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Abstract. In this paper, we investigate a generalized Szasz-type positive linear operator recently intro-
duced in the literature and analyze its fundamental properties through the study of moments. In particular,
we construct several important modifications, namely the Stancu, Kantorovich and Stancu-Kantorovich
variants, and derive explicit expressions for their first- and second-order moments. These moment identities
provide the basis for establishing various approximation properties of the operators. More specifically, they
are instrumental in proving Korovkin-type theorems, estimating rates of convergence via the modulus of
continuity and Peetre’s K-functional, and examining approximation behavior in Lipschitz spaces. Further-
more, we employ these identities to obtain Voronovskaya-type asymptotic results. The findings presented
here contribute to a deeper understanding of the approximation capabilities of generalized Szdsz—type
operators and their modifications, thereby enriching the theory of positive linear operators.

1. Introduction

Positive linear operators have long been regarded as one of the most classical and effective tools in
approximation theory. Since the pioneering result of Weierstrass and the construction of Bernstein polyno-
mials [2], numerous modifications and generalizations have been proposed, among which the operators of
Kantorovich [12, 13, 15], Stancu [10, 17], Durrmeyer [4, 8], and Szasz [19] have played a fundamental role
in shaping the field. In recent years, the introduction of generalized forms with additional parameters has
attracted increasing attention [7, 9], as these formulations offer greater flexibility and allow for more refined
approximation processes. Motivated by this line of research, the present work is devoted to the study of a
generalized Szdsz—type operator recently introduced in [1, 18, 22]. We first establish its moment identities
and then extend the construction to the Stancu, Kantorovich and Stancu-Kantorovich modifications. Build-
ing upon these results, we further derive approximation properties including Korovkin-type theorems,
estimates of the rate of convergence with respect to the modulus of continuity and Peetre’s K-functional,
approximation in Lipschitz spaces, as well as Voronovskaya-type asymptotic formulas.

The convergence behavior of the Szdsz operators, as first introduced in [19], is characterized by:
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Su(fin) = "”Z 45, )

where f € C[0, o), n € N, and x € [0, o).

Generalizations of Szasz operators employing polynomials, particularly those defined via generating
functions, have attracted significant interest in recent years due to their enhanced flexibility and applications
in approximation theory [5]. Among these, a notable generalization can be obtained through the Appell
polynomials introduced in [11]:

P = > pnof( ), @

where pi(x) > 0 for x € [0, o) and g(1) # 0.
Subsequently, Varma et al. employed Sheffer polynomials, which are defined by the following generating
function:

i k
R@SE) = ) ) . ©)
k=0 '

where R and S are analytic functions. Using these functions, the operators incorporating the Brenke-type
polynomials are then defined as follows [21]:

1 - k
Lu(f;x) = RD)S() kZO Pk(”x)f(z)r (4)

wherex >0andneN.
On the other hand, Ozmen and Erkus [16] considered a special case of (3), employing the classical
Charlier-Poisson polynomials, and defined the corresponding operators as follows:

1 -= Z Ci(a, u)k' ,a#0. ®)

Subsequently, Varma and Tagdelen [20] proposed linear positive operators based on the Charlier-Poisson
polynomials, as given in (4):

Lo(f;x,a) = %(1 B 1)(a—1)nx Z Ci(a, —(Z!— 1)Tlx)f(%)’ ©)

a
k=0

wherea > 1and x > 0.
It is now possible to express the Charlier-Poisson polynomials [5], as defined in (5), in the following
form:

(1 +w) = Z (—a)"C, (x, @) z:—:q, (7)
n=0 :

with a # 0. Note that by setting a = a, w = -, and x = u in (7), one recovers (5).
Subsequently, Clemente et al. [6] generalized this operator by introducing a new family of parametric
U—Charlier-Poisson-type polynomials. This operator, denoted by G2 (x; v, B, A), is defined as follows:

1 (a Dinx & Gz”] nx;a,B,A)
- L A

Ju(f;x) = m o

, ®)

k=0
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where f € C[0,),n,] € N,f,A €R,a #0,pe # —-Aj(A,a), x € [0,00),a > 1,

2+]

Aj(A, @) = A" (- a)fnzm_l

om _ 29’

> G2 (x; B, A)z

n=0 ( g)‘ﬂ

Note thatby setting f = 1, A = 0, and z = x in (8), one recovers the classical Charlier—Poisson polynomials

= e+ i) (1-2)

given in (6). Consequently, the generating function of G (x; a, B, A) encompasses, as special cases, the
generating function of the Charlier-Poisson polynomials, i.e., C, (x, @) = G,[f” ] (x;,1,0).

