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Abstract. We applied our work to finite-dimensional approximations of an operator in an infinite-
dimensional right quaternionic Hilbert space, studying the convergence of various quaternionic approxi-
mations. Our results demonstrate that the pseudo S-spectrum of the linear operator is influenced by the
intersection of sets expressed in quaternionic numerical range terms.

1. Introduction

The rigorous proof of the spectral theorem for quaternionic linear operators has remained an open
challenge since as early as 1936, when Birkhoff and von Neumann demonstrated that quantum mechanics
could be described using real, complex, and quaternionic numbers. The primary difficulty stemmed from
the lack of a precise definition for the quaternionic spectrum of a linear operator. It was not until 2006
that F. Colombo and I. Sabadini introduced the concept of the S-spectrum, which paved the way for a
comprehensive development of quaternionic operator theory. Subsequently, the spectral theorem based
on the S-spectrum required several additional years, and in 2016, D. Alpay, F. Colombo, and D.P. Kimsey
provided a complete proof of this fundamental theorem for both bounded and unbounded operators (see
[1]). The development of the S-functional calculus, particularly in relation to spectral theory on the S-
spectrum, began in earnest in 2006. The discovery of the S-functional calculus and the S-spectrum is
comprehensively elucidated in [11], along with a comprehensive list of references. The text also clarifies
how hypercomplex analysis techniques were instrumental in defining the concept of quaternionic spectrum,
a concept crucial for the existence of quaternionic quantum mechanics.

The spectral theory concerning the S-spectrum, explored across various papers, has been systematically
organized with historical insights in the books [11] and [12]. For a detailed discussion on the spectral theory
regarding the S-spectrum for Clifford operators, the book [1] is recommended.

Recently, as evidenced in [10], the spectral theorem based on the S-spectrum for quaternionic normal
operators has been established. These developments have significantly spurred investigations into the
perturbation theory of quaternionic linear operators, a domain that has been extensively studied in classical
complex analysis, as seen in [9].
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The concept of holomorphicity in vector fields is closely linked with quaternionic-valued functions and
more broadly with Clifford algebra-valued functions. The Fueter-Sce-Qian theorem, also known as the
Fueter-Sce-Qian construction, provides two distinct theories of hyperholomorphic functions, as elaborated
in [13]. The theory of holomorphic functions plays a central role in operator theory. The Cauchy integral
formula plays a crucial role in establishing the holomorphic functional calculus in Banach spaces, as dis-
cussed in [10]. Additionally, the presence of S-resolvent operators is instrumental in studying quaternionic
Schur applications, which have seen rapid development in Schur analysis within the framework of hy-
perholomorphic settings, as detailed in the book [3]. The quaternionic spectral theorem for quaternionic
operators was finally demonstrated in [3], with a separate treatment for unitary operators provided in [2].

In the seminal paper [14], F. Colombo, J. Gantner, and S. Pinton addressed the perturbation of quater-
nionic operators using the concept of the S-spectrum and the hyperholomorphicity of S-resolvent operators.

The spectral theorem for quaternionic Hilbert spaces, as discussed in [28], lacks a systematic realization
of the continuous functional calculus. Recently, spectral theory has been employed in quantum theories
through functional calculus, as seen in [5, 8]. However, various challenges arise with quaternionic linear
operators due to their non-commutativity with quaternions, hindering the straightforward application of
results derived in the complex set to the quaternionic space.

The issue of defining the spectrum has been a longstanding challenge. Many authors have attempted to
prove the quaternionic spectral theorem over the past decades, as documented in works like [28]. However,
the concept of spectrum remained elusive. The difficulty lies in adapting the classical notion of spectrum
to quaternionic linear operators, which leads to ambiguity. In Bilel Saadaoui work [6, 7, 23, 24], the concept
of pseudospectrum was proposed as a potential solution, offering insights into the essential pseudospectra
of closed linear relations.

Due to non-commutativity in quaternionic spaces, there exist three types of Hilbert spaces: two-sided,
left, and right, depending on how scalar multiplication interacts with vectors. However, this concept can
lead to various issues. For instance, in a one-sided quaternionic Hilbert space, when approaching a linear
operator A and a quaternion q € IH, we observe that the conjugate of q times A is not equal to the adjoint
of qA.

To address this, a notion of multiplication can be introduced on both sides using a fixed arbitrary Hilbert
basis of H. This approach allows us to achieve a linear structure in combining linear operators, thus estab-
lishing a coherent theory. Consequently, this article focuses on a right quaternionic Hilbert space with left
multiplication, achieved through the establishment of a Hilbert basis. We aim to contribute to the operator
theory of Fredholm and explore the essential pseudospectrum, an aspect yet to be thoroughly studied in
the context of quaternionic spaces. Our investigation begins with fundamental questions concerning the
concept of essential pseudospectrum of an operator on a quaternionic Hilbert space.

