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Detrended fluctuation analysis for continuous real functions
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Abstract. Detrended Fluctuation Analysis (DFA) is a widely used technique for estimating scaling ex-
ponents and long-range correlations in time series data. In this work, we formulate DFA in a continuous
framework (which we call Continuous DFA or CDFA for short) and provide a rigorous analytical descrip-
tion of its behavior for real-valued continuous functions. We derive an explicit integral representation of
the fluctuation function and establish its regularity properties. We show that the fluctuation grows linearly
at sufficiently small scales for all signals, so that the associated scaling exponent converges universally to
one.

Although finite scaling ranges may exhibit apparent power law fits with different exponents, these
reflect only local approximations rather than the true asymptotic behavior. Our results show that CDFA
primarily measures first-order regularity rather than correlation structure. Consequently, while the classical
discrete DFA distinguishes rough stochastic processes, CDFA loses discriminating power for continuous
deterministic signals. These findings provide a clear theoretical explanation of both the capabilities and the
intrinsic limitations of DFA.

Introduction

Time series analysis provides useful tools for understanding the dynamics of data collected from various
research areas such as business, economics, medicine, and volcanology, among others [4, 12, 14]. A
fundamental question is whether the data exhibit temporal autocorrelation, meaning statistical dependence
between observations at different times. In most processes these correlations decay rapidly, leading to a
finite correlation length. A special case of particular interest is long-range dependence (or long memory)
[1], where correlations decay slowly, typically according to a power law, so that distant observations
remain significantly correlated across many scales. One way to quantify this behavior is through the Hurst
exponent [6, 7]. In this context, Detrended Fluctuation Analysis (DFA) is widely used to estimate scaling
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behavior by measuring how detrended fluctuations of the integrated series grow with window size [16].
DFA constructs the cumulative profile of the mean-subtracted series, removes local polynomial trends on
different scales, and computes the root-mean-square fluctuation ¥ (1) as a function of scale n. A power law
relation

F(s) o s*

indicates scale-free correlations, and the scaling exponent « is related to the Hurst exponent. Thus, DFA
provides a way to detect long-range dependence even in nonstationary data, though not all signals yield
a truly self-similar profile. This method is widely used today, for example, in [2, 4, 8, 13, 15-17], just
to mention a few. On the other hand, it has also been criticized for presenting problems in mitigating
nonstationarity [3] or for not actually providing new information beyond spectral analysis [9], to name a
few.

Since roughly speaking, DFA is a modified root mean square analysis, it is plausible to adapt its discrete
framework to a continuous setting. A natural ensuing question, which we answer in the affirmative in this
paper, is whether a continuous version of DFA also exhibits a power law behavior. In this work, we propose
a DFA approach applied to continuous real-valued functions, which we call Continuous DFA (CDFA).

The general idea of this work is to provide mathematical rigor to the proposed model from an analytical
perspective, ranging from the fractal characteristics of the model [10, 11] to the derivation of a power law. In
this setting, we do not work with signals exhibiting a random nature, but rather with continuous functions.

As in the classical DFA for time series, the proposed CDFA will consist of two steps. In the first step
we associate an integrable function with an integrated one. Recall that in the classical DFA, the cumulative
sum (i.e., the integrated series) of certain stochastic processes, such as fractional Gaussian noise, yields a
self-similar process (fractional Brownian motion). In our formulation of CDFA, we prove that the integrated
function associated with any integrable function admits a decomposition as the sum of two self-similar
fractal functions, where the notion of fractal function is taken in the sense of Hutchinson [10, 11]. In the
second step, we restrict our attention to continuous real-valued functions and propose a function ¥ that
measures the global mean behavior of the integrated process obtained previously in step one. The function
¥ plays a role analogous to the detrended fluctuation function in classical DFA. As in classical DFA, we
prove that ¥ behaves approximately as a power law c¢r* for small values of r. Unlike classical DFA,
we show that for continuous functions # follows a power law with exponent 1 in the asymptotic sense;
that is, lim, o+ ¢r(r) = C € (0,00). This reveals the presence of highly correlated values, which coincides
with the fact that x(s) is a deterministic object. With this, we note that when we consider the continuous
model, it loses the capability to detect non-regular behavior as in the discrete case. At first sight, the
fact that CDFA yields the same small-scale exponent for a broad class of functions may seem to limit its
discriminatory power. However, this behavior should not be viewed as a deficiency of the analysis but
rather as a structural property of the method itself. The results above show that any DFA procedure based
on local polynomial detrending necessarily reduces, in the continuous limit, to a measurement of first-order
smoothness. Consequently, the collapse of the scaling exponent to one is universal and does not depend
on the particular signal considered.