By employing generating function identities [6], the first-order moments of the operator can be obtained
as follows:

Jn(Lx) =1, 9)
pe

Jnx)=x+ —m—,
n(ﬁe +A; (A,a))

(10)

+ 2pe +1 + 2pe
n@=1 " p(ge+a;a@) | w2 (pe+A;(Aa)

Jn (tz;x) =2 +x (11)

In this paper, we generalize the operator in (8) to the Kantorovich, Stancu and Stancu-Kantorovich
types. To begin with, we introduce the Stancu-type generalization of the operator in (8) as follows:

. 1 (11 Dinx G2+H( (a— Dnx;a,B,A) k+C
In(fix) = e+ Aj(A, a) E —a) f(n+y)’

=0

=~

for f € C[0,00),n,]€N,B,A€R, a+0,pe# —-Aj(A,a),x €[0,00),a>1,and C,u > 0.
Next, we define the Kantorovich-type generalization of the operators in (8) as follows:

[2+] k+1
(=(@a-Nnx;a,B,7) ff(t)dt

1\(@-1nx
y (1-2) k!(—a)

pe+ AL, )\ a

T (f;2) =

Mg

>~
1l

0
where f € C[0,00),n,JEN,B,A€R, a #0, e # -Aj(A,a), x € [0,00),a > 1.
Furthermore, we introduce the Stancu-Kantorovich-type extension of the operators in (8) as follows:

k+C+1
n+

GI[(2+H(_(Q — Dnx;a,B, 1)
e f(t)dt

k+C
n+u

J () = (g Ly

pe+ Aj(A, ) a

gk

o~
1l

0
for f € C[0,00),n,JEN,p,A€R, a#0,fe# —A]-()\,a),x €[0,00),a>1,and C, u > 0.

2. Approximation Properties

We have derived the moments of the generalized Szdsz—-type operator along with its Stancu, Kantorovich
and Stancu—Kantorovich modifications. These moment identities form the basis for establishing Korovkin-
type theorems, estimating rates of convergence, and obtaining Voronovskaya-type results.
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Lemma 2.1. Forn € N and x > 0, the operators satisfy the equalities given in (9)—(11), which are obtained with the
aid of the following identities [6]:

< GPN(~(@a - 1)nx;a,B,7) 1\~@-Dnx
;} BT =(peraua)i-7) -
) G[2+]](—(ﬂ _ 1)1’13(; a, ﬁ/ /\) 1 —(a=1)nx
é k T = [ﬁe +nx (ﬁe +A;(A, a))] (1 - E) , (13)
) G[2+]](—(Ll _ 1)113(,' a, ,8/ /\) 1 —(a=1)nx
kzz(; e = [ (32 + 39) (pe + 4; (1, 1) +2e] 1 - 5) , (14)
where
= 1 + 2ﬁe + -
n(a—1) n(ﬁe+Aj(/\,a)) n
The foregoing equalities imply the following result:
Jn (LX) =1,
pe
Jo(t;) = x + ————,
n (ﬁe +A;(A, a))
1 2fe 1 2Be
(1) =2 2 )
J ( x) * +x{ﬂ(ﬂ " n(ﬁe+Aj(/\,oc)) " ”J i nz(ﬁE+Aj(/\/04))

Lemma 2.2. Forn € N,x 20, fe # —A;(A,a),a>1,and C, u > 0, the operators can be expressed in the following
form:

J:(x) =1, (15)

ey M C pe

T (£ x) ”+Iv1x+”+ﬂ+(n+y)(ﬁe+Aj(A,0c))’

(e o n ( a 2pe ) 2pe(C+1) ¢
I3 () et )y 1T A x+(n+y)2(ﬁe+A,~(A,a))+(n+u)2'

(16)

(17)
Lemma 2.3. Forn € N,x > 0,a > 1,and e # —A; (A, a), the operators are given as follows:
L (Lx) =1, (18)
Iix)=x+ N + l, (19)
n (ﬁe +A;(A, a)) 2n
- 2pe 3pe
i (t2;x) =2+ %(2;_ 11 + ‘Be+A‘[j(/\,a))x+ - (ﬁe+ij ()\,a)) MWt (20)

Lemma 2.4. Forn € N,x >0, fe # —Aj(A,a),a > Land C, u > 0, the operators are characterized by the following
expressions:

LX) =1, (21)
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0= s & ot @)
nEE (4 ) (pe+ Aj(A,a)) 201+ 1)
2 - 2Be
B o B mra )
(22C+3)ﬁe + C2+C+2%- (23)
(n+ ) (ﬁe +A; (/\,oc)) (n+p)
Theorem 2.5. Let S := {f [0,00) = R: |f(x)| < MeAx}, where A € R. If f € C[0,00) N S, then
lim J, (f;2) = f,
lim T3, (f;) = £,
lim Ji+ (£;%) = ,
lim [ (%) = .
It follows that the above operators converge uniformly on each compact subset of [0, co) [14].
3. Rate of Convergence
Let F € C[0, 00). For 6 > 0, the modulus of continuity of -, denoted by w (F; 6) is defined as
w(F;0) = sup |F)-F(y),
%,y€l0,00)
where |x - y| <o.
Moreover, it is well known that,
|F(x)—F(y)(§w(F;6)[|xgy|+1). (24)
In addition, if f is uniformly continuous, it satisfies
IF(x) - F (y)| < @ (F; ). (25)

Define the set S as
S:={F:[0,00) > R:|F (1)) < Me™, A€R, Me1R+}.
The next propositions collect several important properties of the operators discussed above.

