3. Let (6, R, ) be j-MNS, A, B C 0, then the mset approximations of A and B satisfy (L2)-(L5),
(U2)-(U5) and (LU).

Proof. (L2) E% O)N(w/x) € 6 : m(w/x) € 6} = 6.

(L3) ggj(A NB) = {(w/x) : 7j(w/x) € (ANB)} = {(W/x) € & : nj(w/x) C A and ny(w/x) € B} = {(w/x) €6 :
ni(w/x) € A} N {(w/x) € 6 : (w/x) € B} = ng (A)N gfh (B).

(L4) Let (w/x) € ggj(A) U ggj(B), then (w/x) € [gj (A) or ggj(B), thus 1j(w/x) € A or nj(w/x) C B, therefore
1i(w/x) € (A UB), so (w/x) € gfh (A U B). Hence EéNj (A)U ggj (B) C E% (A UB).
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(L5) A C B, then ;gj (A) = {(w/x) € 5 : 1j(w/x) € A} C {(w/x) € 6 : 1y(w/x) € B} = ggj (B).
(U2 T (6) = ((whx) €6 miwi) N # 6] = .
(U3) Let (w/x) € 1:2,' (A N'B), thus nj(w/x) N (AN B) # ¢, then nj(w/x) N A # ¢ and n(w/x) N B # ¢, so
(w/x) € T, (A) and (w/x) € T, (B), therefore (wjx) € T (A) 1 T, (B). Hence TRy (A nB) € Ty (A) N T (B).
(u4) I:Zj(A UB) = {(w/x) € 6 : nj(w/x) N (A UB) # ¢} = {(w/x) € 6: m(w/x) N A # ¢ or nj(w/x) N B # ¢} =
((wh) € 8 (w/x) N A % B} U [(w/x) € 5 1j(w/) B # ¢} = T (A) UT, (B).
(US) Let A € B, then TR (A) = {(wh) € 8 i(w) N A # ¢} € ((w/x) € 6 2 i(w/) N B # ¢} = Ty (B). (LU
th(A) = {(W/x) € 6 : 1j(W/x) C A} C {(w/x) € 6: 15(W/X) N A # ¢} = ffh(A). O
Proposition 3.4. Let (6, R, ) be aj-MNS, x C 9, then:
i. Ty (0 €T 00 €I (o).
ii. ID (A) I (x) € I (v).
iii. Iy (0 €Ty (0 €I ()
i Ty () €I () €I ().
0. T, 00 € T5,00 €Ty, (0
oi. T,00 € T (0) €Ty, (0.
oii. Ty, (1) STy (A) €Ty (0):
viii. Ty, (1) € Ty, (0 € Ty (0.
ix. If R is symmetric, then T (1) = I, (v) = I3,00) = I3, 00 and T3, 00 = Ty (1) = T, (0) = T, 00,
Proof. This follows directly from Proposition 2.5. [

Corollary 3.5.

i ud (0 € 1, (0 < 1, ().

~.

i 1,00 €, (x) € i, (0)-

~0
Py

ti. ”Zm (0 < “?Rw < H%<u> -
v, (0 € (A) € ().
v. If R is symmetric, then [J%r()() = p?h()() = [Jgi()() = y%u()().

Example 3.6. Continued from Example 2.3. The mset lower approximations, upper approximations and
accuracy measures of each mset in P*(6) are given by:
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Table 3: Mset lower approximations

Do Do Lw Lhw Lo o w I
{1/b} ¢ {1/b} ¢ ¢ {1/b} {1/b} ¢
{1/b} {1/b} {1/b} {1/b} ¢ {2/a,1/b}  {2/a,1/b} ¢

{1/b} ¢ {1/b} ) ¢ {1/b} {1/b} ¢
{1/b} {2/b} {2/b} o ¢ {2/b} {2/b} ¢
{1/b} {1/a,2/b}  {1/a,2/b} ¢ ¢ {3/b} {3/b} ¢
{1/b} o {1/b} ¢ ¢ {1/b} {1/b} ¢
{1/b} {2/b} {2/b} ¢ ¢ {3/b} {2/b} ¢

