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On the ¢, and ¢, ; norms of Cauchy-Toeplitz matrices
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This paper is dedicated to the memory of my father and teacher, Vandansanj Tserendoryj.

Abstract. New upper and lower bounds for the £,(1 < p < o0) norms of Cauchy-Toeplitz matrices in the
form T, = [2/(1 +2(i — j))];fj:1 are derived. Moreover, we give a complete answer to a conjecture proposed
by D. Bozkurt.

1. Introduction
LetC = [1 / (xi - yj)]:jzl (xi #* yj) be a Cauchy matrix,and T, = [t f"]jj:o be a Toeplitz matrix. In generally
Cauchy-Toeplitz matrix is being defined as

1 n
Th=|—7"7—% ,
|:!7 +(— ])h:|i,j:1

where h # 0,7 and h are any numbers and { is not integer. If we substitute g = 1 and h = 1, then we have

2 n
= [1 +2(%i - j)]i,jzl . g

In [7], Tyrtyshnikov obtained lower bounds for the spectral norm of the Cauchy-Toeplitz matrices as
in (1). The following upper and lower bounds for the £, norm of Cauchy-Toeplitz matrices as in (1) was
published in 1998 by Bozkurt [1]: Let p > 1, then

(@ - DCET <n? T, <20 (@ - DI, @

where ((p) is Riemann zeta function.

Unfortunately, the first inequality is not true for 1 < p < ¢, because of lim,_,g {(1 + €) = co. In the same
paper, he conjectured the following.
Conjecture. Let the matrix T, be as in (1). Then the inequalities

==

_1 1 RY;
1| Tallpg <4(§ + 2p_1) , (p=q) 3)
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and

_1 1y
T 24 (5 ) <o) @

are valid for the €, (1 < p,q < o0) norm of the matrix T,.

For some related results of the norm of Cauchy—Toeplitz matrices, the reader is referred to papers [3-6, 8].
The main objective of this paper is to derive new upper and lower bounds for the £,(1 < p < o) norms

of Cauchy—Toeplitz matrices as in (1). Moreover, we give a complete answer to the conjecture.

2. Preliminaries

In order to prove our main result, we need the following notations and lemmas.
Let A be any n-square matrix. The ¢, and ¢, ,(1 < p,q < o) norms of the matrix A are

n 1/p
Z|aff|"]

ij=1

lAll, =

and X
q

n n ;i:
MM=ZiZhﬂ
j=1 \i=1

For r € IR, the power mean of the order r of positive numbers x1, xy, ..., x, is defined by

M@=Eiﬁy

k=1
where x = (x1,x2,...,%,). The power mean has the following nice properties (see [2]).
Lemma 2.1. 1. (Monotonicity) If r < s, then
M;(x) < Ms(x)., (5)
which is the well-known power mean inequality.
2. (Continuity) The power mean is a continuous function for r, that is
hng Myse(x) = My (x).
Lemma 2.2. Let p > 1. Then the following inequality
p
3—2”+l—(g) >0
3
holds for 1 < p < 0. The opposite inequality holds p > 6. Here 6 = 1.40485... is the only solution of the equation
20 +6% =391 41,
Proof. Considering the function g on [1, +c0) defined by

1 2\
-3 _2% 4+ _ _|Z
o) =3-2+ 3 -(5)

and differentiation yields
In3 (2V. 2 In3\ In3 (2V
! = _DF —— = —=-DP _—— | -— (=
g (p) =-2"In2 e (3) 1r13 2 (ln2 n ) n (3) In2 <0,

which implies g is decreasing on [1, +oo[. From g(1) = %, 9(2) = —% and g is continuous on [1, +oo[, there is a
unique 6 € (1,2) to satisfy equation g(6) = 0. Therefore, g(p) > 0 for 1 < p < 6 and g(p) < 0 for p > 6, which
proves the desired result. [J
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Lemma 2.3. Let p > 1. Then the following inequality

(1-5)a>27 5+ 55)

holds for 1 < p < u. The opposite inequality holds for p > u. Here p = 1.6181... is the only solution of the equation

