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Corrigendum to ”Stability of Stochastic Model for Hepatitis C
Transmission with an Isolation Stage”[Filomat 34 (14) (2020) 2407-2432]

Vuk Vujovié?*’, Marija Krstié?

*University of Nis, Faculty of Science and Mathematics, Department of Mathematics, Nis, Serbia

Abstract. The authors correct the proof of Theorem 2.1 and Theorem 3.2 in the above titled paper. Also,
the remark about the conditions for stability in probability of system (9) is added. Finally, the numerical
simulation, based on the new conditions for stability in probability of system (21) is given. The authors
apologize for any inconvenience that may have been caused.

1. Corrigendum

In addition, all labels that are denoted with * are related to the corresponding labels from [2]. The labels
from this paper are without *.
The corrigendum is as follows:

I Theorem 2.1* (page 4799, the line 16 from bellow). In [2] is stated that LV < K what is not true. In order
to correct this, we use different approach in proving the existence and uniqueness of the solution of system
(3)*. We use Theorem A, that can be found in [4]*, and follow idea of [1].

Theorem A (D - invariance) Let ID and ID,, be open sets in R" with

]DngDn+1,]D=UDn and D, €D
n

and suppose f and g satisfy the existence and uniqueness conditions for solutions of (4)* on each set {(x, t): x€ID,,t>0}.
Suppose there is a nonnegative continuous function V : ID x [0, T] — Ry with continuous partial derivatives of the
first—order with respect to t and first and second—order with respect to x and satisfying LV < cV for some positive
constant cand t > 0, x € D. If also,

inf  V(x,t) — oo when n — oo,
t>0,xeID\ID,,
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then, for any xo € ID, there is a unique Markovian continuous time solution x(t) of (4)* with x(0) = x¢ and x(t) € D,
forallt >0,as.
Let ID be the set

D ={(5,A,CQR):(5A,CQR)eR}, 1)

where R = {x e R%,x; >0,1<i<5}.

In order to ensure biological justification for the model, it is necessary to show that the solutions of the
system (3)* are positive and do not explode in finite time. Thus, our goal is to prove that set ID defined in
(1) is invariant, which will imply that the solutions of system (3)* remain positive and non-explosive within
set ID.

Theorem 2.1 For any initial condition (So, Ao, Co, Qo, Ro) € ID there is a unique continuous time, Markovian global
solution (S(t), A(t), C(t), Q(t), R(t)), of system (3)* on t > 0. This solution is invariant with respect to ID with
probability 1.

Proof. The coefficients of system (3)* are locally Lipschitz continuous on DD, for any initial condition
(S0, A0, Co,Qo,Ro) € D. It means that there is unique local maximal solution (S(t), A(t), C(t), Q(t), R(t))
for t € [0,7(ID)], where 7(ID) represents the random time related to the first moment when solution
(S(t), A@®), C(t), Q(t), R(t)) leaves region D, i.e.

(D)=inf{t > 0: S(t) & (0,00) V A(t) ¢ (0,00) V C(#) ¢ (0,00)Q(¢) ¢ (0, 0) V R(t) & (0, ).

To show that this solution is global, we need to prove that 7(ID) = oo a.s.
For n € N, let ID,, be the sets

D, = {(S,A, C,Q,R):e"<S<e", e"<A<e", eT"<C<e", e"<Q<e", eT"<R< e”}.
Let us define function V € C*(D, R.) in the following way
V(S,A,C,QR)=S+A-InA+C-InC+Q-InQ+R-InR.

For (5,A,C,Q,R) € D, by using inequality ¥ — 1 — Inu > 0, that holds for any u > 0, we obtain
V(S,A,C Q,R) > 4. By applying the differential operator L on function V (S, A, C, Q, R), yields
A-1 Cc-1
LV(S,A,CQ,R)=IT+wR—-(A+u)S+ T(AS—klA) + T(EA—kZC)

5
+ %(aC—kg,QH%(KA+¢C+yQ—k4R) +% ; a7,

where ki = E+x+u+0,, ko =a++u+0., ks =y+u+d; and ky = w +y. Since the solution of system (3)* belongs
D, if we remove some nonpositive terms, we conclude,

LV(S,A,C,Q,R) < 4c,

where c= }1 (H+k1 +ko+kz+ky +% Z;-r’zz 012) is a positive constant.
Since V(5,A,C,Q,R) = 4 for (S5,A,C,Q,R) € D, then LV(5,A,C,Q,R) < ¢V(S5,A,C,Q,R). Note that,
inf(S,A,C,Q,R)e]D\ID,, V(S, A, C, Q, R) > 3¢" forn € IN.
Let W(S,A,C Q,R,t) = eV(S, A, C,Q, R) be the function defined on ID X [0, o). By applying operator L
on W, we obtain
LW(S,A,C,Q,R, t)=e"(—cV(S,A,C,Q,R)+LV(S,A,C,Q,R)) < 0.