In a Hilbert space H, a bounded linear operator A in the complex setting fails to be invertible if it
lacks lower boundedness. The set of approximate eigenvalues, denoted by A € C and defined as A — AlL,
where I is the identity operator on H, is not lower bounded. Similarly, the set of C for which there
exists a sequence of unit vectors A € C such that 7}1_1;1;10 [[Ap, — Ayl = 0, is also unbounded. The collection

of approximate eigenvalues is famous as the approximate spectrum. Let VE, be a separable right Hilbert
space, A be abounded right linear operator, and Rq(A) = A*~2Re(q)A +|q*Iy, ., with q € H, in proposition
4.5 [16] the collection of commonalty quaternions, the collection of right eigenvalues of Rq(A) correspond
with the point S-spectrum. For the first time, it is appropriate to examine and define the quaternionic
approximate S-point spectrum as the quaternions for which Rq(A) is not lower bounded. This concept
aligns with the introduction of pseudospectrum in the context of linear operators by Varah in [27]. In recent
years, Wilkinson's interpretation [29] extended it to a spot matrix norm derived from a vector norm. Many
researchers, including those in [15], have explored the concept of approximation pseudospectrum for linear
operators. Particularly noteworthy is Trefethen’s contribution [26], who expanded this idea to matrices and
operators, applying it to investigate intriguing problems in mathematical physics. The pseudo S-spectrum
of a right linear operator A, denoted by 0% (A) for every ¢ > 0, is defined as follows:

0:(A) = o) {a € H: IRg(A) 11> 7,
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where ¢ > 0 and 0°(A) is the spectrum of a right linear operator A. By agreement we record [[Rq(A) || = oo
if Rq(A)™! is unbounded or nonexistent, i.e., if q is in 0°(A).

Quaternions: Let H denote the field of all quaternions and IH* the group (under quaternionic multiplication)
of all invertible quaternions. A general quaternion can be written as

q=qo+qui+qj+qzk,  qo,qi, 9 gz €R

where i, j,k are the three quaternionic imaginary units, satisfying # = j* = k> = -1 and ij = k = —ji,
jk =i = —kj, ki = j = —ik. The quaternionic conjugate of q is

q=qo—qii — q2j — qak,

while |g| = (49)!/? denotes the usual norm of the quaternion g. If g is non-zero element, it has inverse

gl = Iq% Finally, the set

Sz{I:x1i+x2j+x3k:x1,x2,x3E]Randxf+x§+x§:1}

contains all the elements whose square is —1. It is a 2-dimensional sphere in H identified with R*.

Quaternionic Hilbert spaces: In this section, we delve into the realm of right quaternionic Hilbert spaces.

For a deeper understanding, we recommend consulting [28].
Right quaternionic Hilbert Space: Let V§; be a vector space under right multiplication by quaternions. For

¢, ¢, w € V§ and q € H, the inner product

Clowve VXV — H
satisfies the following properties
O TP = W1 P
) ||¢)||%/]ﬁ = (¢ | ¢)yx > 0 unless ¢ = 0, a real norm

1P+ @y = ([ Yy + (| @y
D@y = (| Phvia
- APql Pvr =q(¢ | P)yr, where q stands for the quaternionic conjugate.

U = W N =

We always assume that the space VK is complete and separable under the given norm. This, along with
G -)V]ﬁ, constitutes a right quaternionic Hilbert space. Quaternionic Hilbert spaces exhibit many standard
properties akin to complex Hilbert spaces.

A mapping A : D(A) C Vﬁ — His right H-linear if, f(u + v) = f(u) + f(v) and f(uq) = f(u)q for every
u,v € V§ and q € H. Let VK be the topological dual space of VK, consisting of all continuous right H-linea
functions on VK.

The upcoming result follows directly from the quaternionic Hahn-Banach Theorem, which is discussed in
detail in [21, Section 2.10] and [21, Section 4.10.1].

Proposition 1.1. [21, Proposition 2.1.] Let O = {¢y : k € IN} be an orthonormal subset of V]IR{. As a result, the
following conditions are mutually equivalent:

1. The closure of the linear combinations of elements from O using right-sided coefficients is V..

2. For every ¢, € VK, the series Z<¢|¢>V]’; (@rly)yr converges absolutely and it holds:
keN

(Dlryvs = Y (Sl v (e

kelN
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3. For every ¢ € VR it holds:
Bl = ) Kepelddvs -

keIN

4. O+ ={0}.

Definition 1.2. If the set O satisfies the equivalent conditions outlined in Proposition 1.1, it is termed a Hilbert basis
of VK.

