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Abstract. Recently, the notion of g-Cesaro summability has been introduced as a new summability method.
In this work, we make use of g-calculus and harmonic summability to define logarithmic g-density and
logarithmic g-statistical convergence and establish its relation with H; -summability. Further, we discuss
how logarithmic g-statistical convergence and [H}I, pl-summability are related to each other. Finally, we use
this new summability method in proving a Korovkin type theorem.

1. Introduction

Statistical summability is an important topic in the field of mathematical analysis, particularly in the
study of convergence and summability methods. The notion of statistical convergence was introduced in
[9] and [25], independently; which was further studied by several authors, namely, Salat [24], Fridy [10]
and Connor [8]. This notion for double sequences was given in 2003 by Méricz [15] and Mursaleen and
Edely [17], independently. Recently, a new variant of statistical convergence was given by Aktuglu and
Bekar [2] via g-calculus which was further studied in [18], [19] and [7].

The concepts of logarithmic density and logarithmic statistical convergence was studied in [3]. The idea
of g-density and g-statistical convergence [2] and since ﬁ < 1 this motivates us to define the g-analogs
of logarithmic density and logarithmic statistical convergence. The g-logarithmic statistical convergence
is a mathematical concept that combines g-statistical convergence with g-logarithmic density. Unlike
standard statistical convergence, it uses a different measure of density, where a sequence is g-logarithmically
statistically convergent if the proportion of terms within a specified range, weighted by their reciprocals,
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converges to zero. Some observations on generalized logarithmic statistical convergence of order p are
discussed in [12].

The idea of statistical summability (C, 1) was given by Méricz [14] and further generalized to statistical
summability (H, 1) by replacing Cesaro mean by Harmonic mean [16].

The harmonic mean or (H, 1) mean of the sequence (cx) is defined by p,, := i Yi & wherel, ;=Y 1~
logn. If y, — las n — oo, then (cy) is said to be harmonic summable to I.

The concept of g-calculus extends classical analysis by incorporating the deformation parameter g (see
[11]). Given a q > 0. The g-integer [r];, the g-factorial [r];! and the g-binomial coefficient are defined by

1-g"

=T +
[r], ::{ I=q’ %qu]R Vi forr € Nand [0], =0,
7, ifg=1,

7 - Y

[ r ] _ [r]4!
s ], T sl = sl

respectively.

-1],---[1],, r=>1,
[r]qlzz{gr]q[r b1y :io

The g-Cesaro matrix of order 1 (see [1] ) C; = (an(q")),‘f,’kzo is defined by
T if1<k<
T i n
cur(q") = { Il - 1)
4 {O otherwise.

Forg=1, C; reduces to C!, the Cesaro matrix of order 1. Note that the summability method C! is stronger
than Cj for g > 1[2, Theorem 11].
The sequence y = (y,,) will denote the C;—transform of the sequence x = (xx) and is given by

b= (€= oz Y mneN,
T k=1

A sequence x = (xy) is said to be g-Cesaro summable or C;—summable to the number ¢ if lim, y, = ¢, and
inthis case ¢ is called the C;—limit of x.

Note that the g-analog gives a better rate of convergence, because of the fact that ﬁ < L. For detailed
insights into g-integers and their corresponding approximation properties, we refere to [5, 20-22].

The idea of g-density and g-statistically convergence of was given by Aktuglu and Bekar [2]. Forgq > 1,
the g-density of IK € IN is defined by

04(K) = b¢,(K) = lim inf (Chi)n

For the set K. = {k < n: |cx — L[ > ¢}, if ;(K,) = 0 for every ¢ > 0, then a sequence ¢ = (c) refers to
g-statistically convergent to L. That is,

lim L|{k <n:gd g -L>e)l=0
n [n]q

and we write
sty-lim ¢y = L.

Denote st; := {¢c = (cx) : 4(K;) = 0}. For g =1, 6,(K;) = 6(K;) (natural density) and st;, = st (statistical
convergence).
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Every statistically convergent sequence is g-statistically convergent but not conversely (see [2, Example
15]). Recently, in [26, 27] some new sequence spaces have been defined and studied as matrix domains of
g-Cesaro matrix.

In this paper, we define g-harmonic mean by applying g-calculus and define g-harmonic summability
or H; -summability, and [H;, pl-summability. We further define the logarithmic g-density and logarithmic

g-statistical convergence and establish its relation with H;—summability. Further, we discuss how logarith-

mic g-statistical convergence and [H},,p]-summability are related to each other. Finally, we use this new
summability method in proving a Korovkin type theorem motivated by the fact that the g-Cesaro mean
gives a better rate of convergence than the Cesaro mean.

