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Abstract. The main aim of the current work is a discussion of weighted bounds for singular values and
numerical radii of Hilbert space operators.

1. Introduction

In the sequel,H is a separable complex Hilbert space, and B(H) is the C∗−algebra of all bounded linear
operators fromH to itself, with zero O and identity I. The subset of B(H) of all compact operators will be
denoted by K (H). It is known that K (H) is a two-sided ideal in the sense that TK,KT ∈ K (H), whenever
T ∈ B(H) and K ∈ K (H).

If K ∈ K (H), the singular values of K will be denoted by s1(K), s2(K), . . . , with the convention that
s j(K) ≥ s j+1(K), for all j.

It is of a renowned interest in the literature to find bounds for the singular values of certain operator
forms in terms of their individual operators. For example, for any T1,T2 ∈ B(H) and K ∈ K (H), we have
[17, p. 27]

s j(T1KT2) ≤ ∥T1∥s j(K)∥T2∥, j = 1, 2, . . . , (1)

where ∥·∥denotes the usual operator norm, defined onB(H) by ∥T∥ = sup
∥x∥=1 ∥Tx∥. In the sequel, whenever

we write s j(X) ≤ s j(Y), we implicitly mean that this is valid for j = 1, 2, . . . , unless otherwise stated. The
significance of (1) partially refers to the fact that s j(·) is not sub-multiplicative. That is, if X,Y ∈ K (H), then
s j(XY) ≤ s j(X)s j(Y) is not necessarily true, although s1(XY) ≤ s1(X)s1(Y) holds true, because s1(·) = ∥ · ∥.

Generalizations of (1) have been seen frequently in the literature. For example, it was shown in [26] that
if A,B,X,Y ∈ B(H) are such that X,Y ∈ K (H), then

s j(AX − YB) ≤ 2 max(∥A∥ , ∥B∥)s j(X ⊕ Y). (2)
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This is considered as a generalization of other known bounds, such as [25]

s j(AX − XB) ≤ max(∥A∥ , ∥B∥)s j(X ⊕ X),

which is valid for positive A,B,X ∈ B(H) and compact X, and

s j(AX − XA) ≤
∥A∥

2
s j(X ⊕ X)

if both A,X are positive, and X is compact [24]. A better bound than (2) is [19]

s j(AX − YB) ≤ (∥A∥ + ∥B∥)s j(X ⊕ Y), (3)

when X,Y ∈ K (H) and A,B ∈ B(H).
In fact, earlier than all of this, a simpler bound that is valid for positive A,B ∈ K (H) was shown in [35]

as follows:
s j(A − B) ≤ s j(A ⊕ B).

This was extended a little later in [24] to the form

s j(AX − XB) ≤ ∥X∥ s j(A ⊕ B) (4)

for positive A,B ∈ K (H) and arbitrary X ∈ B(H).
WhenH is finite dimensional, say of dimension n, B(H) is just the algebra of all n× n complex matrices

Mn. An extension of (4) was shown in [19] at the cost of an additional assumption that A,B ∈ Mn are
positive semidefinite, while X,Y ∈ Mn are arbitrary, as follows:

s j(AX − YB) ≤
∥X∥ + ∥Y∥ + ∥X − Y∥

2
s j(A ⊕ B). (5)

Another generalization that appeared in [19] employed the polar decompositions A = U|A|,B = V|B| of A
and B to show that

s j(AX − XB) ≤
(
∥X∥ +

∥UX − XV∥
2

)
s j(A ⊕ B),

with the special case

s j(AX − XA) ≤
(
∥X∥ +

∥UX − XU∥
2

)
s j(A ⊕ A).