Remark 1.3. Every quaternionic Hilbert space VX, possesses a Hilbert basis, and all Hilbert bases of VK have the
same cardinality. Moreover, if O serves as a Hilbert basis for V¥, then every ¢ € V¥, can be decomposed uniquely as
follows:

o =) PddIve,

keN

where the series Z Pl Prlp)yr converges absolutely in VE.

keN
The quaternion field H can be transformed into a left quaternionic Hilbert space by introducing the inner product

(q,9') = qq’ or into a right quaternionic Hilbert space with (q,q) = qq .

The article is organized as follows: the second section covers essential details about quaternionic
Hilbert spaces and right linear operators. In section 3, we introduce the concept of quaternionic numerical
ranges for the shifted inverse of a quaternionic linear operator, aiming to establish an enclosure for its
pseudo S-spectrum. Section 4 presents a pseudo S-spectrum enclosure for the entire operator A, based on
quaternionic numerical ranges of its approximating quaternionic counterpart A,. This approach facilitates
the computation of the enclosure using numerical methods. Finally, the last section introduces additional
assumptions regarding the quaternionic approximations A, of the operator A, enabling us to estimate the
initial index np for which the pseudo S-spectrum enclosures hold.

2. Preliminary results

2.1. Right quaternionic linear operators and some basic properties

In this subsection, we will define right-linear operators and review some fundamental properties, many
of which are widely recognized.

Definition 2.1. Consider V¥, as a right quaternionic Hilbert space. A right H-linear operator, which we'll refer to
as a right linear operator for simplicity, is a mapping A : D(A) C VK — VK such that

A(pa + ¢b) = (Ap)a + (AY)b and a,b € H
where the domain D(A) of A is a right H-linear subspace of V..

The collection of all right linear operators from VE, to U, will be denoted by L(VF, UK) and the identity
linear operator on VE, will be denoted by I¥,. For a given A € L(VE, UX), The image and kernel will be

R(A)

{ e U} : Ap = g for ¢ € D(A)]
[ e DA): Ap =0)].

We call an operator A € B(VK, URX) bounded if

N(A)

Al = sup [|Allyz < oo,
llgllyz =1
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or equivalently, there exist K > 0 such that ||A(P||uf[§ < Kllcj)llvf[a{ for all ¢ € D(A). The set of all bounded right
linear operators from V, to U, will be denoted by B(V, UF,). The ensemble of invertible, bounded right

linear operators from VK to UK will be labeled as G(V§, UK. Given VK as a right quaternionic Hilbert
space and A as a right linear operator on it, there exists a singular linear operator A* such that

W 1 A, = (A" | Py, forall ¢ € D(A), P € D(A).

The domain D(A*) of A* is determined by

DAY = {1/} € U]II{{ : dp such that (¢ | A@u{; ={p| ¢>V][§}-

We establish the domains of the sum A + B and the composition AB by defining (A + B) = D(A) N D(B)
and D(AB) = {q) € D(B) : B € D(A)}. It’s important to note that B(fo{) naturally forms a real algebra,

where addition follows the usual pointwise sum, multiplication is composition, and scalar multiplication

is defined as usual
B(Vﬁ) xH — B(Vﬁ)
(A N) —  AA

is defined by setting
(AN)(@) = A(P)A.

Lemma 2.2. [21, Theorem 3.2] Let A : D(A) C VR — VK be a right linear operator. If A € B(VY)) is surjective,
then A is open. In particular, if A is bijective, then A~ € B(VY).

2.2. Left scalar multiplications

We will derive the definition and key properties of left scalar multiples of vectors in UF, from [16] as
required for our manuscript’s progression. This operation, known as the left scalar multiple of vectors on
a right quaternionic Hilbert space, is notably non-canonical and depends on a selected preferred Hilbert
basis. As mentioned in Remark 1.3, UK, possesses a Hilbert basis.

Oz{gbk:kE]N}.

Definition 2.3. Consider V§, as a separable right Hilbert space with O as its Hilbert basis. The left scalar multipli-
cation on V¥, resulting from O is defined as the mapping

RxVE — Vi
(q¢) = qp= Z Prq{Pr, P)
keN

In a separable right Hilbert space VK with O as its Hilbert basis, the left scalar multiplication exhibits the
following properties.

Proposition 2.4. For every ¢,y € VK and q,p € H, we have

1. q(¢ +v¢) = q¢ + qy and q(¢pp) = (qP)p-
llqpll = Iqlllill.

q(pp) = (qp)¢.

(qo, ) = (P, qu).

v = ¢r, forall v € R.

qPx = ¢rq for all k € IN.

The definition of quaternionic left scalar multiplication for linear operators can also be found in [10, 16].