Theorem 3.1. Let f € clo, o0) N S. The operators J;, obey the inequality:

T (%) = f@)| <20 (£ 75 (0,8, 1)),

with

Y, (x;a,B8,A) =

12
[szZ N (anTal o 2fep N 2Be(C+1)

— 2
nt A e TR A T C

where C[0, o) is the space of uniformly continuous function on [0, o0).
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Proof. By virtue of the definition of the new operators J; and Lemma 2.2, we obtain

L (fi0) = f@)] =

1 ( ) 1)(a1)nx 2 G (—(a - Dnx;a, b, A) (f (k+ C)‘f(x))l

pe+A;(A a) a pa ki(—a)k n+
1 1\ & G (—(a = Ve, ,1) | (k4 C
= pe+A; (A, a) (1_5) kzz;i k!(—a)k ’f(n+y)_f(x)"
This way of (24) follows:
o 1 1\ & GEN (@ - nxa, B,A) (1 (k+C .
]”(f’x)_f(x)lsﬁe+Aj(/\,a) (1_5) pa k!(—a)k (1+5‘n+y_x’)w(f'6)

< 1+1;(1_-
- ope+A;(A,a) a

1 )(u—l)nx oo G}(“”(—(a - 1)nx;a,B,A)
k!(—a)*

k+C —x‘}a)(f;é).

=0 n+u

Alternatively, by applying the Cauchy-Schwarz inequality, we obtain

1 1@ & G @ - Dnva, ) k4

pe+Aj(A, a) ( - E) — k!(—a)k n+u x‘
1 100 & 6PN @ = Dnxza p,0)|
~|Be+A4; (/\,oc)( - E) L k!(—a)k

y 1 ( _ 1)(a—1)nx ) G][{2+H(—(a — Dnx; ﬂ,ﬁ, A) (k +C ) x)2 1/2

pe+Aj(A, ) a pan kl(—a)k n+u

B 1 1\(@-Dnx & Gl[f”](—(a = Dnx;a,B,A) (k+C 212
- ﬂe+Aj(/\,a)( - E) — kl(—a)k (n+y —x)
=T ((t—x)z;x)
__1 2.2 [ M4 _ 2peu 2pe(C+1) 2 2
_n+y[Hx +( —q 2 ﬁe+Aj(A,a))x+ﬁe+Aj(A,a)+C

=Y (xa, B, A).

Consequently, the above expression yields

T (f;x)—f(x)| < {1 +%1/Y; (x;az,ﬂ,A)}w(f;(S).

Setting 6 = /Y, (x; &, B, A), eads to the desired conclusion, which completes the proof of Theorem 3.1. [

Theorem 3.2. Let f € C[0,00) N S. It follows that the operators [ satisfy the inequality given below:
i (fix) = f ()] < 20(£; Y8 (x5 0,8, 1)),

with
1/2

1| na 3Be 1
Yo (x; == 3
n (@ ap,A) n a—1x+ﬁe+Aj(A,a)+3

where C[0, o) is the space of uniformly continuous function on [0, o0).
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Proof. Combining the definition of the new operators J;” with Lemma 2.3, we obtain

» 1 (a-1)nx G][(2+]](_(a 1)nx . ﬁ A) A+1
i (f;x) = f( x)| m(l E) L, pTar: (f () — f (x))dt

"

k+l

(a-1nx G[2+]] —(a—1nx;a,B,A A
n ( 1) k ( (Cl )nXﬂﬁ )f)f(t)—f(x)‘dt

Sp+A Lo\ 2 k(=)

k=0

This way of (24) follows:

k+l

. n 1\@Dnx = G][f”](—(a—l)nx;a,ﬁ,)\) s 1 .
100 - L I oot

n

k+1

1 " 1\(@=Dnx & GE”](—(:Z lnx;a, B, A)
( ) T f|t—xldt @ (f;0).

1+ - -
a

< -
ST ope+ AN ) r

By the Cauchy-Schwarz inequality, it follows that

Kl
(a=1)nx G1[<2+]](_(u — Dnx;a,B, 1) j‘|t _

1
Z [36+A o, @) (1 - E) k!(—a)k
B 1 (1 ~ 1)(a—1)nx o GI[<2+H(—(Q - 1)1’1)(,'6!,‘5, A) 1z
T pe+Ai(Aa) a i k!(—a)*
k+1 /2
, 1@ & GEN(—(a - Dynx;a, B, 1) )
“\Be+A; (A ) (1_5) T Ki(=a)" f (t =
12

@-tnx &2 G (—(a — 1)nx;a, , 1)

y (1 - 1) Z k!(—a)k f (t = xydt

| Be+Aj(A ) a i

w(t = %)% x
( )

na 3Be 1 12
[a 1 ﬁe+A (A, a) ]

Y (x;a,B, 7).

S |-

It follows from the above expression that

S (fx) - f)| < {1 + -W/W(x a,B, A)}a)(f;é).

By taking 6 = 4 e (x; @, B, A), we obtain the desired result, thereby completing the proof of Theorem 3.2.