2. Logarithmic q-statistical convergence

The logarithmic g-statistical convergence is an extension of classical notions of convergence, statistical
convergence as well as g-statistical convergence.

Recent application of g-calculus was studied in [4] by definining the following which was further
applied to prove a variant of Korovkin’s theorem.

Definition 2.1. Let p = (p,), where
— Cl — L - k-1 2
pn = (CqC)n = ] q " Ck. 2)
T k=1

A sequence ¢ = (cy) is statistically C}]—summable to L if
st —limp, = L.

Note that for (¢x) € {w, st; — lim¢y = L implies st — limp, = L. For q = 1, statistically C[}—summability
becomes simply statistical summability (C, 1) due to Méricz [14].

Example 2.2. Consider a sequence For ¢ = (k) € {w, st; — limy_,o cx = L implies C; — limy_, ¢x = L but not
conversly, i.e. if for any fixed q < 1, the divergent sequence ¢ = (cy) is defined by

%, for k even,
=9 7

3, forkodd. ®)

Then ¢ is not g-statistically convergent but C},—summable to 0. Hence statistically C}]—summable to 0.

We define the following;:
Definition 2.3. Let [I,], = % o %, n=1,2,3..)and C; = (cnk(qk))szo defined by (1). If for every € > 0,
1 g1
lim fl1<k<n:———lcc—Ll>€}l=0,
w [, [k1, "

then ¢ = (cx) refers to be logarithmic g-statistically convergent to L := sthn —limc¢. We designate sif}in for the set
of all logarithmic g-statistically convergent sequences. When q — 1, logarithmic g-statistical convergence becomes
logarithmic statistical convergence [3].

Remark 2.4. Note that k =1, [1,,]; = [n];. Then st};‘ is reduced to st,.
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Example 2.5. Consider the case k = 1.

Define a sequence ¢ = (cx) by cx = 1,00,11,1,1.0.0,,,,01,..., |and theset E={k € N : ¢, = 1}. Then
20 21 22 23
O(E) does not exist ([10]) and hence ¢ = (cy) is not statistically convergent. But st,-lim ¢x = 0, since [C; XE]Z”—l — 0.

Hence stb“—lirn ¢k =0.

We define the following by considering the g-harmonic mean:

Definition 2.6. The g-harmonic mean of a sequence (cx) is defined by v, := ﬁ, Y ?,k(—;gk. A sequence ¢ = (i) is
g-harmonic summable or H;—summable to L if the sequence v = (vy,) converges to L, i.e. H},—lim T=L.

A sequence ¢ = (i) is [H;,p]—summable (0<p<oo)tolLif lign ﬁ él %k;k —LP=0,ie ¢ — L[H;,p] and

L:= [H,;,p] —limc.

Example 2.7. Let k = 1. Define a sequence

| 1,  forkeven,
< "{ 1, forkodd. @)

Then ¢ is not g-statistically convergent but Cesaro summable to 0. Hence statistically Cesaro summable to 0, because
every convergent sequence is also statistically convergent. Therefore in general ¢ is H},—summable to 0.

Definition 2.8. A sequence ¢ = (i) is statistically g-summable (H, 1) (or statistically H;—summable) to L if the
sequence v = (v,) is q-statistically convergent to L, i.e. st; —limv = L := H(st,)-lim c. The set of all such sequences
will be denoted by H(st,).

For q = 1, we get statistical summability (H, 1) [16].

Example 2.9. Define the sequence ¢ = (cx) by

1, ifk=n?
gk'_{O, ifk #n% neN. )

is statistically convergent to 0 as well as Cesaro summable to 0. Hence statistically q-Cesaro summable to 0. That is
statistically g-summable (H, 1).
3. Main results

Our main results are concerned with the relationship between our newly defined summability meth-
ods.

Theorem 3.1. Let ¢ = (¢i) € {w and logarithmic g-statistically convergent to L. Then it is statistically q-summable
(H, 1) (or statistically H;—summable) to L, but not conversely.