AN N
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2.3. Spectral Mapping Theorem for Quaternionic Hilbert Space

In this subsection, we analyze several properties concerning the essential S-spectra of a quaternionic
Hilbert space.

Definition 2.5. Let A : D(A) C VK — VR be a right linear operator. The S-resolvent set (also called spherical
resolvent set) of A is the set p°(A)(C H) such that the three following conditions hold true:

(a) N(Rq(A)) = {0}.

(b) R(Rq(A)) is dense in V&,

(¢) Rq(A)™! : R(Rq(A)) — D(A?) is bounded.

The pseudo S-spectrum o3 (A) of A is defined as 2 (A) := H\pS(A), where pS(A) denotes the resolvent set of a bounded
linear operator A.

{a e H:Rq(4) € GV} [ ){a e H:lIRg(A) " < %}

=q € H : Rq(A) has an inverse in B(V]ﬁ)} ﬂ {q eH : [IRq(A)I < %}

pi(A)

1
{q € H: N(Rq(A)) = {0} and R(Rg(A)) = Vi} [ |{a € H: IRq(4) Il < E}
and the spectrum can be written as

a3 (A)

H\p2(A)

{q € H: Ry(A) has no inverse in BV} [ ){q € H: IRg(A) "Il > %}
= {q e H: N(Rq(A) # 0} or R(Rq(A)) # VE} () {a € H : IRq(A) Il > %}

By convention, we write ||[Rq(A)7}|| = +o0 if q € 03(A) (pseudo S-spectrum of A). For ¢ > 0, it can be shown that
03(A) is a larger set and is never empty.

3. The quaternionic numerical range

The quaternionic numerical range, as discussed in [20, 22, 25], serves as the counterpart of the complex
numerical range in physical terms, representing a quadratic operator through the unit sphere. Unlike its
counterpart in the complex realm, the quaternionic numerical range is not universally convex (as noted in
[18, 22]). In [17], ]. E. Jamison highlighted the challenge of distinguishing the class of numerical ranges
with linear operators on quaternionic Hilbert space. Despite this challenge, several authors have explored
the properties of the quaternionic numerical range crossing, as evidenced in works such as [4, 17, 25].

So and Thompson demonstrated in [25] that the intersection of the quaternionic numerical range is
related to a set of complex numbers S C C, where we denote the 6-neighborhood as B;(S), i.e., Bs(S) = {q €
H : dist(q, S) < 6}, and we also use the notation

St={q':qeS\{0}).
The quaternionic numerical range. We define the quaternionic numerical range:

c];);iﬁn;tion 3.1. Let A € VK and q € H. Then, the quaternionic numerical range of A, denoted by Wr(Rq(A)),
efined as

Wi (Rq(A)) = {(Rq(A)b, §) : ¢ € D(A), ligll = 1},
The concept of quaternionic numerical range was initially explored in 1951 by Kippenhahn [19]. Over the

past two decades, interest in the quaternionic numerical range has been rekindled, as evidenced by a series
of papers such as [4, 25]. It consistently forms a convex set, and if A represents additionally bounded right
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linear operators from VK, then WH(A) is also bounded. Furthermore, the quaternionic numerical range
satisfies the following inclusions

0,(A) € Wi(Rg(A)), (A) € W(Rq(A))

Tapp
where ag(A) is the point spherical spectrum of A. The approximate S-point spectrum of A, denoted by
05y(A), is defined as

05p(A) = {q € H: 3¢, such that |ig,/l = 1and lim [[Rg(A)dull = 0}.

The spherical spectrum, point spherical spectrum, and approximate S-point spectrum of A are intercon-
nected through ag (A) c agpp (A) € 6°(A). If A has a compact resolvent, then the spherical spectrum consists
of eigenvalues only and then we have parity.

Proposition 3.2. Let A € VR . Supposethat 0 € p°(A). Then, forevery0 < & < and 5 = ||Rq(A)|(2l|Rq(A)||e+
P H- 2UPP p Y q q

1
2|[Rq(A)~1]
1) we have
S S
03(A) C (Bs(Wu(Rq(A) ) -
Proof. As a first step we show that
IRq(A)x]| > e for all q € H\Bs(Wr(Rq(A) ™), ¢ € H, [l = 1.

