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Abstract. This paper explores new identities and relations for degenerate hyperharmonic numbers and
degenerate hyperharmonic polynomials, which are respectively a degenerate version of hyperharmonic
numbers and a polynomial extension of the degenerate hyperharmonic numbers. Key results include ex-
pressing degenerate hyperharmonic numbers and polynomials in terms of finite sums involving unsigned
degenerate Stirling numbers of the first kind, degenerate Bernoulli polynomials, and other related num-
bers. We also derive a recurrence relation for the degenerate hyperharmonic numbers and a closed-form
expression for an alternating sum involving degenerate harmonic numbers.

1. Introduction

The field of degenerate special numbers and polynomials, initially established by Carlitz’s foundational
work on degenerate Bernoulli and Euler polynomials (see [4]), has experienced a significant revival in recent
years (see [9, 11, 12, 14-22, 27]). This renewed interest has led to the exploration of several new structures,
notably the expansion of this inquiry to include transcendental functions, culminating in the development
of the degenerate gamma function (see [18]). Paper [26] investigates the degenerate gamma function by
using the complex delta function to establish a novel series representation. It also solves the relevant
fractional kinetic equation and derives new fractional transform equations through a novel representation.
This paper contributes to this line of research by presenting several new results concerning degenerate
hyperharmonic numbers, degenerate hyperharmonic polynomials, and related identities.

This paper is structured as follows: Section 1 reviews the essential concepts and notations relevant to
this study. We recall the definitions and properties of the degenerate exponentials, degenerate logarithms,
and degenerate Bernoulli polynomials 8, 1(x). We then introduce the degenerate Stirling numbers of the
first kind, unsigned degenerate Stirling numbers of the first kind [;],, and degenerate Stirling numbers of
the second kind {;},. The section continues by recalling the harmonic numbers, hyperharmonic numbers,
degenerate harmonic numbers H,,;, and degenerate hyperharmonic numbers Hff)A Finally, we state the
binomial inversion relation.

Section 2 contains the principal results of this paper. We begin by recalling the generalized degenerate

harmonic numbers H,(#, r), a generalization of the degenerate harmonic numbers. Theorems in this section
establish various identities and relations:
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(r+1)
¢ Theorem 2.1 expresses H, ;%
n+1

o Theorem 2.2 derives an expression for the generating function Z,‘f:k,l [ . ]

as a finite sum involving H, (n + 1, k).

XM

Anl

Before proceeding, we introduce the degenerate hyperharmonic polynomials HS)A (x).

® Theorem 2.3 shows that HS)A (x) can be represented as a finite sum involving H,(:)A and the falling factorial
(x)n—k-

o Theorem 2.4 provides an identity for H:::ll )/‘ (A) as a finite sum involving [Z:g] e
e Theorem 2.5 derives a closed-form for the alternating sum Y;_; (1) (})Hj 1.
o Theorem 2.6 expresses HS:ll, )A as a finite sum involving Hy41 1.

e Theorem 2.7 proves the identity H:lyjlli\ = Hg:i - Hf{;z), (n>1).

e Theorem 2.8 indicates Hf}:l, (x + A) as a finite sum involving [[1]], and Bi(x).
e Theorem 2.9 finds an expression for the generating function Y., _; {""} 5

n+1

e Theorem 2.10 shows that 8, (—7 — A) is a finite sum involving {;};}, and H*D

k+1,A°

e Theorem 2.11 and Theorem 2.12 find expressions respectively for HS)A (x) and Hle+)1 1 ().

As general references of this paper, we let the reader refer to [1, 6-8]. For the rest of this section, we recall
the facts that are needed throughout this paper.

For any nonzero A € IR, the degenerate exponentials are defined by (see [10, 18, 26])

G0 =Y Wi e =el), (1)
n=0

where
(oa =1, (na = x(x= D =20)(x = (= DA), (12 1).

Note that %iné eyt = e

As the inverse relation of e,(t), the degenerate logarithm is given by log, (t) = 1(t* — 1). Then we note
that (see [9, 11, 15, 16, 19, 20, 27])

" e o (A -1\
log,(1+1) = Z A" 1(1)n,1//\ﬁ = Z (n B 1);/ (2)
n=1 Ton=1

where () denotes the binomial coefficient given by

(x)zl, (x): x(x—1)~--(x—n+1), (n>1).

0 n n!

Note that %imo log, (1 +t) =log(1 +¢).
It is well known that the degenerate Bernoulli polynomials are defined by Carlitz as (see [4])

PPN - "
eA(t)——leA(t) = ;ﬁn,/\(x)n!' 3)
When x =0, fur = fn,1(0), (n > 0) are called the degenerate Bernoulli numbers.