Thus, the purpose of the present work is not to construct a more powerful practical variant of DFA, but
rather to provide a rigorous theoretical understanding of what DFA actually measures and to determine its
intrinsic limitations when extended to continuous deterministic signals. We prove that, for any continuous
deterministic function, the fluctuation function grows linearly at sufficiently small scales, so that the CDFA
exponent necessarily converges to one. Consequently, CDFA no longer discriminates between different
continuous deterministic signals. This clarifies why DFA is effective for rough or stochastic processes while
CDFA loses discriminating power in the continuous-time limit. Our approach follows the same motivation
outlined by Veneziano [18] for testing multifractal analysis with analytic functions; however, in the case of
DFA, the limitation arises precisely from the transition to continuous time.

We divide this work into two sections. In Section 1, we review the concept of self-similar fractal functions
and provide some examples of such functions. In Section 2 we present the main results of the paper, namely,
we introduce CDFA and prove that it approximates, in an asymptotic sense, a power law with an exponent
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equal to one.

The authors extend their sincere gratitude to the anonymous referee for the meticulous review of the
manuscript. The referee not only recognized the value and relevance of the work, but also provided valuable
comments and suggestions that helped refine various aspects of the paper and significantly improved its
presentation.

1. Self-similar Fractal Function

In this section, we introduce the notion of self-similar fractal functions and present several examples.
In classical DFA, the integrated series of certain stochastic models, such as fractional Gaussian noise, yields
fractional Brownian motion, which is self-similar. For this reason, when extending the method to continuous
functions, it is natural to consider an analogous notion of self-similarity for real-valued functions. We adopt
the definition introduced by Hutchinson [10, 11], which provides a convenient functional counterpart to the
theory of self-similar sets. This formulation facilitates the construction of examples and preserves several
geometric properties of fractals, such as translation invariance.

Definition 1.1. Let N > 2. A scaling law S is defined to be an N—tuple (S1, ... Sy) of Lipschitz maps S; : R" — R".
We denote the Lipschitz constants by Lip(S;).

Definition 1.2. Let I = I U --- U Iy be a partition of an interval I into N disjoint subintervals. Given maps
gi:li—=>R"fori=1,...,N, define the function LY, gi: T — R by

N
[LI gi] () =g, xel;
i=1

Definition 1.3. Let f : I — R" be a function where I C R is a closed bounded interval. Let I = I U---Uly

be a partition of I into disjoint subintervals and let ¢; : I — I; be an onto and increasing Lipschitz map for each
ie{l,...N}. Given a scaling law S = (S1,...,5n), define Sf : I — R" by

N
Sf=| |siofoor"
i=1

We say that f satisfies the scaling law S, or that f is a self-similar fractal function if

f=Sf. 1)

Note that in Definition 1.3 the use of Lipschitz maps may be seen as the analogous of verifying scaling
properties in f, and by the disjoint union we can interpret that we are joining the pieces after the scaling,
so this emulates the behavior of known fractals. Consider the following important example.

Example 1.4. The function f : [a,b] — R given by f(x) = cx, where c € R is a constant, is a self-similar fractal
function.

Proof. Consider the following disjoint partition of the interval [a, b] = [a, ‘%b] u (%, b] and let

a+b

(1)1 : [ﬂ, b] g |:ﬂ, T]’ (Pl(x) =

+

N =
N2

2 < [a,b] — [#b] da(x) = ’Zf + 3.

