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Spectra of graphs with loops with respect to some unary graph
operations and beyond

Irena M. Jovanovića

aSchool of Computing, Union University, Belgrade, Serbia

Abstract. Characteristic polynomials of certain self-loop graphs of a given graph with respect to some
unary graph operations are derived by use of the relations connected with the incidence matrix and its
transpose of both simple graphs and graphs with loops. The rank of the incidence matrix of a self-loop
graph of a connected graph is determined, and it is proved that the multiplicity of the eigenvalue −2 in
the spectrum of the line graph L(GS) of the self-loop graph GS of a connected graph G is equal to the
multiplicity of the same eigenvalue in the spectrum of the line graph L(G) of the graph G. The nullity of
certain connected bipartite graphs with pendant vertices is determined, and some structural perturbations
of these graphs, which preserve the nullity, or which increase (decrease) it by 2, are considered. A part of the
presented results is applied for considering some other problems in the domain of graph theory. Precisely,
an example of self-loop graphs whose energy is strictly greater than the energy of their underlying bipartite
graphs is found, in which way a recently posed conjecture is partially confirmed; an alternative proof to the
existing proofs in the literature, which concerns the nullity set of the set of all connected bipartite graphs,
is proposed; and finally, based on computational results for trees up to 9 vertices, it is conjectured in which
way all trees of the given order and nullity can be constructed.

1. Introduction

Let G = (V(G),E(G)) be a finite simple graph of order n and size m, where V(G) = {v1, v2, . . . , vn} stands
for the set of vertices of G, while E(G) = {e1, e2, . . . , em} is the set of its edges.

The degree of the vertex vi will be denoted by dG(vi), 1 ≤ i ≤ n, while the diagonal matrix of vertex
degrees of G will be labeled D(G). A vertex of degree 1 is called a pendant vertex, while an edge that contains
a vertex of degree 1 is a pendant edge. A vertex of G is called quasi-pendant if it is adjacent to a pendant
vertex. A petal in a graph means that a pendant edge in this graph is duplicated to form a pendant 2-cycle.
If dG(vi) = r holds for each 1 ≤ i ≤ n, we say that G is an r-regular graph. In that case, D(G) = r In, where In is
the identity matrix of order n.
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The adjacency matrix of G is a matrix A = A(G) = [ai j] of order n given by ai j = 1, if the vertex vi is
adjacent to the vertex v j, and ai j = 0, otherwise. The characteristic polynomial PG(λ) = det(λIn −A) of G is the
characteristic polynomial of its adjacency matrix A(G). The (adjacency) eigenvalues λ1(G) ≥ · · · ≥ λn(G) of G
are actually the eigenvalues of A(G), and we say that they form the (adjacency) spectrum of G. By the index
of G we mean its largest eigenvalue λ1(G). If λi(G), for some i, is the eigenvalue of the multiplicity k, we
will write [λi(G)]k. The multiplicity of the eigenvalue zero in the spectrum of G, denoted by η = η(G), is the
nullity of the graph G.

Let r(A(G)) be the rank of the matrix A = A(G). Clearly, η(G) = n − r(A(G)). The rank of the graph G is the
rank of its adjacency matrix A(G), denoted by r(G). Then, η(G) = n− r(G). Each of η(G) and r(G) determines
the other, once n is specified. Graph G is called singular (or non-singular) if A(G) is singular, i.e. η(G) > 0 (or
A(G) is non-singular, i.e. η(G) = 0).

Let S ⊆ V(G) and |S| = σ, where 1 ≤ σ ≤ n. The graph GS obtained from G by attaching a self-loop (or
simply a loop) at each vertex from the set S, is the self-loop graph of G, with respect to S. The adjacency matrix
A(GS) of GS is of the form A(GS) = A(G) + IS, where IS is the ”almost” identity matrix, with exactly σ ones
on the main diagonal corresponding to S, and all other entries equal to zero. The (adjacency) eigenvalues
λ1(GS) ≥ λ2(GS) ≥ · · · ≥ λn(GS) of GS are the eigenvalues of the matrix A(GS), and since A(GS) is square and
symmetric, these eigenvalues are reals. If at some vertices from the set S more than one loop is attached, the
resulting graph with multiple loops will be denoted by GM

S . In that case, the adjacency matrix A(GM
S ) of GM

S
takes the form A(GM

S ) = A(G) + IM
S , where IM

S is the matrix with exactly σ non-zero entries corresponding
to S on the main diagonal, which represent the numbers of loops at particular vertices from the set S.
Lately, some research problems in the domain of chemical graph theory connected with graphs with loops
appeared in the literature, so this type of graphs become again interesting to study [1], [2], [3], [14], [16],
[22].

The goal of the paper is not only to develop the theory of self-loop graphs as such, but also to consider
some new as well as some traditional problems from the theory of both simple and looped graphs by
examining certain well-established concepts from the theory of simple graphs on graphs with loops. These
concepts are primarily connected with the incidence matrix of a graph and some unary graph operations,
in the first place line graph and subdivision graph.

The paper is organized as follows. In Section 2, additional notation is given and some results needed in
the sequel are presented. Section 3 is devoted to the incidence matrix of a self-loop graph. Relations which
are analogous to the relations connected with the incidence matrix of simple graphs and its transpose are
elaborated, and the rank of the incidence matrix of a self-loop graph of a connected graph is determined.
Consequently, it is proved that the multiplicity of the eigenvalue −2 in the spectrum of the line graph
L(GS) of the self-loop graph GS of a connected graph G is equal to the multiplicity of the same eigenvalue
in the spectrum of the line graph L(G) of the graph G. Characteristic polynomials of certain self-loop
graphs of a given graph G with respect to some unary graph operations are exposed in Section 4. Due to
these results, the nullity of some connected bipartite graphs with pendant vertices is determined in Section
5. Perturbations of these graphs, which preserve their nullity, or which increase (decrease) it by 2, are
considered in this section, as well. Section 6 describes how results exposed in the previous sections can
be applied to solving other problems connected with graphs. In that way, an example of self-loop graphs
whose energy is strictly greater than the energy of their underlying bipartite graphs is found, in which way
a conjecture posed in [1] is partially confirmed. An alternative proof to the existing proofs in the literature
(see [9] and [17]), which concerns the nullity set of the set of all connected bipartite graphs is proposed.
Finally, based on computational results for trees up to 9 vertices, it is conjectured in which way all trees of
the given order and nullity can be constructed.

2. Preliminaries

In this section, we will recall some basic notation and fundamental statements of spectral graph theory
which will be used in the paper.

A bipartite graph G is one whose vertex set V(G) can be partitioned into two subsets, say X and Y, so
that each edge has one end in X and one in Y; such a partition (X,Y) is called a bipartition of the graph. A
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complete bipartite graph is a bipartite graph with bipartition (X,Y) in which each vertex of X is adjacent to
each vertex of Y. A complete bipartite graph where one of the sets of the bipartition is of the cardinality 1 is
called the star. The star of order n + 1 will be denoted by K1,n, while for the complete graph on n vertices the
label Kn will be used. The graph G ∪ H means the disjoint union of the graphs G and H, while the disjoint
union of k copies of the same graph G is labeled k G. The line graph L(G) of a graph G is the graph whose
vertices are the edges of G, with two vertices in L(G) adjacent whenever the corresponding edges in G have
exactly one vertex in common. For the remaining notation and terminology, the reader is referred to [7]
and [8].