(1-3)ew =27 5)

Proof. Let

fp) = (1— %)C(p)—zp‘l(% + 2p1—1)'

We show that the function f(p) is strictly decreasing on (1, +c0). Differentiation yields

oy N @e-1) 2% —or+l _q
fp) = L, e 2" 21n2 @

To prove f’(p) < 0 for p > 1, we consider two cases.
In(2x-1)

Case (i): 1 < p < . Since a function is strictly decreasing on [2, o), we have

(2x-1)»
“ In(2x - 1) _ 2% — ol
! - —— L dx-2?In2 ——————
f < L Qe—ty TN T
p-1
__ In3 3 1 o210 4 2 ln2.
2p-1) 31 20p- 1P 3 @ 12
Using an obvious inequalities 1 + In3 > 2In2,27"! <2V — 1 and 55 — 2/~ < 1 lead to
1+1n3 2»"1In2
’ - —or-2 - -
fp) < T 2P=2In2 + @12
In2 2¢"1In2
_—Z _ogpr2 Z_— -
< = 2P2In2 + -2
In2 In2
= _opr2
< 31 2 1n2+2p_1
1
- —op2_
n2 (2#—1 2 3:7—1)
1 1 1 1
<11’12-(§—%)S11’12-(§—?F)~—0.005<0.

Case (ii): p > p. Since fi(p) = 2% — 2P*1 — 1 is increasing on (y, ), we obtain
2% — 27 —1>0.

This implies that f’(p) < 0 for p € (u, o).
Clearly, the function f(p) is continuous in (1, +c0). So, there is a unique i € (1, ) to satisfy equation
f(u) =0. Hence f(p) > 0for1 <p < pand f(p) <0 for p > u. The proof of Lemma 2.3 is complete. [

Lemma 2.4. Letp > 1. Then
n_lnTan,l < (n + 1)_1”Tn+1”p,1 (6)
and

lim n 7Tl = 27 (7= DEE)r, p>1. 7)



B. Tserendorj / Filomat 40:10 (2026), 3855-3868 3858

Proof. Letng = [%] + 1. Since Y7, laimlP = Z?:zl |aim+1)/P, we have

n+1 n

Z |aigma)lP > Z |aim
i=1 i=1

n+l n

Yl > Y lainl”
i=1

i=1

and

Moreover, it is easy to see that
n

n
max E |aim|P = E |aino|p-
1<m<n 4 -1

i=

i=1
Thus, we have

1| Ty

p1 — (Tl + 1)||Tn |p,1
n+l (n+l ;la n n %
=HZ Zlaij|p —(n+1) Z|ai]’|p
j=1 \i=1 j=1 \i=1
1 1 1 1
n+l P n n P n+l Z n n P
=l Yl | =2l | [ Y | = YD e
1<j<n+1 Ui=l j=1 \i=1 i=1 j=1 \i=1
J#no
1 1 1 1
n+1 P n n P n+1 P n P
LD i | |+ 0| Y lainl| —n-max| Y la¥
1<jzn+1 Uinl =1 izl i=1 SEE
Jj#no
1 1 1 1
n+1 P n n P n+1 P n P
=n Y eyl | - ol | |+ | Y el | 1| Y ol | >0
1<j<n+1 Ui=1 j=1 \i=1 i=1 i=1
j#no
By the Stolz—Cesaro theorem, we get
1
n n »
B .1
lim # 7| Tllyy = lim = )" 1) faP
n—oo n—oo 1
j=1 \i=1
1 1
n n P n-1 (n-1 P
-t |3t - S
j=1 \i=1 j=1 \i=1
= poon1f n—1 P
= lim || Y o, 7|+ Y00 =Y sl | ]
n—oo ]
i=1 j=1 i=1

n .
Yol j=no
n . °
Yoy lail?, j<mng
Using Lagrange’s mean value theorem, we have

where b; =

1 1
1 1
-1 .
1 < » ! %lal(jﬂ)lp‘CZj , J=ng
bi - Zlaiil =1 1 .
i=1 ﬁlunjlp ! C,rl] ’ ] = 1o
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where, 27:_11 |a;jl < Cyj < bj. Thus, we get that

i 3 Y n-1 % ng—1 14 n=1 14
0< Z b} ~ 2 il | |= Z lanil - C + Z largjsny P -
j=1 i=1