Let q € C\Bb(W]H(Rq(A)‘l)). We consider two cases. First suppose that |q| > m.
q ! ¢ Bs(Wr(Rq(A)™)) and hence dist(q !, W (Rq(A)™)) > 6. For ¢ € H, ||¢]| = 1 we find

Then, q # O,

5 <1g™ = (Rq(A) ', d) = K(a™" = Rq(A) b, ) < lI(q~" = Rq(A) )bl
Consequently

IRq(A)@ll

l(Rq(A) = q + q)¢ll

> I(Rq(A) — @)l -4l

> |qllRq(A)(q ™" — Rq(A) Mol - g
Iql -1 _ -1 _

> —||Rq(A)—1||”(q Rq(A) 7)ol - gl

> 1 ( 0 - 1) =e&.
 2[[Rg(A)MP \IRg(A) I

In the other case if |q|

< m, then I — qRq(A)‘1 is invertible. For ¢ € H, ||¢p|| = 1 this implies

1
IRq(A)7III = gRq(A)H) I

(A), then

IRq(A)Il = IRg(A)I — qRq(A) )¢l — Iq] >

—lql = ¢

In particular, q € H\B@(W]H(Rq(A)_l)) implies q ¢ agpp
05p(A) NTH\Bs(Wr(Rq(A) ™)) = 0.
Since Bé(WH(Rq(A)_l)) is convex and bounded, the set H*\Bs(Wp(Rq(A)™)) is connected and hence also

H"\Bs(Wr(Rq(A) ™)) = (H\Bs(Wrn(Rq(A)™)™),
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the image under the homeomorphism

H — H

q — q
On the other hand, the boundedness of B5(W]H(Rq(A)’1)) implies that a neighborhood around 0 belongs
to H\Bs(Wn(Rq(A)™)). Consequently, the set H\Bs(Wpi(Rq(A)™)) is connected and satisfies 0 € p5(4) N
H\Bs(Wn(Rq(A)™)). Since do5(A) c afpp(A), then

H\Bs(Wr(Rq(A)™) € p*(A).

Now if q € H\Bs(Wr(Rq(A)™)), then ||[Rq(A)7!|| < 1 and we conclude that q ¢ 03(A). [

Taking the intersection over a suitable set of shifts, we obtain our first main result on an enclosure of the
pseudo S-spectrum:

Theorem 3.3. Let A € VY. Consider a set S C p*(A) such that

M = sup ||Rq+s(A)_1” < 0.

seS

Then, for 0 < € < 51 we get the inclusion

a3 (A) © ﬂ [(Bbs(WH(Rq+S(A)_1)))_1 - S]

seS
where 5, = |[Rqrs(A) " I(2lIRqss(A) le +1).

Proof. Let q € 02(A) + s for every s € S. Then, q +s € d5(A). We can apply Proposition 3.2, we obtain
-1 -1
q+5 € (Bs,(Wii(Rq:s(A) ™)) . We deduce that q € (Bs,(Wi(Rqss(A) ™)) —s. We conclude that

a € ()[(BsWniRqs)) " -]

seS

O

4. A strong approximation scheme

In this section, we believe finite-dimensional approximations A, to the complete right linear operator A.
Our objective is to evidence a purview of Theorem 3.3 whose supplies a pseudo S-spectrum encirclement
for the full right linear operator A in expressions of the quaternionic numerical range of the approximating
A, this will allow us to computation the enclosure by numerical procedures. We presume that 0 € p°(A)
and consider a sequence of quaternionic approximations A, of the right linear operator A of the following
form:

1. U, ¢ H, n € N, are finite-dimensional subspaces of the right quaternionic Hilbert space H.
2. P, € B(Vy) are projections (not necessarily orthogonal) onto V7§ , i.e. R(P,) = V} , such that

lim P,¢ = ¢ forall ¢ € H.

n—oo

3. Rq(A;) these are bounded right linear operators that are invertible, such that
lim Rq(An) 1Py = Ry(A) ¢ forall ¢ € H.

In this scenario, we describe the family (P,;, A,).en as strongly quaternionic approximating A.
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Lemma 4.1. Let A, € B(V ) be invertible. If q € p°(A) is such that q € p>(A,) for all n € N. The following
statements are equivalent:

1. lim Rq(An)"'Pu¢p = Rq(An)"'¢ forall ¢ € H.

2. sup ||Rq(An)_1||$(V5 )y < 0 and for all ¢ € H there exist ¢, € U, such that
nelN "

im ¢, =¢, lm Rq(An)dn = Rq(A).

Proof. (1) = (2) Since [IRq(An) ' $ll = [[Rq(An) Pl < IIRq(An)’lPHIIB(VS Il for all ¢ € U, this shows the

first part. For the second, let ¢ € H and set ¢ = A¢ and ¢, = Rq(4,)'P,. Then, ¢ — Rq(Ax)"'¢ = ¢
and Rq(An)(Pn = Pnll/ ——n—o 71[} = Rq(An)(P

(2)= (1) Letyp € H. Set ¢ = Rq(An)’lt,D and choose ¢,, € U, according to (2). Then,

Rq(An) Pt = Rq(A) " PaRq(A) ¢ = Rq(An) " (PuRq(A)p — Rq(An)pr) + 1.