As for the eigenvalues of G, the following theorems will be useful in the subsequent sections of the
paper:

Theorem 2.1. [8, Theorem 1.3.15] Let A and B be n × n Hermitian matrices. Then,

λi(A + B) ≤ λ j(A) + λi− j+1(B), 1 ≤ j ≤ i ≤ n, (1)

λi(A + B) ≥ λ j(A) + λi− j+n(B), 1 ≤ i ≤ j ≤ n. (2)

Theorem 2.2. [7, Theorem 0.13] Let G be an arbitrary graph of order n with at least one edge, and with the eigenvalues
λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G). Then the following holds:

1 ≤ λ1(G) ≤ n − 1, (3)

−λ1(G) ≤ λn(G) ≤ −1. (4)

In (3), the upper bound is attained if and only if G is a complete graph, while the lower bound is reached if and only
if the components of G consists of graphs K2 and possibly K1. In (4), the upper bound is reached if and only if the
components of G are complete graphs, and the lower bound if and only if a component of G having the greatest index
is a bipartite graph. If G is connected, the lower bound in (3) is replaced with 2 cos π

n+1 . Then equality holds if and
only if G is a path.

Theorem 2.3. [8, Theorem 3.2.1] Let λ1(G) be the index of the graph G, and let d and ∆ be its average degree and
maximum degree, respectively. Then

d ≤ λ1(G) ≤ ∆. (5)

Moreover, d = λ1(G) if and only if G is regular. For a connected graph G, λ1(G) = ∆ if and only if G is regular.

It is worth to recall two lemmas from Linear Algebra which we will refer to in the proofs of some
statements.

Lemma 2.1. [8, Equation (2.29)] Let M be a non-singular square matrix. If Q is also a square matrix, then,

det
(

M N
P Q

)
= det(M) det(Q − P M−1 N).

Lemma 2.2. [7, Lemma 2.1] If A is an m× n matrix, and if PX(λ) denotes the characteristic polynomial of the square
matrix X, then

λnPAAT (λ) = λmPATA(λ).
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3. On the incidence matrix of self-loop graphs

Let G be a graph of order n and size m, with the vertex set V(G) = {v1, v2, . . . , vn}, and the set of edges
E(G) = {e1, e2, . . . , em}. Let S ⊆ V(G), such that |S| = σ, 1 ≤ σ ≤ n, and let GS be the graph obtained from G by
attaching a loop at each vertex in the set S. Let us denote byL(GS) = {em+1, em+2, . . . , em+σ} the set of loops of
GS.

Recall, the vertex-edge incidence matrix [8] of G is the matrix B(G) whose rows and columns are indexed
by the vertices and edges of G, respectively. The (i, j)-th entry of B(G) is equal to 1 if the vertex vi is incident
with the edge e j, and to 0 otherwise. In the case G is connected, the rank r(B(G)) of the matrix B(G) is given
by the following statement:

Lemma 3.1. [8, Lemma 3.4.8] Let B(G) be the vertex-edge incidence matrix of a connected graph G with n > 1
vertices. Then,

r(B(G)) =
{

n − 1, if G is bipartite;
n, if G is non-bipartite.

The subsequent relations are well-known (see, for example, Relation (1) and Relation (2) in [6]):

B(G)B(G)T = A(G) +D(G), (6)

B(G)TB(G) = A(L(G)) + 2Im, (7)

where A(L(G)) stands for the adjacency matrix of the line graph L(G) of G. Below, we will consider and
elaborate relations for the incidence matrix of a graph with loops and its transpose which are analogous to
the relations (6) and (7).

The incidence matrix B(GS) of GS has already been considered in [2]. The incidence matrix B(GS) = [bS
ij]

of GS is a n × (m + σ) matrix defined as

bS
ij =

{
1, if vi and e j are incident;
0, otherwise.

In fact, B(GS) = (B(G) |N), where N can be interpreted as the vertex-loop incidence matrix of GS. In more
detail, N is a n × σ matrix, such that in each column of N there is exactly one 1, and all other entries are
equal to 0.

By analogy with the definition of the line graph L(G) of a graph G, in [2], the line graph L(GS) of the
self-loop graph GS of G was introduced:

Definition 3.1. [2] The line graph L(GS) of GS is a graph whose vertices are the edges of GS, with two vertices in
L(GS) adjacent whenever the corresponding edges in GS have exactly one vertex in common. Each loop attached at
the vertex vi in GS is the vertex with a loop in L(GS), and this vertex is adjacent to those vertices in L(GS) which
correspond to the edges of GS incident with vi in GS.

It was also observed [2] that the adjacency matrix A(L(GS)) of L(GS) is of the following form

A(L(GS)) =
(

A(L(G)) MT

M Iσ

)
, (8)

where M stands for the loop-edge adjacency matrix. Precisely, M = [mi j]σ×m, where mi j = 1 if the loop, i.e.
vertex em+i is adjacent to the edge, i.e. vertex e j in L(GS), and mi j = 0, otherwise. In that way, in each column
of M, there can be at most two entries equal to 1, since at most two loops can be adjacent with an edge
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(precisely, in each of the two vertices of an edge there can be at most one loop). When σ = n, M = B(G),
while in the proof of Theorem 2.6 in [2], it was confirmed that M = NTB(G).

An analogue of Relation (7) has been reported in [2] (see the proof of Theorem 2.6), where it was noted
that B(GS)TB(GS) is a positive semi-definite matrix, and that, by taking into account (7), the following holds

B(GS)TB(GS) =
(

B(G)TB(G) B(G)TN
NTB(G) NTN

)
=

(
A(L(G)) + 2Im MT

M Iσ

)
,

that is, considering (8),

B(GS)TB(GS) = A(L(GS)) + 2Jm. (9)

Here, A(L(GS)) is the adjacency matrix of the line graph L(GS) of GS, while Im is the square matrix of order
m + σwith exactly m ones on the main diagonal, and all other entries equal to zero, i.e.

Im =

(
Im OT

O O

)
.

As for the line graph L(GS) of the self-loop graph GS of the given graph G, the following statement has
also been proved in [2]:

Theorem 3.1. [2, Theorem 2.6] For every eigenvalue λ of L(GS), λ ≥ −2.

The multiplicity mL(G)(−2) of the eigenvalue −2 in the spectrum of the line graph L(G) of a connected
graph G is known:

Theorem 3.2. [8, Theorem 3.4.9] Let G be a connected graph with n vertices and m edges. Then

mL(G)(−2) =
{

m − n + 1, if G is bipartite;
m − n, if G is non-bipartite.

As an addition to the two above results, we state the following theorem:

Theorem 3.3. Let G be a connected graph of order n and size m, and let S ⊆ V(G), such that |S| = σ ≥ 1. Then

mL(G)(−2) = mL(GS)(−2),

where mH(λ) denotes the multiplicity of λ as an eigenvalue of the graph (with loops) H.

Proof. We distinguish two cases, depending on the number of loops in G.
If |S| = n, then the proof follows from Theorem 2.8 in [2].
So, let us suppose that |S| = σ < n. Considering Theorem 3.1, −2 is the least eigenvalue of L(GS) if and

only if

A(L(GS)) x = −2 x, (10)

for some non-zero vector x = (x1, . . . , xm, xm+1, . . . , xm+σ)T. Let xE = (x1, . . . , xm)T be the eigenvector for L(G)
corresponding to the eigenvalue −2, and let xS = (xm+1, . . . , xm+σ)T. Then, x = (xE, xS)T.

According to (8), the relation (10) is equivalent to(
A(L(G)) xE +MT xS

M xE + Iσ xS

)
=

(
−2 xE
−2 xS

)
,

i.e.

