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Screen transversal Cauchy-Riemann lightlike submanifolds of
semi-Riemannian product manifolds

Nergiz (Onen) Poyraz?

?Cukurova University, Faculty of Arts and Sciences, Department of Mathematics, 01330, Adana, Turkey

Abstract. We introduce screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds of semi-
Riemannian product manifolds. We obtain new conditions for the induced connection to be a metric
connection. We investigate geometry of screen transversal Cauchy-Riemann (STCR)-lightlike submani-
folds and investigate the integrability of various distributions of such lightlike submanifolds. Finally, we
find conditions for minimal STCR-lightlike submanifolds of semi-Riemannian product manifolds. More-
over, we two give examples.

1. Introduction

Given a semi-Riemannian manifold, one can consider its lightlike submanifold whose study is important
from application point of view and difficult in the sense that the intersection of normal vector bundle and
tangent bundle of these submanifolds is nonempty. This unique feature makes the study of lightlike
submanifolds different from the study of non-degenerate submanifolds. Lightlike submanifolds have been
studied widely in mathematical physics. Indeed, lightlike submanifolds appear in general relativity as
some smooth parts of event horizons of the Kruskal and Kerr black holes [16]. Lightlike submanifolds of
semi-Riemannian manifold have been studied by Duggal-Bejancu and Kupeli in [4] and [20], respectively.
Kupeli’s approach is intrinsic while Duggal-Bejancu’s approach is extrinsic. Later, they were studied by
many authors (see up-to date results in two books [6, 10]).

Duggal and Bejancu [4] introduced CR-lightlike submanifolds of indefinite Kaehler manifolds. Similar to
CR-lightlike submanifolds, semi-invariant lightlike submanifolds of semi-Riemannian product manifolds
were introduced by Atceken and Kili¢ in [1]. But CR-lightlike submanifolds exclude the complex and
totally real submanifolds as subcases. Then, screen Cauchy-Riemann (SCR)-lightlike submanifolds of
indefinite Kaehler manifolds were introduced in [7]. Screen Cauchy-Riemann (SCR)-lightlike submanifolds,
analogously, screen semi-invariant lightlike submanifolds, of semi-Riemannian product manifolds were
introduced by Khursheed, Thakur and Advin [17] and Kilig, Sahin and Keles [18], respectively. But there
is no inclusion relation between CR and SCR submanifolds, so Duggal and Sahin [8] presented a new class
named GCR-lightlike submanifolds of indefinite Kaehler manifolds which is an umbrella for all these types
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of submanifolds. Kumar, Kumar, Nagaich studied GCR-lightlike submanifolds of a semi-Riemannian
product manifold [19]. These types of submanifolds have been studied in various manifolds by many
authors [9, 13, 15, 21, 23].

But CR-lightlike, screen CR-lightlike and generalized CR-lightlike do not contain real lightlike curves.
For this reason, Sahin presented screen transversal lightlike submanifolds of indefinite Kaehler manifolds
and show that such submanifolds contain lightlike real curves [26]. Screen transversal lightlike submani-
folds of semi-Riemannian product manifolds were introduced in [28]. Such submanifolds have studied in
[11, 12, 14, 22]. On the other hand, as a generalization of CR-lightlike submanifolds and screen transversal
lightlike submanifolds, Dogan, Sahin and Yasar introduced screen transversal CR-lightlike submanifolds
and studied the geometry of such lightlike submanifolds [3]. Poyraz studied contact screen transversal
Cauchy-Riemann (STCR)-lightlike submanifolds of indefinite sasakian manifolds [24].

The paper is organized as follows: In Section 2, we give the basic concepts on lightlike submanifolds and
semi-Riemannian product manifolds, which will be used throughout this paper. In Section 3, we introduce
screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds of semi-Riemannian product manifolds.
We obtain new conditions for the induced connection to be a metric connection. We investigate geometry
of screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds and investigate the integrability of
various distributions of such lightlike submanifolds. In section 4, we find some necessary and sufficient
conditions for minimal screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds. Furthermore,
we give an example for minimal screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds of
semi-Riemannian product manifolds.