{3/b} {1/a,3/b}  {1/a,3/b}  {3/b} {1/a,3/b}  {1/a,3/b} {1/a,3/b} {1/a,3/b}
{2/a,1/b}  {1/b} {2/a,1/b}  {1/b} {2/a,1/b}  {2/a,1/b}  {2/a,1/b}  {2/a,1/b}
{2/a,2/b}  {2/a,2/b}  {2/a,2/b} {2/a,2/b} {2/a,2/b} {2/a,2/b} {2/a,2/b} {2/a,2/b}

Table 4: Mset upper approximations

Lo w  Lw o Low Lo Lo Do
5 5 5 5 5 5 5 5

o 5 5 5 o 5 5 o

o o o o o 5 o o

o 5 o 5 o o 5 5

b 5 5 o b 5 b 5

o 6 b o o o o o

o o 5 o o o o 5

o o o 5 5 o o o

5 5 o 5 o 5 o 5

o o o o o o o o

Table 5: Mset accuracy measures

T 6O B TN 010 B T2 010 N 1o 0'9 B Te 0 0 TN 0'9 BTN 0'9 BN TN %)
5 0 z 0 0 z z 0

! ! ! ! 0 0

3 0 3 0 0 3 3 0
S

! 0 0 0

4 0 4 0 0 3 4 0
S A

3 4 4 3 4 4 4 4

5 5 5 5 5 5 5 5

3 1 3 1 3 3 3 3

5 5 5 5 5 5 5 5

4 4 4 4 4 4 4 4

5 5 5 5 5 5 5 5
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Remark 3.7. In [3], the author claims that R(x) and ﬁ(;() which are the same as I’ fw (x) and ng )

respectively satisfy (L1) and (U1) but this is not true as shown from the previous example. From example
3.6

Iy, (1/ah) = ¢
Ty, (1/ah) =
% ({1/a,3/b}) = {1/a,3/b}

:g<r>
Ty, (11/a,3/b) = 0
[T ({1/a))]° = [I2  ({1/a,3/bh)]® = {1/a,3/b} = {1/a}

T)(r) My

[T, (1/a, 31T = [T, (1/aDF = o = ¢
Clearly 1_"?7<r>({1/a}) # [£g<r>({1/a}c”c and Eém({l/a, 3/b)) # [1_"?,<r>({1/a, IO,

Therefore (L1) and (U1) are not satisfied for Definition 3.1

4. Multiset topologies generated by multiset neighborhoods

In this section, we generate new eight multiset topologies from the approximations that we construct in
the previous chapter, define new multiset approximations and give an illustrative example.

Proposition 4.1. Let (6, R, ybj) be a j-MNS, then the collection
Y?h ={A Co:Yj(w/x) € x forall x € Wx}is an M topology on 6.

Proof. i. Obviously 6 and ¢ € ng.
ii. Let x; € T?h, i €1, then nj(w/x) € A for all x € Wx; and for each i € 1. Let x € W |J A;, thus there exists ip € 1
i€l

such that x € WA, therefore ny(w/x) € A, € U A;. Hence | A € th..
i€l

iel
iii. Let x1, X2 € Y‘%, then 0 (w/x) C A foreachx € ¥ x1 and Ui (W/x) C xoforeachx € Wxy. Letx € W(x1Nx2), thus
x € Wxyandx € W xo, therefore nj(w/x) C x1 and nj(w/x) C xo, thus nj(w/x) € (x1Nx2). Hence (x1Nx2) € Y‘?h,. |

Proposition 4.2. Let (6, R, ) be a j-MNS, Y?h, be the generated M topologies, then:
i o 0 0
LY CY S
) 0 0
. Yy C Yy <5
cee é (‘) (‘)
iii. Yo SV € Vi

: 0 0 0
10. an C T,m) C T’? "
o)

v. If R is symmetric, then Tgr = 1“21 = yfh =13,

Definition 4.3. Let (6, R, ;) be a j-MNS, Y?h be the generated M topologies and x C 0 then the mset lower
—5 . A
approximation I?Ti (x), upper approximation Ty, (x), boundary region BT&}_ (A), positive region POST%]_ 0,
negative region NEGTI‘S\I' (A) and accuracy measure Vng (x) are defined by:
)

: 0 — into
i. X0 (0 = int} ().

.. A0 )
ii. () = eIy (0)-
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iii. BY$(x) = clj, (x) © int], (x).
iv. POSY% (x) = intgj (x)-

o(x) _ o(x)
V. NEGYUJ, =0 edT,. )

i

Card[intif)( )]
Vi 110 () = el
’ 7 Card[clYI,;;[ w1

Example 4.4. Continued from Example 2.3. The generated M topologies are given by:

Y2, = 6,9, (1/b}).