Denote with 7, = min{t, t(ID)} stopping times for fixed t € [0, ). By applying Dynkin’s formula we get
EW(S(ty), A(Ty), C(Tn), Q(Tn), R(Tn), Tn)
=EW(5(0), A(0), C(0), Q(0), R(0),0) + E [f nLW(S(u),A(u), C(u), Q(u), R(u), u)du
0
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< EW(S(0), A(0), C(0), Q(0), R(0), 0)
= EV(5(0), A(0), C(0), Q(0), R(0))
= ]EV(SOI AO/ CO/ QO/ RO)
= V(So, Ao, Co, Qo, Ro).
It remains to show that IP(7(ID) < t) = 0. Since
E [ V(S(t), A(Ta), C(1a), Q(ta), R(Tn))| = [ W(S(2), A(Ta), C(T0), Q(1a), R(T), )|
< e“V(So, Ao, Co, Qo, Ro),
bearing in mind that ID,, C ID, we obtain
0 <P(z(D) < t) <P(t(D,) < 1)
=P(r, <t)
= ]E(l{’[n<f})
<E ( sctt-e(y) V(S(T(Dn)), A(T(Dy), C(1(Dy)), Q(r(Dn)), R(x(Dn)) t
a infisacoRrep\p, V(S A, C Q,R) (<t
V(So, Ao, Co, Qo, Ro)
infs a,corem\n, V(S,A,C Q,R)
< ot V (S0, Ao, Co, Qo, Ro) .
3e"
for all (So, Ao, Co, Qo, Ro) € Dn and for all fixed t € [0, OO) Thus, ]P(T(D) < t) =0 for (So, Ao, Co, Qo, Ro) S IDn,
and t > 0. Consequently, IP(7(ID) = o0) = 1.
Finally, the invariance property of the solution (5(t), A(t), C(t), Q(t), R(t)), t > 0 is proved.
In view of the above theorem, we see that the positively invariant set ID can attract every solution

with initial conditions starting in its state space R}. Namely, every trajectory of model (3)* with the initial
conditions in R} eventually stays in D.

< eCt

0, n—o oo,

II Page 4801, the line 15 from bellow. In [2] is stated ,,Now, if we substitute A = C = Q = 0in (9)* we obtain”
what can’t hold, since we have shown that solution is positive. Conditions (19)* and (20)* will be obtained
in the following way.

We consider equation

dR(t) =[x AB+pC(H)+yQ(t) ~kuR(H)] dt+0sR(Ddws(t), t 20, )

with initial condition R(0)=R,.

Since A(t), C(t) i Q(t) are asymptotically mean square stable then there exist times Ty, T, i T3 such that
for arbitrary ¢ > 0 holds: EA%(t) < ¢ for every t > Ty, EC?(t) < ¢ for every t > T, and EQ?(t) < ¢ for every
t > T3. Hence, there exists T = max{T1, T, T3} such that for every ¢ > 0 and ¢t > T holds

max{EA%(t), EC?(t), EQ*(t)} < . (3)

Let us denote f(f) = x¥A(t) + ¥C(t) + yQ(t),t > T. Equation (2) is linear stochastic differential equation,
which solution has the following form,

o

%\ - A
R(t):e_(k“;)(t T)EUS(WS(t)_ZUS(T))Ro(T)+f . (k4+ f)(t 5)605(1”5(”‘“’5(5))-f(s)ds,s >T.
T
By calculating the expectation ER?(t), applying elementary inequality (a+b)? < a®+b?, and Jensen inequality,
we get

02 t 62
]ERZ(t) < 2e72(k4+75)(t7T)]E [Rg(T)ez%(%(t)‘wS(T))]+2f 672(k4+ 75)(1*5)1[3 [eZUs(ZUS(t)—uE(S)),fZ(S)] ds, t>T.