Jj=no
np—1 n-1 51 51
<= Z Ianjlp [Z Iazjlp] + Z |a1(]+1)|p [Z |a11|p]
= i=1 j=no
1 np—1 n-1
<——— lanj| + Z a1+l |-
p- (n=-1)"» j=1 j=no

Applying the Stolz—Cesaro theorem, we obtain

no 1
V}I_I)IDIO B 1)1 T [Z |an]| + Z laq (j+1) }

j=no

1 1 (n+1)o—1 n no—1 n-1

=~ lim — 1 Z |ag1);l + Z la1(j+1)l — Z lanj| — Z la1¢j+1)l
Pren (-1 = =1 1 =
1 1

= — 111’1'1 T T Sn = 0,
p n—eo nl—;} _ (7’1 _ 1)1—;

. S ij, if n is even I
since S, = . Hence
" i’g:, if nis odd

S
,_.

1}1—1;120 (Z |“lf|p] =0.

-
1l
—_

In view of above, we have that

lim 17Ty l1 = i Zn)-v?; I zZl 2 +(_1)n+1+1;—2$((2P—1)c())3
e LTS i=1 S = @k—=1y  22no -1 | o

This completes the proof of Lemma 2.4. [

3. Main Results

From the definition of £, norm, we have

1 1

n P n »
| 2n—2k+1
E |aij| ] = [2?7 L —(2k “ 1y

=1

IT,Il, = ®)

We begin with the following theorem that gives a lower bound for nov ITllp, which is independent of the
size.

Theorem 3.1. Let T, beas in (1), and let p > 1. If m > n, then

2 <0 Tully < 177 | Tl ©)
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Proof. From the equality (8), we have

n+1

20 2n—2k+3_gf'12n—2k+1
n+1 = 2k -1y n i 2k -1y

n+l n
— o 1 ZZn—2k+3_1 2n—2k+1
n+l @k=1p  nk (k-1

1 S 2n—2k+3 2n—2k+1
zzp(n+nan+np+;;@n+nak—np_n@k—npn

1 p_ Lo
m”Tn+1“p - ITull, =

1 1 . 1
=P .
an+np+mn+n;;Qk—an>o

Thus, we have
_1 _1
2= ”T1||p <n ”“Tn“p <m p“Tm”p-

The theorem is proved. O

Remark 3.2. By the calculation in [1], we have
_1 1 1
Jim mF|Tlly =27 [@ = DX,

hence . : )
2<n | Tully <27 [(27 = DXP)]7 -
We assume that 1 < p < u. Then, by the Lemma 2.3, there is a positive integer N1, such that

4 _1
| < O+ DTl

1 1
N, < 4(5 + 5

for fixed p.

Remark 3.3. Similarly to the above remark, if 1 < p < p, then by Lemma 2.3 and Lemma 2.4, there is a positive
integer N, such that

v -1
= 1) < (Nap + 1) Ty 11,

for fixed p. In Table 1, we give some values of N1, and N» .

- 1
N3, s < 4(5 +

p 1112131415151 | 152|153 | 154 | 1.55 | 1.56
Nip| 8 |10 | 13 |20 | 44 | 49 56 65 76 92 | 115
Npy | 8 |10 | 13 ] 20 | 44 | 50 57 66 78 94 | 118

Table 1:

The next theorem gives new bounds for noy IT:l, that depend on 7 and p.

