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Abstract. Thisstudy investigates mixed geodesic warped product pseudo-slant submanifolds in Kenmotsu
space forms, deriving several inequalities. We provide examples to demonstrate the existence of these
submanifolds and verify the second fundamental inequality. Furthermore, we classify various physical
quantities, including Dirichlet energy, Laplacian, Hamiltonian, and eigenvalues of the warping function,
within a compact support.

1. Introductions and motivations

Nash’s embedding theorem [22] states that every warped product can be immersed as a Riemannian
submanifold in some Euclidean space with a sufficiently high codimension. Based on Nash’s theorem,
geometric obstructions, specifically intrinsic and extrinsic invariants, for warped products have been estab-
lished in various ambient space forms [1, 13, 20]. Chen [11, 12] provided optimizations for the second
fundamental form as a main intrinsic invariant, the constant holomorphic sectional curvature, and the
Laplacian of the warping function as a main extrinsic invariant for CR-warped products in complex space
form and complex projective spaces. He also completely classified the equality case of these inequalities.
Significant research on warped product submanifolds has been conducted across various ambient space
forms [3, 4, 14, 15, 21, 25], notably influenced by the work of Chen [11, 12]. Applications have also been
derived for compact Riemannian submanifolds, particularly in cases where equality holds, and the bound-
ary is empty. Chen [11] developed a novel technique to establish the relationship between extrinsic and
intrinsic invariants for warped product submanifolds of Kdhler manifolds and space forms, utilizing the
Codazzi equation. From this point of view, by using the Gauss equation instead of the Codazzi equation
in the sense of [11], Mustafa et al.[5] obtained the second fundamental inequality for contact CR-warped
products in Kenmotsu space forms. There are not too many studies on the second fundamental inequality
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for warped product pseudo-slant submanifolds other than Sahin’s, who obtained a mixed geodesic in-
equality for warped product pseudo-slant submanifolds in a Kaehler manifold [7]. Then, such inequalities
for warped product pseudo-slant submanifolds in different ambient manifolds were derived, and many
authors discussed conditions for submanifolds in [2, 17, 18, 28, 29, 35-39] recently. Taking this into con-
sideration, use Gauss equations instead of Codazzi equations, as in the sense of [5]. The squared norm of
the mean curvature can be calculated by using a warping function and the constant holomorphic sectional
curvature in the spirit of [3, 4] and in light of the historical development in the study of a warping function
of a warped product submanifold [13]. The primary objective of this study is to introduce a novel method
for establishing inequalities related to the second fundamental form for mixed geodesic warped product
pseudo-slant submanifolds and minimal mixed geodesic warped product pseudo-slant submanifolds that
are isometrically immersed in complex space forms. This represents the first such inequality derived for
mixed geodesic warped product pseudo-slant submanifolds in any space form.

2. Basic formulas

An almost contact structure (¢, &, 717) on a smooth manifold V241 includes a (1, 1)-type tensor field ¢, a
vector field £ and a 1-form 1 which satisfies the accompanying relation

P -n®E+T=0,n&) =1 1)

As an immediate consequence of (1), we easily observe that the tensor field ¢ induces an almost complex
structure J on a 2n-dimensional horizontal distribution ©, which is described as the kernel of a 1-form 7,
i.e. D = ker(n). Such horizontal distribution ® can be represented as the orthogonal direct sum of the two
n-dimensional eigen distributions D* and D~ having eigenvalues +i and —i, respectively. From this, the

tangent bundle TV?*! can be decomposed as;
TVZd+1 — D+i @ D—i ® <€> (2)

An almost contact manifold is a smooth manifold V24+1 consisting of an almost contact structure (¢, &, 1).

An almost contact manifold is an almost contact metric manifold if it is furnished with a Riemannian metric
g that fulfills

9(Z1,Z2) = 9(9pZ1, pZ2) + n(Z1)n(Z2), 3)
forevery U,V € [(TV24+1), By the application of (1), we receive that
poé=0,n0¢@=0, and rank(p) = 2d. 4)

The vector field £ and 7 are allied to g by the following relation

n(Z1) = 9(Z4, ). )
By the utilization of (1)-(3), we attain
9(Z1,9Z2) + g1, Z2) = 0. (6)

Definition 2.1. Let V**! be an almost contact metric manifold, then V*1 is Kenmotsu manifold if

(1) @ satisfies
(V2,9)Z2 = 990 Z1, Z2)E — N(Z)9Z1. 7)
(ii) & satisfies

Vz,& = —¢*Zh. 8)
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The following relation expresses the Riemann tensor for the Kenmotsu space form

R(Z1, 20 25, Z9) = 0(Z0, Z90(Z0, Z0) - 920, Z5)9(Z0, Z0))

c+

L ZONZZa Z) + N ZNZAZr, Z)

= (Z2IN(Z3)9(Z1, Za) — N(Z1)9(Z2, Z3)1n(L4))
+ 9(0Z2, Z3)9(0Z1, Zs)
— 9(pZ1, Z3)9(9Z2, Z4)) + 29(Z1, 9Z2)9(9 L3, Z4)). )

+

Let V be a paracompact, connected, and smooth Riemannian manifold, V21 he a Kenmotsu manifold, and
PY: V- V241 be an isometric immersion.