A(L(G)) xE +MT xS = −2 xE, (11)
M xE + Iσ xS = −2 xS. (12)
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From Equation (11), we obtain

MT xS = 0. (13)

In order to determine the column vector MT xS, i.e. to solve the system of linear equations (13), considering
any edge ei = v jvk, i ∈ {1, 2, . . . ,m}, for some j, k ∈ {1, 2, . . . , n}, j , k, we identify three possibilities:

(1) neither of the vertices v j nor vk has a loop attached;

(2) there is the loop em+p, p ∈ {1, 2, . . . , σ}, at the vertex v j;

(3) there are two loops em+p and em+q, p, q ∈ {1, 2, . . . , σ}, p , q, at vertices v j and vk, respectively.

Case (1) is irrelevant, since the i-th row of MT is zero-row. The i-th entry of the column vector MT xS in Case
(2), is equal to xm+p, and therefore, in view of (13), it follows xm+p = 0. In Case (3), i-th entry of MT xS is
equal to xm+p + xm+q, and hence xm+p + xm+q = 0. Since G has at least one vertex without loop attached, we
find xm+1 = · · · = xm+σ = 0, i.e. xS = 0T.

So, Equation (12) reduces to M xE = 0, which is equivalent to NTB(G) xE = 0. Since xE is the eigenvector
for L(G) corresponding to the eigenvalue −2, this means that the multiplicity of −2 as an eigenvalue of L(GS)
is equal to the nullity of the matrix B(G), i.e. that it is the same as in the case of the graph L(G) (see Lemma
3.1 and Theorem 3.2).

Remark 3.1. From the previous proof it follows that if (x1, . . . , xm)T is an eigenvector for L(G) corresponding to the
eigenvalue −2, then (x1, . . . , xm, 0, 0, . . . , 0︸     ︷︷     ︸

σ

)T is an eigenvector for L(GS) corresponding to the same eigenvalue.

In a similar way, we can obtain an analogue of Relation (6) (see [2]). Namely, bearing in mind this
relation, we have

B(GS)B(GS)T =
(

B(G) N
) ( B(G)T

NT

)
= A(G) +D(G) + JS,

i.e.

B(GS)B(GS)T = A(GS) +D(G), (14)

that is,

B(GS)B(GS)T = Q(G) + JS = Q(GS),

where Q(G) = A(G) +D(G) is the signless Laplacian matrix of G, while Q(GS) = [qi j] is the signless Laplacian
matrix of GS. Precisely (see [2]),

qi j =


1, if vertices vi and v j are adjacent,
0, if vertices vi and v j are not adjacent,
dG(vi) + 1, if i = j and vi ∈ S,
dG(vi), if i = j and vi < S.

Obviously, B(GS)B(GS)T, i.e. Q(GS) is a positive semi-definite matrix. Even more, if G is a connected graph,
|S| ≥ 1, and x ∈ Rn is an arbitrary column vector, then

xTB(GS)B(GS)Tx = 0

is equivalent to
B(GS)Tx = 0.

The later holds if and only if x = 0, which means that B(GS)B(GS)T is a positive definite matrix, and therefore
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Theorem 3.4. The signless Laplacian eigenvalues of a connected self-loop graph with at least one loop are positive
reals.

In this way, the following statement is also proved:

Proposition 3.1. Let G be a connected graph of order n, and S ⊆ V(G), such that |S| ≥ 1. Then r(B(GS)) = n, where
r(B(GS)) is the rank of the matrix B(GS).

The following theorem was proved in [2]:

Theorem 3.5. [2, Theorem 3.1] Let G be a graph of order n, whose eigenvalues with respect to the adjacency matrix
are λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G). Let GS be the self-loop graph of G, such that S ⊆ V(G) and |S| = σ (0 ≤ σ ≤ n).
Then, for the eigenvalues λi(GS), 1 ≤ i ≤ n, of GS the following holds

λi(G) ≤ λi(GS) ≤ λi(G) + 1, 1 ≤ i ≤ n. (15)

The left-hand side inequality in (15) is attained for σ = 0, while the right-hand side inequality for σ = n.

If G contains at least one edge, by use of Inequality (4) and Inequality (5), the left-hand side inequality
in (15) for i = n reduces to

−∆ ≤ −λ1(G) ≤ λn(G) ≤ λn(GS),

which means that λn(GS) ≥ −∆, where ∆ is the maximum degree of G. But, if in addition, G is connected,
while |S| ≥ 1, the strict inequality holds here, which is proved by the following statement:

Proposition 3.2. Let G be a connected graph of order n, n ≥ 2, and let S ⊆ V(G), such that |S| ≥ 1. Then
λn(GS) > −∆.

Proof. By applying Inequality (2) for i = j = n to Equation (14), we obtain

λn(A(GS)) ≥ λn(B(GS)B(GS)T) + λn(−D(G)) > −∆.

4. Some unary graph operations and self-loop graphs

In this section, we will expose the characteristic polynomials of certain self-loop graphs of a given graph
G with respect to some unary graph operations.

Theorem 4.1. Let G be an r-regular graph of order n and size m
(
= nr

2

)
, and let S ⊆ V(G), such that |S| = σ, and

σ ≥ 1. Then
PDL(GS)(λ) = λm+σ−n PGS (λ − r),

whereDL(GS) is the graph obtained from L(GS) by attaching a double loop at each vertex of L(GS) which has no loop
attached (i.e. which corresponds to an edge of GS).

Proof. For the adjacency matrix A(DL(GS)) ofDL(GS) the following holds:

A(DL(GS)) = B(GS)TB(GS). (16)

By applying Lemma 2.2 to the matrix B(GS) and its transpose, we obtain

λn det
(
λIm+σ − B(GS)TB(GS)

)
= λm+σ det

(
λIn − B(GS)B(GS)T

)
.

Using Relation (14) and Relation (16), the proof follows.
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Let us, now, recall the definition of one well-known and frequently used unary graph operation.

Definition 4.1. [6] The subdivision graphS(G) of a graph G is the graph obtained from G by forming a new vertex
on every edge of G.

The following result is also exposed in [6]:

Theorem 4.2. [6, Theorem 3] If G is a regular graph of degree r with n vertices, and m
(
= nr

2

)
edges, then

PS(G)(λ) = λm−n PG(λ2
− r).

Theorem 4.3. Let G be an r-regular graph of order n and size m
(
= nr

2

)
. Then

PΣE(S(G))(λ) = (λ − 1)m−n PG(λ2
− λ − r),

where ΣE(S(G)) is the self-loop graph of the subdivision graph S(G) of G, with respect to the set of vertices V(S(G)) \
V(G).

Proof. The adjacency matrix A(ΣE(S(G))) of the graph ΣE(S(G)) is of the following form

A(ΣE(S(G))) =
(

Im B(G)T

B(G) On

)
.

Using Lemma 2.1 and Formula (6), we obtain

PΣE(S(G))(λ) =det (λIm+n − A(ΣE(S(G))))

=det ((λ − 1)Im) det
(
λIn − B(G) ((λ − 1)Im)−1 B(G)T

)
=(λ − 1)m det

(
λIn −

1
λ − 1

B(G)B(G)T
)

=(λ − 1)m−n det (λ (λ − 1)In − A(G) − r In)

=(λ − 1)m−n PG(λ2
− λ − r).

In a similar way, the following statement can be proved :

Theorem 4.4. Let G be an r-regular graph of order n and size m
(
= nr

2

)
. Then

PΣV(S(G))(λ) = λm−n PG(λ2
− λ − r),

where ΣV(S(G)) is the self-loop graph of the subdivision graph S(G) of G, with respect to the set of vertices V(G).