T
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Having in mind that w; = {w;(t),t > 0}, i =1,2,...,5, are independent Brownian motions with independent
increments and the definition of quadratic variation of Wiener process, yields

2

0]
5

ky+

2
- 2kt 3 |t-T)__ o ) (t-s) 2
ER2(f) < 2e (+) ER(T)-¢*7 ¢ 12 f e ( ) YT Ef(s)ds, > T. (4)

T

By using inequality (@ + b + ¢)> < 3a? + 3b* + 3¢? and estimation (3), we obtain
fie) <ce) s =T,

where c(¢) = 3¢2 <K2 +? + 7/2) . Therefore, we get

n%

ERY(H) < Ze_z(k4_7)(t_T)]ER3(T)+Ze_2(k4_§)t f t ez(k4‘7)sc(e)ds
T

2
2 2lke=3 |t-T)
k=3 -1y . 1= ( Z)
= 2¢ ( e ) ER3(T)+ ———————c(e). )
k-2

Calculating the limit in (5) when t — oo, we conclude that
lim ER?(t) =0,

when 02 < 2ky. This implies the solution R(t), t > 0, is asymptotically mean square stable, when condition
(20)* is satisfied. o

Since the solutions A(t), C(t), Q(t), R(t), t > 0, are asymptotically mean square stable, in a similar way, we
obtain

2
a2 -2 H_%)(t_T)
~ 2 u—=|t-T) ., _ 1-
EXA(f) < 2e (“ ) EX3(T)+ —————a(e), t2 T,
p==

where T = max{Ty, T3, T3, T4} and T, is a point in time such that EX?(t) < ¢ for everyt > Ty, whilee > 0,T1,T>
and T; are as previously defined. The constant c; (¢) has the form ¢y (¢) = 4¢2 (ﬁz(nz +1+3)+ a)z) .Condition
02 < 2u, implies that )

lim EX?(t) = 0,

t—oo

from what we conclude that the solution X(),t > 0, is asymptotically mean square stable under condition
(19)*.

IIT Page 4802, the line 15 from bellow: The rest of this section is completely revised due to limitation in
assumption N = N* (line 1, page 4803) and substitution ¥ = § = Z = ¥ = 0 which doesn’t hold.

In addition we determine the sufficient conditions for coefficients of the system (21)* that guarantee the
stability in probability of endemic equilibrium. For that reason, we introduce new variables into system
21)*u=S-5,x=A-A", y=C—-C, z=Q — Q', v=R — R* and we obtain stochastic system

(O +AM+y(H)+C +E(2(H+Q7)
u(t)+S*+x(t) +A*+y(t)+C+z(H) + Q*+v(t)+R*
)= [ NEOTAYHVO+C EC0O+Q)

u(t)+S* +x(H)+A*+y(t)+C + z(t)+Q*+ov(t) +R*
dy(t) =[E(x(t)+A") =k (y(H) +C")] dt+o3y(t)dws(t) (6)
dz(t) =[a(y()+C")—ks(z(t) + Q)] dt + oaz(f)dwa(t)

du(t)=[TT+w(@(H)+R") —(ﬁ + y)]dt+o1u(t)dw1 (t)

—k (x(t)+A*)]dt+azx(t)dw2(t)
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do(t) = [k(x(t)+A")+P(y(H)+C)+y(z(t) + Q) —ka(v(t)+ R") | dt+ o5v(t)dws(t), t = 0
with initial condition
u(0)=s9—S", x(0)=ap—A", y(0)=co—C", z(0)=q0—Q", v(0)=ro—R". (7)

Stability in probability for system (6) is equivalent to the stability in probability of endemic equilibrium
of system (21)*.

Before we prove stability in probability of the trivial solution of system (6), with the same motivation
as in the Section 2.2%, first of all we consider its linear form. The procedure of linearization is similar to one
described in 2.2*, whereby the functions

Nx+A")+y+C'+E&(z+Q")
u+S*+x+A*+y+C+z+Q*+v+R*
Nx+A)+y+C +&(z+ Q)
Uu+S +x+A+y+C+z+Q +v+R

F'(u, x, y,z,v) =11+ w(v + R") - (ﬂ +y)(u+S*),

F2(u,x,y,2,0) = —ki(x+A"),
are nonlinear, and hence they must be linearized.
By using notation from [5]*, we denote Y= kz +1+ o+ (klgkz +¢), and obtain:

kZRQ 1 O(R()

RO_li* *
S, A= 28, Q=g YSRk4(€

C= S

kiko Ro—1
+1/1) %

Furthermore, it holds

N’*=S*+141’*+C*+Q*+R*=ROY_1 *[}2+1+ﬁ+—(@+¢)]+5 =RyS".