Yo =5 =Y =0 = {00k

Y5, = 16,9, (1/b), {2/b}, {1/, 3/b}}.

Y5, =5, =16, (1/b}, [2/b], (3/b}).

The mset lower approximations, upper approximations and accuracy measures of each setin P*(0) are given
by:

Table 6: Mset lower approximations

X Yo Yo XY Hw Xw Xw Xw X W
{i/a) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
(2/a) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
{1/b) (1/b} ¢ {1/b) ¢ ¢ (1/b) (1/b) ¢
(2/b) (1/b} ¢ (2/b) ¢ ¢ (2/b) (2/b) ¢
(3/b) {1/b} ¢ (2/b) ¢ ¢ (3/b) (3/b) ¢
{1/2,1/b}  {1/b} ¢ {1/b) ¢ ¢ {1/b) (1/b}) ¢
{1/2,2/b)  {1/b} ¢ (2/b) ¢ ¢ (2/b) (2/b} ¢
{1/a,3/b}  {1/b} ¢ (1/a,3/b} ¢ ¢ (3/b) (3/b) ¢
2/a,1/b}  {1/b} ¢ (1/b} ¢ ¢ (1/b) (1/b} ¢
2/a,2/b}) _ {1/b} ¢ (2/b} ¢ ¢ (2/b) (2/b} ¢
Table 7: Mset upper approximations
A .00 Tyw T e Tw Tw  Tw Th,w
{1/} 2/a,2/b] & 1/a} 5 5 2/l 2/al 5
(2/a) 2/a,2/b}) & 2/a,1/b} & 5 (2/a) (2/a) 5
{1/b) 2/a,2/b} & 2/a,1/b} & 5 (2/a,1/b)  {2/a,1/b} &
(2/b) 2/a,2/b} & 2/a,2/b} & 5 2/a,2/b) {2/, 2/b}
{3/b} 0 0 0 0 0 0 0 0
{1/a,1/b}  {2/a,2/b} & 2/a,1/b} & 5 2/a,1/b}  {2/a,1/b} &
(1/a,2/b) {2/, 2/b} & 2/a,2/b} & 5 (2/a,2/b) {2/, 2/b}
{1/a,3/b} o 5 5 B 5 o 5 o
(2/a,1/b) {2/, 2/b} & 2/a,1/b} & 5 2/a,1/b} {2/, 1/b} &
(2/a,2/b}  {2/a,2/b} & 2/a,1/b} & 5 2/a,2/b}  {2/a,2/b} &
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Table 8: Mset accuracy measures

X pYS.00  pYh00 YR p 0 g 0 e 0 w0 e 0
{1/a} 0 0 0 0 0 0 0 0
{2/a} 0 0 0 0 0 0 0 0
amy 4 0 ] 0 0 5 3 0
ep 0 3 0 0 : 2 0
E . 0 3 0 0 3 3 0
{1/a,1/b} 0 3 0 0 3 3 0
{1/a,2/b} 1 0 3 0 0 : 3 0
{1/a,3/b} % 0 2 0 0 2 2 0
{2/a,1/b} 1 0 i 0 0 1 i 0
{2/a,2/b) % 0 3 0 0 : 3 0

5. Multiset reflexive approximations

In this section, we generalize the three types of rough set approximations -that were studied in [8] based
on reflexive relation- in multisets and we study their properties.

Definition 5.1. Let R be an mset reflexive relation on 6 and Y6 — P*(6) be a mapping which assigns
for each x € W0 its mset j-neighborhood in P*(). Then (6, R, ;) is called an mset reflexive j-neighborhood
space (j-MRNS).

Definition 5.2. Let (6, R, ¢) be a j-MRNS then:

N ni(/y), If there exists y € "0 such that (w/x) € nj(n/y)
njn(w/x) = { (W/X)en;(n/y)
¢ Otherwise

Definition 5.3. Let (0, R, {j) be aj-MRNS, the mset reflexive type 1j-neighborhood approximations of y C 6
are defined by:

TR 00 = {(w/x) € 62 0 (w/x) € xl-

(Called the mset reflexive type 1 lower approximation of y).
R = {(w/x) €620 (w/x) N x # B}

(Called the mset reflexive type 1 upper approximation of y).