The hyperbolic space H*"*! = {x1 -+ xp,41 € R¥"*!|x; > 0} equipped with the almost contact structure
((p, &1, g) constructed by Chinea and Gonzales in[16] is a Kenmotsu manifold with sectional curvature

c = —=1. Then (V) C V241 be an isometrically immersed submanifold of the Kenmotsu manifold. The

induced metric on V is denoted by the same symbol g. For any Zie [(TV?+1), we have the following
representation:

.Z = tanZ + norZ, (10)

where tan : TV2*!1 — TV and nor : TV**1 — TV are orthogonal projections on the tangent bundle TV
and normal bundle TV*. Let us denotes I'(TV) and I'(T‘V*) for the section of tangent and normal bundle.
Then for any Z; € I(TV) and C € T(TV*), we obtain
pZ =tZ1+nZy, (1)
PC=tC+nC, (12)

where tZy = tanZ; (resp. nZ1 = norZy) of pZ1 and FC = tanC (resp. n'C = norC) of @Z1. In view of (3) and
(11), we receive that

9(tZ1, Z2) = —9(Z1, tZo). (13)
By the utilization of (3), (11) and (12), we concede that
g0’ &, G) = —g(Ci, 1 Q), 9(Z1,t0) = —g(nZh, Q1) (14)

for every (i, ( € T(TV4). If we denote V and V+ for the induced Levi-Civita connection in V. Then, Gauss
and Weingarten’s formulas are expressed by the following relation

V2,22 =V7,2Z2 + WZ1, Z2), (15)
V2, E=—AZi+ V5, (16)

V¥ Z1,Z2 € I(TV) and & € I(TV*), where h and A are the second fundamental form and shape operator,
connected by the following relation

9(A:Zn, Z2) = g((Zn, Z2), &) (17)

The mean curvature vector H is defined by H = %tmce(h). Now, we recall some important definitions for
later use.
An isometric immersion ¢ is called totally geodesic if & = 0, and it is minimal if H = 0. A normal vector
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field £ is an umbilical section if A is proportional to & i.e., Az = kI, for k € C*(V). If every normal vector
field is umbilical, then 1 turns totally umbilical. This is equivalent to the following expression:

WZ1,Z») = g(Z1, Zo)H. (18)

for all Z1,Z, € T'(TV) (for more details, [1, 27, 32, 34]. Further, the covariant derivative of (Vz,¢)Z>,
(Vz,t)Z2 and (Vz,n)Z, are characterized by

Vz,9)Z2 =Vz,0Zr = 9V 7, 2o, (19)
(Vz,)Z2 =VztZo -tV 7, 2o, (20)
(Vzln)ZZ :V%1 I’Z.ZQ - nVZ1Z2. (21)

Given Egs. (7) and (12), we achieve

(V.Z1 t)Z2 :t/h(ZL ZZ) + AH.ZZ‘le (22)

(Vz,n)Zs =n'WZ1, Z2) — W(Z1,tZo). (23)
The covariant derivative of / is given by

(Vz,h)(Z1,Z2) =V2h(Zl, Zy) —h(Vz,Z1,Z2) — h(Z1,Vz,Z2). (24)

Further, the equation of Gauss and Codazzi is defined by
R(Z1,Z2,Z5,Zs) = R(Z1,Z2, Z5, Za) + 9(Z1, Z3), M Z2, Zs)) — 9 Z1, Za), W(Z2, Z3)), (25)
(R(Z1,Z2)Z5)" = (V2,1)(Z2, Z3) ~ (V2,h)(Z1, Zs), (26)

YV Z1, 22 Z3, Zs € T(TV). A submanifold V is totally real submanifold (or anti-invariant) if for every p € V,
V satisfies p(T,V) C T,V+ and holomorphic (or invariant) if for every p € V, V satisfies p(T,'V) C T,'V. An

isometric immersion ¢ : M — V?*1 is slant if and only if
P=AI-1n®%), (27)
for some A € [0, 1] (see [8]). Moreover, for a slant immersion A = cos? 6.

Lemma 2.2. For a slant submanifold V of a Kenmotsu manifold V241 we have

9(tZ1,t2Z>) = cos® 09(pZ1, 9 Zo), (28)
9(nZ1,nZ>) = sin® 09(pZ1, 9 Z>), (29)
fOT’ er .Z2 € F(DJ‘)

Definition 2.3. An isometric immersion is said to be a pseudo-slant warped product submanifold V in a Kenmotsu
manifold V*™*1 if there exists a pair of orthogonal distributions (Bg, B ) such that the tangent bundle is expressed as

TV = Bp & B, ®(E), (30)
where By is a slant distribution, B, is an anti-invariant distribution, and (&) is a 1-dimensional distribution of TV.
The mean curvature vector H in terms of {Eq,E; - -+ , E,} which is called an orthonormal frame of tangent

space TV and it is described as:

1 1 ¢
H= Etrace(h) =— Z{h(Eal,Egl), (31)
a =
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where m = dim V. Also, we have

m

WP = Y g(h(Ea, En), W(Ea, En)) and ik, = g(h(Eay, En), Es,), (32)

al,a2:1

foraq, by €{1,---m}and by € {1,---2m} are orthonormal frames tangent to V and normal to V, respectively.

The concept of curvature is a fundamental tool in the theory of general relativity and black holes.
Ricci curvature and scalar curvature are often more helpful than the full Riemann curvature tensor. These
curvatures also appear in the Einstein field equations, which connect the geometric properties of spacetime
with its matter content. Ricci curvature has been significantly utilized in Ricci-Flow, initiated by R. S.
Hamilton, and was instrumental in Perelman’s resolution of the geometrization conjecture proposed by W.
Thurston. We now recall some basic definitions and results related to curvatures:

The Ricci-curvature and scalar curvature denoted by Ric and 7, respectively, is represented by the following
relation

Ric = Y R(X, E)E,, (33)
q
o(TV) = Z K(E, AEy), (34)
1<g#s<m

where K(E; A Es) indicates the sectional curvature of the plane spanned by E; and E;. The gradient and
Laplacian of smooth function f : M — R are described by the following expression

VAR = Y (Ey())? and g(Vf, Z1) = Z: , (35)
q=1
Af =Y (Ve E)f - EEq(f), (36)
q=1
for all Z; € I'(TV). In local coordinates, the relation (36) can be written as
Af ==Y g(Ve,grad(f), Ey). (37)
q=1