< ks ks
Having in mind this notation, and the fact A* = 8 S?ﬁféggp , linearized system for system (6) has the form
dii(f) = [—( ) )a(t)+ X - Oﬁ T+ A*_ﬁ )+ A;; f CZ(t)+(a)+ 20 ) T)(t)]dt +oyii(B)dwy (8)
[ ~1)ii(t)— ( —Fn +k1) (- _ﬁ i(t)— 7; AC 5(H)— i) v(t)]dt +02%(H)dw, ()
dy(t) = [£x(t)—k2§(1)] dt+03y(f)dw3(f) (8)
dz(t) = [adj(t)—ksZ(t)] dt +oaZ(t)dwa(t)
d5(t) = [KE(E) + Y (1) +yE(H) ke B(B)] dt +055(E)daos(F), > 0
with initial condition
i#(0)=50=S5", #(0)=ag—A", §(0)=co—C", 2(0)=q0—Q", ¥(0)=ro—R". )

Now, we may proceed by considering the conditions for asymptotic mean square stability of system (8).
Theorem 3.2 Let the parameters of system (8), for every initial value (9), satisfy conditions

BC< A" <B <P, (10)
w(p +ky + A7) < 2(A" (kg + 2p) + p(ky + W), (11)
2k(p + ki + A)(25a + &) < Ypwd” + ko (u + ki + A7), (12)
Sxa(u + ki + A%) < 10xks(u + k1 + A%) + ywA”, (13)
Y+ < 2ky, (14)

Ro> max{l, A, B,C,D,E,F}, (15)
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) W LB —=0) + A (3 —2Ry)
& < Z(y o " , (16)
) -0
02<2(K+y+6a T r ) (17)
«p-A "
5 a R +25a+b 17[}
O§<2[k2—5— > ’ (18)
5ks — 2.5 — (a" S22 + 57y)
0y < 75 , (19)
2bky — (b (y + ) + £ + 2" 5
oé B 4 ( v blf 2 27%0), (20)
where A, B,C,D,E,F ,a* and b* are positive constants defined as
_ 2B
A= o+ ky +21%7
g _ B = @) + (u+ k(1= OB +30)
B LIS REDK
C= 2Bn(u +x + 6a) + P(1 — O)(p + ky)
B 2u+k + AN u+rx+06,)
e 2k(2ky — (2.5a + &))pn + YPnw + (4 + k1)) (WPA* + 2x(B — A*))
B 2k(2ky — (2.5a + &) + k1 + A*) + YpwA* ’
&= Blynw — 2xC(p + k1)) + (p + ka)(y + 2K)A" + 2xpn(5ks — 2.5a)
B 2x(5ks — 2.5a) (i + k1 + A*) + ywA* ’
F - Bk +2ks = (y + ) + A"(u + k1) (2ks — (y + x + ¢))
WA (ks = (y +9) + k(u + kg + A7) '
k
PR e (1)
ky+p+ A= ,’%
v (w+5)-w