Lemma 5.4. Let (nfy) € njm(w/x), then njm(n/y) C njm(w/x),
Proof. Let (k1/z1) € r]?(n/y) and let (ko/zp) € 6 be any element such that (w/x) € 1;(ka/z2). (W/x) € nj(kp/z) and

(nfy) € T]]-O(W/X) imply (nfy) € nj(ka/z2). (n/y) € nj(ka/z2) and (ki/z1) € T]jm (/y) imply (k1/z1) € nj(ka/z2) and
since 1;(kp/z7) is any neighborhood containing (w/x), therefore (k1/z1) € r]].m(w/x). Hence n].m(n/y) - r]].m(w/x). O



H. I. Mustafa, R. Wassef / Filomat 40:10 (2026), 3677-3695 3691

Proposition 5.5. Let (0, R, §j) beaj-MRNS, A, B C 0, then the mset reflexive type 1j-neighborhood approximations
of A and B satisfy (L2)-(L7), (L9), (U2)-(U7) and (LU).

Proof. (L2) —1%,5,]_ ) = {(w/x)€6: q].ﬂ(w/x) C o) =o.

(L3) _1R%(A NB) = {(w/x) €6 njm(w/x) C(ANB)}={w/x)e€d: nl.m(w/x) C A and r]jm(w/x) C B} = {(w/x) :
q].ﬂ(w/x) C A} N {(w/x) : n].“(w/x) CB}= —19%,5]]_ (A)N —1%;3]_ (B).

(L4) Let (w/x) € [—1%% (A) U —19%%(3)], then (w/x) € —19%21. (A) or (W/X) € ‘“R%i(B), thus njm(w/x) C Aor
n].ﬂ(w/x) C B, therefore q].ﬂ(w/x) C (AUB), s0 (w/x) € —19&?‘“ (AUB). Hence —1%3], (A) u—lﬁagj (B) C —19&% (AUB).
(L5) Let A C Band (w/x) € '1‘)%1{71 (A), then nln(w/x) C A, thus njm(w/x) C B, therefore (w/x) € ‘R% (B). Hence
—19&?71 (A) C —19&% (B).

(L6) 1 ‘R% (@) = {(w/x) € 6 : nj”(w/x) C ¢}, and since R is reflexive, therefore njm(w/x) # ¢ for all (w/x) € 6.
Hence _1%% () =¢.

(L7) Let (w/x) € _19%% (A), then Njn(w/x) C A, since R is reflexive, then (w/x) € njm(w/x), so (W/x) € A. Hence
—1%% (A)CA.

(L9) i. From (L7), we have _1‘)%% (A) C A, then by using (L5), _1‘?\%[_1%% A)]ct ‘R% (A).

ii. Let (w/X) € —1%% (A), then njm(w/x) C A. Let (nfy) € qj“(w/x), then by Lemma 5.4, q].ﬂ(n/y) C njm(w/x), thus
r]jm(n/y) C A. Then (nfy) € _1%%(A) and so r]jﬂ(w/x) C _1%%(A), thus (w/x) € _1?’\% [‘1%%(A)], therefore
-19%;5,]_ (A) C -1%%[-1%?,]_ (A)].

Hence ' R) [T R (A)] = TTR] (A).

(U2) F1RE(9) = (W) € 5 NDw/x) N # ) = .

(U3) Let (w/x) € +19§% (ANB), then 17jm (W/X)N(ANB) # ¢, thus njﬂ W/X)NA # ¢ and njm (W/x)NB # ¢, therefore
(w/x) € +1%gj (A) and (w/x) € +19%;5h_ (B). Hence +1%gj (ANB)C HT‘% (AN +1%§h (B).

(u4) +1‘R%(A UB) = {(w/x) € 6 : n].ﬂ(A UB) # ¢} = {(w/x) € 6 : njﬂ(A) £ ¢ or r]].m(B) ¢} = {(w/x) €6
n(A) # PhU (W) €6:0(B) # ¢} = HIRE (A) U TRE (B).

(U5) Let A C B, then +1‘R,67]_(A) ={(w/x)€b: njﬂ(w/x) NA # ¢} C{(w/x): q].ﬂ(w/x) NB# ¢} = +1‘R%(B).