2. Preliminaries

Let (M, §) be a real (m + n)—dimensional semi-Riemannian manifold of constant index g, such that
m,n>1,1<qg<m+n-1and (M, g) be an m—dimensional submanifold of M, where g is the induced metric
of j on M. If § is degenerate on the tangent bundle TM of M then M is named a lightlike submanifold of M.
For a degenerate metric g on M

TM* = U{u € TN : §(u,0) = 0,Y0 € TeM, x € M| 1)

is a degenerate n—dimensional subspace of T,M. Thus, both T;M and T,M* are degenerate orthogonal
subspaces but no longer complementary. In this case, there exists a subspace Rad(T:M) = T.M N T,M*
which is known as radical (null) space. If the mapping Rad(TM) : x € M — Rad(T M), defines a smooth
distribution, called radical distribution on M of rank r > 0 then the submanifold M of M is called an
r—lightlike submanifold.

Let S (TM) be a screen distribution which is a semi-Riemannian complementary distribution of Rad(TM)
in TM. This means that

TM = S(TM) LRad (TM) (2)

and S(TM?') is a complementary vector subbundle to Rad(TM) in TM*. Let tr(TM)) and Itr (TM) be
complementary (but not orthogonal) vector bundles to TM in TM,,, and Rad(TM) in S (TM*Y)*, respectively.
Then, we have

tr (TM) = Itr (TM) LS (TM%), 3)
TM = TM & tr (TM) = {Rad(TM) & Itr (TM)} LS (TM) LS(TM™). (4)

Theorem 2.1. [4] Let (M, g, S(TM), S (TM™)) be an r—lightlike submanifold of a semi-Riemannian manifold M, §).
Suppose U is a coordinate neighbourhood of M and &;, i € {1,..,r} is a basis of T(Rad (TM),,). Then, there exist a

complementary vector subbundle Itr (TM) of Rad(TM) in S (TMl)ﬁl and a basis {N;}, i € {1,..,r} of T(Itr (TM),,)
such that

g(Ni/ CE]) = 61']', ﬁ(Ni,N]’) =0 (5)
foranyi,je(l,.,r}
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We say that a submanifold (M, g, S(TM), S (TM*)) of M is

Case 1: r-lightlike if ¥ < min {m, n},

Case 2: Coisotropicif r = n < m, S(TM*) = {0},

Case 3: Isotropicif r = m < n, S(TM) = {0},

Case 4: Totally lightlike if r = m = n, S(TM) = {0} = S (TM™).

Let V be the Levi-Civita connection on M. Then, using (4), the Gauss and Weingarten formulas are given

by

VxY VxY +h(X,Y), (6)
ViU = -AyX+Vil, @)

for any X,Y € T(TM) and U € I(tr(TM)), where {(VxY, AuX} and {h(X,Y), Vi U]} belong to T(TM) and
['(tr (TM)), respectively. V and V' are linear connections on M and on the vector bundle tr(TM), respec-
tively. According to (3), considering the projection morphisms L and S of tr (TM) on Itr (TM) and S (TM™),
respectively, (6) and (7) become

VxY = VxY+H(XY)+HKXY), (8)
VN = —AyX+ VLN +D(X,N), 9)
VW = —AwX+ VW +DI(X, W), (10)

for any X,Y € T(TM), N € T(Itr(TM)) and W € T(S(TM%)), where h/(X,Y) = Lh(X,Y), (X, Y) = Sh(X,Y),
VxY,AnX,AwX € T(TM), V5,W,D%(X,N) € T'(S(TM%')) and VZXN, DYX, W) € T(itr(TM)). Then, by using
(8)-(10) and taking into account that V is a metric connection we obtain

GIEXY), W)+ d, DX, W)) = gAwX,Y), (11)

FD°(X,N),W) = GAwXN), (12)

JHX,Y), ) + G H(X, &) +9(Y,VxE) = 0. (13)
Let Q be a projection of TM on S(T'M). Thus, using (2) we can obtain

VxQY = ViQY+h(X,QY)E, (14)

Vxé = -AX- Ve, (15)

for any X, Y € T(TM) and & € T(Rad(TM)), where {V3QY, A; X} and {"(X, QY), V;i&} belong to IS (TM)) and
I'(Rad (TM)), respectively.
Using the equations given above, we derive

GH(X,QY),8) = g(A:X,QY), (16)
g (X,QY),N) = g(AnX,QY), (17)
GH(X,6),8) = 0, AE=0. (18)

Generally, the induced connection V on M is not metric connection. Since V is a metric connection, from
(8), we obtain

(Vxg)(Y, 2) = §H(X, ), Z) + §(H' (X, 2), V).
But, V* is a metric connection on S(TM).