It is easy to see that ¢1 and ¢, are Lipschitz maps because are differentiable, and derivative is positive.

|
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Consider the scaling law (51, S2) = (% + £, L4 2%), then a straightforward computation shows that

2¢’ 2
2
Sf=[|_|5f°focz>rl]=cx-
i=2

and hence (1) follows. Then f is a self-similar fractal function. [

The following lemma is relevant to establish the translations invariance of self-similar fractal function.
Lemma 1.5. Let I be a bounded and closed interval in R and let S : I — R be a Lipschitz map. Given a constant
c € R, consider theset Y = {x + c: x € I}. IfwedefineS:Y — Rin Y by S(x + ¢) = S(x) + ¢, then S is a Lipschitz
map.
Proof. Letyi,y2 € Yieys =x1+cy y2 = xp + c then

I5(y1) = S(y2)| = 1S(x2) = S(x1)| < Lip(S)lx1 = x2| = Lip(S)ly1 — yal.

Then, S is a Lipschitz map, as wanted. [

Theorem 1.6. Let I be a closed bounded interval, and let c € R. If f : I — Ris a self-similar fractal function, then
f + cisalso a self-similar fractal function.

Proof. By hypothesis f admits the following representation

N
f=||sofeer,
i=1

for some scaling law (S1, . .., Sn) and some family of Lipschitz maps ¢;.

For everyi € {1,2,..., N} consider the family of sets Y; = {f o ¢7'(x) + c: x € I;}, and let us define a function S;
in these sets, by S;(f o ¢;(x) +¢) = Si(f o p;(x)) + ¢, which is Lipschitz by Lemma 1.5 for every i € {1,2...,N}.
Then:

N
| [Setf+aodi’ =] |S(fodi*+0)
i=1

=i =

(S(Fodh) +¢)

ik

1

Il
=t

S(fo¢;1)]+c

C.

~
+ I

Hence, the function f + c is a self-similar fractal function, with scaling law (51,5,,...,5n8). O

2. DFA and CDFA models

The classical DFA can be viewed as a procedure that transforms a time series into a fluctuation function
whose dependence on scale often exhibits approximate power law behavior. It consists of two main steps.
In this section we present continuous analogues of these steps, thereby defining the Continuous DFA model
(CDFA), and we provide a rigorous analysis of its properties and scaling behavior.
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2.1. First step: integrated function.

The first step of the classical DFA is the following, con;ider a time series of size M € IN, x(i),i =1,..., M,
then define the integrated time series given by y(i) = 23.:1 (x(j) = x), where x = Al/f fol x(7) is the average
value of the time series. This new time series is a self-similar process.

Definition 2.1. Let M be a positive real number. Suppose that x : [0, M] — R is an integrable function. We define
the integrated function of x(t) to be the function y: [0, M] — R given by the formula:

t
ywipm%mm @

1 ™
where X = i fo x(s)ds.

Notice that to a time series a(i) of size M € IN corresponds a simple function x : [0,M] — R given by
x(t) = Z?fl a(i)xji-1,q(t). The averages of a(i) and its corresponding simple function x(f) coincide, that

is, a = x. Furthermore, if b(i) is the integrated time series of a(i) and y(t) is the integrated function of
the corresponding simple function x(t) of a(i), then y(t) = Z?ﬁ] b(i)x1i-1,1(t). Hence, the definition of an
integrated function generalizes the notion of an integrated series.

In classical DFA, the integrated series of certain stochastic models (for example, fractional Gaussian
noise) exhibits self-similar behavior. This motivates the question of whether, in the continuous setting,
the integrated function can be represented as a self-similar fractal function in the sense of Definition 1.3.
Although such an exact representation does not generally hold, the next theorem shows that the integrated
function can be decomposed as the sum of two functions of this type.

Theorem 2.2. Let x : [0, M] — R be an integrable function with M > 0.
1. If there exists 6 > O such that x(s) > 6 for all s, then z: [0, M] — IR defined by

z(t) = jo‘ t x(s) ds,

is a self-similar fractal function.
2. The integrated function of x(t) is the sum of two self-similar fractal functions.