Let G be a graph of order n, size m, and let S ⊆ V(G), such that |S| = σ > 0. Let us define the subdivision
graph S(GS) of the self-loop graph GS of the given graph G in the way it was done for simple graphs, i.e.

Definition 4.2. The subdivision graph S(GS) of the self-loop graph GS is the graph obtained by inserting a new
vertex on every edge and every loop of GS (see Figure 1).

From the definition, we can notice that by subdividing a loop, we actually obtain a petal, so S(GS) can
be considered as S(G) with petals (i.e. 2-cycles) at vertices from the set S. The adjacency matrix A(S(GS)) of
S(GS) is of the following form

A(S(GS)) =
(

O B
T
S

BS O

)
,
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Figure 1: Graph with loops GS and its subdivision graph S(GS)

where BS = (B(G) | 2N). It can be easily verified that

BSB
T
S = A(G) +D(G) + 4JS = A(G4

S) +D(G), (17)

where A(G4
S) is the adjacency matrix of the graph G4

S with multiple loops which is obtained from G by
attaching 4 loops at each vertex from the set S. So, in case G is a regular graph, the following statement can
be proved:

Theorem 4.5. Let G be an r-regular graph of order n and size m
(
= nr

2

)
, and let S ⊆ V(G), where |S| = σ > 0. Then

PS(GS)(λ) = λm−n+σ PG4
S
(λ2
− r),

where G4
S is the graph with multiple loops obtained from G by attaching 4 loops at each vertex from the set S.

Proof. By applying Lemma 2.1 and by use of Equality (17), we get

PS(GS)(λ) =det (λIm+n+σ − A(S(GS)))

=det(λIm+σ) det
(
λIn − BS(λIm+σ)−1

B
T
S

)
=λm+σ−n det

(
λ2In − BSB

T
S

)
=λm+σ−n det

(
(λ2
− r)In − A(G4

S)
)

=λm+σ−n PG4
S
(λ2
− r).

Definition 4.3. [6] The graph R(G) of a graph G is the graph obtained from G by associating a new vertex to each
edge of G and by joining the ends of each edge of G with the vertex associated to this edge.

Theorem 4.6. Let G be an r-regular graph of order n and size m
(
= nr

2

)
. Then

PΣE(R(G))(λ) = λn(λ − 1)m−nPG

(
λ2
− λ − r
λ

)
,

where ΣE(R(G)) is the self-loop graph of the graph R(G) of G, with respect to the set of vertices V(R(G)) \ V(G).

Proof. The adjacency matrix A(ΣE(R(G))) of the graph ΣE(R(G)) is

A(ΣE(R(G))) =
(

Im B(G)T

B(G) A(G)

)
,
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so, using Lemma 2.1 and Relation (6), we obtain its characteristic polynomial

PΣE(R(G))(λ) =det ((λ − 1)Im) det
(
λIn − A(G) − B(G) ((λ − 1)Im)−1 B(G)T

)
=(λ − 1)m det

(
λIn − A(G) −

1
λ − 1

B(G)B(G)T
)

=(λ − 1)m−n det (λ (λ − 1)In − (λ − 1)A(G) − A(G) − rIn)

=(λ − 1)m−n λn det
(
λ2
− λ − r
λ

In − A(G)
)

=λn (λ − 1)m−n PG

(
λ2
− λ − r
λ

)
.

In a similar way, we can prove the following theorem:

Theorem 4.7. Let G be an r-regular graph of order n and size m
(
= nr

2

)
. Then

PΣV(R(G))(λ) = λm−n (λ + 1)n PG

(
λ2
− λ − r
λ + 1

)
,

where ΣV(R(G)) is the self-loop graph of the graph R(G) of G, with respect to the set of vertices V(G).

Let G be a graph of order n, size m, and let S ⊆ V(G), such that |S| = σ > 0. By analogy with Definition
4.3, we can introduce the so called R-graph of the self-loop graph GS of the given graph G.

Definition 4.4. The graph R(GS) of the self-loop graph GS of a given graph G is the graph obtained from GS by
associating a new vertex to each edge and to each loop of GS, and by joining by edges the ends of each edge of GS with
the vertex associated to this edge, and by joining by an edge the vertex associated to a loop with the vertex in which
that loop is attached in GS.

Theorem 4.8. Let G be an r-regular graph of order n and size m
(
= nr

2

)
, and S ⊆ V(G), where |S| = σ > 0. Then

PR(GS)(λ) = λm+σ−n (λ + 1)n PGS

(
λ2
− r

λ + 1

)
,

where R(GS) is the graph given by Definition 4.4.

Proof. Since the adjacency matrix A(R(GS)) of the graph R(GS) is

A(R(GS)) =
(

Om+σ B(GS)T

B(GS) A(GS)

)
,

the proof follows by use of Lemma 2.1 and Relation (14).

Now, let us suppose that G = (V(G),E(G)) is an arbitrary connected graph of order n, n ≥ 1, and size m,
m ≥ 0, and let ∅ , S ⊆ V(G). Here, we assume that an isolated vertex, i.e. K1, is a connected graph.

Definition 4.5. The graph SS
p(G) (or, the graph of type SS

p(G)) of a connected graph G, with respect to the set S,
is the graph obtained from the subdivision graph S(G) of G by attaching p, where p ≥ |S|, pendant vertices at vertices
from the set S, at least one pendant vertex at each vertex from S, so that p is the total number of added pendant vertices.

Remark 4.1. In case G already has pendant vertices (i.e. pendant edges), we will use the label SSS
p(G) to denote the

graph SS
p(G) where none of the p pendant vertices are attached at any of the pendant vertices in G, while the label

SS
S
p(G) will be used to indicate that the set S in SS

p(G) must contain at least one pendant vertex of G.
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Whenever it does not cause confusion or misunderstanding (for example, when it does not important
exactly which vertices have been chosen for the set S, or if we consider graphs SS

p(G) for all possible non-
empty sets S ⊆ V(G) and some fixed p), we will omit the label S in the previously stated definition and the
corresponding remark.

Remark 4.2. In the case n = 1, i.e. G � K1, we assume that S = V(G), so S(K1) � K1, and therefore Sp(K1) � K1,p,
for p ≥ 1.

It is obvious that SS
p(G) is a connected bipartite, i.e. 2-colorable graph whose order is greater than or

equal to 2. Let us denote the sets, i.e. classes of its bipartition by X and Y, such that the vertices of G are
in the class X, that is X = V(G), while all remaining vertices are in the class Y. We will also assume that
the vertices in the class X are white colored, while the vertices in the class Y are black colored. In that way,
for example, for any set S ⊆ V(Tn), where Tn is an arbitrary tree of order n, whose cardinality is equal to
1, S1(Tn) has n white vertices and also n black vertices, among which there is exactly one black pendant
vertex (see Figure 2).

Figure 2: Graph of type S1(T11)

Let us notice that depending of the choice of the set S, and depending of how many pendant vertices are
attached to each particular vertex from the set S, various non-isomorphic graphs of the same order could
be generated. For example, if G � K2, S = V(G) and p = 4, we distinguish two non-isomorphic graphs of
type SS

4(K2) (see Figure 3). All non-isomorphic graphs of type S4(K2), for all possible sets S ⊆ V(G) and
p = 4, are depicted on Figure 4.