Definition 2.2. A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, §) is said to be totally umbilical
in M if there is a smooth transversal vector field H € T(tr(TM)) on M, called the transversal curvature vector field of
M, such that

h(X,Y) = HF(X,Y) 19)
forany X,Y € T(TM). In case H = 0, M is called totally geodesic [5].
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Using (8) and (19) it is easy to see that M is totally umbilical iff on each coordinate neighborhood U there
exists smooth vector fields H' € T(Itr (TM)) and H® € T'(S (TM*')) such that

H(X,Y) = §X, H, I*(X,Y) = §(X, Y)H* and D'(X, W) =0 (20)
for any X, Y € I'(TM) and W € I'(S (TM™)).

Theorem 2.3. Let M be an r-lightlike submanifold of a semi-Riemannian manifold M. Then the induced connection
V is a metric connection iff Rad(TM) is a parallel distribution with respect to V [4].

Let M be an n—dimensional differentiable manifold with a tensor field F of type (1,1) on M such that
F2=1 (21)
Then M is called an almost product manifold with almost product structure F. If we put
1 1
= E(I+F), o= E(I—F)
then we have

2

n+o=1, =m0 =omno=on=0,F=n—-o0.

Thus 7w and o define two complementary distributions and F has the eigenvalue of +1 or —1.
If an almost product manifold M admits a semi-Riemannian metric 7 such that

JEX,FY) = §(X,Y) (22)

for any vector fields X, Y on M, then M is called a semi-Riemannian almost product manifold.
From (21) and (22), we have

F(FX,Y) = (X, FY). (23)
If, for any vector fields X, Y on M,
VF =0, thatis (VxF)Y =0, (24)

then M is called a semi-Riemannian product manifold, where V is the Levi-Civita connection on M [25].

3. Screen transversal Cauchy-Riemann (STCR)-Lightlike Submanifolds

Definition 3.1. Let M be a real r-lightlike submanifold of a semi-Riemannian product manifold M. Then we say that
M is a screen transversal Cauchy-Riemann (STCR)-lightlike submanifold if the following conditions are satisfied:
(A) There exist two subbundles o1 and o, of Rad(TM) such that
Rad(TM) = 01 @ 02, F(01) € S(TM), F(02) € S(TM™). (25)
(B) There exist two subbundles oo and o’ of S (TM) such that
S(TM) = {F(o1) ® 0’} L 0o, P(00) = 00, F(¢’) = L1 LS (26)

where o is a non-degenerate distribution on M, L and S are vector subbundles of Itr (TM) and S (TM*), respectively.
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Then tangent bundle TM of M is decomposed as

TM=0®d (27)
where

0=00®01®F(0q) (28)
and

6 =0, ®F(L1) ® F(S). (29)

It is clear that o is invariant and 6 is anti-invariant. Furthermore, we have

Itr(TM) = Ly ® Ly, F(L1) € S(TM), F(L,) € S(TM™) (30)
and

S(TM*) = {F(02) ® F(Lp)} LS. (31)

If o1 # {0}, 02 # {0}, oo # {0} and S # {0}, then M is called a proper screen transversal Cauchy-Riemann
lightlike submanifold of a semi-Riemannian product manifold M.

Proposition 3.2. A STCR-lightlike submanifold M of a semi-Riemannian product manifold M is semi-invariant
lightlike submanifold (respectively, screen transversal lightlike submanifold) iff o, = {0} (respectively, o1 = {0}).