Proof. Toprove part (1), consider the disjoint partition of [0, M] = [0, ¥]U(X, M] and the increasing Lipschitz
maps ¢; and ¢, given by:

oM =0 7], ei=1,
2 : [0, M] — [%/IM] ba(t) = é + %A
with inverse maps:

7 () = 2t

¢y (1) =2t — M.
Define the map $; on the image of z o ¢! by:

2t t
Sl(z((pl‘l(t))) =5 (j(; x(s) ds) = j(; x(s)ds,
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define the map S, on the image of z o ¢, by:

2t—M t
52(z(¢;1(t)))=52( fo x(s)ds) = fo x(s) ds.

If we show that S1 and S, are Lipschitz maps on the images of z(¢;"(£)) and z(¢,(t)) respectively, then by
Kirzbraun Theorem [5], we can extend these maps to Lipschitz maps on IR.
By continuity of x(s) in the compact set [0, M], there exist K and k given by:

K =sup {x(s): s € [0, A?A]}

and
k = inf {x(ZS): se€ [0, A?/I]}

Fort, 7 €0, ]‘7/1] with t < 7 we have the following:

ftT x(s)ds < ftT Kds = (t - t)K, 3)

k(t —t) = ft s < ft Tx(ZS)ds, (4)

note that by hypothesis x(s) > 6 > 0 so we have K > 0 y k > 0. Then we may choose R > 0 such that:
K < 2Rk. Hence, using (3) and (4) we have that

jf x(s)ds < 2R ftT x(2s) ds. (5)

And using a variable change s = 3, to the integral on the right in (5) we obtain

T 2T
ftx(s)dssRL x(s) ds.

Since by hypothesis x(s) > 6 > 0, the integrals in the last inequality are non-negative, so we obtain the

following.
2T
f x(s) ds
2

ftT x(s) ds

Then, if we add a zero to the integral on the left hand side of (6) we obtain

' x(s) ds tx(s) ds — tx(s) ds + ' x(s)ds|| = tx(s) ds — ' x(s)ds
ft I) 0 t 0 0

and if we add a zero to the integral on right hand side of (6)
2t 27T
f x(s)ds — f x(s) ds
0 0

2T 2t 2t 2T
L x(s)ds fo x(s)ds—(fo x(s)ds+f2t x(s)ds) =

With this (6) becomes:
2t 2T
f x(s)ds—f x(s) ds
0 0

fotx(s)ds—j; x(s)ds

and

<R . (6)

7

<R

7
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thus

1S1(2(7" (1)) = S1(2(¢7 (D) < RIz(p7 (1) = 2(p7 (D).

This proves that Sy is a Lipschitz map on the image of z o ¢;". The proof that S, is a Lipschitz map on the
image of z o ¢! is analogous, so we omit it.
Then we have that

t 2
x(s)ds=| [Siozo¢;?,
Jyxoe=Lfsiozeo

i.e z(t) is a self-similar fractal function.
Now to prove part (2), consider x = ALA fOM x(s)ds and let 6 > 0. Then there exists ¢ > 0 such that

t
x(t) — X+ ¢ > 6 > 0. Define x;(t) = x(t) — X + c. From the previous part a) we have that, z;() = fxl(s) dsisa
0

self-similar fractal function, in other words

z1(t) = j(; x1(s)ds = j(; (x(s) =X +c)ds = y(t) +ct,

where y(t) is the integrated function of x(s). On the other hand, by Example 1.4 the function cf is a self-similar
fractal function. Hence

y(t) = z1(8) - ct.
is a sum of two self-similar fractal functions. [
The following corollary establishes a sufficient condition for a function to be self-similar fractal.

Corollary 2.3. Let x : [0, M] — R continuous and differentiable function, and suppose that there exists 6 > 0 such
that % > 0, then x(t) is a self-similar fractal function.

