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Matrix representation of Fibonacci sequence of complex uncertain
variables
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Abstract. The main goal of this paper is to introduce and establish some relationship between the notions
of convergence of complex uncertain sequences based on a regular matrix of Fibonacci numbers.

1. Introduction

The uncertainty theory is a branch of mathematics that model belief degree. When no samples are
available, we use the uncertainty theory to quantify the future. In this scenario, we will invite some
domain experts to determine the belief degree to which each event will occur. The uncertainty theory is
just a tool for dealing with the belief degrees. The uncertainty theory and uncertain measure defined and
developed by Liu [10] to describe the subjective uncertain phenomena. On sequences, Liu [10] applied
the uncertainty theory because the convergence of sequences is important in exploring the fundamental
theory of mathematics. After Liu, many researchers like You [23], Liu and Ha [11], You and Yan [24, 25]
have been studied the uncertainty theory on sequences. In real life, the concept of uncertainty is not
only restricted to real quantities but also appears in complex quantities. Peng [14] presented the notion
of complex uncertain variable which is defined from an uncertainty space to the set of complex numbers.
Chen et al. [2] researched the idea of convergence of uncertain sequences considering complex uncertain
variables. Many other researchers, including Tripathy and Nath [21], Tripathy and Dowari [20], Nath and
Tripathy [12, 13], Saha et al. [17-19], Roy et al. [15], have done extensive theoretical work based on complex
uncertain variable.

Kara and Basarir [8] introduced the Fibonacci sequence into sequence theory. The Fibonacci sequence
is one of the most well-known and interesting number sequences and mathematicians continue to remain
interested by it because this sequence is an important and valuable tool for widen their mathematical
horizons. Fibonacci numbers have many interesting properties and applications in the humanities, sciences
and architecture. For example, the ratio of Fibonacci numbers converges to the golden section which is
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important in sciences and arts. Many mathematicians such as Basarir ef. al [1] purposed regular matrix by
using Fibonacci numbers and to investigate its matrix domain in the classical sequence spaces, Demiriz et.
al [4] introduced almost convergent sequence space by using the Fibonacci difference matrix, Debnath and
Saha [3], Saha and Tripathy [16], Das et. al [5], Yaying et. al [26], Kumar et. al [9] have done interesting work
involving the Fibonacci matrix, which inspires the current study.

The main motivation of this article is to investigate the convergence properties of Fibonacci sequences
in the context of complex uncertain variables. This research aims to provide new insights into the behavior
of complex uncertain variables, which have gained significant attention in recent years due to their wide
range of applications in fields such as finance, engineering, and economics. By exploring the convergence
properties of Fibonacci sequences, this study aims to gain new insights into complex uncertain systems. Our
main goal, as stated above, is to propose the various types of Fibonacci convergence of complex uncertain
sequences. In addition, we have also attempted to form some relationships between them.

2. Preliminaries

We shall obtain some basic definitions and theorems of uncertainty theory in this section, which will be
used in the work.

Definition 2.1. [10] Let L be a c—algebra on a nonempty set I'. A set function M is called an uncertain measure if
it satisfies the following axioms:
Axiom 1. (Normality Axiom) M{I'} = 1;
Axiom 2. (Duality Axiom) M{A} + M{A} =1 forany A € L;
Axiom 3. (Subadditivity Axiom) For every countable sequence of {A]-} € L, we have

M{UlAj} < le{Aj}.

i= j=

The triplet (T, L, M) is called an uncertainty space and each element A in L is called an event. In order to obtain
uncertainty measure of compound event, a product uncertain measure is defined by Liu [10] as follows:

Axiom 4. (Product Axiom) Let (I'x, L, My) be uncertainty space for k = 1,2, ... The product uncertainty measure M
is an uncertain measure satisfying

M { 11 Ak} = A\ Mi{Ax}, where Ay are arbitrarily chosen events from Ly for k = 1,2, ..., respectively.
k=1 k=1

Definition 2.2. [14] A complex uncertain variable is a measurable function C from an uncertainty space (I, L, M)
to the set of complex numbers i.e., for any Borel set B of complex numbers, the set {C € B} = {y € T'| {(y) € B} is an
event.