Proof. If M is a semi-invariant lightlike submanifold of a semi-Riemannian product manifold M, then
F(Rad(TM)) is a distribution on S(TM). Hence we get Rad(TM) = o1 and 0, = {0}. Then it follows that
F(Itr(TM)) is a distribution on S(TM). Conversely, if M is a STCR-lightlike submanifold such that o, = {0},
then we have Rad(TM) = ¢1. Thus F(Rad(TM)) is a vector subbundle of S(TM). Hence M is a semi-invariant
lightlike submanifold. Similarly other assertion follows. [

Proposition 3.3. There exist no coisotropic, isotropic or totally lightlike proper STCR-lightlike submanifolds M of
a semi-Riemannian product manifold. Any isotropic STCR-lightlike submanifold is a screen transversal lightlike
submanifold. Also, a coisotropic STCR-lightlike submanifold is a semi-invariant lightlike submanifold.

Proof. Assume that M is a proper STCR-lightlike submanifold. From definition of proper STCR-lightlike
submanifold, we know that o1 # {0}, 0> # {0}, 09 # {0} and S # {0}, that is both S(TM) and S(TM*) are non-
zero. Hence, M can not be a coisotropic, isotropic or totally lightlike submanifold. On the other hand, if M
be a isotropic STCR-lightlike submanifold, then S(TM) = {0}, i.e., F(o1) = {0} and Rad(TM) = o,. Therefore,
we obtain F(Rad(TM)) = F(oz) € T(S(TM*)) and M is a screen transversal lightlike submanifold. Similarly,
if M is a coisotropic STCR-lightlike submanifold, then S(TM*) = {0}, i.e., F(02) = {0} and Rad(TM) = o;.
Since, F(Rad(TM)) = F(o1) € T(S(TM)) then M is a semi-invariant lightlike submanifold. O

Example 3.4. Let M = (]Réz, g) be a semi-Euclidean space, where § is of signature (—, —, +,+,+,+,+,+,+,+,+,+)
with respect to canonical basis (dx1, dxz, dx3, dxs, 9Xs5, dxg, X7, dxg, X9, Ix10, Ix11,0x12). If we define a mapping F

by
F(x1,x2,%3, ..., X11, X12) = (X4, X3, X2, X1, X5, X6, X8, X7, X10, —X11, —X12)

then F? = I and F is an almost product structure on R}?. Assume that M is a submanifold of R}? defined by

Uy
x| = Ml,x2=M2,x3=0,x4=M3—?/ X5 = Us + Ug,
Uy
Xe = Us— U, x7=u3+?, Xg = U1, X9 = Uy, X109 =0,
X11 = Us + Uy, X120 = Us — U7.
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Then, TM is spanned by {Z1,Z, 23, Z4, Z5, Zs, Z7}, where
Z1 = OJx1+0xg, Zp=0xy+0x9, Z3= x4+ 0x7,
Zy = %(—&x;; +0dxy), Zs = dxs + dxg + dx11 + Ix12,
Ze = Jxs—0x¢, Z7 = 0x11 — 0x10.

Hence M is a 2— lightlike submanifold of]R%2 with Rad(TM) = Span{Z,, Z,}. It is easy to see F(Z1) = Z3 € I'(S(TM)),
thus o1 = Span{Zi} and o, = Span{Z,}. On the other hand, since F(Zs) = Z¢ and F(Z;) = Z7, we derive
0o = Span{Ze, Z7} and by direct calculations, we get the lightlike transversal bundle spanned by

N1 = %(—8x1 + 8X8), Nz = %(—8362 + &X9).

Then we see that Ly = Span{N1}, Lo = Span{Na}, S(TM*) = Span{F(Z;), F(Ny), F(Zs)} and S = Span{F(Zs) = W}.
Thus, o’ = Span{F(N1) = Z4, F(W) = Zs} and M is a proper STCR-lightlike submanifold of R}?.