The Laplacian is related with Hessian H/ by the following relation
Af = ~TraceH = — Z H/(E,, E,). (38)
q=1

For a smooth function f : V — R, the Dirichlet energy is defined by

B =5 [ IfFay, 9)

where E(f) and dV indicate Dirichlet energy and volume element, respectively. The Sigma model can
estimate the Dirichlet energy if R is replaced with a smooth manifold. Solutions to the Lagrange equation
for the sigma model produce extremely high Dirichlet energies. In Lagrangian mechanics, a mechanical
system’s Lagrangian L is expressed as T — V, where T denotes the system’s kinetic energy and V is its
potential energy. The Lagrangian of the smooth function f is given by the following

1
L= EIIfIIZ- (40)

The Euler-Lagrange equation for a Lagrangian Lis Af = 0.
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Lemma 2.4. [1] Let V be a compact, connected Riemannian manifold without boundary and f be a smooth function
on V such that V> 0 (V < 0), then f is a constant function.

Moreover, by the consequence of the Green theorem, the following relation holds on a compact orientable
Riemannian manifold without boundary

f AfdV =0, (41)
Vv

since Ap = div(X), the above relation immediately taking the following form

f div(X)dV =0, (42)
v

where div(X) is the divergence of smooth vector field X tangent to V [1]. The well-known Hopf lemma is
stated as follows:

Theorem 2.5. [1] Let “V be a compact, connected Riemannian manifold with boundary and f be a smooth function
on V such that Af =0on V and fyy =0, then f = 0.

The Hamiltonian [1] H is defined as the total energy of the mechanical system. It induces the symplectic
structure on a smooth even-dimensional manifold. The following formulas compute it

H(df,x) =

N —
N| =

m m 1
;(df(Eq))z - ;usm (P = SIVAIP. (43)

3. Curvature Inequality

Let (V1, go,) and (V3, g,) are two Riemannian manifolds. Then V = V;xV, is a Riemannian manifold.
There are natural projections 1 : Vi XV, — Vyand i’ : Vi XV, — V5.

Definition 3.1. A product manifold V = V1 X V, is called warped product [13, 31] (denoted by V1 X, V2) if it is
furnished a Riemannian metric (called warping metric) g fulfills

g U) = g(rU, 7.U) + (p o m)* g(r .U, 1), (44)

for any tangent vector U to V, where f : Vi — (0, 1) be a smooth positive function, called warping function and +
denotes the push-foreword map (or differential map).

For a non-constant f, V' is a proper (or non-trivial) warped product; otherwise, it is trivial. Moreover, the
above relation is equivalent to:

9= gv, +p°9gv,. (45)

In [9, 11], Chen derived the general inequality for a CR-warped product in complex space form, which
establishes a connection between intrinsic and extrinsic invariants of the CR-warped product, such as the
second fundamental form and the warping function. By the immediate consequence of [11] he presents
all the classification of CR-warped product in CX which fulfills the relation (46), which locally a Segre

CR-warped product defined by partial Segre embedding up to rigid motion as <¢>5" : Chx &7 — Wk,
where Cf = C ~ {0} and 4,p,k € N. By the application of Hopf fibration, he determined some conditions
under which the equality sign of (46) holds for CR-warped products in complex projective space CIP"(4)
and in complex hyperbolic space CIH" (—4) (for more details, see Theorem 5.1 and Theorem 5.1 [11]). Later,
Arslan et al. [23] derived a functional inequality for a CR-warped product Vr X, V. in a Kenmotsu space
form that connects curvature, the second fundamental form, Laplacian, and the gradient of the warping
function. This inequality is represented as follows in the form of a theorem:
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Theorem 3.2. [23] Let V be a CR-warped product of type Vr X, V. in a Kentmotsu space form V2+1(c) with B
dimensional on anti-invariant submanifold, then we have

> > Zﬁ{HV(ln P)I* = BA(In p) + 1} + af(c+1). (46)

After that, numerous geometers studied CR-warped products in different ambient spaces. Motivated by
Theorem 3.2, we construct such inequalities for pseudo-slant warped product submanifolds in a Kentmotsu
space form. Before deriving these inequalities, one can recall some important facts related to pseudo-slant
warped products.

Lemma 3.3. [18] For a pseudo-slant warped product submanifold V = Vg X, V. of a Kenmotsu manifold v
we have

g(h(X1, X2), 9Z1) = g(h( X1, Z1), nX7) 47)
g(h(Z1, X1), 9Z2) = g((Z2, X1), 9Z1), (48)

forany X1,Xo € TVgand Z1,Z> € TV,.

Lemma 3.4. [18] For a pseudo-slant warped product submanifold V = Vg X, V. of a Kenmotsu manifold V>"*1,
we have

(i)éInf=1

(ii) g(h(Z1, Z2), nX1) = gh(X1, Z2), pZ1) + (tX1In f)g(Z1, Z2)

(iii) g(h(Z1, Z2), ntXy) = g(h(tXy, W), 9Z) = cos 0(X1 In f) - n(X1)}9(Z1, Z2)

forany X1 € TVgand Z1,Z, € TV,.

It is well known that the following results are satisfied for a warped product submanifold, we have

1
K(Uy A W) = g(VwVz, Uy = Vi, Vg, Uy, Wy) = 5{(% u)f - Ui f}, (49)
2d+1
w(TV)=TTV)+ Y Y, (bl hike, = (1210)P), (50)

b1=1 1<a1#a,<n
from (34), we have

2d+1

K(Eq AEo) = K(Eo) AE)+ Y Y (bl i, = (2,,) (51)

b1=1 1<m#a,<n

foreacha, = $1 +1---m and from (49), we have

B m
A
Y Y KE, B =222 62)
m=1ay =ﬁ] +1 ‘O

For mixed totally geodesic warped product pseudo-slant submanifolds in Kenmotsu space forms, we
estimate the squared norm of the second fundamental form as follows;

Theorem 3.5. Let V = Vgx,V, beamixed totally geodesic pseudo-slant warped product submanifold in Kenmotsu
space form K(c), then

(i) the length of h fulfills

-3 2B, A
IIhIIZZﬁz((C 2)ﬁ1+c;1)_ f”ZpP

— m||H|? + 2B cot? 0 (|V(In p)|2 - 1). (53)
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(ii) the equality holds in (53) if and only if Vg is totally geodesic, (Vﬁz is totally umbilical in K(c).