Definition 2.3. [2] The complex uncertain sequence (C,) is said to be convergent almost surely to C if there exists an
event A with M{A} = 1 such that

lim 1C,(7) = €I = O,

for every y € A.

Definition 2.4. [2] The complex uncertain sequence (Cy) is said to be convergent in measure to C if
lim MIC, - Ol > ¢} =0,

for every € > 0.

Definition 2.5. [2] Let C,(q,Cy, ... be complex uncertain variables with finite expected values. Then, the complex
uncertain sequence (C,) is said to be convergent in mean to C if

lim E[IIC, —Cll] = 0.
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Definition 2.6. [15] Let C and t be complex uncertain sequence. Then, the p—distance between C and 7 is defined by

D,(C,7) = (EIIC—7lPD7, p> 0.

Definition 2.7. [15] Let U be the set of all complex uncertain variables having finite expected values. Then, the set
U with the p—distance D), is called a metric space of complex uncertain sequences and is denoted by (U, D).

Definition 2.8. [15] Let C,Cy,Cy, ... be complex uncertain variables defined on metric space (U, Dy). Then, the
sequence of a complex uncertain variable (C,,) is said to be p—distance convergent to C if

r}g?o Dp(Cn/ C) =0.

Lemma 2.9. (Roy et al. [15], Theorem 3.1) Let C, 7,0 be complex uncertain variables and let D, (x,*) be the p—
distance. Then

(a)Dy(C, T) 2 0; (non-negativity)

(b)Dy(C, 7) = 0; (identification)

(c)Dp(C, 1) = Dy(7, 0); (symmetry)

(d)Dy(C, 0) < Dy(C, 1) + Dy(7, 0) (triangle inequality)

Lemma 2.10. (Roy et al. [15], Theorem 3.2) Let (U, Dy) be a metric space of complex uncertain variables. For any
complex uncertain variables , 7,0 € U and A € R, then
())Dp(C+ 7,0 + 1) = D,(C, 0); (translation invariant)

(ii)Dp(AC, AB) = A7 Dy (C, 0)

The Fibonacci numbers are discussed in several articles and books [6, 7]. The Fibonacci numbers are the
sequence of numbers {f,}"” ; that are defined by the linear recurrence equations,

f() =0and f1 =1, fn = fn—l + fn—Z-

The Fibonacci numbers have a number of basic features, which are listed below [7, 22]

n
an:fnJrZ_l;nZl/
k=1

n
kaZ = fnfn+1; n>1.
k=1
Kara and Basarir [8] define the Fibonacci matrix F = (fx)%,_, by

fi

<k <n);
fao=? Ffemr (kST
0, (k> n),
(1 0 0 0 O
11
S B
thatisF=|2 1 4 o 0
10 20 % 0 40

So, the matrix F is a triangle. Kara and Basarir [8] defined Fibonacci sequence space

X = (= () 77— ) fiwe X),
nfn+l 13
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for X = €, ¢, co and ¢, that means the sets of all bounded, convergent, null sequences and p—absolutely
convergent series.

Here, we extend the concepts of Fibonacci convergence in the setting of sequences of complex uncertain
variables.

Definition 2.11. A complex uncertain sequence (Cy) is said to be Fibonacci convergent almost surely to C if there
exists an event A with M{A} = 1 such that

ka (@) - )| =

lim

n—oo

fn+

foreveryy € A.

Example 2.12. Consider the uncertainty space (I', L, M) to be {y1, y2, ...} with

<1
2n+1 <7

sup

Yn€A

n . n 1
MI{A} = 1—supm, if su/;\>2n+1<§,
Yn€AC

2n+1 if s o

= otherwise
and the complex uncertain variables be defined by

_Jin, ify=yn
Cafyh = { 0, otherwise

forn=1,2,...and C = 0. Then the sequence (C,) Fibonacci convergent almost surely to C.

Definition 2.13. A complex uncertain sequence (Cy) is said to be Fibonacci convergent in measure to C if

AI_I:I;M{ fnfn+1 ka -0 28}:0’

for every € > 0.
Example 2.14. Consider the uncertainty space (I', L, M) to be {y1, )2, ...} with

p L if sup —1 1
en +17 seen 1+ 1 2’
1 1
M{A}={ 1-su , if sup ——= < =,
g fsup it <3
1 .
5 otherwise

and the complex uncertain variables be defined by

0 )_{ (m+1)i, ify=yn

otherwise

forn=1,2,..and C = 0. For some small € > 0 and n > 2, we have

M{ } {fnfn+ ka G-0| >

= My}
Thus, the sequence (C,,) is Fibonacci convergent in measure to C

T ka(cm DE

|

=0.