Theorem 3.4. Let T,, beas in (1), and let p > 1,n > 2. Then

(1+ )@ -vew - Cop| <ntimiy < (2-5) 1@ - i) - wpl, (10)

where
n%+2 2p+1 or-1

(p — )np+l T en -1y’ cnp)= (p—1@n+ 1)1

C'(n,p) =
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Proof. By the equality (8) and using the Binet-Cauchy identity with a; = %, by =2n-2k+1,c, = %, dy = m,
we have

- 1
= 2n—2k+1|"
ITll, =2 —}
= 2k — 1)y
'1 n n 1 3
=2 - [ bk] [Z dk] +o Z (bm = bi)(dm — dk)l
L k=1 k=1 1<k<ms<n
1
[ n n-1 n 3
1 2 1 1
=2|nY o+ 2 (m—k)((Zk_l)p—(zm_l)p)} | ay
= k=1 m=k+1

Sincedy > d,1andm—k>1for1 <k <m < n, we have

- 1
Z ((2m 3y (2m—1)P)

1
(<2k Y @n- 1)?)

,_.

n—1 n 1 e
-k
k:lm;l(m )(<2k—1)v @m - 1>P)

vV
_ﬂl\’l

1

3II

n
(2k -1  @n-1yp’

k=1

hence

ITl}, > 27

2\v 1 2 T
(“ F); @k—1y n(2n—1)F’l '

On the other hand, the function z— (2x 7y is a convex on interval [k — 1,k + 1], application of the well-known
Hermite-Hadamard inequality on intervals [k — 1,k + 1], k > n + 1 yields

- 1 - 1 - 1
k+2 1
(1—— L) - ka_ L

_ (1 - zlp)(,(p) - f: ﬁdx

1 1
- (1 B 2_P)C(p) B 20(p — 1)nr~1"

[\

Then it follows

242 ]
(p— P+t n@n—1y

W, > [(1 " %)(2" ~1)C(p) -
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Now we shall prove the last inequality in (10). From (11), we have

1

- n 1 2 n-1 n 1 1 4
I Tull, =2 »n; o1y + ; m:k+1(m - k)((zk -1y Qm- 1)Pﬂ

+

[ n 1 2 n-1 1 n P
<2 »” Lt 2k =1y " n L=t 2k 1y m_Zkl.l(m - k)l
3 nm—k(n-k+1)

=2 Z (2k 1) Z{ (2k — 1)» }

<2 Z(Zk 17 _Z(zk 1)4
(2_5);(%—1)4 '

By the decreasing property of the function m, it follows that
S 1 1 1
; (2k -1y ;‘ (2k -1y k;rl (2k -1y
1 |
1-— - —d
<( 2P)C(p) fm 1™

1 1
(1 - 27)C(p) T2p-DEn+

= 2n;7

Thus, we get

1 1

-1 1y 27
nr ”Tn”p < (2 - E) [(2P - 1)C(p) - (p—1)2n + 1);771

The proof is complete. [
Remark 3.5. It should be noticed here that the right-hand side of (10) improves the right-hand side of (2).

The following two theorems give an answer to the conjecture.

Theorem 3.6. Let T, beas in (1), and let 1 < p < g < co. Then the following inequality

_1 1 »
Tl > 4(5— ) (12)

holds for n > 3 and forn =2,(p 2 6 or 1 <p < 6,q 2 Op), where 0 is as in the Lemma 2.2. The opposite inequality
holds forn = 1and forn =2,(p =1 or 1 <p < 6,4 < 6p). Here q = 6, is the only solution of the following equation

q p
1\» q 1 V7
-p _ — P9
2 ((1+3p) +2P) =2 (ZP—I) , (13)

for fixed p.
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Proof. Case (i): n > 3. By the power mean inequality, we have

1 1
115 115
1 1 n n 14 1 n n P
_ P | = ..|P
77 Tllyg = v[Z[Zw” = nZ;[Z;m,A”
—i | & ==
=Mq ( |a1]|p]
-
>Mp ( Ia,]lp] = Z[Z |a1]|p]
1
-
_1 _1
=n Zm,-,-w =1 Tolly. (14)
=1 i=1
Applying (9), gives
_1 _1 Sy 1 1\\r
W ITlly > 375 T, = 37 (2 (5+ o+ g)) . (15)

Combining (14) and (15) leads to

_1 _1 1 1\\»
Ty > 37 (2 (5+ 55+ )

To prove the inequality (12) for n > 3, it suffices to show that the following inequality