We refer the reader to [2.2-2.2], [19, 24, 28, 33, 35–37], for further readings on singular value bounds and
to see the type of forms we are usually interested in

The first part of this work will present some bounds related to the above forms.
After that, some numerical radius bounds of quantities similar to those above will be discussed. In this

context, we recall that the numerical radius of X ∈ B(H) is defined by ω(X) = sup
∥x∥=1 |⟨Xx, x⟩| . This defines

a norm on B(H) that is equivalent to the operator norm, as we have [18, Theorem 1.3-1]

1
2
∥X∥ ≤ ω(X) ≤ ∥X∥,X ∈ B(H). (6)

Research involving the numerical radius focus on finding sharper bounds and further relations is a
renowned topic, as one can see in [1, 2, 27, 29–31]. Among that basic relation for the numerical radius, we
have [1]

ω (AXB) ≤
∥X∥

2

∥∥∥|A∗|2 + |B|2∥∥∥ , (7)

and, as a direct consequence of the definition of ω(·),

ω (AXA∗) ≤ ∥A∥2ω (X) , (8)

where A∗ is the adjoint of A, and |A∗|2 = AA∗. Although the literature about the numerical radius is huge,
we mention only these as they will be needed in our proofs.
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2. Results

This section presents our results where singular value and numerical radius bounds are shown. For
organizational purposes, we discuss these two concerns in two different subsections.

2.1. Singular value bounds
As mentioned earlier, we will discuss generalized forms of the singular value bounds we saw in the

introduction.
It follows from [13] that if A,B,C ∈ B(H),X1,X2,X3 ∈ K (H), then

s j(AX1 − X2B − X3C) ≤ (∥A∥ +
√

2L)s j(X1 ⊕ X2 ⊕ X3), (9)

where

L =
√
∥B∥2 + ∥C∥2.

Remark 2.1.

(i) In (9), if we replace B,C by 1
2 B and X2,X3 by Y, we obtain (3).

(ii) We may restate (9) as

s j(AX1 + X2B + X3C) ≤ (∥A∥ +
√

2L)s j(X1 ⊕ X2 ⊕ X3),

by replacing B,C with −B,−C.

The first result treats the relation between the singular values of the sum of two operators and those of
their direct sums.

Theorem 2.2. Let S,T ∈ K (H ). Then for any 0 ≤ t ≤ 1

s j (S + T) ≤
√

2
(
∥S∥2(1−t) + ∥T∥2(1−t)

)
s j

(
|S|t ⊕ |T|t

)
.

Proof. It follows from Remark 2.1 that

s j (X2B + X3C) ≤
√

2
(
∥B∥2 + ∥C∥2

)
s j (X2 ⊕ X3) . (10)

Let S = U|S| and T = V|T| be the polar decompositions of S and T, respectively. If we substitute X2 = |S|t,
B = |S|1−tU∗, X3 = |T|t, and C = |T|1−tV∗, in (10), we infer that

s j (S + T)
= s j ((S + T)∗)
= s j (S∗ + T∗)

≤

√
2
(∥∥∥|S|1−tU∗

∥∥∥2
+

∥∥∥|T|1−tV∗
∥∥∥2

)
s j

(
|S|t ⊕ |T|t

)
=

√
2
(∥∥∥|S|1−tU∗U|S|1−t

∥∥∥ + ∥∥∥|T|1−tV∗V|T|1−t
∥∥∥)s j

(
|S|t ⊕ |T|t

)
=

√
2
(∥∥∥|S|2(1−t)

∥∥∥ + ∥∥∥|T|2(1−t)
∥∥∥)s j

(
|S|t ⊕ |T|t

)
=

√
2
(
∥ |S| ∥2(1−t) + ∥ |T| ∥2(1−t)

)
s j

(
|S|t ⊕ |T|t

)
=

√
2
(
∥S∥2(1−t) + ∥T∥2(1−t)

)
s j

(
|S|t ⊕ |T|t

)
,

as required.
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For the next result, we state the following lemma first.

Lemma 2.3. [37] Let A,B ∈ B(H) and X ∈ K (H) be positive. Then

s j (A∗XB) ≤
1
2

s j

((
|A∗|2 + |B∗|2

) 1
2 X

(
|A∗|2 + |B∗|2

) 1
2
)
.