Now, we denote the projections from I'(TM) to I'(co), I'(Fo1), I'(E(L1)), T'(F(S)), I'(o1) and I'(o2) by Py, P1
, P2, P3, Ri and Ry, respectively. We also denote the projections from I'(t#(TM)) to I'(F(o2)), I'(F(Lz)), I'(S),
I'(Ly) and I'(Ly) by S1, Sz, S3, Q1 and Qy, respectively. Hence, we can write

X =PX+RX =PyX +P1X+PyX+P3X+RiX+R,X (32)
and
FX=TX+ wX (33)

for any X € I'(TM), where PX € I'(0), RX € I'(6) and TX and wX are the tangential parts and the transversal
parts of FX, respectively. Applying F to (32) and denoting FPy, FP1, FP,, FP3, FRy, FR, by Ty, T, wi, ws, T1,
w3, respectively, we derive

FX=ToX+T1 X+ T7 X +wr X + wsX + w:X (34)

for any X € I'(TM), where ToX € I'(0g), T1X € I'(01), T1X € I'(F(01)), wrX € I'(L1), wsX € I'(S), and
w3 X € I'(F(Ly)). Similarly we can write

U=5U+SU+SU+0Q:U+ QU (35)
for any U € I'(tr(TM)) and we denote FSq, FSy, FS3, FQ1, FQ» by By, Cy, Bs, By, Ci, respectively. Thus we get

FU=BU+BsU+BU+CU+CU (36)
and

FU=BU+CU (37)

where BU and CU are sections of TM and tr(TM), respectively. Differentiating (34) and using (8)-(10), (24),
(34) and (37), we get
VxTY + H(X, TY) + 15 (X, TY) + {=Aw,y X + Vi(wLY) + D(X, wY))
+H=Apey X + Vi (@sY) + D'(X, wsY)} (38)
+H=Aupy X + Vi(@3Y) + D'(X, w5 Y)}
= TVxY +wVxY + wsVxY + wsVxY + BE (X, Y) + CH/(X, Y)
+BI(X,Y) + CH¥(X,Y)
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for any X, Y € I'(TM). Taking the tangential, lightlike transversal and screen transversal parts of (38) we
obtain

(VxT)Y = VXTY = TVxY = Ay X + Awgy X + A,y X + Bh(X, Y), (39)

D'(X, wsY) + D'(X,w3Y) = w VxY = Vi(w Y) = H(X, TY) + Ch*(X, Y) (40)
and

DS(X, 1Y) = wsVxY + @3VxY — Vi(wsY) = Vi(wsY) — (X, TY) + CH(X, Y) + CI*(X, Y) (41)
respectively.

Theorem 3.5. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then V is a metric
connection iff for any X € I'(TM), the following conditions are holded

VY FE+ (X, FE) € I'(F(01)), BH(X,F&) =0, £ € T'(0n), (42)
and
ApeX € T(F(01)), B(VYFE + D'(X,FE)) = 0, & € I(a2). (43)

Proof. Suppose that V is a metric connection. Then from Theorem 2.3, the radical distribution is parallel
with respect to V, i.e., Vx& € I'(Rad(TM)) for any X € I'(TM) and & € I'(Rad(TM)). From (21) and (24) we
obtain

Vx& = FVxF& (44)
for any X € I'(TM) and & € I'(Rad(TM)). Thus from (6), (14), (33), (37) and (44) we obtain

Vx&+h(X, &) = TVYFE + Th(X, F&) + wVYFE + wh'(X, FE) + Bh(X, F&) + Ch(X, F¢), (45)
for any X € I'(TM) and & € I'(Rad(TM)). Taking the tangential parts of the above equation we derive

Vx& = T(VYFE + (X, FE)) — Bh(X, F&) (46)
for any X € I'(TM) and & € I'(01). Letting & € I'(02) in (44) and using (6), (10), (33) and (37) we get

Vx& = TAp: X — B(V{FE + D'(X, F&)). 47)
Thus using Theorem 2.3, the proof follows from (46) and (47). O

Theorem 3.6. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then
(i) The distribution G is integrable iff

AFXy = AFyX.
(ii) The distribution o is integrable iff
h(X,FY) = h(FX, Y).