2K

Then, the trivial equilibrium of system (8) is asymptotically mean square stable.
Proof. In order to prove this theorem we use Lyapunov function of the form

~~~~~ (i1 + X)?

Vi, % 7,20 = > —aiiX + yz +2.522 + b#?,

where a and b are positive constants that will be determined in the sequel. Function V is positive for
a € (0,2) what is guaranteed under condition (15). By applying operator L on function V we get

2 * 2 2 2
_92\ B ol ~ % | sl %a | o |k~ BB
(k1 2) a RO ] Zy k2 > 5% k3 2 20°b |k >

2 *
LV= —ﬁz[[y—%)ﬂzéo (Ro—l)]—iz

_/\* A:&_ * _Ax- /\x-_ *
_ﬁgaﬁ% +iiZa Roﬁc+ﬂ6[a}+a£0 +X7 25+aﬁy{0 ]—J?Za Roﬁc+5i[a)+2kb—a(w+£0)]
A= -
+bafjz + % [a (k1 + R‘BC +u+ R;z 1/\*)—(k1 +[u)]+2b1pyz7 + 2byZd.
0 0
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In order to annul the quantities in the brackets multiplying ii% and 7%, we choose constants a i b to be as
a*ib*,ie. asin (21) and (22), respectively. Thus, we obtain

2 2 2 2
LV= [(y—o—)+ —1)} ”2[(k - ) ﬁ”R ] 2;72[1@—%}—522 [k —%] 202" [k —(;—5
0

w*ﬁ— BAT L ATBC A
itija +Xijj|2&+a Ro +iiZa Ro Ro

| SS—

7; pe +5a§z+2b" P ijo+2b"yZ0.
0

+1id [a)+a* ]—fia*

In addition, by using elementary inequality +2xy < x* + y?, we conclude that

il @y (Mg oy B A B A
LV<-i [“ zJ”l(RO(R0 V%R " TR T 2R) 2
Ol e . B W
S 2( R Ry ) 2
_g22(k2—§) ( ﬁ;e +25a+b*¢)—a3]
Colef ey (A =BO Y
z _5(k3 2) (a Ry +by| - 250;
_ =2 * _‘)/+17[} _(CL) *A*)_ * 2
o |2b (k4 > ) 2+a2R0 b*os
2|, @ BA-O+AE-2R) ol
I 2Ro 2
_ 2| _B1-0 g
X LK-HH-(S[Z a—ZRo >

— P _2(k2—§)—( ﬁv_eo +25a+b*¢)—o3]
3)-

-2215 (k3 -= ( —+ b*y) - 2.502]

_ Zb*( Y ‘b) (9 ta 2;0) b 2]

Bearing in mind conditions (10)—(20), all the terms in brackets multiplying #?, #2, 7%, 2% and 9 are positive,
which completes the proof.

Consequently, the Theorem 3.3* becomes,

Theorem 3.3 Assume that the parameters of system (8) satisfy all conditions from Theorem 3.2. Then the endemic
equilibrium E* of system (21)* is stable in probability.

IV Page 4807, line 5 from bellow until 6th line from bellow on page 4808: Since the Theorem 3.3* is corrected
into Theorem 3.3, the corresponding numerical simulation is also changed.
Let the model parameters of system (21)* be:
IT=1, y=0.01, ¥=0.05, @=0.01, p=0.0077, £=0.0001, «=0.005, 1»=0.0001,
0,=0.00003, 6,=0.00002, 6,=0.0000269, n=1.5, C=0.1, B=0.5703. (23)
For such choice of parameters the reproduction number has the value Ry =9.128 > 1, what guarantees the

existence of the endemic equilibrium E* of system (21)*.
We use initial value:

50=600, a9=20, co=60, go=12, ro=10. (24)
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According to the conditions (16)—(20) of Theorem 3.3 we set

02 =0.00936, 05 =0.0001569, 05 =0.000688414, o5 =0.000988279, 2 =0.0000679. (25)

It is easy to check out that all the conditions of Theorem 3.3 hold and thus, we expect that the solution of
model will tend to endemic equilibrium E* = (10.1468, 35.0085, 0.3398, 2.00677, 106.339), which means that
hepatitis C will persist in population. This situation in population is presented on the Figures (1)-(3).

600 )l
500 +
400 t
300
200 1

100 -
:‘&

Tl W il s M e s

100 200 300 400

Figure 1: Stochastic trajectories (10) for susceptible individuals S(t) of model (21)* with initial conditions (24), parameter values (23)
and (25).

S

TR AT

1 1 ——

1 1 L L L L L L L L L T -~ -
100 200 300 400 100 200 300 400

Figure 2: Stochastic trajectories (10) for acute A(t) (left) and chronic individuals C(t) (right) of model (21)* with initial conditions (24),
parameter values (23) and (25).

Based on the example, the disease persists in the population because infected individuals are still present
in the population, acutely and chronically infected (Figure 2), as well as those infected who are in quarantine
(Figure 3, left). Also, from Figure 1 it can be concluded that there is a decrease in the number of susceptible
individuals, while the number of individuals recovered from the disease is increasing (Figure 3, right).
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Figure 3: Stochastic trajectories (10) for isolated Q(f) (left) and recovered individuals R(t) (right) of model (21)* with initial conditions
(24), parameter values (23) and (25).
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