Now, we prove a new auxiliary result that we will use to present a new proof of (5).

Corollary 2.4. Let A,B ∈ B(H) and X,Y ∈ K (H) be positive. Then

s j (AX − YB) ≤

√∥∥∥|A∗|2 + I
∥∥∥ ∥∥∥|B|2 + I

∥∥∥ + ∥A − B∥

2
s j (X ⊕ Y) .

Proof. It follows from Lemma 2.3 that, when X is positive,

s j (A∗XB) ≤

∥∥∥ ∥B∥
∥A∥ |A

∗
|
2 + ∥A∥

∥B∥ |B
∗
|
2
∥∥∥

2
s j (X)

≤
∥A∥ ∥B∥ + ∥|A∗| |B∗|∥

2
s j (X)

=
∥A∥ ∥B∥ + ∥A∗B∥

2
s j (X) .

So, when X,Y are positive, we have

s j (AX − YB)

= s j

([
A −I
O O

] [
X O
O Y

] [
I O
B O

])

≤

∥∥∥∥∥∥
[
A −I
O O

]∥∥∥∥∥∥
∥∥∥∥∥∥
[

I O
B O

]∥∥∥∥∥∥ +
∥∥∥∥∥∥
[
A −I
O O

] [
I O
B O

]∥∥∥∥∥∥
2

s j (X ⊕ Y)

=

∥∥∥∥∥∥
[
A −I
O O

]∥∥∥∥∥∥
∥∥∥∥∥∥
[

I O
B O

]∥∥∥∥∥∥ +
∥∥∥∥∥∥
[
A − B O

O O

]∥∥∥∥∥∥
2

s j (X ⊕ Y)

=

√∥∥∥|A∗|2 + I
∥∥∥ ∥∥∥|B|2 + I

∥∥∥ + ∥A − B∥

2
s j (X ⊕ Y) .

This completes the proof.

Now Corollary 2.4 may be used to present a new proof of (5).

Proposition 2.5. Let A,B,X,Y ∈Mn such that X,Y ≥ O. Then

s j (AX − YB) ≤
∥A∥ + ∥B∥ + ∥A − B∥

2
s j (X ⊕ Y) .

Proof. It follows from Corollary 2.4 that

s j (AX − YB) ≤

√(
∥A∥2 + 1

) (
∥B∥2 + 1

)
+ ∥A − B∥

2
s j (X ⊕ Y) .
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If we replace A and B by tA and tB and then take the infimum over t > 0, we deduce that

s j (AX − YB) ≤
mint>0

√(
∥A∥2 + 1

t2

) (
∥B∥2 + 1

t2

)
+ ∥A − B∥

2
s j (X ⊕ Y)

=
∥A∥ + ∥B∥ + ∥A − B∥

2
s j (X ⊕ Y) ,

as required.

Proposition 2.6. Let A,B,C,D ∈ K (H). Then

s j (C∗A −D∗B) ≤
√
∥C∗C +D∗D∥ s j (A∗A + B∗B).

In particular,

s j (A − B) ≤
√

2s j (A∗A + B∗B). (11)

Proof. Noting (1), we have

s j (C∗A −D∗B ⊕O) = s j

([
C∗A −D∗B O

O O

])
= s j

([
C∗ iD∗

O O

] [
A O
iB O

])
≤

∥∥∥∥∥∥
[
C∗ iD∗

O O

]∥∥∥∥∥∥ s j

([
A O
iB O

])
=

∥∥∥∥∥∥
[
C∗ iD∗

O O

]∥∥∥∥∥∥ s j

(∣∣∣∣∣∣
[
A O
iB O

]∣∣∣∣∣∣
)

=

∥∥∥∥∥∥
[
C∗ iD∗

O O

]∥∥∥∥∥∥ s j

[A∗A + B∗B O
O O

] 1
2


=

∥∥∥∥∥∥
[
C∗ iD∗

O O

]∥∥∥∥∥∥ s
1
2
j

([
A∗A + B∗B O

O O

])

=

√
∥C∗C +D∗D∥ s j

([
A∗A + B∗B O

O O

])
=

√
∥C∗C +D∗D∥ s j (A∗A + B∗B ⊕O),

as required.