Proof. In view of Eq. (25), (31) and (32), we find that
I1? = 28T V) = 22(TV) + m? | HIP.

By the consequence of (34), we obtain

p1 m
Wl =2E(TV) = 20(TV) + mP|HIP =2 ) Y K(ea Aep)
A=1B=g,+1
-2 Z K(ea Aec) — Z Kep A ep) + m?||H]P.

1<A#C<py p1+1<B£D<m
From (52) and (34), we derive as follows

ZﬁzAp

11 = 2T(TV) — = 21(T V) = 20(TeV1) + m?||HIP.

Thus from (50) and (56), we derive

2d+1 2d+1

W2 =275V =2( Y Y (k) -2 Y, Y, (i
r=n+11<a#b<p; r=n+1 p1+1<s1#sp<n
_ZﬁzAp

= 20(T, Vo) = 20(T, V. P) + m? | HIPP.

Now, consider

2d+1 2d+1
(X 2 (mdi-00P)= 3| X, M= ), )|
r=n+11<a#b<p; r=n+1 \1<a#b<p; 1<a#b<p;

Adding and subtracting the same term in the above equation, we get

2d+1 2d+1 2d+1

(X X, (k-0 =Y, 3w+ Y Y, (i)
r=n+11<a#b<p r=n+11<a#b<py r=n+1 1<l #ki <p;
Y Y ey Y )
r=n+11<a#b<p; r=n+11<h#k;<p; o

-

5182

7))

3704

(54)

(55)

(56)

(57)

Now, using the binomial theorem in the last two terms of the right-hand side in the last equation and

computing other terms, also, then
2d+1 2d+1 , 2+l p1 )
( Z Z (iaiy, — (1,)°)) = Z (5, + "'”%/ﬁ) - Z Z(th) :
r=n+11<a#b<p; r=n+1 r=n+1 a,b=

Similarly, we derive the following results.

2d+1 2d+1 2d+1 m

( Z Z (hglslhgzsz - (h;lsz)Z)) = Z (h;51+1/31+1 +eet hirﬂm>2 - Z Z (h;sz

r=n+1 p1+1<s1#5,<n r=n+1 r=n+1s,t=p1+1

).

(58)

(59)
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By the consequence of (57), (58), and (59), one can easily derive the following.

2d+1 p1 2d+1 m

A
WP = 28TV - 222 071, ) - T V) + R HIE +2 Y Yy +2Y Y ()
P r=n+1 a,b= r=n+1s,t=p1+1
2d+1 2d+1 5
—2 Y (e ) =2 Y (R g e ) (60)
r=n+1 r=m+1

Now, utilizing x> + y* = (x + y)? — 2xy into the above relation by taking x = h; and y = hss, we compute

_ 2B, A __ __
11l = 27T, V) - 52 P 20T Vo) = 20T V1) — m?||H]P
2d+1 P 2d+1 m 2d+1 P11 P2
+2 n, + 2 h’ + 4 ho (61)
S]bz
r=n+1 a,b= r=n+1s,t= /31+1 =m+1a1=1a,=1

Putting Z1 = Z4 = E;, Z» = Z3 = E; in the above equation, we derive

R(E; Ej,E),Ei) = C+3((E,,E)g( E))-9(EEj)g(Ej E))

+ T (TI (E)n (Ej) g (Ei/ Ej) -1 (E]’) n (Ej)g (Ei, Ei)
+1(E)n(E;) g (Ei Ej) —n(E) 1 (E) g (E; E))
+9 (0L E;) 9 (9Ei, E) - g (#Ei Ej) 9 (9E;, Ei) + 207 (i, 9E))) (62)

Summing up over basis vectors of TV such that 1 <i # j < n, we have

2%(TM) = ”3 3 Y F(eEE)-2-1)). (63)

1<i#j<n

Since V is a pseudo-slant warped product submanifold in K(c). For this, we consider the orthonormal
frame for TN as follows:

B =span{Ey = By, -+, Es = E;, Egy = sec Otk -, Ep, = sec OtE, &},
D, =span{Eas2 = Ej, 2503 = B3, -+ a5, = Ep },
Additionally, the orthonormal frame for TN+ defined as follows:
n®, =span{Ey = JE,, By = JE;, -+, Eg, = JE}),
nBg =span{Ep,1 = cscOnky, -, Eg,4s = csc OF;, Eg, 1501 = csc O sec OntLy,
-, Epg 405 = csc O sec ontE},

v ={8g,425 = E1, -, Egy12s+k = Ek, Eguassikr1 = Eiv1, -+, Egyeasiok = Eaxh

gZ ((pEi, E,‘+1) =0, forie {1,. ..,20{}
=cos’Ofor i €{2a+1,...,2a+28-1}.

Then one obtains

i gz (tEi, E,~) =p cos? 6. (64)
ij=1
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From (63) and (64), it follows that

25TV) = 2nn—1) +

L (3/31 o5 0 — 21 — 1)).

Summing up over the vector fields on TV, in the above equation, one obtains

27 (T(VJ_) =

R 1).

Similarly, for a slant submanifold, we have

T(TVp) = {ﬁl{(ﬁ1 -1)}+ % (381 cos? 0 - 2(81 - 1)).