S. Saha et al. / Filomat 40:3 (2026), 1175-1187 1179

Definition 2.15. A complex uncertain sequence (Cy) is said to be Fibonacci convergent in mean to C if

o fo(ck—o'H -
n/n+1 =1

lim E [
n—oo

Definition 2.16. A complex uncertain sequence (C,) is said to be Fibonacci p—distance convergent to C if

lim (E [
n—oo

1

"Mp+1
=0,p>0.

C
fnfn+1 kZ‘fk( £

3. Some relationships among the several form of Fibonacci convergence

In this section, we establish relationships among the several forms of Fibonacci convergence in the
setting of complex uncertain variables.

Theorem 3.1. Let (C,) be a sequence of complex uncertain variables. Then, (C,) is convergent almost surely to C if
and only if (C,) is Fibonacci convergent almost surely to C.

Proof. We have

j% Z RG0) - )

(FG0) + BGO) + o+ F100) = kacw

f2
Jafnna

P fn

2

fi fi
fufnir

fn fo
=77 fw Z R = S

(CO) = CON|| + || 77— C() = )

+ ...+

GO - C(V))H

Since, the sequence is convergent almost surely, so,

-0,

fnfn+l Z fk Ck

asn — 0.
Hence, (C,) is Fibonacci convergent almost surely to C.
Conversely let (C,) be Fibonacci convergent almost surely to C.



We denote F,(C) =

—Fu(Q) =

fn n+1 i=0

f”f” Zf(cn 0
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Z f C; for simplicity.

i=0

= fn}m fo(én -0

fnfn+1 Zf Z(Ck—Ck 1)

i=0 k=i+1

- f,,;m Z(ck - ck_l)fo

fnfn+1

Therefore,

kafk 1(Ck = Cr-1)

= Fu(Q) = au(0), (say).

Again,
ay(C) = fnf1n+ ;fkfk 1(Ck = Ck-1)

-1 kafk—le - kafk—le—l

fnan | =1 =1

[ n n-1

- kafk—le - kafk+1Ck

fnfn+1 | =0 =0

[ n-1
= ﬁ »fnfn—lCn + ;fk (fk—l _fk+l) Ck}
1 [ n-1
_ _ 2
= fnfn+1 »fnfn—lCn ;fk Ckl
_ fnfn—l _
- fnfn+1 [Cn \7_:171]
_ fn—l _
- fn+1 [Cn 7:71—1]-
Therefore,
fn—l
an(C) :H [Cn - 7:;1—1]
= }[1 an(@) =y~ Fuct
= a,(C (fnﬂfn 1fn 1) =Fn—Fna
= w@® =T -,

Ja

1180

1)
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Since, the sequence (C,) is Fibonacci convergent almost surely to C. Then,

lim [, = Focall = lim 15, = C+ € = Foc

< Jim |7~ pim| - 7|
<0.

So, lim ||F, — F,-1l| = 0. It follows from (2) that
Jg&”u}j(c)u — 0 and from (1) that

’}gf}o G = Full =0

Note that

G = Cll = 1F 5 = Cll < (I8 = Fall-

Therefore, lim [|C, — || = 0. Hence, the sequence (C,) is convergent almost surely to C. [
n—oo0

Theorem 3.2. Let (Cy,) be a sequence of complex uncertain variables. Then, (Cy,) is convergent in measure to C if and
only if (C,) is Fibonacci convergent in measure to C.