G. Icoz, N. Sezer / Filomat 40:4 (2026), 1341-1360 1348

Theorem 3.3. Let f € C[0,00) N S. The operators [ then satisfy the following inequality

i (%) = f ()] < 20(f3 Y3 (x50, B, 1)),

with
T __ 2eu @C+3pe o o 1"
[”x+(a—1 @C+Dp ﬁe+Aj(A,a)) Ber AL TEtET3

1
Yh(ca,BA) = Py

where C[0, o) is the space of uniformly continuous function on [0, o0).

k+(+l

Proof. Using the definition of J;* and Lemma 2.4, one finds that

e & G (o~ Dz, 1) f(f - Fey

i (for) = F )| = |— " (1]
]n (f,X) f(x)‘_ ﬁe+Aj()\,a)( 11) =0 k!(_a)k

k+C+1
n+u

_ ) [2+]]
n+pu ( 1)01 Dnx & G (—(a - 1)nxaﬁ/\)f
rreyerzmnd § S (t) - dt.
SR+ A Lo\ 7 kZ_O o) J |f ()= f ()
By using (24), it follows
k+C+1
iy o 2+ g
u ~ 1)(" e & G (=(a — 1)nx;a, B, A) ( 1, ) _
L (fix) = f(x)‘ < —/3 TA G a)( p L, K—a)F 1+ 5 It — x| )w (f;0)dt
- ki
n+‘u

k+C+1
ntp

@D = G (—(a = Vynx;a, 8, A
P ) P )f|t—x|dt w(f;0).

<1+ 1_nm+e ( 1)
- dPe+AiAa) a — k!(—a)k
= e
n+

On the other hand, the Cauchy-Schwarz inequality implies that

k+C+1
n+u

n+p - @nx GP(—(a - D)nx;a, B, 1) i
Zﬁe+A 1, a) ( - E) K(—a) 1F = x|dt
kT

n+

1 (1 _ 1)(a—1)nx i G,[f”](—(a ~1)nx;a,B,A) 1/2
k!(—a)

P
“|Be+Aj(Aa) a

k=0
k+i+1 1/2
il @ = G (a — 1ynx;a,p,10) (F ot
“|wratal o) e [
=0 k+C
P1+p
k+C+1 1/2
G -1 @ &= G (—(a — 1nx;a, B, A) wt 2dt
o e S B Mo -
=0 2
Yl+y
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= I (¢ =27;2)

_— [u2x2+(ﬂ—(2c+l)y— 2Pen )x+

Cn+p a-1

= Y (x;a,B 7).

(2C+3)Be
Be+Aj (A a)

Be+Aj(A a)

Thus, from the above expression, we obtain

L (fx) - f ()| < {1 + %,m (x;oz,ﬁ,/\)}a)(f;é).

2 f—
+C +C+3

1/2

1349

Letting & = /Y? (x;a, 8, A), we arrive at the asserted result, thereby completing the proof of Theorem 3.3. [J

We proceed by introducing the Lipschitz class of order 6, denoted Lipp (6) (0 < 8 <1, M > 0), which is

defined as:

Lipp (6) = {h € Cg[0,00) : |h () —h (x)] < M|t - x|?, t,x € [0, 00)}.

(26)

Based on this expression, we obtain the following result, providing an explicit bound for the approximation
error of the operators applied to the function & € Lipy (0) .

Theorem 3.4. Let f € Lipp (0), then for x > 0

o (f:x) = f ()] < M(Y;, (x50, 8,1))°

where

. 1 na
Tn (x; (X,‘B, /\) = m [UZXZ + (m

- 2Cu

2Beu )

_ﬁe+A]-(A,a) Be+Aj (A a) *

Proof. Applying the operator J;, we obtain

1
S —
pe+Aj (A a)
By using (26), it follows

ol

i) = f 0l < (12

a

a k!(—a)

k=0

s B 1 @D & G (@ = ynxa,8,4) [ (K +C
Jn(f,X)—f(x)|—lm(1—‘) ( (

n+u

— k!(—a)k

1 )(a—l)nx 0 G}EZJ'”(—(Q - 1)nx;a,B,A)
k!(—a)k

a n+u

k=0

Alternatively, by applying the Holder inequality, we obtain

L( _ 1)(”‘1)”" = G (—(a — nx;a, B,A) |k +C L
perdidtal i3 K=oy T
S 2-0)/2
<M ; ( ~ 1)(n—1)nx G}[{2+I](_(a —)nx;a,p, /\)l
ﬁe + A] (/\, 0() a pa k!(—&l)k

w%ﬂmﬁﬁGF”«@—lemﬁAwfﬁwc

n+u

k+C
- X

2Be(C+1) Cz]l/z

)—ﬂ@l

)—ﬂ%.