2d+1 P 2d+1 m 2d+1 P P2
SIWNIARCI NP WICHEEDIP WL
r=n+1 a,b= r=n+1s,t=p1+1 =m+1a;=1a,=1

B 2d+ B2 2d+1

= ZZ g(h(Es, Ey), Er) +ZZZgh(Eu,Eb E,)?

ab=1 r=1 ab=1 r=1
2d+1 P1 P2

+4 Z Y Y 9(h(Eq E), E)g(h(Es, Ev), E»).

r=m+1 a=1 b=1

By using the adopted frame, we compute

2d+1 P 2d+1 m 2d+1 P11 P
DIDNCARED MNP IN USRS WD D) W2
r=n+1 a,b= r=n+1s,t=p1+1 by=m+1a1=1a,=1
B B
=23)" Z (h(Ea, Ey), Er)? +2 Z Zg(h(Ea, Ey), E)?
ab=1 r=1 a,b=1 r=1

p1 p2 - B
+2 ) gUnEa Ep) EN? +2 ) Y gl(Ea, Ey), E))?

ab,r=1 ab=1 r=1

B2k B2
+2 2 Z g(h(Eu/ Eb)/ Er)2 +2 Z g(h(Ear Eb)r Er)2

a,b=1 r=1 abr=1
k B B
+ 4 Z Z Zg(h(Eﬂ/Eﬂ)/ Er)g(h(Eb/ Eb)/ Er)

r=m+1 a=1 b=1
1 P
+4 YY" g((E,, E2), ENg(h(Ey, Ey), Er)

a,r=1 b=1

p1 P2
+4Y" Y g(n(Eq, E), ENg(h(Ey, Ev), E).

a=1 b,r=1

We did not find any relation for the v-component, so leave these quantities

2d+1 P 2d+1 m 2d+1 P P2

2 ) Yy 2}, Y () e Y YD,

r=n+1 a,b= r=n+1s,t=p1+1 by=m+1a1=1a,=1

3706

(65)

(66)

(67)

(68)



A. Ali et al. / Filomat 40:10 (2026), 3697-3716 3707

B B B1
=2 g(Ea, Ey), B +2 ) g(n(Eq, Ey), Er)?
ab=1 r=1 abr=1
B2 P1 B2
+2 3" Y gO(Eq Es), B +2 ) g(h(Ea By, Er)?
ab=1 r=1 ab,r=1
pr P2
+4 Y Y g(h(Es, Eo), Eg(h(Ey, Ev), Er)
a,r=1 b=1
B B
+4 g(h(E,, Eq), Er)g(h(Ep, Ep), Ey).
a=1 b,r=1

Applying lemma 3.3, we have

2d+1 P 2d+1 m 2d+1 P1 P2
222(;1 +2Z Z hsm Z ZZh’h’
r=n+1 a,b= r=n+1s,t=p1+1 by=m+1a=1a,=1
B2 P1
=2 Z gEq, Ep), B +2 Y Y g(h(Eq, Ey), Er)?
abr=1 ab=1 r=1
p1 P2
+2 Z g(n(Ea, o), E? +4 ) Y gUn(Ea, Ea), En)g(h(Ey, Ep), E). (69)
abr=1 a,r=1 b=1

We leave 1%, 3" and 4" of above expression

2d+1 p1 2d+1 m 2d+1 P1 P2

zzzhr +2Z Z hglsz ‘4 Z ZZh iy
r=n+1 a,b= r=n+1s,t=p1+1 by=m+1a=1a,=1
B2 P [
22 )" Y gh(Eq B B2 +4 Y Y g(h(Eq, Ed), E)g((Ey, Ev), Er),
ab=1 r=1 a,r=1 b=1

By using the adopted frame, we compute

2d+1 P ) 2d+1 m 2d+1 P B2
2 Y Y () w2 ) Y () By Z Y. Y
r=n+1 a,b= r=n+1s,t=p1+1 =m+1a;=1ay=1

B2 s B2 s
> 2csc 0 Z Z g(h(E:, E;), nE,)* + 2 csc? B sec? 0 Z Z g(h(E, E5), ntE, ).

ab=1 r=1 ab=1 r=1

By the application of Lemma 3.4, we concede

2d+1 P1 ) 2d+1 m 2d+1 P1 P2
2 ) () +2 ), Y (1) By YY)
r=n+1 a,b= r=n+1s,t=p1+1 by=m+1a=1a,=1

B2 s
>2csc? 0 Z Z(tﬁr(lnf))zg(EZ, EZ)Z

ab=1 r=1

B2 s
+2es20cos?0 Y Y (Ed(In ))*9(E;, E; ).

a,b=1 r=1
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By adding and subtracting the same quantity from the above expression, we achieve

2d+1 P 2d+1 m 2d+1 P B2

D IDNUARTD I WA ST I WA

r=n+1 a,b= r=n+1st=p1+1 bi=m+1a=1a,=1
B2 P
>2csc? 6 Z Z g(E,, tV(In f))*g(E;, E;)*

ab=1 r=1

B s
+2csc?0cos? 0 2 Z(E,(ln PV9(E, E,)
ab=1 r=1

S

B2
—2es0 Y | Y 9B, 190 )P 9(E;, ;)P - (E0n AYg(E, E P |.

ab=1\r=1
This implies the following inequality

2d+1 P 2d+1 m 2d+1 P1 P2

2 Y Y )y 2 Y (L 4 Y Y Y ik, > 28 co? 01V(n ) - DIP. (70)

r=n+1 a,b= r=n+1s,i=p1+1 by=m+1a1=1a,=1
Combining (61), (63), (66), (67) and (70), we obtain (53). If the equality holds in (53), then from (68), we have
9(h(Bo, Bo), FBs) =0, = h(Bp, Bp) C [BL &, (71)
and
g(h(Bo, Ba),v) =0, = 1(By, By) € TB, & FBy. (72)