Figure 3: Two non-isomorphic graphs of type SS
4 (K2), for S = V(K2)

Let us associate a graph with multiple loops GM
S to the graph SS

p(G). The graph GM
S is obtained from G

by attaching multiple loops at vertices from the set S by the following rule: if there are pv (pv ≥ 1) newly
added (black) pendant vertices at the vertex v in SS

p(G), then there are pv loops at the vertex v in GM
S (see

Figure 5).
The adjacency matrix A(SS

p(G)) of SS
p(G) is of the following form

A(SS
p(G)) =

(
O B(GM

S )T

B(GM
S ) O

)
,
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Figure 4: All non-isomorphic graphs of type S4(K2)

where B(GM
S ) is the incidence matrix of GM

S . Precisely,

B(GM
S ) = (B(G) | N),

where N is the n × p vertex-loop incidence matrix of GM
S , such that in each of its columns there is exactly

one entry equal to 1 (since each of p loops can be attached to at most one vertex) and all other entries are
equal to zero.

Figure 5: Graph G, graph SS
6 (G), for p = 6 and |S| = 3, and the corresponding GM

S graph with 6 loops (the number of loops at some
particular vertex is indicated by the number next to the loop)

If G is a connected regular graph, the following statement can be proved:

Theorem 4.9. Let G be a connected r-regular graph of order n, size m
(
= nr

2

)
, and S ⊆ V(G), such that |S| = σ > 0.

Then
P
S

S
p (G)(λ) = λm−n+p PGM

S
(λ2
− r).

Proof. It can be easily verified that

B(GM
S )B(GM

S )T = A(G) +D(G) + JM
S = A(GM

S ) +D(G) = A(GM
S ) + rIn.

Then by applying Lemma 2.1, we obtain the proof.

5. On the nullity of some bipartite graphs

More than sixty years ago, Collatz and Sinogowitz [5] first posed the problem of characterizing all graphs
which have the number zero in their spectrum. So far, problems related to the nullity have been studied
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mainly by considering some particular graph classes, such as trees, unicyclic graphs, bicyclic graphs, graphs
with pendant vertices, and so on (see, for example, [4], [10], [11], [13], [15], [17], [18], [20], [21], [23]).

Using some of the results stated in the previous sections, we are able to compute the nullity of bipartite
graphs given by Definition 4.5. But, before we do that, let us remind that if G is a simple graph on n vertices
and G is not isomorphic to n K1, i.e. it contains at least one edge, then 0 ≤ η(G) ≤ n − 2. Precisely, the
following statement holds:

Lemma 5.1. [13, Lemma 1] Let G be a graph on n vertices. Then η(G) = n if and only if G is a graph without edges,
i.e. an empty graph.

In the following, we list two well-known results needed in the rest of the paper.

Lemma 5.2. [13, Lemma 3] Let G = G1 ∪G2 ∪ · · · ∪Gt, where G1,G2, . . . ,Gt are connected components of G. Then,

r(G) =
t∑

i=1
r(Gi), i.e. η(G) =

t∑
i=1
η(Gi).

Corollary 5.1. [13, Corollary 6] If the bipartite graph G contains a pendant vertex, and if the induced subgraph H
of G is obtained by deleting this vertex together with the vertex adjacent to it, then η(G) = η(H).

If G is a bipartite graph with the bipartition (X,Y), then its vertices may be numbered so that the
adjacency matrix A(G) has the following form:

A(G) =
(

O B

B
T O

)
.

Here, O is the null matrix, while B is the ”incidence matrix” between the two sets X and Y of vertices of G.
The following theorem is also of importance:

Theorem 5.1. [19] For the bipartite graph G with n vertices and the ”incidence matrix”B it holds: η(G) = n−2r(B),
where r(B) is the rank of the matrix B.

Theorem 5.2. Let G be a connected graph of order n, n ≥ 1, and size m, m ≥ 0, and let ∅ , S ⊆ V(G). Then,

η(SS
p(G)) = m − n + p, (18)

where p ≥ |S|, while SS
p(G) is the graph given by Definition 4.5.

Proof. As we have already noted, the adjacency matrix A(SS
p(G)) of the bipartite graph SS

p(G) is of the form

A(SS
p(G)) =

(
O B(GM

S )T

B(GM
S ) O

)
,

where B(GM
S ) = (B(G) | N) is the incidence matrix of the graph GM

S with multiple loops associated to SS
p(G),

as previously described. We can consider that GM
S is derived from GS by attaching pv − 1, pv ≥ 1, loops at

vertices v in which there are pv newly added pendant vertices in SS
p(G). Therefore,

B(GM
S ) = (B(G) | N) = (B(GS) | N ∗) = (B(G) |N | N ∗).

Since each column of the matrix N ∗, where N = (N | N ∗), is linearly dependent with exactly one of the
columns of N, from Proposition 3.1 it follows r(B(GM

S )) = n. Then by use of Theorem 5.1, we obtain (18).

Remark 5.1. Since K1 is the unique graph of order n = 1, Sp(K1) = K1,p, p ≥ 1, is the unique graph of type Sp(K1),
whose nullity, according to Theorem 5.2, is:

η(K1,p) = 0 − 1 + p = (p + 1) − 2 = (order of K1,p) − 2.
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Remark 5.2. According to the previous observations, we have

r(SS
p(G)) = (n +m + p) − η(SS

p(G)) = 2n.

Below, we will consider some perturbations of certain bipartite graphs (mainly of graphs of type SS
p(G),

for some connected graph G, non-empty set S ⊆ V(G) and p ≥ |S|), which preserve the nullity of these
graphs, or which increase (decrease) it by 2. By graph perturbation we mean a small structural alteration,
such as the relocation of vertices and/or edges. But, before that, we state a lemma needed in the proofs of
the corresponding statements.

Lemma 5.3. Let G be a connected graph of order n > 1 and size m ≥ 1. Then,

η(S(G)) =
{

m − n + 2, if G is bipartite;
m − n, if G is non-bipartite.

Proof. The adjacency matrix A(S(G)) of S(G) is of the following form:

A(S(G)) =
(

O B(G)T

B(G) O

)
,

where B(G) is the vertex-edge incidence matrix of G, while O is the null matrix, as usual. Since S(G) is a
bipartite graph, according to Theorem 5.1 and Lemma 3.1, we find η(S(G)) = (m + n) − 2r(B(G)), i.e.

η(S(G)) = m + n − 2 ·
{

(n − 1), if G is bipartite;
n, if G is non-bipartite,

wherefrom the proof follows.

Remark 5.3. In accordance with Remark 4.2, we assume that η(K1) = 1.

Remark 5.4. Starting from an arbitrary tree Tn of order n > 1, by use of Lemma 5.3, we can obtain the tree of order
2n − 1 whose nullity is equal to 1.

Proposition 5.1. Let G be a connected bipartite graph of order n, n > 1, and size m, m ≥ 1, and let G = Sp(G), for
p ≥ 2. Let v be one of the black pendant vertices of G, and let G⋆ be the graph obtained from G by relocating all p − 1
remaining black pendant vertices of G, different from v, to be the neighbours of v (i.e. by connecting them to v) 1) (see
Figure 6). Then, η(G⋆) = η(G).

Remark 5.5. Graph perturbation presented in Proposition 5.1, will be named P1, and therefore, we will write
G
⋆ = P1(G) = P1(Sp(G)), where G is a connected bipartite graph of order n > 1 and size m ≥ 1, and p ≥ 2.

Proof. Let u be one of the white pendant vertices adjacent to the vertex v inG⋆. SinceG⋆ is a bipartite graph,
by use of Corollary 5.1, we have:

η(G⋆) = η(G⋆ − {u, v}) = η((p − 2)K1 ∪ S(G)).

Then, by applying Lemma 5.2 and Lemma 5.3, we get

η(G⋆) = η((p − 2)K1) + η(S(G)) = (p − 2) + (m − n + 2) = m − n + p = η(G),

which is true according to Theorem 5.2.