Note that }\mé Bua(x) = By(x), (n > 0), where B,(x) are the ordinary Bernoulli polynomials given by (see

[6])

R - n
et—le = Zan(x)a.
n=
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From (3), we note that (see [4])

n

Bua(x) = Z (Z)ﬁk,A(x)n—k,A/ (n>0).

k=0

The degenerate Stirling numbers of the first kind S1 (1, k) are defined by (see [9, 11, 16, 19-21, 27])

@ = Y SialtK@ka, (120), 4)
k=0

where
®o=1, )p=xx-1Dx-2)---(x—n+1), n=1).

The unsigned degenerate Stirling numbers of the first kind are defined by [;], = (=1)"*Sy A(n, k), (n,k = 0).
From (2), we note that

oty (155) = (-~ loga-n) = Y [’;L% (5)

n=k

where k is a nonnegative integer (see [11, 19, 20, 27]).
As the inversion relation of (4), the degenerate Stirling numbers of the second kind {}}, are defined by

@r =) {Z} @ (120, ©
k=0 A
Thus, by (6), we get (see [11, 16, 19, 20, 27])
1 > (n)
Sl -1 = Zk {k}ﬂ, (k > 0). )

Note that (see [6])

limn—n limn ="
solk|, [k a0 lkS, kS

where
1. o Ly v n]r 1, v o [n|t
s ()= Ll ae-0 =L e=o ®)
n=k n=k
The harmonic numbers are defined by
1 1 1
Hy =0, Hn—1+§+§+-~+a,(n€]N). )

Thus, by (9), we get (see [3, 5, 13, 23, 24])

1 1 =
— log[—) =Y H,".
1—t0g(1—t) Z:; "

Recently, Kim—Kim introduced the degenerate harmonic numbers given by (see [19])

n n _ _1\k-1
R M CIEED ¥ (10
k=1

k=1
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where 7 is a positive integer. Note that

lim Hya = Hy, (12 0).

From (10), we note that (see [9, 11, 15, 16, 21, 27])

1 1\ v . B
l_tlog_A(l_t)—;Hn,At, Hy, = 0.

In 1996, Conway and Guy introduced hyperharmonic numbers HY, (n,r = 0), which are given by

n
» _ o_1 » _ (1)
HY'=0,¢20), H'=— (n=1), H= ;Hk , (7> 1).

Thus, by (12), we get (see [2, 7, 13])

1 1 — - () gn
a-v log(l—t)_;H” .

Recently, Kim-Kim introduced the degenerate hyperharmonic numbers as (see [20])

HO =0, 20, HO =2y, = Yy, @e1
0A ,(1’_ )/ n,/\_T(_) ()n,l//\_xn(_) ,(1’1_ )r
and
n
HY =Y HEY, (n,r > 1).
k=1
From (14), we note that (see [9, 11, 16, 21, 27])
1 1y 1 N )
-0 1Og—A(1 —t) G _t)r<‘1°gA(1 ~1)= ;Hn,At :

We recall the following binomial inversion relation (see [25]):

a, = sz (Z)(—Dk—%k =b=Y (Z)(—l)k‘luk.

k=1

The following formulas will be used in several proofs:

= (r+1—1
(1_t)_r:Z( r—1 )tl'
1=0

1 (A 4+ —1\x"
log}‘(l—x)_;( n-1 )Z'

d _ d -
ﬁe;‘(t) =e M), i log, (t) = 1.

1414

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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2. Degenerate hyperharmonic polynomials and numbers
The generalized degenerate harmonic numbers are given by

1
1—x10 ”1( ) ZHAnr)x

n=r+1

We observe, by using (1), that the left hand side of (21) is equal to

- - A=1\xh o A-1\xh A =1\

m _ l()—l - _ ll—l .. _ ly_l -

Zx Z( b (10 - 1) lo Z‘( b (ll - 1) h IZf( ) (l, - 1) Iy
17 r—

m=0  lp=1
o0 n ( 1)10 1(10_1( 1)11 1(11 h ..(_1)ly—1({\rj o
Iolily---1, ’

n=r+1lo+-+l,=r+1
Thus, by (21) and (22), we get

Z lo 1(10 1)( 1)11 1(11 1 "(_1)lr_1(1},tj

Ha(n, ) = b1, /

r+1<lo+-+l,<n

where 1, r are integers with r > 0, n > r+1, and the sum runs over all positive integers o, I1, .. .,

r+1<lp+---+1,<n.
The degenerate rising factorial sequence is given by

@Wor =1, @y =x(@+A)(x+24)(x+n-1A), (> 1).