Proof. Suppose that M is a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Con-
sidering (39) we obtain

=TVxY = Ay y X + Apsy X + Aw,y X + BI(X, Y)
for any X, Y € I'(5). Therefore we get
T [Xr Y] = _AwLYX + AmLXY - AwsYX + Aa)sXY - Aa)QYX + AwQXY
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which proves assertion (i). Using (40) and (41) we derive
WX, TY) = w VxY + wsVxY + w;VxY + Ch(X, Y)
for any X, Y € I'(0). Thus we obtain
WX, TY)-h(Y, TX) = oL [X, Y]+ ws [X, Y] + w5 [X, Y]
which proves the assertion (ii). [

Theorem 3.7. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then, o is
integrable iff the following conditions are holded

(X, FY) -1 (Y, FX) € T(F(Lp))

and
H(X, FY) — h'(Y, FX) € T(L)

forany X,Y € I'(0).

Proof. Definition of STCR-lightlike submanifolds, o is integrable iff for any X, Y € I'(0), [X, Y] € I'(0), i.e.,
g(X, Y1, N2) = g([X, Y], F&1) = g(IX, Y], FW) =0

forany X, Y € I'(0), N2 € T'(Lp), &1 € I'(01) and W € I'(S). Thus, using (8), (22), (23) and (24) we have

30X, Y1, N2) = G(*(X, FY) - I (Y, FX), FN), (48)
g([X, Y1, &) = G (X, FY) = (Y, FX), £1), (49)
9([X, Y1, FW) = §(h*(X, FY) = h*(Y, FX), W). (50)

Therefore, the proof follows from (48)-(50). [

Theorem 3.8. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then, & is
integrable iff

ApxY — ApyX € T(5)
forany X, Y € I'(5).

Proof. Suppose that M is a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Note
that G is integrable iff for any X, Y € I'(G), [X, Y] € I'(5), i.e.,

gUX, Y1, N1) = g(IX, Y], FNy) = g(IX, Y], Z2) =0
for any Z € I'(0g) and N; € I'(L;). Hence, considering (7), (22) and (24) we have

g(X, Y], N1) = g(ArxY — Apy X, FN1) (51)
for any X, Y € I'(6) and N; € I'(L;). Similarly, using again (7), (22), (23) and (24) we obtain

g([X,Y],FN1) = §(ApxY — AryX, Ny), (52)

g([X, Y] , Z) = g(Apr - AFyX, FZ), (53)
forany X, Y € I'(6), Z € I'(69) and N; € I'(L1). Thus the proof comes from (51)-(53). O
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4. STCR-Lightlike product manifold

Definition 4.1. A STCR-lightlike submanifold M of a semi-Riemannian product manifold M is called STCR-lightlike
product manifold if both the distributions o and & define totally geodesic foliation in M.

Theorem 4.2. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then, ¢ defines a
totally geodesic foliation in M iff

Bh(X,FY) =0
forany X,Y € I'(0).

Proof. Suppose that M is a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Thus o
defines a totally geodesic foliation iff

g(VxY, F&) = §(VxY,N2) = g(VxY,FW) = 0

forany X,Y € I'(0), &1 € I'(01), N2 € T'(Lp) and W € I'(S). From (8), (22), (23) and (24) we obtain

gVxY,F&) = (X FY), &), (54)
JVXYL,Ny) = g (X, FY),FN), (55)
gVXLFW) = G (X, FY), W). (56)

Hence from (54) we say that #/(X, FY) has no components in L; and from (55) and (56) we say that h*(X, FY)
has no components in F(g3) L S. This completes the proof. [

Theorem 4.3. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then, G defines a
totally geodesic foliation in M iff

(i) An, X has no components in F(o1) L F(S).

(ii) Apy X has no components in o, L 01,

forany X, Y € I'(5).

Proof. Definition of STCR-lightlike submanifolds, G defines a totally geodesic foliation iff
d(VxY,N1) = g(VxY,FN1) = 9(VxY,Z) =0

forany X, Y € I'(G), N1 € I'(L1) and Z € I'(0). Using that V is a metric connection and (6), (7), (22), (23) and
(24) imply

g(VXY,Nl) = —g(AFyX, FNl) (57)
From (6), (7), (22), (23) and (24) we derive
g(VxY,FN1) = =§(Ary X, N1), (58)

9(VxY, Z) = —g(AryX, FZ). (59)
Thus the proof comes from (57)-(59). O

Theorem 4.4. Let M be a STCR-lightlike submanifold of a semi-Riemannian product manifold M. If (VxT)Y = 0,
then M is a STCR-lightlike product manifold.