Proof. Write K. :={keIN: E[’Z—;ng —L| > €}. Then, for every € > 0,

1 qk—l
lim 1<k<n:—lc—LI =€}l =0,
m i~ Uzl
1 no k-1 1 n qk—l
lve — Ll = ok~ LI < i lck—L|
[ln]q =1 [k]q [ln]q k=1 [ ]‘7
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Y el g ]q ——(sup |k — LK. =0,

keK, k

as n — oo, which implies that v, — L as n — oo. That s, ¢ is H; -summable to L and hence statistically H,;-
summable to L.

For converse, consider the case k = 1 then [I,]; = [n];. Let the sequence ¢ = (cx) be defined as follows
(see [2, Example 15]):

¢ =(1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,1, ...)
where 1% occur 2% times, and 0° occur 22"~! times (n = 0,1,2,...), respectively. Obviously ¢ = () is not
logarithmic g-statistically convergent but is (H, 1)-summable to 1 and hence statistically H;-summable to

1. O

Theorem 3.2. (a) If0 < p < co and ¢ — L[H}],p], then sth“ T
(b) If(gk) € o and St}an - hmk Ck = L. then Crk — L[H;’p]

Proof. (a) Suppose 0 < p < o and ¢ — L[Hy, p]. Then

1 g~ 1 I
0 Lp > Tl —LP
< L, ] A kz; e — LI

lcx/[K],~LIze

1
> e’ | K,
1, ¢ 1%

k—1
as 1 — oo. That is, lim,_,c ﬁe” | K. |= 0, where K := {k <n: ?k—]qlgk -L> e} . Hence st};‘ —limy ¢k = L.

(b) Suppose (¢k) € fe and sthn—limk ¢x = L. Boundedness of ¢ implies that (qk[;]:k) € { and %lgk—Ll <M
(k€ N), M > 0. Then

n

_|Ck_L|p
4 Kl
1 q"l 1 v
= = - -LIF +
0], & [k],,' ' qkz; qu
kK. keX.
= Ti(n) + Ta(n),
where
1 &gt
Ti(n = - | G _LP,
0 = g sz i e
kg K
1 n qk 1
To(n) = ce— L.
2(n) ., & [k]q | cx — LI
keKe

Now if k ¢ K. then T (n) < €?. For k € K., we have
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k 1

T(n) (su P[l] |ng_ L)(| Ke |/[l ]q)

IA

M| K l/[l T -0,

as n — oo, since st};‘ — limy ¢ = L. Hence ¢, — L[H;,p]. O

The following result is about the structure of a logrithmic g-statistically convergence which is g-analog
of [24].
Theorem 3.3. For a sequence ¢ = (c), st};‘ —limc¢ = L if and only if there exists aset M = {1 <o < -+ < B <

.-} € N such that 5},“(]1\/[) = landlimcg, = L, where 6‘17“(]1\/[) denotes the logarithmic g-density of the set IM.

Proof. Let M = {1 < B2 < -+ < By < ---} € N such that 61“(11\/[) = 1 and lim¢g, = L. Then there is integer
N > O such that forn > N,

Icp, — Ll <e. (6)

Put Ke :={n € N :|¢, — L| > €} and K’ = {Bn+1, Bn+2,- - }. Then (53‘(]1(’) =1and K, € N-K’ which implies
that 6,11“(]Kg) = 0. Hence st};‘ —lim¢ =L.

Conversely, Let sthn —lim¢=L.Forr=1,23,--- ,putK,:={neN:|¢,— L[> 1/rfand M, := {n € N :
lc, — L| < 1/7}. Then 61,1“(]Kr) =0and

MioM;>---M;DM;;1 D (7)
and

5rM) =1, r=1,2,3,-- (8)

We need to show that ¢y, — L for n € M,. Suppose that cg, + L. Therefore there is € > 0 such that
Icg, — L| = € for infinitely many terms. Let M. := {n € N : ¢y, —L| <e}and e > 1/r(r=1,2,3,---). Then

SMM,) = 0, ©)
and by (2.2), M, € M. Hence 8;"(M,) = 0, which contradicts (8) and hence lim¢g, = L. [

Similarly we can prove the following dual statement.

Theorem 3.4. A sequence ¢ = (cx) is statistically g-summable (H, 1) to L if and only if there exists a set M = {B1 <
Br <+ <Py <--} SN such that 5,(M) = 1 and Hy —limcg, = L.

Proof. Instead of (6), we get
|Cn - L| < €, (10)
and the set K := {n € N : |cg, — L| > €}.