Proof. Since by the hypothesis ‘;—’s‘ > 0 > 0, it is possible to apply Theorem 2.2, then:

t
dx
z(t) = f(; Eds = x(t) — x(0),
is a self-similar fractal function, and then x(f) is a self-similar fractal function by Theorem 1.6. O

2.2. Second step: Fluctuation function.

The second step in the classical DFA model consists in removing the trend from the integrated time
series y(i) of a given time series x(i), i = 1,...,N. To achieve this, we restrict the integrated time series (i)
to subintervals of size 1, with 1 < n < N. With the data in each window of size n, the line of least squares is
calculated. The y-coordinate value of this line is denoted by y,(i). The process of removing the trend from
the integrated time series y(i) is carried out by subtracting the value of y,(i) from each window. For each 7,
the characteristic length is obtained for the fluctuations of the integrated and trendless time series:

N
F(r) = J = Y 60 - P
i=1

From now on, we will require that the function x be continuous and not just integrable as in the previous
step. Since continuous functions on closed intervals are integrable, we fulfill the conditions to define the
integrated functions described in subsection 2.1, and we also fulfill the hypothesis of Theorem 2.2.
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We now introduce a method to analyze the average behavior of the increments of the integrated function
given in Definition 2.1, associated with a given continuous function x: [0, M] — R, where M is a positive
number. If one attempts to follow the classical DFA procedure, the trend would be removed by least-squares
fitting on subintervals of fixed length. More precisely, the integrated function y(t) would be restricted to
windows of length 1, with 0 < n < M, and on each window approximated by a linear (or, more generally,
polynomial) function, whose value is then subtracted to obtain the detrended signal. However, in the
continuous setting this approach does not produce a power law scaling of the fluctuations, even when
higher-order polynomial fits are used. For this reason, we adopt a different detrending strategy, based on
an approach analogous to differentiation.

Let 0 < m < M. Restrict the integrated function y(t) given in Definition 2.1 to the interval [m, M] and let
0 < r < m. Consider the difference

t t—r t
v =yt=n= [ wo-ods= [ 60 -0 = [ 6 - )

The expression in (7) may be regarded as the process of removing the trend of y(t), taking into account
the immediate past, rather than the tendency established by the windows. Then, as in the methodology
introduced by Peng et al. [16], consider the square root of the average of the squared values obtained in (7)
as a function of r. This gives the detrended function 7 : [0,m] — R defined by

1 M
F(r) = \/m L (y(t) = y(t — )" dt. 8)

We next show that when x is continuous, then ¥ is also continuous.

Lemma 2.4. Assume that x: [0, M] — R is a continuous function. Let 0 < m < M and consider the detrended
function F: [0,m] — R defined in (8). Then F > is Lipschitz. In particular, F is continuous.

Proof. Since x is continuous on the compact interval [0, M], it is bounded. Hence there exists C > 0 such
that

|x(s) - x| < C foralls e [0,M].

For r € [0,m] and t € [m, M], define
¢
G(r,t) == f (x(s) — x) ds.
t—r
Then
¢
|G(r, t)| < f |x(s) — x|ds < Cr,
t—r

and for any r, 1y € [0, m],

G(r,t) — G(ro, t) = f (x(s) — x)ds,

t—r

so that
IG(r, t) — G(ro, )] < Clr —rol.
Using |a> — b?| = |a — blla + b| and the previous bounds,

|G(r, t)* = G(ro, t)?| < Clr — 1| - C(r + 10) < 2C?*mlr — rg|.
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Integrating over ¢t gives

F () - F (o)l = ——

M
== f (G(r,t) = G(ro, t) )dt < 2C%mlr — o).

m

Thus 2 is Lipschitz on [0, 7], hence continuous. Since the square root is continuous on [0, o) and F > 0,
it follows that F is continuous on [0, m]. [

We now focus on the asymptotic scaling behavior of the model . We say that ¥ # 0 behaves
asymptotically as r* if

. T
lim =

r—0+t 1%

C>0.