0
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[ + 6/2
% ; (1 B 1)(a—1)nx GI[<2 ]](_(g - Dnx;a,B,A) (k+C . 2
ﬁ@ + A] (/\/ 0[) a e k!(—a)k nt
(o] + 9/2
=M ; (1 _ 1)(a1)nx G}[{2 ]](_(a - 1)nx,‘a,ﬂ, /\) k+ C . 2
ﬁe + A] (/\/ 0() a e k!(—a)k nt
0/2

=M (J (¢t = »?;x))

M [, (na __ 2Beu 28e(C+1) L]
T+ [H X +(a—1 2y Be+Aj(Aa) X Be+Aj(Aa) e
=M (Y}, (x;t,,1))" .

This completes the proof of Theorem 3.4. [J

Theorem 3.5. Let f € Lipp (0). It follows that the operators |, satisfy the inequality given below:

i (Fix) - £ )] < M(YE (B, 1))

with

1| na 3pe 1 "
0 (s == 3
T3 (o fA) = o [u_1x+ et A La) 3]

Proof. Combining the definition of the new operators J;* with Lemma 2.3, we obtain

k+1

f (f () F ()

- n 1\(@-Dnx & G,[(2+”(—(a—1)nx;a,ﬁ,A)
T (fi0) - f ()| = AT (1_ ) "

a
k=0

" ( 1)(111)"3( < GP(~(a - Dnx;a,p,7)

She+A Lo\ 2 k(=)

f [f () = f ()] at.

k=0

By using (26), it follows

k+1

_ oo ~[24]] e
M 1\@ e & G (=(a — D)nx;a, B, L)
n ) k P f It — x| dt.
k

i (fix) = f ()] < pe+ A; (1,a) (1 " e Ki(—a)t

By the Holder inequality, it follows that

kel
i L (] ~ 1)(a—1)nx GI[<2+]](_(a — Dnx;a, B, A) j‘|t _ x|9 dt
= pe+Aj(Aa) a Kl(—a)f k
1 1 (a-1nx X Gl[c2+]](_(a ~nxa, ﬁ, }l) (2-0)/2
a3 L
kel 0/2
% _n ( ~ 1)(11—1)113( ) G][{2+]](_(ﬂ - nx;a, ﬁ, A) fn(t ~ x)Zdt
pe+Aj(A,q) a T Kl(—a)F k
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1 0/2

n 1\@Dnx &2 G[2+]( (@ —1)nx;a, 8, )
M ﬁeTj(/\,oz)( - E) Kl(—a)t f(f— x)’dt

k=0

n

0/2

=M (] ((t = )" ;x))

M na 3pe 11”2
=— X+ + —
nla-1 Be+Aij(A,a) 3

=M (Y3 (x;a,B, )\))6 .

This completes the proof of Theorem 3.5. [
Theorem 3.6. Let f € Lipp (0). The operators [ satisfy the following bound:

I (Fi0) - F @] < M(Y3 (0, 8,4))

with

Y (xa,B,M) =

1[5, (ma _ 2Peu 2C+3)pe 11"
n+y[Hx+(m @C+Du ﬁe+Aj(/\,oz)) +5e+Aj()\,a) e +C+§] '

Proof. By the definition of J;;* and Lemma 2.4, the following result is established:

n+pu 1 \@Dmx & G[Z”](—(a —Dnx;a, B, A) "
L (%) = f (%) ‘ m(l——) . K(—a)F f(f(t)—f(x))dt

a
k=0 kel

n+y

k+g+l

@ @ G (a = Dnxza, B,0) [

ﬁe+A Lo\ a Kl(—a)
k=0 ket

n+u

This way of (26) follows:

k+C+1
n+p

M@+p) (o 1@ G- Dnxa,p,A)
e L B T

nH

By the Holder inequality, it follows that

k+C+1
n+p

Z M(n + p) (1 1 )w—lw Gl e Dmsap ) o
pe+A; (A, a) a ki(—a)k J
e
vl (1-1)"7"y G (—a ~ Dnxa, p, 1]
T |Be+Aj(A ) a pan k!(—a)*
et 0/2
y ne+ (1 ) l)m—l)nx o0 G;[<2+H(_(a — Dnx;a,B, 1) f(t Pt
Be+A;(A, ) a pan kl(—a)* J
e
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6/2

k+C+1
n+u

+ @1 & G (g -1 nx;a,p, A
_ nty (_1) e @1 ﬁ)f(t—x)zdt

=M pe+Aj(A,a) a P kt(—a)* i

M1y (=27 5x))

M [ 5, (na 2pep c+3)pe  , _ 1]"”
Tn+u [M * +(m — @A ﬁe+A]~(/\,oc))x pe+Aj (A a) tOACH 5]
M (Yt (B, 1))

This completes the proof of Theorem 3.6. [

Based on [3], the Peetre’s K-functional for the space of continuous functions can be expressed as
K@;o)= inf {lIA =Bl +81Ollcpo )
We proceed to establish the rate of convergence through Peetre’s K-functional.
Theorem 3.7. Let f € C[0, o), then for x > 0

T (fix) = £ (0] < 2K (f; x;, (a0, B, A b))

where

+

. P 2.2 na 2Bue 2(C+1)Be
X (,,4:0) T A(n + p)? [‘u bt (a -1 CH Be+A;(A, ) b Be+Aj(A )
1 Be
HEICE (’“‘“ G 5e+Aj(A,a))'
Proof. Let g € C?[0, ). Expanding the function in a Taylor series at the point x, we get

9O =g 00+t =x)g () + (-2 —gﬁz(x).