It concluded from (71) and (72), we get h(Bg, Bg) C JB,.. It is noticed that h(Bg, By) L J B, from
Lemma 3.3 for mixed total geodesic warped product pseudo-slant submanifolds. Then, finally, we have
the following

h(Bg, Bg) = 0. (73)

As we know that Vy is totally geodesic in V with the fact that (73), it concludes that Vy is totally geodesic
in V. From (69), we derive

9B, B,),TB,)=0, = KB, B,)CnByav, (74)
and
g(h(BL,B,),v) =0, = h(B.,B,)C T8, &FB,. (75)

This implies that h(B,, B, ) € nBg. Now replacing X by tX in Lemma 3.4 with mixed totally geodesic case.
then we get

g(h(Zy, Wy), ntly) = cos” 6(Uy In p)g(Zy, Wh), (76)
for any U; € I'(Bp) and Z;, Wy € I'(B,). From the last two above facts and V, is totally umbilical in V,
therefore, V', is totally umbilical in V. This completes the proof of the theorem. [

Theorem 3.6. Let K(c) be a Kenmotsu space form and V be a compact orientable pseudo-slant warped product
submanifold without boundary in K(c) such that p satisfies the Euler-Lagrange equation. If { : V = Vg x, V. —
K (c) is an isometric immersion with mixed totally geodesic, then the necessary condition of V' to be a pseudo-slant
product is

kI <Ba (@ + #) — m?|HI? ~ 2B, cot’ 6. (77)
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Proof. By the relation (53), we have

-3
I1* >B2 ((C 5 i #) — m?||HIP + 28, cot? 0 (|IV(In p)I? — 1).

From above relation, we easily visualise that the relation (77) holds if and only if 28, cot? |[V(In p)I[* < 0.
Since both the quantities of the last expression are positive, then by doing some computation, one can easily
obtain |[V(Inp)||=0. O

Corollary 3.7. Let K(c) be a Kenmotsu space form and YV be a compact orientable pseudo-slant warped product
submanifold without boundary in K(c) such that p satisfies the Euler-Lagrange equation. If ¢ : V = Vg x, V, —
K(c) is a minimal isometric immersion with mixed totally geodesic, then the necessary condition of V to be a
pseudo-slant product is

1 <Ba ((C _23)ﬁ1 + er 1) — 2B, cot? 6.

Theorem 3.8. Let K(c) be a Kenmotsu space form and V be a compact orientable pseudo-slant warped product
submanifold without boundary in K(c). If P : V = Vg X, V. — K(c) is an isometric immersion with mixed
totally geodesic, then the necessary condition of V to be a pseudo-slant product is

I <B2 ((C _23)ﬁ1 + & er 1) — 2B, cot? O — m?||H|*. (78)

Proof. Now taking integration on both sides of the relation (53), we find
2B,A
f PV > f 2B, cot? O (|IV(In p)|2 = 1) dV - f 26280 1y
Voxlq) Voxlq) Voxta) P

(c=3)p ﬂ)_ 2 2)
+Lmq} (52( >t m*||H||*|dV. (79)

By doing simple computations, we receive

-3
f 262 (In p)AV > f (ﬁz((c L %) — P - IIhIIZ)dV
Voxlg) Vox{q}

+ 26> f ((1 + cot? 0)||[V(In p)llde - cot? 9) dv. (80)
Vox{q}

By the application of (41), we have

(c=3)p1 c+1
Ozfvsx{q:(ﬁ 2( 2 +T)—mzllHllz—||h||2)dv

+2B2 f ((1 + cot® 0)||V(In p)|*dV - cot? 9) dv. (81)
Voxig}

From (78) and (81), we have
Ba f (1+ cot? 6) [IV(In p)IPdV < 0.
Voxig

Above expression holds if and only if (1 + 2 cot? 6) IV(In p)I[> < 0. Due the positiveness of (1 + 2 cot? 6) and
IV(In p)II>, we have ||[V(In p)|| = 0. From the above discussion, we conclude that p is constant. []
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Corollary 3.9. Let K(c) be a Kenmotsu space form and YV be a compact orientable pseudo-slant warped product
submanifold without boundary in K(c). If Y : V = Vo X, V. — K(c) is a minimal isometric immersion with
mixed totally geodesic, then the necessary condition of V to be a pseudo-slant product is

I1I? <Bs ((c _23)5 L er 1) — 2B, cot? 6. (82)

Theorem 3.10. Let K(c) be a Kenmotsu space form and V be a compact orientable pseudo-slant warped product
submanifold with boundary in K(c). If  : V = Vg X, V. — K(c) is an isometric immersion with mixed totally
geodesic, then the necessary condition of V to be a pseudo-slant product is

B2 ((0—3)1‘31 c+1)
Eq — av
(inp) <4ﬁ2 (1+cot?0) fV@X A 2
1

—_ f (mPIIHIP + [I1P + 282 cot? 6) dV. (83)
4B, (1 + cot? 9) Voxiq)

Proof. Taking integration on both sides of the relation (53), we receive

-3
f PV > f (ﬁz ((C b + ﬂ) — m?||H|* - 26,A(In p)) dv
Voxta) Voxta) 2 2

+2B, f ((1 + cot? 0)||V(In p)|PdV - cot? e) dv. (84)
Vox{q}

By doing some simple computations, we achieve that

f PV > f (ﬁz((c_?))ﬁ ! ”1)—m2||H||2—2ﬁzA(1np))dV
Voxig} Vox{q} 2

+26, (1 + cot? 0) f IV(In p)|PdV — 28, f cot? 0dV

Voxlg) Vox{g}

+ f (4/32 cot O csc? 6 ( 40 ) f IV(In p)||2dv) dv. (85)
Vox{q) av Voxig}
By the utilization of (39), we have

f AP + 265 cot 64V > f (52 ((C —3P ﬂ) ~ nPIHIP — 282A(In p)) av
Voxig) Voxlg) 2

+ 46, (1 + cot? 9) E(Inp) + f

Vox{q}

(Sﬁz cot O csc? 6 ( 40 ) E(In p)) av. (86)
From (83) and (86), we have

B2 f A(In p)dV = 0.
Voxiq)