Proof. Let X,Y € I'(G), hence TY = 0. Then using (39) with the hypothesis, we get TVxY = 0. Thus
VxY € I'(5) the distribution & defines a totally geodesic foliation. Next, let X,Y € I'(0); therefore @Y = 0.
Then using (39), we get Bh(X, FY) = 0. From Theorem 4.2, o defines a totally geodesic foliation in M. Hence,
M is a STCR-lightlike product manifold. O
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Theorem 4.5. Let M be an irrotational STCR-lightlike submanifold of a semi-Riemannian product manifold M.
Then, M is a STCR-lightlike product manifold if the following conditions are satisfied:

i) VxU e T(S(TM™)), for any X € T(TM) and U € I'(tr(TM)),

ii) AEY € I'(F(01)LE(S)), for any Y € I'(0).

Proof. Let (i) holds, then from (9) and (10) we get AxX = 0, AwX = 0, D'(X, W) = 0 and V{,N = 0 for any
X € I(TM). Hence for any X,Y € I'(c) and W e I'(S(TM*)) and using (11), we obtain §(i°(X,Y), W) = 0.
Hence, the non degeneracy of S(TM*) implies that #°(X,Y) = 0. Therefore, B1*(X,Y) = 0. Now, for any
X,Y € I'(0) and & € I'(Rad(TM)), then using (13) and (ii) and the hypothesis that M is irrotational, we have
JH(X,Y),8) = ay, A;X) = 0. Thus, we get (X, Y) = 0. Therefore Bh/(X,Y) = 0. Then, from Theorem 4.2
the distribution ¢ defines a totally geodesic foliation in M.

Next, for any X,Y € I'(3), then FY = wY € I'(L; L S L F(o2)) C I'(tr(TM)). Considering (39) we
get TVxY = —Bh(X,Y), comparing the components along &, we derive TVxY = 0, which implies that
VxY € I'(5). Thus the distribution & defines a totally geodesic foliation in M. Thus M is a STCR-lightlike
product manifold. O

5. Minimal STCR lightlike submanifolds

Definition 5.1. We say that a lightlike submanifold M of a semi-Riemannian manifold M is minimal if:
(i) ¥ = 0 on Rad(TM) and
(ii) trh = O, where trace is written with respect to g restricted to S(TM).
It has been shown in [2] that the above definition is independent of S(TM) and S(TM™), but it depends on tr(TM).

Example 5.2. Let (M = R}?, §) bea 14-dimensional semi-Euclidean space with signature (—, —, =, —, +,+,+,+,+, +,
+,+,+,+) and (x1, X2, X3, X4, X5, X6, X7, X8, X9, X10, X11, X12, X13, X14) be the standard coordinate system of ]Ri“. If we
define a mapping F by

F(x1,x2, X3, X4, X5, X, X7, X8, X9, X10, X11, X12, X13, X14) = (X2, X1, X4, X3, X6, X5, X8, X7,

X10, X9, X13, X14, X11, X12)

then F2 = I and F is an almost product structure on R}*. Let M be a submanifold of M defined by

. . Uy .
x1 = upsinha +upcosha, x, = uzsinha + > sinh «,
Uy
X3 = Uy, Xy = Uz o, X5 =y, x6 =0,
. Uy

X7y = ujcosha + up;sinha, xg = uzcosha + > cosha,

X9 = sinhussinhug, x10 = cosh us cosh ug, x11 = sinuy cosh ug,
X1 = —cosuysinh ug, X13 = —uUy +uUg, X14 = Uy + ug.