(ue) +1‘jo ) = {(w/x) : r]j“(w/x) N6 # ¢} and since R is reflexive, therefore nj.m(w/x) N6 # ¢ for all (w/x) € 6.
Hence +1%% 6) =6.

(U7) Let (w/x) € A, since R is reflexive, therefore (w/x) € 17].” (w/x), so njﬂ (w/x) N A # ¢, thus (wW/x) € +1‘R% (A).
Hence A C +1‘R‘,5h_ (A).

(LU) -1%;5]]. (A) = {(W/x) €6 : q].“(w/x) C A} C{W/X) N (WX NA # P} = +19%;5h_ A). O

Definition 5.6. Let (6, R, ;) be a j-MRNS, the mset reflexive type 2 j-neighborhood approximations of
A C 6 are defined by:

—29%;3], (A)=U {n].ﬂ(w/x) : njﬂ(w/x) C A}

(Called the mset reflexive type 2 lower approximation of A).

FRE () = [2R (AOL

(Called the mset reflexive type 2 upper approximation of A).

Proposition 5.7. Let (6, R, §j) beaj-MRNS, A, B C 0, then the mset reflexive type 2 j-neighborhood approximations
of A and B satisfy (L1), (L2), (L4)-(L7), (L9), (U1), (U2), (U5)-(U7), (U9) and (LUI).

Proof. (L1) [PR) (A9 = ([T2R] ([A]9)])° = 2R)(A).

7]]'



H. I. Mustafa, R. Wassef / Filomat 40:10 (2026), 3677-3695 3692

(L2) 2R5(0) = Ul (w/x) : 1 (w/x) € 8} = 6.

(L4) Let (w/X) € —Z%gj (A)U —29&5 (B), then (w/x) € Uf m(n/y) Ul O(n/y) C A} or (w/x) € Uf m(n/y) nﬁ(n/y)
B}, thus (w/x) € u{n].ﬂ(n/y) : njﬂ(n/y) C (AUB)} = —29&5] (AUB Therefore —2%5] (A)u—Zw (B) c —29&0 (AUB).
(L5) Let A C B and (w/x) € ‘Z‘R%(A), then (w/x) € U{njm(n/y) : njﬂ(n/y) C A} c U] J.n(n/y) L (n/y) C B},
therefore (W/x) € _2%% (B). Hence _2%% (A) C _2%% (B).

(L6) _2‘)%5 (¢) = U{n].m (W/x) : njm(w/x) C ¢} and since R is reflexive, thus 17].” (W/x) # ¢ for all (w/x) € . Therefore
2RO (@) = .

(L7) -2%6] (A) = U{r]jn(w/x) 1 (W/x) C A} C A.

(L9) i. From (L7), we have _Z‘K% (A) C A, then by using (L5), _2%%[_2‘)&% (A)] ¢ _2%% (A).

ii. Let (W/x) € —Z%gj (A) = u{qjﬂ (n/y) : 17]0 (n/y) C A, then there exists (ny/y,) € 6 such that (w/x) € 17]0 (m/y;) C
A, thus r]].m(m/yl) c u{njﬂ(n/y) : njﬂ(n/y) C A} = —29&% (A), so (w/x) € njﬂ(nl/yl) c —2%2].(A), thus (w/x) €
—2%% [—29%% (A)] and therefore —29%?,]_ (A) C —29%?,]_ [—Z%g]. (A)]. Hence —29%;5,]_ [—2%% A)] = —2%% (A).

(U1) From definition 5.6, we have +2‘R5 (A) = [_2‘}’\2j (A

(uz) +29%%]. (@) = [‘2%% (@)]° 2%2](6)]C =0 =¢.

(U5) Let A C B, thus —29&;3] (BC) c 2RO {(A°), 50 [—ZW (A9 = +2%,6h (A) C +2%,6h (B) = [—Z%gj (BY)J-.

(U6) *2R7, (6) = [R] (0)°° = 2%5 (O =0 =

(U7) [R5 (A)° = -29%% (AS) C A©, Thus AcC +2%5] (A).