Remark 2.7. Notice that (11) provides a new upper bound for the singular values of the difference A − B. We give a
numerical example where this new bound is better than (5). If we let

A =

 0 −1 0
1 −1 0
1 0 1

 ,B =
 0 1 0
−1 0 −1
−1 1 1

 ,
numerical calculations show that

s(A − B) ≈ {3.40268, 1.71871, 0.683969},
√

2s j (A∗A + B∗B) ≈ {3.4641, 2.82843, 1.41421},
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while

∥A∥ + ∥B∥ + ∥A − B∥
2

≈ 3.52619.

So, in this example (11) is better than (5) for j = 1, 2, 3.We point out that in other examples, (5) can be better for some
values of j.

Corollary 2.8. Let S,T ∈ K (H). Then

s j (S − T)

≤ min
{√∥∥∥|S|2(1−t) + |T|2(1−t)

∥∥∥ s j

(
|S∗|2t + |T∗|2t

)
,
√∥∥∥|S∗|2(1−t) + |T∗|2(1−t)

∥∥∥ s j

(
|S|2t + |T|2t

)}
.

Proof. Put C∗ = U|S|1−t, A = |S|t, D∗ = V|T|1−t, B = |T|t, in (10), we get

s j (S − T) ≤
√∥∥∥|S∗|2(1−t) + |T∗|2(1−t)

∥∥∥ s j

(
|S|2t + |T|2t

)
. (12)

If we replace S and T by S∗ and T∗, in (12), we obtain

s j (S − T) = s j ((S − T)∗)
= s j (S∗ − T∗)

≤

√∥∥∥|S|2(1−t) + |T|2(1−t)
∥∥∥ s j

(
|S∗|2t + |T∗|2t

)
.

We get the desired result by combining the last two inequalities.

Remark 2.9. Since [21]

s j (X + Y) ≤ 2s j (X ⊕ Y) ,

we have

s j (S − T)

≤

√

2 min
{√∥∥∥|S|2(1−t) + |T|2(1−t)

∥∥∥ s j

(
|S∗|2t

⊕ |T∗|2t
)
,
√∥∥∥|S∗|2(1−t) + |T∗|2(1−t)

∥∥∥ s j

(
|S|2t
⊕ |T|2t

)}
=
√

2 min
{√∥∥∥|S|2(1−t) + |T|2(1−t)

∥∥∥s j

(
|S∗|t ⊕ |T∗|t

)
,
√∥∥∥|S∗|2(1−t) + |T∗|2(1−t)

∥∥∥s j

(
|S|t ⊕ |T|t

)}
.

In particular,

s j (S − T) ≤ 2 min
{
s j (|S∗| ⊕ |T∗|) , s j (|S| ⊕ |T|)

}
. (13)

Corollary 2.10. Let A,X ∈ K (H). Then

s j (AX∗ − AX) ≤ 2 min
{
∥A∥ s j (|X∗| ⊕ |X|) , ∥X∥ s j (|A∗| ⊕ |A∗|)

}
.

Proof. We have by (13),

s j (AX∗ − AX) ≤ 2s j (|AX∗| ⊕ |AX|)

= 2s j

(
(XA∗AX∗)

1
2 ⊕ (X∗A∗AX)

1
2
)

≤ 2s j

(
∥A∥ (XX∗)

1
2 ⊕ ∥A∥ (X∗X)

1
2
)

= 2 ∥A∥ s j (|X∗| ⊕ |X|) .
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That is,

s j (AX∗ − AX) ≤ 2 ∥A∥ s j (|X∗| ⊕ |X|) .