1 1\ 1 v
) 14 -
3‘(2 (5+3v1+5v)) >4(2p—1)’

2V (2 1 1
5ol 43 -
5+33 +5

ie.,

Considering the function / on [1, +o0) defined by
2V (2V 1 1
s -5k
h(p) 5+3 3] *3 315
Differentiation yields

2V 2 2\ 2 1
’ — op+l =z z z —
H(p)=2 1n2+3( ) ln3+(5) In = 11n3+ ln5

2V 2 2\ 2
p+1 z 24z Z .-
> 2 ln2+3( ) ln3+(5) In = :=h(p)

and

H(p) = 27*1(In2)% + 3 (%)p (ln %)z + (%)p (1n %)2 > 0.

Thus, we deduce that forp > 1,

hi(p) = h1 (1) =41n2+21r1§ + élng ~1.5951...> 0.
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Therefore, the function h(p) is increasing on [1, +oo[, which implies that
1
h(p) > h(1) = 5> 0

forp > 1.
Case (ii): n = 2,p > 0. From the inequality (14), we obtain

_1 _1
270 |[Tally > 277 Tl -

Clearly, it suffices to show that

| (16)

_1 1
2 Tl > 45—

This inequality is equivalent to

p
3—zp+l—(%) <0,
3r

which is true by the Lemma 2.2.
Case (iii): n =2,1 < p < 0. If p = 1, then by the power mean inequality, we have

1 1
_1 1[4\ 7 114\ 7
271 |[Tlly, = 2" 5((-) +24) < lim 2! 2((_) +2q) —a
! 3 g—oo 3

In other words, the inequality (12) does not hold for p = 1.
Similarly to the previous case, one has for 1 <p <,

27 ITall, < 4 (17)

=
-1/ °
If 1 < p < 6, then by the power mean inequality, we have

q 1 . 1
_1 a1t 1\» a)’ . 1-1 1yr [
21|l =2 f’[(1+3—p) +2P] <qu11002 q((l+§) +2ﬂ) =2,

It is easy to see that

1
1 v 1+1
4(2p_1) <270,

By the continuity and monotonicity of power mean, there are 4’ and 4" such thatp < ¢’ < ¢” and

1
_1 _1 1y _1 1
27 ”Tz“p <271 ||T2“P,q' < 4(m) <279 ||T2”p’qu < 21+”.

Hence, there is exist a unique g = 6, for fixed p, such that

1

_1 1
2 Tallyy = 4(57 )

=

that is,

i

P
1\7 _» 1\
-P — = opd
) ((w) W] ()
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Therefore, by the power mean inequality, we have

_1 1 )
2 Tallyy <4(57—5)

for1 <g <6y, and
1
e
’ ¥ -1
for g > 6,. We thus complete the proof. [J

Remark 3.7. In Table 2, we give some values of Op.

p 1.1 1.15 1.2 1.25 1.3 1.35 1.4
Op | 11.583... | 7.900... | 5.801... | 4.347... | 3.222... | 2.289... | 1.478...

Table 2:

Theorem 3.8. Let T, beasin (1), and let 1 < q < p < co. Let u be as stated in Lemma 2.3, and let N1 and N, be as
defined in Remarks 3.2 and 3.3, respectively. Then the following inequality

-1 1 1
Tl <4(3 + 5—) (18)

holds for
ep=1,1<n<7
susp
e 1<p<un<NiyNiy27)
e 1<p<u Ny <n<Ny,l<q<nn
The opposite inequality holds for other values of n,p,q. Here q = 1, is the only solution of the following

_1 1 1 P
Tl =45+ 57—5)

for fixedp (1 <p < p)andn (N1, <n < Npp).
Proof. By the power mean inequality, we have
_1 _1
n N Tallps < 077 Tallyg < 177 | Tallp- (19)