By using the operator J;, on both sides of the preceding equation, it follows that

@0 =909+ 9 @, (x50 + L (62752,

From the triangle inequality,

|gu (x)l
2

Ji (6= %3]

I (t—x;x)‘ +

I (@:2) =g )] < g’ ()

By maximizing both sides of the above inequality over [0, b] and utilizing the first and second moments
of the operator J;,, we see that

. 1 pe ,
T (g;%) — g(x)”c[o,b] < —— (yb +C+ m) g9 (X)”C[O,b]
1 272 na _ _ 2ﬁ[.1€ 2 (C + 1)186 2 77
STl L +(a—1 26 ﬁe+Aj()\,a))b B A Lay | Ol
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Using the property of C[0, b), we get

o 1 pe
13 93) = 9 )| cg < {Ty (Hb Het m)

1 na 2Bue 2(C+1)Be
+2(n + ‘u)z |“2b2 + (m - ZC# - Be +Aj A, a))b + pe +Aj A, a) + Cz]} “,‘7 (X)HCZ[O,b] - (27

Using the linearity and positivity of the operator J;,, we obtain
L (fi2) = F@| = |1 (i) = J (g0 + T, (60 = g () + 9 () = £ ()]
<[ (2 = L@ )| + |15 (00 = g @] + [f 00 - g (@)
By considering the supremum over [0, b] on both sides of the preceding inequality, it follows that
”]71 (fix) - f(x)HC[O,h] <2 ”f (x) - g(x)”C[O,h] + ”]; (g;x) - g(x)”qo,h] :
Here, we apply inequality (27),

1 b Be
2(n+u>(“ ’ +ﬁ€+Af(Afa))

1 2,2 ha 2pue 2(C+1)pe 2
T ity [“ b (a 1 e A ) TRer A e T 17 )l cagoz -
Applying the infimum over g € C? [0, b] to both sides of the above inequality, we then choose

. =L 22 (M4 .. 2Pue 2(C+1)pe
X”(a’ﬁ’A’b)_él(nw)z[”b+(a—1 2 ﬁe+A]-(A,a)) +ﬁe+Aj(/\,a)+C]

Ja(fix) - f(x)HC[O,b] <2 {”f () - 9(x)||qo,b] + [

1 Be
BEICET) (”“ c* ﬁe+Aj(/\,0z))'
this yields the desired conclusion. [

Theorem 3.8. Let f € C[0, o), then for x > 0

Ji (fi%) = £ 0] < 2K(f3 x5 (a, B, A; D))

where
3n+2 a b N (n+3)Be

Xn (@, B A0) = =+ ——— :
n(@p 12n2  a-12n znz(ﬁeJrA].(Ala))

Proof. Let g € C?[0, ). Using the Taylor expansion at x, we have

g =g () +(t=x)g () + (-2 —gﬁz(x).

Operating with [ on both sides of the above equation, we have

)

i (gx)=g@)+g @) ], (t—xx) +

From the triangle inequality, we obtain

g// (X)|
2

T (¢ = x;2)| +

I (@0 =g @] <7 @) Jir (=225



G. I¢oz, N. Sezer / Filomat 40:4 (2026), 1341-1360

Taking the maximum on [0, b] and employing the first and second moments of J;, one finds that

" e 1 ,
Jn (9:%) = g(x)”C[O,b] < [ﬁ— + %] g (x)“C[O,b]

n (,Be +A; (A, a))

+| 2 b + 3pe + R (x)||
a-1n ;2 (ﬁe +A; (A, ac)) 3n2 g clob]
Using the property of C[0, b), we get

3n+2+ a_ b (n+3)pe
6n2  a-1n nz(ﬁeJrAj(A,a)

I (8:%) = 9| o < [ )} 19 llcarq -

Using the linearity and positivity of the operator [}, we obtain

Ji (fix) = f@)] =

<

T (f2) = T (g5) + T (%) — g (0) + g (x) = f ()|
T (F:20) = i (@o| + [T (%) — g @) +|f (0 = 9 ().

Maximizing both sides of the above inequality over [0, b] yields

T (F0) = F @l o < 21 @ = 9@l oy *

L (g:x)—g (x)“C[O,b] :

In this step, we make use of inequality (28),

12n2  a—-12n o2 (ﬁe +A; (A, a))

By considering the infimum over g € C? [0, b] on both sides of the preceding inequality, we select

3n+2 a b (n+3)Be

Xn (@B, A,;b) = - :
12n2  a—-12n o2 (ﬁe + A (A, oz))

Hence, the result is established. [

Theorem 3.9. Let f € C[0, o), then for x > 0

i (F52) = £ @] < 2K (f: x4, B, A;D)

where

Xz (a/‘gl A//b) =

u2 b2+( a n w2l+l-n—p) 2feu

2(n+ p) a—1(n+u)? (n+ p)? (n+ u)?Be+A; (A, a)
(2C+n+ u+3)pe +CZ+C+§+ 20+1

2+ 2 (fe+ Aj(A,) 2+ pP A+

b
2

Proof. Let g € C2[0, ). Applying the Taylor expansion at the point x, we obtain

gll (x)
2 .

g =g@) +t-x)g @)+ (t-x)7°

3 2 b 3
T (F53) = £ @Ol < 2{1F @) = 9 @l o + nt2, o b, rdfe }Hg(x)llczm,b].