1)Clearly, these vertices become white vertices in G⋆.
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Figure 6: Example of applying graph perturbation P1 from Proposition 5.1

Remark 5.6. In accordance with Remark 4.2 and Remark 5.3, the statement of Proposition 5.1 also holds for G � K1.

Remark 5.7. If G is not a bipartite graph, then η(G⋆) = η(G) − 2.

Proposition 5.2. Let Tn be an arbitrary tree of order n, n ≥ 3, and let T = SSp(Tn), for p ≥ 2. Let v be a
quasi-pendant black vertex of T , and let T ⋆ be the tree obtained from T by relocating x, 1 ≤ x ≤ p− 1 black pendant
vertices to be the neighbours of v (i.e. by connecting them to v) 2) (see Figure 7). Then, η(T ⋆) = η(T ).

Remark 5.8. Graph perturbation presented in Proposition 5.2, will be referred to as P2, and therefore, we will write
T
⋆ = P2(T ) = P2(SSp(Tn)), where Tn is an arbitrary tree of order n, n ≥ 3, and p ≥ 2.

Figure 7: Example of applying graph perturbation P2 from Proposition 5.2

Proof. Let us denote by u one of the white pendant vertices adjacent to the vertex v in T ⋆. By use of
Corollary 5.1 and Lemma 5.2, we have

η(T ⋆) = η(T ⋆ − {u, v}) = η(x K1 ∪ Sp−x(Tn−1)) = x + η(Sp−x(Tn−1)),

where Sp−x(Tn−1) is an induced subgraph of T , and Tn−1 is obtained from Tn by deleting the white pendant
vertex adjacent to v in T . By applying Theorem 5.2, it follows

η(T ⋆) = x + (n − 2) − (n − 1) + (p − x) = p − 1 = η(T ).

2)It is clear that these vertices become white in T ⋆.
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Remark 5.9. If x = p and p ≥ 1, then by use of Lemma 5.3, it follows η(T ⋆) = η(T ) + 2.

Proposition 5.3. Let G be an arbitrary connected graph of order n, n ≥ 1, and size m, m ≥ 0, and let G = Sp(G), for
p ≥ 3. LetG⋆ be the graph obtained fromG by relocating x, 1 ≤ x ≤ p−2, black pendant vertices to be the neighbours
of one, say v, of the remaining (p − x) black pendant vertices of G (i.e. by connecting them to v) 3) (see Figure 8).
Then, η(G⋆) = η(G) − 2.

Remark 5.10. Graph perturbation described by Proposition 5.3, will be named P3, and therefore, we will write
G
⋆ = P3(G) = P3(Sp(G)), where G is an arbitrary connected graph of order n, n ≥ 1, and size m, m ≥ 0, and p ≥ 3.

Figure 8: Example of applying graph perturbation P3 from Proposition 5.3

Proof. Let u be a white pendant vertex adjacent to v in G⋆. By applying Corollary 5.1 and Lemma 5.2, we
find

η(G⋆) = η(G⋆ − {u, v}) = η((x − 1) K1 ∪ Sp−x−1(G)) = x − 1 + η(Sp−x−1(G)),

where Sp−x−1(G) is the induced subgraph of G. Now, by use of Theorem 5.2, we get

η(G⋆) = x − 1 +m − n + (p − x − 1) = η(G) − 2.

Remark 5.11. If G is a connected non-bipartite graph of order n ≥ 3 and size m ≥ 3, and if x = p − 1, for p ≥ 3, it
holds η(G⋆) = η(G) − 2.

Proposition 5.4. Let Tn be an arbitrary tree of order n, n ≥ 2, and let w be one of its pendant vertices. Let
T = SSp(Tn), for p ≥ 1, where q, 1 ≤ q ≤ p, black pendant vertices are connected to w, and let v be the black
neighbour of w of degree 2 (i.e. the quasi-pendant vertex adjacent to w in S(Tn)). Let T ⋆ be the tree obtained from T
by relocating x, 1 ≤ x ≤ q, black pendant neighbours of w to be the neighbours of v (i.e. by connecting them to v) 4)

(see Figure 9 and Figure 10). Then,

1. if q = p and x = q, then η(T ⋆) = η(T ) + 2;
2. if p ≥ 2, q = p and 1 ≤ x ≤ q − 1, then η(T ⋆) = η(T );
3. if p ≥ 2, 1 ≤ q ≤ p − 1 and x = q, then η(T ⋆) = η(T );
4. if p ≥ 3, 2 ≤ q ≤ p − 1 and 1 ≤ x ≤ q − 1, then η(T ⋆) = η(T ) − 2.

3)It is clear that these vertices become white in G⋆.
4)It is clear that these vertices become white in T ⋆.
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Figure 9: Example of applying graph perturbation P4 from Proposition 5.4, case (1)

Remark 5.12. Graph perturbation exposed in Proposition 5.4, will be denoted by P4, and therefore, we will write
T
⋆ = P4(T ) = P4(SSp(Tn)), under the assumptions given in Proposition 5.4.

Proof. (1) Let us denote by u one of the white pendant neighbours of v different from w in T ⋆. From
Corollary 5.1 and Lemma 5.2, it follows

η(T ⋆) = η(T ⋆ − {u, v}) = η(q K1 ∪ S(Tn−1)) = q + η(S(Tn−1)),

where Tn−1 is obtained from Tn by deleting pendant vertex w. By use of Lemma 5.3 and Theorem 5.2, we
finally obtain

η(T ⋆) = q + (n − 2) − (n − 1) + 2 = q + 1 = (p − 1) + 2 = η(T ) + 2.

(2) Let us denote by u one of the white pendant neighbours of v inT ⋆ (in case x = 1, u will be the unique
such a vertex). Similarly as before, by applying Corollary 5.1, Lemma 5.2 and Lemma 5.3, we find

η(T ⋆) = η(T ⋆ − {u, v}) = η((x − 1)K1 ∪ K1,q−x ∪ S(Tn−1))
= (x − 1) + (q − x + 1 − 2) + η(S(Tn−1))
= q − 2 + (n − 2) − (n − 1) + 2 = p − 1 = η(T ).

In the upper relations, Tn−1 denotes the tree which is obtained from Tn by deleting pendant vertex w.
(3) Let u be one of the white pendant neighbours of v different from w in T ⋆. Using Corollary 5.1,

Lemma 5.2, and Theorem 5.2, we have:

η(T ⋆) = η(T ⋆ − {u, v}) = η(qK1 ∪ Sp−q(Tn−1))
= q + η(Sp−q(Tn−1)) = q + (n − 2) − (n − 1) + (p − q) = η(T ),

where Tn−1 is obtained from Tn by deleting pendant vertex w. Precisely, Sp−q(Tn−1) is an induced subgraph
of T , which is obtained from T by deleting vertex v, vertex w, and all q neighbours of w.