Since both P,Rq(A)¢p — Rq(A)¢p and Rq(A;) — Rq(A)¢p as n —> oo and ||Rq(A,,)’1|| is uniformly bounded,
we obtain (1). O

Lemma 4.2. If the family (P, An)nen strongly quaternionic approximates A, then
1. for every ¢ € H, ||pll = 1 there exists a sequence Y, € Uy, |[,ll = 1 such that

nli_I)I}>o<Rq(An)_1¢m ¢n> = (Rq(A)_l(Pr (P>
2. for all 5 > O there exists ny € IN such that
Wi(Rg(A) ™) € Bs(Wa(Rq(An) ™), 12 no.

Proof. 1. Let ¢, = % Note that 1, is well defined for almost all n since [|[P,¢|| — [|¢ll = 1 we get

Y, — ¢Ppasn — coand
KRq(A) P, ) — (Rq(An) ", )]
< KRq(A) qf> Rq(An) " Pup, )| + Rq(An) " Pucp,  — )]
+H(Rq(An) " (Putp = ), )
< IRq(A ¢ — Rq(A) ' Pugpll + IRq(AD) IPxpllll —
+IRq(An) M llIPagp = ull,
this leads to the conclusion.

2. Since Wy (Rq(A)‘l) is bounded, it is precompact and hence there exist @1, -+ , o € W]H(Rq(A)‘l) such
that

Rq(A)™! U Boa(@)).

For every j we have ¢; =< Rq(A)™'¢;, p; > with some ¢; € H, ||¢jl| = 1, and by (1) there exists n; € N
such that for all n > n; there is a ¢; € Uy, I[¢l| = 1 such that

|<Rq(A) d)]’ d)] n) l,lJ], ¢]>| <
Hence "
Wh(Rq(A)™) C U Bs((Rq(An)™'¢j, 7)) € Bs(Wr(Rq(An) ™))
=1

for all n > ng = max{nq,--- ,n,}.
O
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Proposition 4.3. Suppose that (P,, A,)n € IN approximates A strongly. For every 0 < € <
IRq(A) M I(2IRq(A)le + 1) there exists ny € IN such that

2||Rq<1A>-l|| and 6 >
-1
03(A) € (Bs(Wr(Rq(An) ™))~ forall n > no.

Proof. By using Proposition 3.2, we get
-1
03(A) ¢ (By Wu(Rq(A) ™)) -

where § = IIRq(A)‘lll(ZIIRq(A)‘lIIe + 1). Since 6 — § > 0, then by lemma 4.1 we get a constant 1y € IN such
that
Wr(Rq(A)™) € Bs_y Wr(Rq(An)™), 1= ny.

Consequently By (Wi (Rq(A)™)) € Bs(Wr(Rq(An)™) forall n > ny. O
Theorem 4.4. Suppose that (P,, An), € IN approximates A strongly. Let the shifts s1,- - ,sm € pS (A) be such that

sup I|Rq+si (An)71” < 00 fOI" all ] = 1, s M.
nelN

Let)< e <
that

and &; > ||Rq+s(A)‘1||(2||RquSj (A e + 1)for all j.Then, there exists ny € IN such

maxj=1,..m [IRqes; (A)

a5(A) C ﬁ [(B(gsl(WH(Rq+si (An)’l)))_l —sj| forall n 2 np.
j=1

Proof. Considering Lemma 4.1, Proposition 4.3 is applicable to each Rq4s,(A). Hence there exists n; € IN
-1
such that q +s; € a3(A). Applying Proposition 4.3, we derive q + sj € (Bésl (Wh(Rqs+s; (An)‘l))) . We deduce
-1
thatq € (Bésj(W]I—I(Rq_'_sj (An)‘l))) — 8j. We conclude that

m

ae [ [(Bs, WiRas (A ™) = 57]

=1

O

5. A uniform approximation scheme

In this section, we make the following assumptions about A: its resolvent is compact, 0 belongs to p°(A),
D(A?) is contained in W, which is a quaternionic Hilbert space continuously and densely embedded in H.
Additionally, we assume the existence of a sequence of quaternionic approximations for the operator A in
the following manner:

1. For each n € N, U, represents a finite-dimensional subspace contained within the right quaternionic
Hilbert space H.

2. There exist projections P, € B(V{) onto V} , n € N, (not necessarily orthogonal), with sup ||P,|| < o
! nelN
and ||(I = P)lwllgx) — 0asn — oo.
3. Thereexistinvertiblebounded rightlinear operators Rq(A;), 7 € N such that IIRq(A)‘1 —Rq(An)‘1Pn|| —
Oasn — oo.
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We define (P, An)nen as a uniform quaternionic approximation of A. For brevity, we denote [|(I —
Pn)|W||B(V§N,V{§|) as || - Pn”:g(vgv,vlll;)-
For d > 0 we define