For converse, take K, := {n € N : |¢g, = L| > 1/r} and M, := {n € N : |cg, — L| < 1/r}. Rest of the proof can
easily be obtained by using the hypothesis. [
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4. An application

Denote (C[a, b], || fll) for the Banach space of all continuous functions on [a, b] with || flle := sup,_.., [f(X)].
The Korovkin approximation theorem [13] states as follows:

Theorem 4.1. Let P, : Cla, b] — Cla, b] be a sequence of positive linear operators and lim,, ||Pn(fi) — fillo = 0,
where fi(x) = x' (i = 0,1,2). Then lim,, ||P,(¥) — ¥l = 0, for all ¥ € C[a, b].

Now, we establish analogous to this theorem by applying the C;-matrix method.
The C;-transform of x = (x;) is the sequence y = (y,),

n n—-1

1 q
Yn = (C;X)n = m Z @Xk,?l € IN.

Theorem 4.2. Let P, : Cla, b] — Cla, b] be a sequence of positive linear operators such that

Cy — lim P,,(l,@)—l” =0, (11)
n—oo 0
Cy — lim||P, (¢, 9)—6” =0, (12)

(o)

C — lim||P,(#*,0) — 6%|| =0. (13)
Then
1 . —
Cy — lim |\P(¥) — ¥ = 0. (14)

forall ¥ € C[a, b].
Proof. By standard calculation, for an arbitrary € > 0, we obtain
Pr(r, 0) — 1(0) < ePr(1, 6) + %4{[73,((#, 0) — 671 + 20[Px(t, 0) — O]
+6%[Pi(1,0) = 11} + ¥(O)(Pr(1, 0) — 1)
= €[Piu(1,0) - 1] + e+ 26—];4{[73,((132, 6) — 6%] + 26[Px(t, 0) — O]
+67[Pr(1, 6) — 11} + K(O)(Pi(1, 6) — 1).
Taking C;—transform of Py, ie. Sl(r,0) = [17]q Y1 %Pk(F, 0), we get
Si(r, 0) = #(0) < e[S)(1,0) — 1] + %{[SZ(F, 0) - 61+ 20[S,(t, 0) - 0]

+67[S5(1,0) — 11} + #(O)(S}(1, 6) — 1),

and therefore

bz
(v, 0) — 1(6)|< (e+ ]:542 +M) s(1,0) - 1‘
4Mb 2M
=5 Sit, 0) — 9‘+6—2 Si(#?,0) — 62|
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Letting n — oo and using (11)—(13) yield

lim ||S7(¥) — ¥|| =0,
i.e.

c;—gg PiE)—¥|| =0.
[

The following example demonstrate that the above C;—Version is stronger than Theorem 4.1.

Example 4.3. Consider the g-analog of Bernstein operators which was introduced by Phillips [23] by using the
g-binomial coefficients.

- [k]q) " kpn—k-1 s
B, (1, 0) = = =1 - g0).
%,6) k§:0¢([n]q | oz ta- g0

It was observed that B,(1,0) = 1,B,(t, 0) = 0 and B,(t>,0) = 0% + 9([1}1—}49).

Define P,, : C[0,1] — CI0, 1] by P, (¢, 0) = (1+ C,)B,. (¢, 0), where the sequence (C,) is defined by

%, if n is even,
{ —ql—z, if nis odd.
Then the sequence (Py,) satisfies the conditions (11), (12) and (13). Hence we have
Cl —lim [P () — Ylleo = 0.
On the other hand, we get P, (1, 0) = (14 C,)Y(0), since B, (1, 0) = y(0), and hence
1P () = Ylleo 2[ Pu(¥,0) = P(0) |= Cu [ (0) | -

We see that the conditions of Theorem 4.1 are not satisfied by (Py), since lim,,_,, C, does not exist.

Cn =

Boyanov and Veselinov [6] have proved the Korovkin theorem on C[0, o) by using the test functions 1,
e™*, e*. We state a generalization of the result of Boyanov and Veselinov by using the notion of g-Cesaro
summability.

Theorem 4.4. For a sequence of positive linear operators (P,) : C(I) +— C(I) ,I = [0, 00), we have

Ci‘,}i{?o Pn(l,e)—lu =0, (15)
1_ 1 —t _ 0l —
Cy — lim||P,(e™",0) —¢°|| =0, (16)
Ci — lim||P, (e, 0)—e*°|| =0. (17)
Then
Cy — lim||P,(r) —¥|| =0 (18)

forall ¥ € C(I).
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