From (21) and (23), we note that

1 log_ (L
WS i?i&;fF ). g, 1-5)

) log_ /\ 1 x

~i—7 Z( e Togh(1 — )

@log—A(ﬁ) o (Mia log* ( 1 )

x(1-x) & K A\ —x
IBESETE! b 1
T x Mo1ox! ‘A(l—x)

k=0

Z (M Z H (1, k)x

x k=0 n=k+1

(o) k/\ (o) ;
:Z o ZHA(n+l,k)x

k=0 n=
:Z <i Ha(n +1,k)%",

n=0 k=0

where r is a nonnegative integer.
Therefore, by (24), we obtain the following theorem.

1415

(21)

(22)

I, satisfying

(23)

(24)
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Theorem 2.1. For n,r > 0, we have

r (r,
HO'D o AHy(n +1,k)
=0
We note that
= (n+1] 2 s [n] and d w [n] X"
X x4 X (25)
n;l[ k L ! ;[k]/\(n—l)! dxnz_:: k|, n!

@_1 (d-9' k—l( 1)
k-1 1-x 05 '

Therefore, by (25), we obtain the following theorem.

Theorem 2.2. For k € IN, we have

1 Q-0 ./ 1 = [n+1] x"
k=1)! 1-x logli"l(l—x): Zl[ k L; (26)

In view of (16), we define the degenerate hyperharmonic polynomials by

log_, (ﬁ) 1

X _ . (r) n
= by = ;Hm(x)t . (r>0). 27)

_ (r _ g
Whenx =0, H, (0)=H,, (n >1).

Thus, by (27), we get
. n X _ T
HY, (x) = ZH,((A%( )k, (21, HY@) =0 (28)

Therefore, by (28), we obtain the following theorem.
Theorem 2.3. Forn € N and r > 0, we have

HO, (x) = Z HY, (1(1X)nk];' 1y, HO, @) =
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From (26) and (27), we have

= log_, ()

(1-x)tlog_, ()

Y HID (' = W( -0 =y ¢ (log, (1 - x)) (29)
n=0
() (1 - X)/\ - , logk-'}—\l (11x)
- x(1-x) o kA k!
k+1
1 v g)\(lx)(l—x)/‘
E;; Dok + D= Ty
%}:«»Aw+1)§: tra]
=0 n=k+1
- n+2]  x"
Z Whall+ 1)Z[k+2 (+ 1)

- Z (n+ 1! Z(T)m k+1)[n+2] "

Therefore, by (29), we obtain the following theorem.

Theorem 2.4. For n,r > 0, we have

- [ +2
}:vnﬂ¢+1{k+2L. (30)

(r+1) _
& ()_(n+1)!k:O

n+1,A

Letting A — 0 in (30), we obtain

HOD 1 Z k(k 1)[” +2)| )

T 1))

Now, we observe that

iZ()HM 1)k1n_ZHM( 1“2(2) (31)

n=1 k=1 n=k
_m _k—lkoon+kn
= Yo e R
k=1 n=0

)\ -1 k(1
= Hi (-1)"'x ( )
kz:; 1-x
1 w— —x \f
=- H
1 —xkzzll k”‘(l—x)

1 1 1 o ( 1 )
- xx g—/\ 1+%x
1

1—x1+1T

=-log_(1-x)= log/\(1

(19)Z(A+n— )

Therefore, by (31), we obtain the following theorem.

- X
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Theorem 2.5. For n € IN, we have

;(A+n ) Z(l“(”)H“

Moreover, by inversion we also have (see (17))

=R ()

We note that
log_, () 1 1 1
1) 9 08a\ix) 1
ZHHM = G—px 07 1—x10g‘A(1—x)

(o]

1s) i;(r+l— )leHk/\x

n=1 k=1
o n+l
+n—-k
= Z (r n )Hk Axn
r—1
n=0 k=1
(o) n
r+n—-k-1
= Z ( )Hk+1 2X
r—1
n=0 k=0

Therefore, by (32), we obtain the following theorem.