(4) Let u be a white pendant neighbour of v in T ⋆. In the same way as before, we find

η(T ⋆) = η(T ⋆ − {u, v}) = η((x − 1)K1 ∪ K1,q−x ∪ Sp−q(Tn−1)),

where Sp−q(Tn−1) is an induced subgraph of T , and Tn−1 is obtained from Tn by deleting pendant vertex w.
Further we have

η(T ⋆) = (x − 1) + (q + 1 − x − 2) + (n − 2) − (n − 1) + (p − q) = η(T ) − 2.
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Figure 10: Example of applying graph perturbation P4 from Proposition 5.4, case (4)

Proposition 5.5. Let Tn be a tree of order n, n ≥ 3, with k, k ≥ 2, pendant vertices w1,w2, . . . ,wk. LetTn = SSp(Tn),
for p ≥ k, and let ui be the black quasi-pendant neighbour of wi in S(Tn), i.e. Tn, for 1 ≤ i ≤ k. Let T ⋆n be the tree
obtained from Tn by relocating x, k ≤ x ≤ p, black pendant vertices to be the neighbours of ui, such that each ui is

connected with xi pendant vertices, where xi ≥ 1, 1 ≤ i ≤ k, and
k∑

i=1
xi = x 5) (see Figure 11). It holds:

1. if k ≤ x < p, then η(T ⋆n ) = η(Tn),
2. if x = p, then η(T ⋆n ) = η(Tn) + 2.

Remark 5.13. Graph perturbation described in Proposition 5.5, will be named P5, and therefore, we will write
T
⋆
n = P5(Tn) = P5(SSp(Tn)), under the assumptions given in Proposition 5.5.

Proof. Let us denote by vi one of the white pendant neighbours of ui different from wi in T ⋆n , for 1 ≤ i ≤ k.
If x < p, by use of Corollary 5.1, Lemma 5.2 and Theorem 5.2, we have

η(T ⋆n ) = η(T ⋆n − {u1, v1}) = η(x1K1 ∪ T
⋆
n−1)

= x1 + η(T ⋆n−1) = x1 + η(T ⋆n−1 − {u2, v2}) = x1 + η(x2K1 ∪ T
⋆
n−2)

= x1 + x2 + η(T ⋆n−2) = · · · = x1 + x2 + · · · + xk + η(Sp−x(Tn−k))
= x + (n − k − 1) − (n − k) + (p − x) = p − 1 = η(Tn).

In the previous relations, T ⋆n−i is an induced subgraph of T ⋆n−i+1, for i = 1, 2, . . . , k − 1.
If x = p, in a similar way, by use of Lemma 5.3, we find

η(T ⋆n ) =
k∑

i=1

xi + η(S(Tn−k)) = x + (n − k − 1) − (n − k) + 2 = η(Tn) + 2.

6. Some applications

In this section, we will consider certain problems connected with graphs using some of the results stated
in the previous sections.

5)Clearly, these relocated vertices become white in T ⋆n .
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Figure 11: Example of applying graph perturbation P5 from Proposition 5.5

6.1. Comparison of graph energies

One of the widely studied graph invariants is certainly graph energy, which was introduced by Ivan
Gutman [12]. Precisely, the energy E(G) of a graph G of order n is defined to be the sum of all absolute
eigenvalues of G, i.e.

E(G) =
n∑

i=1

|λi(G)|,

while the energy E(GS) of the self-loop graph GS of G, with respect to the set of vertices S ⊆ V(G), such that
|S| = σ, 0 ≤ σ ≤ n, was given by [14]:

E(GS) =
n∑

i=1

∣∣∣∣λi(GS) −
σ
n

∣∣∣∣ .
The authors of [1] (Theorem 3.7) proved that for a bipartite graph G and an arbitrary set S ⊆ V(G),

E(GS) ≥ E(G) holds. In addition, in the same paper, they posed a conjecture, which claims that for every
simple graph G, there is a set S ⊆ V(G) such that E(GS) > E(G).

Since the subdivision graph S(G) of a graph G is a bipartite graph, from Theorem 4.2 and Theorem 4.3,
that is, Theorem 4.4, it follows that for the bipartite graph S(G) of a regular graph G there is a self-loop
graph of S(G) whose energy is strictly greater than the energy of S(G).

Namely, let G be an r-regular graph, r ≥ 2, of order n and size m
(
= nr

2

)
, with the adjacency eigenvalues

λi(G), i = 1, 2, . . . , n. From Theorem 4.2, it follows that the spectrum of the subdivision graph S(G) of G
consists of the following eigenvalues: [0]m−n and ±

√
λi(G) + r, i = 1, 2, . . . ,n. Therefore, the energy of this

graph is equal to

E(S(G)) =
m+n∑
i=1

|λi(S(G))| =
n∑

i=1

2
√
λi(G) + r.

According to Theorem 4.3, the eigenvalues of the graph ΣE(S(G)) of order m + n and with m loops, are:
[1]m−n and 1

2

(
1 ±

√
1 + 4 (r + λi(G))

)
, i = 1, 2, . . . ,n. Since G is a r-regular graph, and so −r ≤ λi(G) ≤ r,

i = 1, 2, . . . ,n, it holds: 1
2

(
1 +

√
1 + 4 (r + λi(G))

)
≥ 1, and 1

2

(
1 −

√
1 + 4 (r + λi(G))

)
≤ 0. The quotient of the

number of loops m in ΣE(S(G)) and the order m + n of this graph reduces to
nr
2

nr
2 +n =

r
r+2 < 1, so we find that
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the energy of the self-loop graph ΣE(S(G)) is:

E(ΣE(S(G))) =
n+m∑
i=1

∣∣∣∣λi(ΣE(S(G))) −
r

r + 2

∣∣∣∣
=

(nr
2
− n

) (
1 −

r
r + 2

)
+

n∑
i=1

1 +
√

1 + 4 (r + λi(G))
2

−
r

r + 2


+

n∑
i=1

(
−

1
2

(
1 −

√
1 + 4 (r + λi(G))

)
+

r
r + 2

)
,

i.e.

E(ΣE(S(G))) =
n (r − 2)

r + 2
+

n∑
i=1

√
1 + 4(r + λi(G)).

As
√

1 + 4(r + λi(G)) > 2
√

r + λi(G), for i = 1, 2, . . . ,n, and n (r−2)
r+2 ≥ 0, it follows

E(ΣE(S(G))) =
n (r − 2)

r + 2
+

n∑
i=1

√
1 + 4(r + λi(G)) >

n (r − 2)
r + 2

+

n∑
i=1

2
√
λi(G) + r

=
n (r − 2)

r + 2
+ E(S(G)) ≥ E(S(G)),

i.e.

E(ΣE(S(G))) > E(S(G)).

Since, according to Corollary 3.5 from [1], E(ΣE(S(G))) = E(ΣV(S(G))), we also have E(ΣV(S(G))) >
E(S(G)). In that way, the conjecture posed in [1] is partially confirmed.

6.2. Nullity sets

Let us denote by Bn the set of all connected bipartite graphs of order n, where n > 1.
A subset N of the set {0, 1, 2, . . . , n} is said to be the nullity set of Bn provided that for any k ∈ N there

exists at least one graph G ∈ Bn such that η(G) = k, and for any graph G ∈ Bn, η(G) ∈ N.
Using Theorem 5.2, we can propose an alternative proof, in the case of connected bipartite graphs, of

the statement which is in [9] marked as Theorem 3.1.

Theorem 6.1. The nullity set of Bn is N = {n − 2k : k = 1, 2, . . . , ⌊ n
2 ⌋}, i.e. N = {0, 2, 4, . . . ,n − 2}, if n is even, and

N = {1, 3, 5, . . . ,n − 2}, if n is odd.

Proof. Let G ∈ Bn be an arbitrary graph. Since G contains at least one edge, according to Lemma 5.1,
0 ≤ η(G) ≤ n − 2, i.e. η(G) ∈ N.

Let H be an arbitrary connected graph of order k, k ∈ {1, 2, . . . , ⌊ n
2 ⌋}, with mH edges, such that mH ≥ 0 and

k + mH ≤ n − 1. Such a graph certainly exists; for example, H can be a tree of order k. Here, we consider
K1 as a connected graph. Let us form the graph Sp(H), where p = n − (k +mH), and then p ≥ 1. The graph
Sp(H) is the connected bipartite graph of order n, and the proof now follows from Theorem 5.2.