Similarly, using (13), we can prove that

s j (AX∗ − AX) ≤ 2s j (|XA∗| ⊕ |X∗A∗|)
= 2 ∥X∥ s j (|A∗| ⊕ |A∗|) .

This completes the proof.

2.2. Numerical radius bounds
For the rest of the paper, we present some numerical radius bounds consistent with the singular value

bounds we found earlier. To better understand the proof, we recall the following Davidson-Power-type
inequality for positive A,B ∈ B(H) (see [23]):

∥A + B∥ ≤ max{∥A∥, ∥B∥} +
∥∥∥∥A

1
2 B

1
2

∥∥∥∥ . (14)

Theorem 2.11. Let A,B,X ∈ B(H). Then

ω (AXB) ≤
∥X∥

2

(√
∥A∥ ∥B∥max {∥A∥ , ∥B∥} + ∥BA∥

)
.

Proof. If we replace A and B by
√
∥X∥
∥A∥A and

√
∥X∥
∥B∥B, in (7), we infer that

ω (AXB) ≤
√
∥A∥ ∥B∥

2

∥∥∥∥∥∥X∥∥A∥ |A∗|2 + ∥X∥∥B∥ |B|2
∥∥∥∥∥

≤
∥X∥

2

(√
∥A∥ ∥B∥max {∥A∥ , ∥B∥} + ∥|A∗| |B|∥

)
(by (14))

=
∥X∥

2

(√
∥A∥ ∥B∥max {∥A∥ , ∥B∥} + ∥A∗B∗∥

)
=
∥X∥

2

(√
∥A∥ ∥B∥max {∥A∥ , ∥B∥} +

∥∥∥(BA)∗
∥∥∥)

=
∥X∥

2

(√
∥A∥ ∥B∥max {∥A∥ , ∥B∥} + ∥BA∥

)
,

as required.

Remark 2.12. Notice that Theorem 2.11 and (7) provide upper bounds for ω(AXB). In this remark, we give an
example where Theorem 2.11 can be better than (7). Indeed, if we let

A =
[

0 1
1 0

]
,B =

[
2 −2
−2 −2

]
,X =

[
−2 −1
2 −3

]
,

we find that

ω(AXB) = 10,
∥X∥

2

∥∥∥|A∗|2 + |B|2∥∥∥ ≈ 16.3016,

and

∥X∥
2

(√
∥A∥ ∥B∥max {∥A∥ , ∥B∥} + ∥BA∥

)
≈ 13.7391.

This shows that Theorem 2.11 provides a sharper bound than (7) for these matrices. We emphasize that other examples
show the converse, which indicates that the two bounds are independent.
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We state the following numerical radius bound.

Theorem 2.13. Let A,B,C,X1,X2,X3 ∈ B(H). Then

ω (AX1 − X2B − X3C) ≤
max {∥X1∥ , ∥X2∥ , ∥X3∥}

2

∥∥∥|A∗|2 + |B|2 + |C|2 + 3I
∥∥∥ .

Proof. We have

ω (AX1 − X2B − X3C)

= ω


AX1 − X2B − X3C O O

O O O
O O O




= ω


A I −I
O O O
O O O


X1 O O

O X2 O
O O X3


 I O O
−B O O
C O O




≤

∥∥∥∥∥∥∥∥
X1 O O

O X2 O
O O X3


∥∥∥∥∥∥∥∥

2

∥∥∥∥∥∥∥∥∥
∣∣∣∣∣∣∣∣
A I −I
O O O
O O O


∗
∣∣∣∣∣∣∣∣
2

+

∣∣∣∣∣∣∣∣
 I O O
−B O O
C O O


∣∣∣∣∣∣∣∣
2
∥∥∥∥∥∥∥∥∥ (by (7))