(uo) +2w [+2‘K?7](A)] = (‘ZR%FZ%%(A)]C)C = (‘Zﬂ%gj[‘zﬂ%gj(Ac)])c and from (L9), (‘2%%[‘2%%(AC)])C =
- 29&6] (A9 = +29&§;j (A). Hence +29&§;j[+29&§;j A)] = +2%§>ﬁ (A) (LU) From (L7), we have —29&% (A) C A. From
(U7), we have A C +2?’\2}. (A). Therefore _Z‘R% (A) C +2?§% (A). O

Definition 5.8. Let (6, R, ¢j) be a j-MRNS, the reflexive reflexive type 3 j-neighborhood approximations of

A C 6 are defined by:

PRE(A) = [PRG (A).

(Called the mset reflexive type 3 lower approximation of A).

+39%5 (A)=U{p ]O(x/w) : n].“(w/x) NA % ¢).

(Called the mset reflexive type 3 upper approximation of A).

Proposition 5.9. Let (6, R, ;) beaj-MRNS, A, B C 6, then the mset reflexive type 3 j-neighborhood approximations

of A and B satisfy (L1), (L2), (L5)-(L7), (U1)-(U7) and (LU).

Proof. (U1) [_3‘1‘5",]. (A9 = ([+3‘RI‘3\]]_([AC]C)]C)C = PR (A).

(U2) PR () = Uln(w/x) : n(w/x) N # b} = b.

(U3) Let (w/x) € PR, (ANB), then (w/x) € U ﬁ(w/x) : nﬂ(w/x) N (A NB) # ¢}, thus (w/x) € U{ m(w/x) :
m(w/x) NA) = ¢ and N”(w/x) N (B) # ¢}, so (w/x) € Un m; O(w/x) : ﬁ(w/x) N(A) # ¢} N Uiy w/x)
]“(w/x) N (B) # ¢}, therefore (w/x) € -3*)@] (A)N -3%6] (B). Hence +3‘R‘5] (A NB) C -3%5] (A) N 3R (B)

(u4) +3?R?]],(A UB) = u{q].ﬂ(w/x) : qjﬂ(w/x) N(AUB) # ¢} = u{q].ﬂ(w/x) : qjﬂ(w/x) NA#¢ or njﬂ(w/x) NB #

o) = u{njﬂ(w/x) : n].ﬂ(w/x) NA# ¢ U Ui m(w/x) : ﬁ(w/x) NB# ¢} = +3%5 (A)U 3R (B)

(U5) Let A C B, then +39%§h_ (A) = Ufn| (w/x) q”(w/x) NA # ¢} C U n(w/x) qﬂ(w/x N B # ¢} = +3%;3] (B).

(U6) Since R is reflexive, then (w/x) e r]] (W/x) for all (w/x) € 6. Thus +39%5] ) = Jﬂ(w/x) No+ ¢} =

(U7) Let (w/x) € A, since (w/x) € 17j”(w/x) (from reflexivity), then nl.m(w/x) NA # ¢ and so (W/x) € +3‘R% (A).
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Hence A C +3‘R§h_ (A) (L1) From Definition 5.8, we have _3‘}’\% (A) = [+3‘)ﬁ’\§57j (AS)]C.
(L2) PR ©) = [PR) 0] = [PR (@) = ¢ = .
(L5) Let A C B, then +3%gj (BS) C +3%gj (AS), thus [+39%g], (A9)]C = —3%% (A) C —3%% (B) = [+3%gj (BY)J-.
(L6) ‘3%21 (P) = [+39%?,j (@)]° = [*3%% O)° =06 =¢.
(L7) A® C +3%,6h (AS), then [+3%gj (A9]° = 3R (A) C A
]

(LU) From (L7), we have _3‘)%% (A) C A. From (U7), we have A C +3 %gj (A). Therefore _3%% (A) C +39%§5h, (A) O

6. Multiset similarity approximations

In this section, we generalize the three types of rough set approximations -that were studied in [8] based
on similarity relation- in multisets and we study their properties.

Definition 6.1. Let R be an mset similarity relation on 6 and ; : 6 — P*(6) be a mapping which assigns
for each x € "0 its mset j-neighborhood in P*(0). Then (6, R, ) is called an mset similarity j-neighborhood
space (j-MSNS).

Definition 6.2. Let (6, R, I,Dj) be a j-MSNS, then:

U ((nfy), If there exists y € "0 such that (w/x) € 1:(n/y)
vy y vy

NP (w/x) = § Wh)enn/y)

] o, Otherwise

Definition 6.3. Let (6, R, 1) be a j-MSNS, the mset similarity type 4 j-neighborhood approximations of
X € 6 are defined by:

TR0 = {(whx) €611 (whx) € x)-

(Called the mset similarity type 4 lower approximation of ).
HRE) = {(w/x) €62 P (w/x) N x # ¢}

(Called the mset similarity type 4 upper approximation of y).