This means that, for small values of r, the function ¥ (r) decays exactly at the rate r*. In this sense, the
exponent a determines the order of vanishing of #, while the constant C quantifies the precise speed of this
decay. This allows us to determine the behavior of ¥ while taking into account the scale.

If x is continuous, in the next theorem we establish that the detrended fluctuation function satisfies

11%1+ F(r)=0,

which simply reflects that a continuous signal becomes locally constant on sufficiently small windows, so
that detrended fluctuations vanish. More importantly, we shall prove that

lim @ =C<oo,
>0+ T
so that

F(r) =Cr+o(r),
or equivalently ,
F(r) > Cr asr—0".

Thus, the leading-order behavior of ¥ near the origin is always linear. Consequently, any log-log
regression of ¥ (1) versus r on sufficiently small scales necessarily yields an effective scaling exponent
equal to one. This asymptotic statement should be distinguished from the purely topological fact that a
continuous function vanishing at the origin can approximate cr® in arbitrarily small intervals for any a > 0.
Such approximations do not describe the leading-order scaling of ¥, which is uniquely determined by the
linear term above. Hence, for continuous inputs, CDFA measures local smoothness rather than genuine
scale-invariant fluctuations. We are now ready to state and prove our main result.

Theorem 2.5. Let M > 0 and let x: [0,M] — R be a continuous function. Let 0 < m < M and consider the
detrended function F : [0,m] — R given by (8). Then ¥ (r) is continuous and

lir(r)1 F(r)=0.

Moreover

M
lim Tr(r) _ \/M L — f (x (t) — 07 dt. )

7

r

In particular, lim,_,p+ is a nonnegative constant number and equals 0 if and only if x(t) = X for all t € [0, M].
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Proof. By Lemma 2.4 the function ¥ is right-continuous at r = 0. Since #(0) = 0, we conclude that
lirgl F(r)=F(0)=0.
r—0*

To establish (9), it will suffice to prove the limit for an arbitrary sequence of positive numbers converging
to zero. For this purpose, let {r,},>0 be a sequence of positive real numbers such that 7, — 0 asn — oo.
First, observe that by using (7) we get

Ly Y

t
fn(t) = l f (x(s) — X)ds.

Tn t=ry

Let

Then, for a fixed t € [0, M]

fulh) = ) =) =

n

¢
I (x(s) — x(t)) ds.

—Tn

Since x is continuous on a compact interval, it is uniformly continuous. Let € > 0. Then there exists 6 > 0
such that |s — t| < 0 implies |x(s) — x(t)| < € for every s. Choose N > 0 such that 7, < 6 for every n > N. Then
for n > N and for every s € [t — r,,, t] it follows that |x(s) — x()| < €. Hence

1 [ 1 [
< —f |x(s) — x(8)|ds < —f eds =e.
T'n t—ry, Tn t—ry,

li t H—x)) =1 L[ £)ds =0
gﬂﬁm—@o—wng%;l;w@—n»s—.

L[ eo-xmas

n Jt-ry,

This proves

Thus
lim f,(t) = x(t) - %.
and so
Fult) = (x(t) - %)

pointwise on [m, M].
Using again that x(s) is continuous on a compact interval we find that it is bounded. Therefore, there
exists C > 0 such that for every s € [0, M],

|x(s) — x| < C.

We obtain

1 [ 1 [
[fu(t)] < —f |x(s) — X|ds < —f Cds=_C.
n t=ry n t—=ry

It follows that the sequence of functions {f?},so converges pointwise to the integrable function (x(t) — JZ)Z
and is dominated by an integrable (constant) function. By Lebesgue’s dominated convergence theorem, we
obtain

M M M
im [ goa= [ tmgod= [ eo-o

m
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In summary,

3791

2
(i @) i 70
r—0* 1 r—0*
— rlg‘gjn; f (x(s) —x) ds)
2
M— fr; f (x(t) — x)" dt.
Hence
M

as wanted. [J

Consequently, at sufficiently small scales the fluctuation function is asymptotically linear. Therefore,

the CDFA scaling exponent converges to one for any continuous signal.