=

∥∥∥∥∥∥∥∥
X1 O O

O X2 O
O O X3


∥∥∥∥∥∥∥∥

2

∥∥∥∥∥∥∥∥
|A
∗
|
2 + 2I O O
O O O
O O O

 +
I + |B|

2 + |C|2 O O
O O O
O O O


∥∥∥∥∥∥∥∥

=

∥∥∥∥∥∥∥∥
X1 O O

O X2 O
O O X3


∥∥∥∥∥∥∥∥

2

∥∥∥∥∥∥∥∥
|A
∗
|
2 + |B|2 + |C|2 + 3I O O

O O O
O O O


∥∥∥∥∥∥∥∥

=
max {∥X1∥ , ∥X2∥ , ∥X3∥}

2

∥∥∥|A∗|2 + |B|2 + |C|2 + 3I
∥∥∥ ,

as required.

We also have the following numerical radius bound.

Proposition 2.14. Let A,X1,X2,X3 ∈ B(H). Then

ω (AX1A∗ + X2 + X3) ≤
∥∥∥|A∗|2 + 2I

∥∥∥ max {ω (X1) , ω (X2) , ω (X3)} .
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Proof. By (8), we can argue that

ω (AX1A∗ + X2 + X3) = ω


AX1A∗ + X2 + X3 O O

O O O
O O O




= ω


A I −I
O O O
O O O


X1 O O

O X2 O
O O X3


A
∗ O O

I O O
−I O O




≤

∥∥∥∥∥∥∥∥
A I −I
O O O
O O O


∥∥∥∥∥∥∥∥

2

ω


X1 O O

O X2 O
O O X3




=

∥∥∥∥∥∥∥∥
|A
∗
|
2 + 2I O O
O O O
O O O


∥∥∥∥∥∥∥∥ω


X1 O O

O X2 O
O O X3




=
∥∥∥|A∗|2 + 2I

∥∥∥ max {ω (X1) , ω (X2) , ω (X3)} ,

as required.

Finally, we present the following consequences of (12).

Corollary 2.15. Let A ∈ K (H ). Then for any 0 ≤ t ≤ 1

s j (A) ≤ 2ω1−t (A) s j

(∣∣∣ℜA
∣∣∣t ⊕ ∣∣∣ℑA

∣∣∣t) .
In particular,

1
2
∥A∥ ≤ ω1−t (A) max

{∥∥∥ℜA
∥∥∥t
,
∥∥∥ℑA

∥∥∥t
}
,

whereℜA and ℑA are the real and imaginary parts of A, respectively.

Proof. From (12), we infer that

s j (A) ≤

√
2
(∥∥∥ℜA

∥∥∥2(1−t)
+

∥∥∥ℑA
∥∥∥2(1−t)

)
s j

(∣∣∣ℜA
∣∣∣t ⊕ ∣∣∣ℑA

∣∣∣t)
≤ 2ω1−t (A) s j

(∣∣∣ℜA
∣∣∣t ⊕ ∣∣∣ℑA

∣∣∣t) ,
where we have used the fact that ∥ℜA∥, ∥ℑA∥ ≤ ω(A) to obtain the last inequality.

Notice that Corollary 2.15 provides a refinement of the first inequality in (6), because ∥ℜA∥, ∥ℑA∥ ≤ ω(A).
Our next result is an upper bound for the numerical radius of the commutator AB − BA. Although this

form is consistent with the forms we have discussed so far, the proof of this bound will differ. We recall
that if A,B ∈ B(H), then [22]

ω(AB − BA) ≤ 2∥A∥ω(B). (15)

Using this inequality, we can present a refinement of (15), as follows.

Proposition 2.16. Let A,B ∈ B(H). Then

ω(AB − BA) ≤ 2 inf
λ∈C
∥A − λI∥ω(B).
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Proof. Since, for any λ ∈ C,

AB − BA = (A − λ) B − B (A − λ) ,

we infer from (15) that

ω (AB − BA) ≤ 2 ∥A − λ∥ω (B) ,

which implies the desired conclusion.