Lemma 6.4. Let (5, R, ;) be a j-MSNS and (w/x), (n/y) € 0, thus if (w/x) € r]ju(n/y) then (n/y) € N].U(w/x).

Proof. Let (w/x) € njU(n/y), then there exists (k/z) such that (n/y) € nj(k/z) and (w/x) € nj(k/z), thus (n/y) €
ni(k/z) < 17].U (w/X). Hence (nfy) € nju(w/x). O

Proposition 6.5. Let (9, R, i) beaj-MSNS, A, B C 6, then the mset similarity type 4j-neighborhood approximations
of A and B satisfy (L2)-(L8), (U2)-(U8) and (LU).

Proof. (L8) Let (w/x) € A, then for each (n)y) € nju(w/x) we have (W/X) € nju(n/y). Thus AN r)].U(n/y) # ¢, s0
(nfy) € +4%gj (A). Therefore n].U (w/x) C +49%g]. (A), then (w/x) € -4%gi[+4%gi (A)]. Hence A C —4%% [+49%g], (A)].
(U8) Let (w/x) € +4<jo[—4<)%gj (A)], then njU(w/x)m—‘*%gj (A) # ¢. Let (nfy) € NjU (w/x)ﬂ_4%‘,5h, (A). Since (nfy) €
N].U(w/x) thus (w/x) € N].U(n/y) and since (n/y) € _4%% (A) we have N].U(n/y) C A. Then (w/x) € r]].U (n/y) C A,
therefore (w/x) € A. Hence +4‘jo [_4%% (A)] € A. The proof of the other properties is similar to that of Proposition
55. 0O

Definition 6.6. Let (6, R, ) be a j-MSNS, the mset similarity type 5 j-neighborhood approximations of
A C 6 are defined by:

TR (A) = {(whx) €61 1P (w/x) € A).

(Called the mset similarity type 5 lower approximation of A).

PR (A) = [PR{ A

(Called the mset similarity type 5 upper approximation of A).
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Proposition 6.7. Let (0, R, ;) beaj-MSNS, A, B C 6, then the mset similarity type 5j-neighborhood approximations
of A and B satisfy (L1), (L2), (L4)-(L7), (L9), (U1), (U2), (U5)-(U7), (U9) and (LU).

Proof. The proof is similar to that of Proposition 5.7. [

Definition 6.8. Let (6, R, 1) be a j-MSNS, the mset similarity type 6 j-neighborhood approximations of
X € 6 are defined by:

“OR3 (1) = [*ORE ()

(Called the mset similarity type 6 lower approximation of x).

HORE (1) = ((wpx) €6 noW/X) N x # ).

(Called the mset similarity type 6 upper approximation of y).

Proposition 6.9. Let (0, R, ;) beaj-MSNS, A, B C 6, then the mset similarity type 6 j-neighborhood approximations
of A and B satisfy (L1), (L2), (L5)-(L7), (U1)-(U7) and (LU)

Proof. The proof is similar to that of Proposition 5.9. [

7. Conclusion

This research introduced a comprehensive generalization of multiset neighborhoods into eight distinct
types and used them to define new forms of approximations. Building on these, eight multiset topologies
were constructed. Furthermore, we extended six classical types of rough approximations to the multiset
context and explored their logical properties. Through rigorous definitions, propositions, and illustrative
examples, we have demonstrated the interrelations between these newly defined structures and their
adherence to rough set axioms.

The proposed multiset rough approximations can be applied in information systems involving repeated
observations, such as transaction databases, web logs, or sensor-generated data, where objects may occur
multiple times and frequency carries semantic meaning. In such settings, multiset representations preserve
quantitative information that is lost in classical rough set models. The framework is also suitable for
decision-making modeling, where decisions depend not only on the presence of attributes but also on
their repetition. Furthermore, the use of j-neighborhoods enables local approximation of data patterns,
making the proposed approach relevant to pattern recognition and data classification problems involving
noisy or redundant data. Finally, the induced topological structures provide a theoretical basis for further
applications in granular computing and topological analysis of multiset-valued data, suggesting several
directions for future research.
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