Remark 6.1. Since Sp(T), p ≥ 1, for an arbitrary tree T, is also tree, the proof of Theorem 6.1 is another way to prove
Corollary 3.1 in [17].
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6.3. Construction of trees with given nullity
Let Tn be the set of all trees of order n, n > 1. According to Theorem 6.1, the nullity set of Tn is equal to

N = {n − 2k : k = 1, 2, . . . , ⌊ n
2 ⌋}, i.e. N = {0, 2, 4, . . . ,n − 2}, if n is even, and N = {1, 3, 5, . . . , n − 2}, if n is odd.

Based on some of the statements exposed in the previous sections, we are able to identify, i.e. to construct
all trees of order n, for 2 ≤ n ≤ 9, whose nullity is equal n − 2k, for k = 1, 2, . . . , ⌊ n

2 ⌋, and to conjecture a
generalization of such a construction for n > 9.

Figure 12: All non-isomorphic trees of order 5

Namely, we start from all non-isomorphic trees of order k, k = 1, 2, . . . , ⌊ n
2 ⌋. In this case, we assume

that an isolated vertex (i.e. the case k = 1) is also a (trivial) tree. We can name these trees base trees, and
denote them by Bk

j , where j = 1, 2, . . . , τ, and τ is the number of such trees. After that, we generate all

non-isomorphic trees Sp(Bk
j), for p = n − 2k + 1, where it holds p ≥ 1. According to Theorem 5.2, the nullity

of the graphSp(Bk
j) is η(Sp(Bk

j)) = p−1 = n−2k. All remaining non-isomorphic trees, if such exist, of order n
and of nullity n − 2k, for k = 1, 2, . . . , ⌊ n

2 ⌋, can be obtained by applying graph perturbations Pi, for 1 ≤ i ≤ 5,
on trees Sp(Bk

j), and their special cases SSp(Bk
j) and SSp(Bk

j), in accordance with the following statements:
Proposition 5.1, Proposition 5.2, Proposition 5.3, Proposition 5.4 and Proposition 5.5, which guarantee the
preservation of the considered nullity.

Let us consider all trees up to seven vertices.
If n = 2, there is exactly one base tree B1

1 of order 1, i.e. B1
1 � K1, and there is exactly one possibility,

in accordance with Definition 4.5, to add a pendant vertex to S(B1
1) � K1. Therefore, T2 = {T2

1}, where
T2

1 = S1(K1) � K2, and η(T2
1) = 0.

For n = 3, there is, again, only one base tree B1
1 of order 1, i.e. B1

1 � K1, and there is exactly one possibility
to add p = 3 − 2 · 1 + 1 = 2 pendant vertices to S(B1

1). Therefore, T3 = {T3
1}, where T3

1 = S2(K1) � K1,2, and
η(T3

1) = 1.
It is known that if n = 4, there are two non-isomorphic trees in the set T4, i.e. T4 = {T4

1,T
4
2}, where

T4
1 � K1,3 and T4

2 � P4. It holds k ∈ {1, 2}, so the nullity set of T4 is {0, 2}. For k = 1, there is only one base
tree, B1

1 � K1, and, since there is only one way, in accordance with Definition 4.5, to add p = 4 − 2 · 1 + 1 = 3
pendant vertices to S(B1

1) � K1, we have T4
1 = S3(K1) � K1,3. For k = 2, there is only one base tree, too,

B2
1 � K2, and since there is only one possibility to add p = 4−2 ·2+1 = 1 pendant vertex to S(B2

1) (otherwise
we would get isomorphic trees), we have T4

2 = S1(K2) � P4.
Let us now consider the set T5 = {T5

1,T
5
2,T

5
3} of all non-isomorphic trees of order 5 (see Figure 12).

It holds k ∈ {1, 2}, so the nullity set of T5 is {1, 3}. For k = 1, there is only one base tree, B1
1 � K1, so

T5
1 = S5−2·1+1(K1) = S4(K1) � K1,4. For k = 2, there is only one base tree, B2

1 � K2. Let us denote the set of
its vertices V(K2) = {v1, v2}. Since there are two possibilities to add 5 − 2 · 2 + 1 = 2 black pendant vertices
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to the graph S(K2) in order to obtain non-isomorphic trees of the same order and nullity, we find that
T5

2 = S
S1
2 (K2), where S1 = {v1}, and T5

3 = S
S2
2 (K2), where S2 = {v1, v2} (see Figure 12). Base trees, precisely

their subdivisions, in Figure 12, as well as in all subsequent figures, are framed.

Figure 13: Non-isomorphic trees of order 6, part 1

Figure 14: Non-isomorphic trees of order 6, part 2

For n = 6, there are six non-isomorphic trees, i.e. T6 = {T6
i , i = 1, 2, . . . , 6}. Since k ∈ {1, 2, 3}, we can

identify tree non-isomorphic base trees - one of order 1, B1
1 � K1; one of order 2, B2

1 � K2; and one of order 3,
B3

1 � P3. There is only one way to add p = 7−2 ·1 = 5 black pendant vertices to the graph B1
1; p = 7−2 ·2 = 3

black pendant vertices can be added to the graph B2
1, according to Definition 4.5, in two different ways in

order to obtain non-isomorphic trees of the same nullity; and, there are two ways to add p = 7 − 2 · 3 = 1
pendant vertex to the graph B3

1 in order to obtain non-isomorphic trees of the same nullity. All trees from
the setT6 with respect to Definition 4.5, Theorem 5.2, and graph perturbationsPi, for 1 ≤ i ≤ 5, are depicted
in Figure 13 and Figure 14.
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Figure 15: Non-isomorphic trees of order 7, part 1

Figure 16: Non-isomorphic trees of order 7, part 2

There are eleven non-isomorphic trees of order 7, i.e. T7 = {T7
i , i = 1, 2, 3, . . . , 11}. Since k ∈ {1, 2, 3},

similarly to the previous case, we can identify three non-isomorphic base trees - one of order 1, B1
1 � K1;

one of order 2, B2
1 � K2; and one of order 3, B3

1 � P3. All trees from the set T7 with respect to Definition 4.5,
Theorem 5.2, and graph perturbations Pi, for 1 ≤ i ≤ 5, are depicted in Figure 15, Figure 16, Figure 17 and
Figure 18.

Hand checking shows that all non-isomorphic trees of order n = 8 and n = 9 can also be obtained in the
previously described way. Therefore, we can pose the following conjecture:

Conjecture 6.1. All trees of order n, n ≥ 2, whose nullity is equal to n−2k, where k = 1, 2, . . . , ⌊ n
2 ⌋, are treesSp(Bk

j),
where Bk

j , j = 1, 2, . . . , τ, are non-isomorphic base trees of order k, while τ is the number of such trees, and trees
obtained by applying graph perturbations Pi, for 1 ≤ i ≤ 5, on trees Sp(Bk

j), and their special cases SSp(Bk
j) and

SSp(Bk
j), in accordance with the following statements: Proposition 5.1, Proposition 5.2, Proposition 5.3, Proposition

5.4 and Proposition 5.5.
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Figure 17: Non-isomorphic trees of order 7, part 3

Figure 18: Non-isomorphic trees of order 7, part 4
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[7] D. M. Cvetković, M. Doob, H. Sachs, Spectra of Graphs: theory and application, Johann Ambrosius Barth Verlag, Heidelberg, Leipzig,

1995.
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