1354

(28)
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Applying J;* to both sides of the above equation yields

gu( )

(@0 =g @) +g QT (=52 + === (=07 x).

From the triangle inequality,

o )] ()1

((t— ) )l

Considering the maximum over [0, b] on both sides of the preceding inequality and applying the first
and second moments of [, it follows that

L (g0 —g @] < g7 @) |1 (6= x2)| +

ub N Be N C . 1
n+u (n+y)(ﬁe+Aj(/\,0z)) ntp 2(n+ )

+ ‘uz bz + a n _ (ZC + l) u _ Zﬁey b
(n+ y)z a=1(n+p? (n+p? (n+ /,1)2 (ﬁe +A;(A, a))
(2C +3) e +C2+C+%}

I (g:x) =g (x)“C[O,b] < [

“C[O,b] ’

(n+p?(pe+A;(\a) 1+ w?
Using the property of C[0, b), we get
- pb pe c 1 ¥,
;X) — < b
”]n (.’7 x) g(x)“C[O,b] <[n +u * (n+ ”)(ﬂe"'A]' ()\,0{)) * n+u - 2(n + y) + (n + M)Z
I n_ C+Du ~ 2Beu )
a=l+p? 0+ u? (4 p) (Be+ A; (A, )
(2C+3) Be C +C+3
i - 29
(n+ w2 (e + A; (A, a)) (n+ p)? |l @l *)
Using the linearity and positivity of the operator J;;*, we obtain
L (Fx) = f @ = 17 () = I @) + 17 (00 = 9 () + 9 (0) = f ()]
<[ (0 = L @] + 57 (90 = g @) + |f () - g ()
Taking the maximum of both sides of the inequality above on [0, b] leads to
I (£ = £ Ol < 21 6 = 9 @l oy + i @0 = 9@l
Inequality (29) is employed here,
7 i) = £ Ol <2 @ =9 @l
ub Pe C 1
T 2(n+p)(pe+Aj(A,a)) T2 A
+[ u? b2+( a n _(2C+1)M B 2fep b
2(n+ ) a=lm+p?  (+u? (n+py(pe+Aj(Aa) )2
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e T ||
2(n+y)2(ﬁe+Aj(A,a)) 2(n + u)? c2ob]

Taking the infimum over g € C2 [0, b] on both sides of the above inequality, we choose

2 b2+( a n_ pRC+I-n-uw 2Beu b

2(n+y)2 a—1(n+p)? (n+ p)? (n+up)?Pe+A;j(Aa))2
(2C+n+ u+3)pe +C2+C+%+ 20+1
2(n + p)? (e + Aj (A, @) 2+ Amn+p)

Xz ((X,‘B, /\//b) =

Consequently, the desired result follows. [

Theorem 3.10. Let f, f and f” € C[0, 00). It can be shown that the following limit is valid:

tim 01 () - £ ] = (s ¢ o 200
Proof. Expanding the function in a Taylor series at the point x, we obtain
FO=f@+ -0 @+ -2y
where
IP (t ) f// (v) f// (X)

2

here, v is between x and ¢, and ltimgb (t,x) = 0. Using the operator J; on both sides of the above equation
yields

w5 (i)~ £ O] = nf @) (6= x;0 + L

Taking limit when n — oo leads to

T (6 =% 2) + ]y, (9 () (¢ = x5 x).

4

tim [ (%) = £ 9] = £ () lim ]y (¢ = ) + L0

Since the moments are known, it follows that

iy (6 = x)? ) + Jimm ] (3 ,2) (1 = 207 ).

hm nfy, (t —x;x) = lim —an X+ tn + pen
n—ooo | 1+ U n+u (n+y)(ﬁe+Aj(/\,a))
=—ux+C+ L,
Be+Aj(A a)
. . 2 2 2Cun 2Buen
1 * _ 2; =1 ny 2 n-a _ u B
ngﬁlo”]n ((t x) X) ngl;lo [(n + [J)zx + {(Vl + M)Z @-1 (n+ [J)Z (n + #)2 (ﬁe +Aj (A,OL))

n 2Be(C+1)n
+ +
(n+ p)? (n+ p)? (ﬁe +A;(A, a))

a

=a_1x.
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Applying the above limits, we reach that

Be , a xf”(x)
ﬁe+A]~(/\,a))f O

lim n [, (f;%) = f (0)] = (—yx+C+ + lim nJ, (v (tx) (¢t -2)7;x).