Proof. Let € > 0 be given, then we have

{ fnfn+1 kaCk ; 8}

{ fnfn+1f1 G }+M{ fnfn+1f2 G| 2 }+ +M{ fnfmfzc"

< M{IIClll > f"}?;:f} + M{HCZH > f”ﬁ;f} T M{ucnn > f”gf}.

fufnr€ fufurie fnfn+1s}'
fin " fim T fin

&
> —
n

Setting 6 = min{

Thus, we have

M{ 7o ka(ck 0)

Since, the sequence (C,) is convergent in mesaure to C, so from the above inequality we obtain
n
: 1 27,
lim M{ - kgl fi(G—0)
in measure to C.
Conversely let the sequence (C,) be Fibonacci convergent in measure to C. Then, for any small € > 0, we
can deduce from the concept of convergence in measure of complex uncertain sequence that

>e}<ZM||ck—cn>6}

> é‘} = 0. As aresult, the complex uncertain sequence is Fibonacci convergent

r}ij{}oM{Ilﬂ =l zef=0. 3)
Note that

Fn = Fuall < N1Fn = ClIHIC = Foall-
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We obtain using the subadditivity axiom of uncertain measure and taking as n — oo that

0 < lim M{|IF, — Fuall = €}

< lim M1 -l el + lim M1~ <)
=0.
Therefore,
Lim M{|IFy — Fuall 2 €} = 0. (4)

Thus, from (2) we have that

f};l > e}.

We obtain using the subadditivity axiom of uncertain measure and taking as n — oo that

ft > e}. )

Ja
lim M{lla, (Ol 2 €} = 0. 6)

(Fn — Fn-1)

{llan(Oll = €} = {

lim M{lla, (Ol > ¢} = lim M{ (Fo = Fa-1)

Combining equation (4) and (5), we obtain

It follows from (1) that
Cn = Fu(C) = an(0).

Hence, we have
,}i_{goM{IlCn -l =el - r}i_r&M{Ilﬂ(C) —Clzeb < JEI‘}OM{”an(C)” > &}

It follows from (3) and (6) that
lim M{|IC, — C|| > €} = 0. Thus, the sequence (C,) is convergent in measure to C. [

Theorem 3.3. Let (C,) be a sequence of complex uncertain variables. Then, (C,) is convergent in p—distance to C if
and only if (C,) is Fibonacci convergent in p—distance to C.

Proof. We have
pl

nfn+ kZ‘ fk (G-

ka@k—o

k
P
Zx}dx

{ P Z 2L - Q) Zx;}dx
n/n+1 k=1
fM{fnfn Y g |ck—cu>xp}

k=1

M

IN

00

< | Mg diz )
= Ellice - P

A
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Hence, the first part of the theorem is proved.
Conversely let the sequence (C,;) be Fibonacci convergent in p—distance to C. Then, we can deduce from the
concept of Fibonacci convergence in p—distance of complex uncertain sequence that

lim D,(F3(0), 0) = 0. )
Combining equation (1) and (2), we obtain

G —Fn(0) = f;_l (Fn — Fun-1) 8)
Then, it follows from lemma 2.9 and lemma 2.10 that

Dy(Cu, Ful0) = (ff 1) Dy (Fu(C), Fu1(Q) ©)

Dy(Fu(C), Frn-1(C)) < Dp(Fu(0), ©) + Dyp(Fu-1(0), C) (10)

Since the sequence (C,) is Fibonacci convergent in p—distance to C. Then, Taking as n — oo we obtain
lim D, (F4(C), Fu-1(C)) = 0

It follows from (9) that
lim D, (G, F(0) = 0.

We obtain using the triangular inequality that
Dp(Cn, €) < Dp(Cu, Fu(0)) + Dp(F(0), 0)

Therefore, lim D,(C,, C) = 0. Hence, the sequence ((;) is p—distance convergent to C. [
n—oo0

Theorem 3.4. Let (C,,) be a sequence of complex uncertain variables. Then, (C,) is convergent in mean to C if and
only if (C,) is Fibonacci convergent in mean to C.

Proof. We have

{ T ka(ck—o‘”
" k=1

f { P ZfE@k—C) Zx}dx
f { Fufurt ka Gk = C||>x}dx

sf MG - Il > x] d
~ ElliGe -l

Hence, the first part of the theorem is proved.
Conversely let the sequence (C,) be Fibonacci convergent in mean to . Then, we can deduce from the
concept of Fibonacci convergence in mean of complex uncertain sequence that

Hm E{||F, — Cll 2 ¢} = 0. (11)
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Note that
1Fn = Fuall < 1Fn = ClIHIC = Fall-
Taking as n — oo, we obtain
0 < lim E{[|Fy = Fuall}
< lim E{||%, — Cll} + lim E{|F,-1 — Cll}
=0.
Therefore,

Hm E{||Fy = Fuall) = 0. (12)

)

(T Fru-1)

Thus, from (2) we have that

fn—l
fn

Taking as n — oo we obtain

{llan (OIl} = { (Fn — Fn-1)

1
fa

Combining equation (12) and (13), we obtain

Hm E {[la, Oll} = 7}1_{{)1015{

}. (13)

lim E {[l, Oll} = 0. (14)
It follows from (1) that

= Fu(C) = an(0).