Theorem 2.6. For n,r > 0, we have

H(H_l) i(ﬂ—k-l‘r—l)H
= k+1,A-

n+1,A r—1
k=0
(7+2) (r+1)
Noting that H = H, " (see (15)), we have

- ) n (16) log_, (117) B log_, (ﬁ) xlog_, (11Tx)

Z H(r+1 (2 —
n+1,A x(l — x)r+1 x(1 — x)r+2 x(l — x)r+2

(o]
(16) (r+2) " (r+2) "
- Z Hn+1 2 Tx Hn+1 A
n=0 n=0

_ p7(r+2) (r+2) (r+2)
=Hj, +Z H, iy —H, ) )xn'

Therefore, by (33), we obtain the following theorem.

Theorem 2.7. For n € IN, we have

(r+1) _ 7 5(r+2) (r+2)
Hn+1 A Hn+l A Hn AT

1418

(32)

(33)
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From (26) and (27), we have

n+1
Nk+1j,

n

i (nll)k[n+1] B (O = Z( 1)kﬁm(x)z

:Z:)"( 1Bia X) _tt) 1085(1;)

/\
2y prao S S logha -

—t k!
k=0

- 1 1-
(11 tz ZﬁkA( ) —————— Ogﬂ( )

) 1-tt log,(1-1t)
-t eA(logA(l—t))—
LRI UL P log_, (%)
1=t 1-r—1 0T a0y

1
P HO A+ = Y HY, (e e

nl n=0

1e’)‘\(logA(l - t))

(1 t)?Hx

[e]

Therefore, by (34), we obtain the following theorem.

Theorem 2.8. Forn > 0, we have

1 v n+1
= Z(—1)k[k . 1] Bea(x) = HYY) (e +A).
" k=0 A

We note that
- n+1} o {n} o d {n} £
nZkll{ k Jn! ; kj,(mn=1)! dt; kJ n!
) 1d

k (20) 1 k-1 ,_
aa@®-1) = gogple® 1) ero, ke,
Therefore, by (35), we obtain the following theorem.

Theorem 2.9. Fork > 1, we have

1 k-1 > (n+1)
——(ex(t) - 1) elMp) = { } —.
(k- 1)!( 0 -1) el o !

1419

(34)

(35)

(36)

Letting A — 0 in (36) and using (8), we get the following recurrence relation for the Stirling numbers of
the second kind:

O N T S
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From (36), we have
(o) n
k n+1 (+1)t k (r+1) n+1 tn
HICUCISHEEE R D M e @
k=0

n=0 k=
Z D H!D k'(A(t)—) 0

k=0
_ (r+1) k
=e; M (t) Z sz-l AT e"(t))

—log, (e;\(t))
(1-ea(®)erie)

oAy @ £
OESHCE Zﬁm( r=A—

1)

1/\()

Therefore, by (37), we obtain the following theorem.
Theorem 2.10. For n > 0, we have
n
n+1 1
Bua(=r— 1) = 2(—1>kk!{k N 1} H
k=0
From (27), we note that

)

ZH(”(x)t”— (%)(1—t 2)(18)2( )
t
n=1
= (A =1\ (D) & (n—x k),
:Z(k—l)T;( n—k )t
- A=1\(-D"n-x—-k
:Zz(k 1) k (n—k)

n=1 k=1

iy (” _x)t” (38)
n=0

n

Therefore, by (38), we obtain the following theorem.

Theorem 2.11. For n € IN, we have

W\ A D n—x -k
H"/‘()_Z(k—l) k \ n-k [
k=1
By (27), we get

1 1
ZHL?M o —tg(A( 7 i >"—ﬁ—0if_(;t)<1—t>“l 39)

- Z HY, @+ 1) Z ¢ = Z Z HY e+ D
k=0

n=0 k=0
Therefore, by (39), we obtain the following theorem.

Theorem 2.12. For n > 0, we have

(1)
n+1 A = Z Hiy (e +1).



T. Kim, D. S. Kim / Filomat 40:4 (2026), 1411-1422 1421
3. Conclusion

In this paper, we successfully investigated new properties and relationships for degenerate hyperhar-
monic numbers H ', and degenerate hyperharmonic polynomials H, ) ' (x), significantly contributing to the
evolving field of degenerate special numbers and polynomials. Our primary findings established novel
identities, notably expressing these numbers and polynomials as finite sums involving unsigned degenerate
Stirling numbers of the first kind, degenerate Bernoulli polynomials and other related numbers. We also

derived a useful recurrence relation for H(r) and provided a closed-form expression for an alternating sum
of degenerate harmonic numbers. These fmdlngs contribute to the expanding field of degenerate special
numbers and their applications.

We would like to continue to explore degenerate versions of many special numbers and polynomials
(see[9,11, 12, 14-22, 27]), and find their applications to science, physics, engineering and mathematics (see
[26]).
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