In particular, CDFA cannot

discriminate between different continuous signals. This shows that the discriminating power of classical
DFA relies essentially on stochastic roughness or discrete sampling rather than on continuous deterministic

structure.

Now we present a brief numerical applicati
not only to illustrate Theorem 2.5 but also to
CDFA as the extension to continuous signals.

on of the continuous model to certain continuous functions
reaffirm the structure limitation of DFA when considering
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Figure 1: Fluctuation function ¥ for several continuous test functions. The curves exhibit linear behavior
at small scales, consistent with the asymptotic prediction of Theorem 2.5.

In Figure 1, we apply CDFA to five differe

nt continuous functions. The expressions for the first three

are given in the figure, while the last two, x(s) and z(s), are given by

1/8 1
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°T3

1 1/9

s+ —
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18

=(s+2)° 5

x(s)

1/7 5

i 1/(i+1)

S — —

> (10)
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and

2(s) = sin(2x — 1]2jx - 2"%) - 3x = 1)/ + %Ix +2]Y7 = 2x = 2]'4, (11)
respectively. Note that although [s— 1|'/3, x(s) and z(s) have non-differentiable points, Theorem 2.5 establishes
that the obtained exponent is 1. This indicates that the model does not detect such non-differentiable
behavior. It is known that if we extract a time series by considering a discrete finite set of values from
the continuous function and apply classical DFA analysis to this time series, the resulting exponent is not
necessarily one. For example, let us consider finite discrete values x(t;) and z(t;), i = 1,...,N, and apply
the classical DFA. In Figure 2, we see that, in this case, the resulting exponents lie in the interval (1.5,2).
Indeed, this reflects the absence of Brownian noise and the smoothness of the signals, which is consistent
with the behavior of x and z. This illustrates that in the transition from continuous to discrete analysis, the
classical DFA is able to distinguish the roughness of the signal.
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(d) Log-log plots of classical F(r) applied to dis-

(c) Plot of the function z. cretizations of z.

Figure 2: From continuous to discrete analysis. The function # denotes the detrended function defined in
the classical DFA model giving exponents other than one.

On the other hand, one may consider a given time series for which classical DFA has a given exponent
a. Next, consider a continuous realization of the time series. The obtained function, when CDFA is applied,
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has exponent equal one. For example, consider data sets following a white noise {s;};=1,.. 500 and a random
walk {t;}=1,..,1000. After alinear interpolation we obtain continuous functions /1 (s) and »(t) such that [; (i) = s;
and »(j) = t;. Then Theorem 2.5 establishes that the exponent will be equal to 1. Numerically, we confirm
this result in Figure 3. This illustrates that the transition to CDFA leads to a collapse of the exponent that
characterizes the behavior of the discrete data, highlighting an intrinsic limitation of DFA when extended
to continuous deterministic signals.
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(@) The function ; is the interpolation of data gener-
ated as white noise in Python. (b) Log-log plots of # (r) applied to ;.
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(c) The function I, is the interpolation of data gener-
ated as a random walk (p = 1/2) in Python. (d) Log-log plots of ¥ (r) applied to I,.

Figure 3: From discrete to continuous analysis. Illustration of how the discrete DFA procedure collapses in
the continuous formulation (CDFA) introduced in this work.

3. Conclusions

The CDFA model introduced in this work provides a rigorous analytic description of the method and
clarifies what quantity it actually measures. While classical discrete DFA often exhibits apparent power
law behavior with process-dependent exponents, we prove that in the continuous deterministic setting
the fluctuation function is asymptotically linear at small scales, forcing the associated scaling exponent to
converge universally to one. Consequently, CDFA is unable to discriminate between different continuous
deterministic signals.

This result shows that the effectiveness of DFA relies essentially on stochastic roughness or discrete sam-
pling rather than on smooth continuous structure. Our analysis therefore establishes a precise theoretical
explanation of both the capabilities and the intrinsic limitations of DFA, and clarifies the behavior of the
method when passing from discrete to continuous time.
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