Hence, we have
lim E{lIC, = Cll} - lim E {IlF(0) = I} < lim E {lla (Oll}

It follows from (11) and (14) that
lim E {||C, — (||} = 0. Thus, the sequence (C,) is convergent in meanto . O

Theorem 3.5. If the complex uncertains sequence (Cy) is Fibonacci convergent in mean to C, then (C,) is Fibonacci
convergent in measure to C.

Proof. We have from the Markov inequality that for any given ¢ > 0,

M{ i ka G- 0)

as n — oo. Thus the complex uncertain sequence (C,) is Fibonacci convergent in measure to . [

} Hmm@k Sl
> ey <

Theorem 3.6. Assume the complex uncertain sequence (C,) with real part (£,) and imaginary part (1,), for n=1,2,...
Then the complex uncertain sequence (C,) is Fibonacci convergent in measure to C if and only if the uncertain sequences
(&n) and (n,) are Fibonacci convergent in measure to & and 1, respectively.
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Proof. From the definition of Fibonacci convergence in measure, for any ¢ > 0,

1 - €
lim M 2 -9z —=¢=0
nglgo {fnfn+1;fk(gk E)H \/E}
and
1
Iim M - >—3=0.
R {fnfn kZ =) \/E}
Note that

fnfn Z ,fck—oll

z(

Thus, we have
{ Fofm Z -

ek

2

2
1 i be 1 n .
fufus1 ;fk (Ek =) + Fofuet ;fk (=1

> e}

it kZ o] )

U{ ]#fo(nk_n)
k=1

Sy
_ﬁ}

Now, using subadditivity axiom of uncertain measure, we have

1185

0< limM >
nl_r)]; { fnfn+ Z fk (G~=2) 6}
< lim M &—¢&
n—oo { fnfn+ ka( k— )|| \/E}
+ lim M [ — Zfz(nk—n) > £
n—eo fnfn+1 ey k \/§
=0.
So, lim M{ f} i fk2(Ck -0l = e} = 0. Hence, the complex uncertain sequence (C,) is Fibonacci conver-
n— o0 nfn+1 =1

gent in measure to C.

Conversely, let the complex uncertain sequence (C,) be Fibonacci convergence in measure to C. Then,

e AR
njn+ k=1

2£}=0.

lim M{
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}

fnfn+l ka Ck - C)

fn}ml kaz(ﬂk - 77) = S}

e o)

Using subaddivity axiom of uncertain measure and taking as n — oo, we obtain

. 1 v

Note that,

{f} Y fAE-9
n/n+1 =1

{7

4

and

and

1 n
m M{ll—— ) fi—n)||=ep =0
s B -o]-
Hence, the uncertain sequences (&,,) and (1),,) are Fibonacci convergent in measure to £ and i respectively. [J

Corollary 3.7. Assume the complex uncertain sequence (C,) with real part (&,,) and imaginary part (n,), for n=1,2,...
If the complex uncertain sequence (C,) is Fibonacci convergent in mean to C then the uncertain sequences (&,) and
(1) are Fibonacci convergent in measure to & and 1, respectively.

Proof. Combining Theorem 3.5 and Theorem 3.6, the above claim is obvious.

Theorem 3.8. If the complex uncertain sequence (C,) Fibonacci converges in p— distance to C, then the sequence also
Fibonacci converges in measure to C.

Proof. It follows from the Markov inequality that

{ Fof sz (G ]

as n — oo. Thus, the complex uncertain sequence (C,) Fibonacci converges in measure to . [

—>OI

&ep

} Hfﬂfru—l § fk (Ck

4. Conclusion
This article initiates the concept of convergence of complex uncertain sequences based on a regular matrix
of Fibonacci numbers. This study can be generalized by introducing other matrices in the same environment.
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