It can be shown that the limit on the right-hand side of the above equation is zero. This follows readily
from the Cauchy-Schwarz inequality:

nJ; (6, 2) (= 27 5x) < T 2 (6 2);0) \r2 5 (= )5 ).
Using the Korovkin theorem [14], it follows that
lim J;, (¢ (t,%);x) = 92 (x,%) = 0,
noting that 2 (x,x) = 0, ¢ (¢, x) € C[0, =), ¢ (t,x) is bounded as t — oo and taking into account that
. 1 1
Jht-0%0=0(=),
n
we conclude that the proof is complete. [

Theorem 3.11. Let f, f" and f” € C[0, o). The below limit is satisfied:

Ji_l;ﬁlon[];*(f;x)_f(xﬂz(ﬁ@%j(/\,a)—k% f’(X)+%xf2(X).

Proof. Using the Taylor expansion at x, we have

FO = F0+ G- 0+t -0" L e
where
pitx = LS

with v between x and ¢, and ltim Y (t,x) = 0, applying J;; to both sides gives

w5 () - £ 0] = nf 0Ty (¢ =)+ oL (6= 2 5) 5 (06,0 (0 207).
Taking limit when n — oo leads to
hm n[I7(f;x)— f(x)] = f %) hm nl’ (t—x;x)+ f”z(x) 1}1_)11;} nf; ((t - x)z;x) + 31_1}30 nfy’ (gl) (t,x)(t— x)z;x).

Using the known values of the moments, we obtain

lim n];" (t —x;x) = L E
n—co M ! pe+A;j (A a) 2'
3
hm n];* ((t - x)? x) = lim a X+ pe + 1
noola—1 n(ﬁe+A]- ()\,a)) 3n
a
= X.

a—1
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From the above limits, we get

o0 =01 = (s 2} o L (- ).

The limit on the right-hand side of the preceding equation can be shown to vanish. Indeed, this is a direct
consequence of the Cauchy-Schwarz inequality:

nf (9 (6,2) (= 2 5x) < T (02 (6,00 0) 2T (8= 0% 2).
Applying the Korovkin theorem [14], we have
lim ] (1p2 (t,x) ;x) =% (x,x) =0,

given that 1,b2 (x,x) =0, ¢ (t,x) € C[0, ) is bounded as t — oo and

=00 =0(-),
n
the proof is complete. [
Theorem 3.12. Let f, f" and f” € C[0, o0). We have the following limit:

o L B\ a e
fim 17 (0= £ = e € 5 gt e 2 TR

Proof. Applying the Taylor expansion at the point x, we get

fH=f@)+E—x)f (0)+ (- )Zfﬂ( )+¢(t x)(t—x)
where
¢(t fu (v)zf// (X)

Stk

where v lies between x and ¢, with ltim Y (t,x) = 0. By applying the operator [, to both sides of the preceding

equation, we obtain

n [ (F;x) = f@] =nf @) I (E—x%) +n T (= 20 x) + i (9 (8, 2) (= %)% x).

Taking limit when n — oo leads to

f// (x)
2

f” (X)
2

Lim n[J;" (f;%) = f @] = £ () lim 2] (¢ = x0) + im ;" (6 = 205 x) + Lim n e ( (00 (¢ - ;).

By employing the known moment values, we reach that

*kk 1 y ‘Be 2C+1
1 —xx) =1 -
Jim ]y (¢ = %) HEE‘O”[ n+}1x+(n+y)(,8€+A]-(/\,a))+2(71+M)]
_ L,__F
ST S e A L)

hm nJ; ((t - x)? x) =limn

n—oo

[ 12 2. na B 2Bep @+ 1)}1
(n + ) (n+pf@=1)  (n+p)(pe+A; (4, a)) (n+p)’
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(2C +3) pe C+C+13
(n+u?(pe+A;(A, ) (1+4)?
a

:a—lx'

Using the limits derived above, it follows that

3i_r}‘}onU::*(f;x)_f(x)] = (—yx+C+ % + ﬁe%f(/\,a))f, (x) + %xfz(x) +}%”]Z**(w(t,x)(t—x)z;x).

It is straightforward to verify that the limit on the right-hand side of the above equation is zero, using
the Cauchy-Schwarz inequality then we have

i () (=207 5x) < T (2 (20520 (6= 5.
By virtue of the Korovkin theorem [14], the following result is established:
lim 3 (47 (t,%);%) = ¢ (x,2) = 0,
since 2 (x,x) = 0, (,x) € C[0, ), and 1) (¢, x) remains bounded as t — oo together with the fact that

(-0 =0(=),

the proof is therefore finished. [J

4. Conclusion

In this study, we introduced a generalized class of Szasz-type operators constructed through U-Charlier-
Poisson polynomials and sequences satisfying prescribed conditions. Within this framework, we estab-
lished a range of approximation properties, thereby extending and enriching the theory of positive linear
operators. Furthermore, we demonstrated that the same methodology allows for the development of gener-
alized forms of well-known operators, including the Kantorovich, Stancu and Stancu-Kantorovich variants.
These results not only unify diverse operator families under a common setting but also provide new tools
for advancing approximation theory. Future research may focus on investigating quantitative estimates,
rates of convergence, and potential applications of these generalized operators in numerical analysis and
applied mathematics.
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