Theorem 2.17. Let A,B,X,Y ∈ B(H), and α, β ∈ C. Then

ω (AX − YB)

≤ 2

√(
ω2

([
O B − β

A − αI O

])
−

1
2

m
(
(A − αI)

(
B − β

))) ∥∥∥|X|2 + |Y∗|2∥∥∥ + ω (
αX − βY

)
,

where m(X) = inf∥x∥=1 |⟨Xx, x⟩| .

Proof. Applying the triangle inequality, and [1, Eq. (32)], one can easily see that

ω (AX − YB)
= ω

(
(A − αI) X − Y

(
B − β

)
+ αX − βY

)
≤ ω

(
(A − αI) X − Y

(
B − β

))
+ ω

(
αX − βY

)
≤

√∥∥∥∥|A∗ − αI|2 +
∣∣∣B − β∣∣∣2∥∥∥∥ ∥∥∥|X|2 + |Y∗|2∥∥∥ + ω (

αX − βY
)
.

Furthermore, it follows from [1, Eq. (33)] that

√∥∥∥|S|2 + |T∗|2∥∥∥ ≤ 2

√
ω2

([
O S
T O

])
−

1
2

m (TS).

So,

ω (AX − YB)

≤ 2

√(
ω2

([
O B − β

A − αI O

])
−

1
2

m
(
(A − αI)

(
B − β

))) ∥∥∥|X|2 + |Y∗|2∥∥∥ + ω (
αX − βY

)
,

as required.

Remark 2.18. If we put β = 0 and α = ∥A∥2 , in Theorem 2.17, we infer that

ω (AX − YB)

≤ 2

√(
ω2

([
O B

A − ∥A∥2 I O

])
−

1
2

m
((

A −
∥A∥

2
I
)

B
)) ∥∥∥|X|2 + |Y∗|2∥∥∥ + ∥A∥ω (X)

2
.

In particular, by letting Y = B = O, we obtain

ω (AX) ≤
∥∥∥∥∥A −

∥A∥
2

I
∥∥∥∥∥ ∥X∥ + ∥A∥ω (X)

2
.
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Using the fact that [19, Lemma 3.1]:∥∥∥∥∥S −
∥S∥
2

I
∥∥∥∥∥ ≤ ∥S∥2 ,

which holds for S ≥ O, we get

ω (AX) ≤
∥∥∥∥∥A −

∥A∥
2

I
∥∥∥∥∥ ∥X∥ + ∥A∥ω (X)

2

≤
∥A∥

2
(∥X∥ + ω (X)) ,

(16)

provided that A is positive. Notice that

ω (AX) ≤
∥A∥

2
(∥X∥ + ω (X)) ,

has been shown in [32], so, (16) provides a refinement of this inequality.

Remark 2.19. We can write from (16) that

ω (T) = ω (T∗)

= ω
(
|T|1−t

|T|tU∗
)

≤

∥∥∥∥∥∥|T|1−t
−
∥T∥1−t

2
I

∥∥∥∥∥∥ ∥T∥t + ∥T∥
1−tω

(
U|T|t

)
2

≤
∥T∥1−t

2

(
∥T∥t + ω

(
U|T|t

))
,

i.e.,

ω (T) ≤

∥∥∥∥∥∥|T|1−t
−
∥T∥1−t

2
I

∥∥∥∥∥∥ ∥T∥t + ∥T∥
1−tω

(
U|T|t

)
2

≤
∥T∥1−t

2

(
∥T∥t + ω

(
U|T|t

))
.

In particular,

ω (T) ≤
∥∥∥∥∥|T| − ∥T∥2

I
∥∥∥∥∥ + ∥T∥ω (U)

2
≤
∥T∥
2

(1 + ω (U)) ,

which is a refinement of [16, Proposition 4.1].
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