Wit(Rq(A) ™, d) = {(Rg(A) ', 0) : lpll = 1, € W, lills < i}

Clearly Wi (Rq(A)™!, d) € Wi(Rq(A)™). Moreover since W is dense in H we get

| WaiRq(A) ™, d) = Wia(Rg(A) ).
a>0

Proposition 5.1. Given L > 0, there is a bounded linear operator B such that d = L||B||z;(v§[ )”R‘l(A)_l”B(Vﬁ ), then

1. 05(4) N BL(0) € Wi((Rg(A)™, d))_l.

2. Ifinaddition 0 < ¢ < m, 5= IIRq(A)‘l||<2||Rq(A)‘1||e + 1) and L > ¢, then

[ -1
03(A) N BL(0) C (Bs(Wri(Rq(A) ™", d)))

Proof. 1. Let q € p°(A) with |g| < L. Next, there exists ¢ € D(A?) with |¢| = 1. Since A € B(VY) and
Rq(A) is both bounded and bijective, Rq(A)‘1 € B(Vf;). Thus, as per [21, Theorem 3.2], there exists a
bounded linear operator B such that BRq(A)™'¢ = %c{) for all ¢ € D(A?). Then,

1 _ _
|7‘I|IICZ>|IVW = |IBRq(A) ' pllw < l1Bllg(vx)lIRq(A) 1IIs(v]llg)IlquI for all ¢ € D(A?).
Thus we obtain

plive < IBllgsy IRq(A) gy Il < LIBllgyIRg(A) gy = d.

- -1
2. Letqe BL_S(O)\(B(;(WH(Rq(A)‘l,d))) , d € D(A?), lIpll = 1. Let’s examine three scenarios. Let’s start

-1
with the case where q > and [|¢llw < d. From q ¢ (B(s(W]H(Rq(A)‘l,d))) we obtain

dist(q”", Wr(Rg(A) ™, d)) > 6,
which implies
6 <1q7! = (Rg(A) "', ) = K(q ™" = Rg(A) ™), p)I < lI(q™" = Rq(A)H)pll-

Consequently

1 0 )
R 2 SR TP (an(A)-lu ) 1) o

In the second case assume |[|¢|lw > d. Then,
d <|lpllw < “Rq(A)_l“B(V]’:_])”Rq(A)qbllr

which in view of q € B;_.(0) and we suppose that ||B|| > 1 implies

d
IRq(A)Pll = IRq(A)PIl = 1ql 2 1 =———— —Iq| = L —Iq| 2 €.
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Finally if |q| <

[Rq(A)Pll = &.
Given that A possesses a compact resolvent, this implies that

- -1
q € BL_c(0)\(Bs(Wu(Rq(A) ™!, d))) , then q € pS(A), [[Rq(A)!|| < 1. We deduce that

o5(4) N Bo(0) < (Bs(Wa(Rg(A) ™, ) -
[

1 . . aps . .
R the same reasoning as in the proof of Proposition 3.2 yields once again that

Theorem 5.2. Let S € p°(A) be such that

Mo = sup [Rqus(A) M < 00, M := suplIRqus(A) sy < 0.

seS seS

There exists a bounded linear operator Bwithd = L”B”g(v]{R{)Ml. Ifinaddition0 < e < ZMLO,cS = ||Rq+s(A)_1||(2||Rq+s(A)_1||€+
1) and L > ¢, then

o34 N B0 < ) [(BsWar(Raestt) ) " —].

seS

- -1
Proof. Let q + s € 03(A) N By_.(0).Applying Proposition 5.1, we arrive at q € (Bb(W]H(RquS(A)‘l,d))) —-s.
We deduce that

a e ()] (BWnResa) @) -]

seS

O

Lemma 5.3. Assuming that (P,, An)nen provides a uniform quaternionic approximation for A, let’s

Co = sup ([IRq(An) " lIPall + 6l1Rq(An) lIPAIP).
nelN

1. Ifd>0,0<0< % and ny € N are such that for every n > ng
IRg(A)™" = Rq(Aw)™ Pull + dColll = Pullgys v <0,

then
Wh(Rq(A)™, d) € Bs(Wr(Rq(An)™"), 1> n.