By the immediate consequence of the Hopf lemma, we have Inp = 0. This implies that f = 1, ie. pis
constant. [J

Corollary 3.11. Let K(c) be a Kenmotsu space form and V be a compact orientable pseudo-slant warped product
submanifold without boundary in K(c). If Y : V = Vo X, V. — K(c) is a minimal isometric immersion with
mixed totally geodesic, then the necessary condition of ‘V to be a pseudo-slant product is

:82 f ((C—3)ﬁ1 C+1) 1 f 2 2
E(lnp) £ ————— av+ ——— hll* +2 t°0)dV.
(inp) 46, (1 + cot? 6) Voxig) 2 "2 48, (1 + cot? 9) Voxig) <H 2Pz co )
(87)
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Theorem 3.12. Let K(c) be a Kenmotsu space form and V be a compact orientable pseudo-slant warped product
submanifold with boundary in K(c). If  : V = Vg X, V. — K(c) is an isometric immersion with mixed totally
geodesic, then the necessary condition of V to be a pseudo-slant product is

Ba ((c = 3)B1 + ¢ + 1) + 2m?||H|? + 2||h]|* + 4B, cot? 6

Hdf,p) < (88)
8B (1 + cot? 6)
Proof. By the direct consequence of (43) and (53), we have
-3
II* > Bo ((C 5 i, #) = 2B2A(In p) — m?||H|* + 2B2((1 + cot® O)H(df, p) — cot? 6. (89)

By the virtue of (88) and (89), we receive that foA(In p) = 0. By the immediate consequence of the Hopf
lemma, we have Inp = 0. This implies to f = 1, i.e., p is constant. [

Corollary 3.13. Let K(c) be a Kenmotsu space form and V be a compact orientable pseudo-slant warped product
submanifold without boundary in K(c). If Y : V = Vo X, V. — K(c) is a minimal isometric immersion with
mixed totally geodesic, then the necessary condition of V to be a pseudo-slant product is
B2 ((c = 3)p1 + ¢ + 1) + 2||h||* + 4B cot?* 6

8 (1 + cot? ) '

H(df,p) <

Theorem 3.14. Let K(c) be a complex space form and V be a pseudo-slant warped product submanifold in K (c).

Ifp:V= W@l Xp (Vﬁz — K(c) is An isometric immersion with mixed totally geodesic, then the first eigenvalue
satisfies

Fyusia (1P + 282 co 0 + m?l|HIP - B2 (52 + 52 ) av
1< . (90)

2B2(1 + cot? 6) f%xw}(ln 0)2dV — 28, f%X[q](ln p)dV

Proof. From the minimum principle on the first eigenvalue A1, then we obtains

[ wampiavs [ anprav 1)
Vox{q}

Veox{q}

By the consequence of (80) and (91), we concede that

-3
f (Ilhll2 + 2B cot? 6 + m?||H|P? - B2 ((C i c+ 1)) .
Voxig)

2 2

> 2821 (1 + cot® 0) (In p)*dV - 214 f (Inp)dV. (92)
Voxiq) Vox{q}

O

Corollary 3.15. Let K(c) be a complex space form and V be a pseudo-slant warped product submanifold in K(c). If

p:V= (Vgl Xp (V’iz — K(c) is a minimal isometric immersion with mixed totally geodesic, then the first eigenvalue
satisfies

Pt (IR + 282 cot? 0 — o (5L + 1)) dv
1< .
2B2(1 + cot? 0) f%Xm}(In 0)2dV — 28, f%X{q](ln p)dV
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4. Results for CR-warped product submanifolds in Kenmotsu space forms

It is well known that the geometry of CR-warped product submanifolds, which is a special case of
pseudo-slant warped product submanifolds. This section is devoted to CR-warped product submanifolds
in Kenmotsu space forms; we compute inequalities directly from the inequality (53). In the pseudo-slant
V= (Vgl Xp (Viz, we take 0 = 0 then it become CR-warped product submanifolds. It is well known that
cot? O > cos? 0; so the inequality (53) reduces into the following form

P > B ((C e 1) _2Bhp

— m||H|P + 262 cos* 0 (IIV(In p)|* - 1). (93)

To achieve the inequality for CR-warped product submanifolds in Kenmotsu space forms; we just substitute
0 = 0in (93); which taking the following form

T ﬁz((c e 1) _ete

mIHIP + 26, (IV(in p)|? - 1). (94)

Similarly, we compute other inequalities for CR-warped product submanifolds in Kenmotsu space forms.

Corollary 4.1. Let K(c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold
without boundary in K(c) such that p satisfies the Euler-Lagrange equation. If  : V = Vr X, V, — K(c)isa
minimal isometric immersion with mixed totally geodesic, then the necessary condition of V to be a CR-product is

”h”Z SﬁZ ((C —23),81 " c -; 1) _ 2ﬁ2 (95)

Theorem 4.2. Let K(c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold
without boundary in K(c) such that p satisfies the Euler-Lagrange equation. If i : V = Vr X, V. — K(c) is an
isometric immersion with mixed totally geodesic, then the necessary condition of V to be a CR-product is

-3
P <p, ((C L %) - w?[HJE - 26;. (96)

Theorem 4.3. Let K (c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold
without boundary in K(c). If p : V = Vr X, VL — K(c) is an isometric immersion with mixed totally geodesic,
then the necessary condition of V to be a CR-product is

-3
I <B2 ((C > A1 + ﬂ) - 2B, — m?|H]|I*. (97)

2

Theorem 4.4. Let K(c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold
with boundary in K(c). If ¢ : V = Vr X,V — K(c) is an isometric immersion with mixed totally geodesic, then
the necessary condition of V to be a CR-product is