To prove our result, we consider four cases.
Case (i): p = 1. We have

n
L L . Z 1
}1_1;10107’1 1||Tn||1,1 = igf[;[an 1||Tn”1 = ]}1_1)1;10 |:2(k_1 m] - 1:| = 0.
Hence, by the inequality (6) and simple computation, we get

n Y Tully <6
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forn <7,and
n | Tylliy > 6

forn>8.
Case (ii): u < p. By inequality (19) and Theorem 3.1, we have

_1 _1 1 1
n ‘7||Tn||p,q <n p”Tn”p <2 [(2]!7 - 1)C(P)]” :

If we show that

==

2/ [ - 1)C(p)] 2 w1

then the desired result follows. This inequality is equivalent to

(1 - %)C(P) Szp_l(% " 2271—1)’

1
54(1+ ! )ﬂ,

which is true by the Lemma 2.3.
Case (iii): 1 <p < gy, n < Ny, By inequality (19), Theorem 3.1 and Remark 3.2, we have

-1 -1 -1 1 1
W Tl < 0 ITll < N2 Ty < 4 (5 + 5 )

Now, we will prove that Ny, > 7. By inequality (19) and Theorem 3.1, we have

_1 _1 _1
n || Tullp,g <m0 Pl Tally < 7 7([T7llp.

Hence it is enough to prove that

. 11
7Tl <4 (5 + ) .

This inequality equivalent to

7.0 1 9 1 5 3 1
. op-1 _ _ - _Z_ - _ - _ - __-
T R TR = TR TR L TR
Let 7.2 1 9 1 5 3 1
=720 -3 - - -
() Tyl BT Ty T w1 1

Differentiation yields

7-2?In2  11In3 9In5 In7 51r19+31r111 In13

"(p)y =7 .2P1 - —
Y =72 - et Yt Y T e T T

Using an obvious inequalities In3 > In2, In5 > 2In2,In7 > 2In2 and 2P~1 < 2P —1lead to
7-2?In2 11In3 9In5 In7

@ -1z 3w g
7-2In2 11In2 18In2 2In2

Y (p)>7-27In2 -

.op-1 _
>7-2P""In2 (2P—1)2+ e + 5 + 1
7 11 18 2
op-1 2 - L 2, 2
> (7 2 T + T + = + 7p_l)lnz

1 18 2
7.0r71 _ —
> ( 2 14 TR 7p_l)an. P1(p) In2.
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Next, we show that 1(p) > 0 for 1 < p < p. Differentiation yields

111In3 _ 181n5 B 2In7
3p 5p 7p-17

Yip)=7-2""In2 -

2 2 2
11(n37 18(n57 2(In7)

’” —7.9p-1 2
Y =727 2P+ = o+

> 0.

This reveals that for 1 <p <y,

Y1(p) = P1(1.5) + 1(1.5)(p — 1.5) = 0.38 + 0.47(p — 1.5) > 0.
Thus, (p) is strictly increasing on [1, u]. Therefore, we get

V) > Y1) = 2 >0,

forl<p<p.
Case (iv): 1 <p <v,n > Ny ,: By inequality (19), we get N>, > N1 ,,. We consider two sub-cases.
Case (iv-a): N1, <n < N,. By the Remark 3.2 and Remark 3.3, we have

-1 1 Fl’ _1
1Tl 34(5 N ) < H Tl

2r -1

From the inequality (19) and continuity of the power means, there is unique number 17, , such that1 < 7, , <p
and

1
_1 1 1 v

for fixed p. Thus, by monotonicity of power means

-1 1 1y
Tl <4(3 + 57— )
for g < 1, and
1

-1 1 1
Tl 2 4(5 + 57— )

forn,, < q <p.
Case (iv-b): N, < n. By the inequality (19), Lemma 2.4 and Remark 3.3, we have

-1 _ _ 1 1
M Tl 2 1Tl = (Nap 4 1 Tl 2 4(5 + 5 ) -

The proof is complete. [

Remark 3.9. In Table 3, we give some values of 1.

p 1.51 1.52 1.53 1.54 1.54 1.55 1.55 1.56 1.56 1.56
n 50 57 66 77 78 93 94 116 117 118
Mpn | 1.236... | 1.190... | 1.144... | 1.436... | 1.073... | 1.470.. | 1.155... | 1.545... | 1.276... | 1.021...

Table 3:
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