2. If 6 > 0 and ny € IN are such that for every n > ny we have ||Rq(A)‘1 - Rq(An)‘anll < 0, then
Wii(Rq(An) ™) € Bs(Wii(Rq(A)™), 1 = np.
Proof. 1. Let ¢ € W with [|¢|l = 1 and ||¢|lw < d. Then,
[(Rq(A) ¢, b) = (Rq(An) " Pucp, Puh)|
[(Rq(A)~'§ = Rq(An) ™' Pucp, )| + KRq(An) ™ Pucp, d — Pucp)
IRg(A)™" = Rg(An) " Pullllol® + IR (An) " NP IIDINT = Pallgeys v Il
< IRg(A) ™ = Rq(An) ™' Pull + dlIRq(An) " MNPl = Pallgeys ve-

IA

IA

as well as
1= 1P.I| < 1 = Puchll < = Pl vy lipllw < dlil = Pallgys, v,

Let n > ng. Then,
0

L= 1P| <l = Pallgwg v < & < 5

—_
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and hence [P, ¢l > 1. Let ¢, = 2. Then, l|,ll = 1 and

1P ll”
1 1 1
‘_IIPncpIP - (||Pn¢||+m)‘1—llm¢ll‘
< eL-IP.gll|
<

64|l = Pullgyz vk
This implies
KRq(An) ' Puh, Puch) — (Rq(An)"'), )
(Ry(An) " o, Pud)
1Pl
m KRq(An) " Pucs, Pach)

6dlll = Pullg, vy [IRq(An) 1Pl

’(Rq(An)_lpn(Pr Pu) -

’1_

IN

and thus for n > ny we arrive at
(Rq(A) '), @) = (Rq(An) '), D)l

< [IRq(A)™ = Rq(An) ' Pul
4|l = Pullgre e (IRq(An) Pl + IRg(An) " I1P4IP)
IRG(A)™ = Rq(An) ™" Pull + dColll = Pullgeys v,

< b
This yields (Rq(A) !¢, ) € Bs(Wr(Rq(An)Y)), 1 > ny.

2. Let ¢ € U, with |||l = 1. As ¢ = P,¢ we have

(Rq(An) ™', §) = (Rq(A) ', @) < [IRq(An) "' — Rq(A) ' ¢llll9ll

= [IRq(An) " — Rq(A) "¢

IRq(A)™" = Rq(An) ™" Pyll.

This yields (Rq(A,)"', d) € Bs(Wu(Rq(A)™), 1= ny.
O

IN

IA

Corollary 5.4. Should (P,, An)nen uniformly approximate A quaternionically, then
WaRq(A) ™) = (¢ € C: Auhnen with o € Win(Rq(A) ™) and lim ¢, = ¢}

ot, equivalently,

WiRq(A) 1) = [ | WaRg(A)™).
melN n=zm
Proof. Let (¢,)nen be a convergent sequence in C with ¢, € W]H(Rq(An)‘l) and define® = lim ¢,. Leto >0
bearbitrary. Utilizing Lemma 5.3 (2), we can deduce that there exists 19 € IN such that ¢,, € Bs(Wn(Rq A™M),
for every n > ng. This implies ¢ € Bs(Wn(Rq(A)™)), for every 6 > 0, and thus ¢ € Wi(Rq(A)™).
Conversely, let ¢ € W]H(Rq(A)‘l,d) for some 4 > 0. Using Lemma 5.3 (1), we can construct a sequence
(Pn)nen in C with ¢, € Wi(Rq(A,)™) and ¢ = Lim ¢p,.
|
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Remark 5.5. If there exists n € IN such that U, C W, and considering that U, is finite-dimensional,

d, = sup Il < 00
octn, N9l

Applying the same logic as demonstrated in the proof of Lemma 5.3 (2), we can conclude that
Wi(Rq(An)™) € Bs(Wi(Rq(A) ™, dn)) if IIRq(A)™" = Rq(An) ™ Pull <.

Theorem 5.6. Suppose that (P, An)neN quaternionic approximates A uniformly. Let

Co = sup ([IRq(An) " lIPall + 6lRq(An) " IPI),
nelN

r>0, 0<e< and 2||Rq(A)~!Pe < 6 < 8lIRq(A) ! |Pe.

1
2|IRq(A)1I
Then we obtain

63(4) N B,(0)  (By(War(Rg(A) ™)) -

Proof. Letd =2||Rq(A)!Pe,L=r+¢eandd = L||Rq(A)‘1||g(Vﬁ/V€N). By using Proposition 5.1 we get

05(4) N B0) < (Bs(Win(Rg(A4) ", d))) .

Let
6 =08 <6lIRq(A)!IPe < 3lIRq(A) I = Lim 3|[Rq(An) ' Pull

G
2.

We replaced 6 by 6 — & and we can therefore apply Lemma 5.3 and 1y chosen as stated above and obtain

< 1im 3lIRg(A,) 1P, <

Wii(Rq(A)™,d) € Bs_y (Wi(Rq(An)™))-

O
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