1 (c=3)p1 c+ 1) 1 f
E(lnp) < = f ( + av + — m?|[H|? + ||1l)> + 2B,)dV. (98)
(np) 8 Jvixig) 2 2 8B2 Jvrxig) ( ﬁz)

Corollary 4.5. Let K(c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold

without boundary in K(c). If Y : V = Vr X, V1 — K(c) is a minimal isometric immersion with mixed totally
geodesic, then the necessary condition of V to be a CR-product is

1 (c=3)p1 c+ 1) 1 )
E( = —|dV + — h av.
(np)<g f%x{q;( 2 T ) 82 fvrx{q} (P + 262)dv. )
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Theorem 4.6. Let K (c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold
with boundary in K(c). If ¢ : V = Vr X,V — K(c) is an isometric immersion with mixed totally geodesic, then
the necessary condition of V to be a CR-product is

B2 ((c = 3)B1 + ¢ + 1) + 2m?||H|* + 2| 1> + 452
168,

Hdf,p) < (100)

Corollary 4.7. Let K(c) be a Kenmotsu space form and V be a compact orientable CR-warped product submanifold
without boundary in K(c). If Y : V = Vr X, V. — K(c) is a minimal isometric immersion with mixed totally
geodesic, then the necessary condition of V to be a CR-product is

B2 ((c = 3)B1 + c+ 1) + 2|l + 4B2
166, '

Theorem 4.8. Let K (c) be a complex space form and <V be a CR-warped product submanifolds in K(c). If ¢ : V =
Vr x, V. — K(c) is An isometric immersion with mixed totally geodesic, then the first eigenvalue satisfies

H(df,p) < (101)

(C—3)ﬁl c
1s{ﬁwwowp+ﬂﬁ+mmHW‘54 2 “»dv} (102)

42 [y, 0 pdV =262 [, (np)AV

Corollary 4.9. Let K(c) be a complex space form and V be a CR-warped product submanifolds in K(c). If ¢ : V =
Vr X, V. — K(c) is a minimal isometric immersion with mixed totally geodesic, then the first eigenvalue satisfies

W< _{fw (1P + 22— po (52 + C“))dv}

462 [, 1o P2V =265 fv In p)dV

(103)

5. Examples

Example 5.1. Let us consider R” with the coordinate (uy,- -+ ,u3,v1,+ -+ ,v3,t). The almost contact metric structure
(p, &, 1, 9); defined by the following relations

V-9 (22 (2=
P\ow |~ o0 C\awr) = “aw P\ot) T
a 3 3
_ it gedP e 2 2
é—at,n dt, g=dt- +e (;dul+;dvl].

By doing simple computation, we easily achieved that the R” with (¢, &, 1, g) forms a Kenmotsu manifold. Let V be
a submanifold of the Kenmotsu manifold, which is defined by the following immersion

=ycosx, up =k uz =y, v1 =k, v, = ysinx, vz = z.

The tangent bundle of V is expressed by the following vectors

D, =- smxi+ COS X —
T Y T YOS,
D, = cosx— J +smx + ?
vy 8u1 803
Dz:i, Dt: &

8143 ; ’
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The following vector fields express the transformed tangent bundle

d
@D, = ycosxau2 - ysmxa o
@Dy = sinx— 9 o +cosx—=—
(9 8M3 (901
(PD = i (pD =
z 803 ’ t

It is cleared that D+ = span{D.} and DI = {Dy, D,, D}, where DL and DY are total real and slant distributions
with slant angle 7. Now it easily checks that a submanifold V from the above calculation turned into a pseudo-slant
submanifold. Both distributions are integrals. The metric is calculated as

gy = dt* + dx*e®y? + 2dyPe? + dz%e*.

Therefore V is a warped product pseudo-slant submanifold in Kenmotsu manifold R” including warping function
2,2

pP =y

Example 5.2. Let us consider R'" with the coordinate (uy, - - ,us,v1,- -+ ,vs,t). The almost contact metric structure
(p, &, 1, 9); defined by the following relations

9 -2 (L= o(2)= J 2, g
(p(a—ui)—avi,(p(avi)— 8u,-'(P(o7t)_O'5 5 = dt, g=dt- +e [Zdu +;dv]

By doing simple computation, we easily achieved that the R™ with (¢, &, 1, g) forms a Kenmotsu manifold. Let V be
a submanifold of the Kenmotsu manifold, which is defined by the following immersion

=ysinx, up =k, ug =zcosx, ug =k, us =3y, v; =k,
Up =ycosx, v3 =k, vy =zsinx, vs =z, t = 1.

The tangent bundle of V is expressed by the following vectors

d
D, ycosxa—ul—zsmx%—ysmxa—v2 +zcosxa -
D, =sinx— 9 +3—+cosx—
v du;  dus dv,
D cosxi + s1nxi +=— 0o = i
= ou us v U4 80 8t'
The following vector fields express the transformed tangent bundle
Dy =~ smx—+zcosxi+ COSX=— —zSinX=—
Y ) duy Y dn Jdu 3
D, = cosx=—— o +s1nxi + 2
v Buz Jv U1 (905
d d d
D, = smxa—4 + ﬂ +cosxav3 D; = FTR

It is cleared that D+ = span{D,} and DO = {Dy, D, Dy}, where ©* and D9 are total real and slant distributions

with slant angle cos™! (i) Now it easily checks that a submanifold V from the above calculation turned into a

25
pseudo-slant submanifold. Both distributions are integrals. The metric is calculated as

gy = dt* +10dy*e* + 2dz%e* + (eZt(y2 + zz)) dx*.



A. Ali et al. / Filomat 40:10 (2026), 3697-3716 3715

Therefore, ‘V is a warped product pseudo-slant submanifold in the Kenmotsu manifold R including the warping
function p* = e* (y2 + 22).
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