Then it is easy to see that a local frame of TM is given by

Z1 = sinhadx; + dx3 + coshadxy, Z, = cosh adx; + dxs + sinh adxy,
. 1, .
Z3 = sinhadx, + dxq + coshadxg, Z4 = E(smh adxy; — dxy4 + cosh adxs),
Zs = coshussinhugdxg + sinh us cosh ugdxig, Zg = sinh us cosh ugdxg + cosh us sinh ugdx1o,
Z7; = cosuycoshugdxy + sinuy sinh ugdxiy — dx13 + dx1a,

Zg = sinuysinhugdxqq — cosuy cosh ugdxin + dx13 + 9x14.
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We see that M is a 2-lightlike submanifold with Rad(TM) = Sp{Zi, Z,}, F(o1) = Sp{F(Z1) = Z3}, 00 = Sp{Zs, Zs)
and it is easy to say that

Itr(TM) = SpiN; = %(sinh adxy — dxz + cosh adxy),

N, = %(— cosh adxy + dxs — sinh adxy)},
F(N1) = Z4, S(TM") = Sp{F(Z2), F(N2), F(Z7), F(Zs)}.
On the other hand, by direct computations and using Gauss and Weingarten formulas, we obtain
Vz.Zr=0, i=1,2,3,4, 1<T<8

and

Or h(Z6/ Z6) = 0/ hl(Z7/ Z7) = Or hl(ZS/ ZS) = O/
(sin uy cosh ug + cos uy sinh ug)F(Z7) + (— sin uy cosh ug + cos uy sinh ug)F(Zg)

WZs, Zs)

h(Z7,Z7)

7

cos? uy + cosh? ug + 1

1(Zs, Zs) = —(sin uy cosh ug + cos uy sinh ug)F(Zy) + (sin uy cosh ug — cos uy sinh ug)F(Zg) /
cos? uy + cosh? ug + 1

that is, h°* = 0 on Rad(TM) and
trace |srany h = 0.
Then, it is clear that M is not totally geodesic and, but it is a minimal STCR-lightlike submanifold of M = R}?.

Theorem 5.3. Let M be a proper STCR-lightlike submanifold of a semi-Riemannian product manifold M. Then M
is minimal iff

traceAl gy = 0, traceAw, surm = 0, 3(Y, D'(X, W)) =0 (60)
forany X, Y, &, € I(Rad(TM)) and W,, W € T[(S(TM*)), where g € {1,2, ..., ryand a € {1,2,...,n —r}.

Proof. We know that 1! = 0 on Rad(TM) [2]. Definition of a STCR-lightlike submanifold, M is minimal iff

21

4 p k
Z eihlei, e;) + Z h(FE;, FE)) + Z h(FNj, FN;) + Z eth(FW,, FW)) = 0

=1 =1 j=1 I=1
and #* = 0 on Rad(TM). From (11), we have h* = 0 on Rad(TM) iff §(Y,D(X,W)) = 0, for any X,Y €
I'(Rad(TM)), and W € T(S(TM™*)). On the other hand, we have

Iy v
trace | swy = Y {90 (FE}, FE)), EQNy + J(H (N, EN;), £}

4
e VY €0 (P FE), Wo)Wa + G0F(EN;, EN,), Wo)W,) (61)

1 21 k
) Ca Y G (i e), Wa)Wa + ) G (FWy, W), Wo) W)
a=1 i=1 =1
r 1 21 k
+20) G0 e, EQNy + ) G (FW, FW)), )N, ).

g=1 i=1 =1
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Considering (11) and (16), we get
1y v
) Y (AL FE, FEN, + J(AL FN;, FN)N,)
g=1 j=1

traceh | gm) =

1
+_
— 1 A

]

p n-r
€alg(Aw, FEj, FE)Wo + G(Aw,ENj, FNj)Wo} (62)
=1

N

a=1

=
<

+

21 k
1
€a {E g(AWa@i/ei)Wa"'E G(Aw, FW;, FW))W,}
i=1 =1

n—yr &=

)
—_

~ |l

21 k
1 ~ * ~ *
+ 1 ;{Zl‘ F(AL ei,e)N, + ; G(AT FWi, FW)N, ).
=1 i= =

This completes the proof. [J

Theorem 5.4. Let M be a totally umbilical STCR-lightlike submanifold of a semi-Riemannian product manifold M.
Then M is minimal iff

fTLlCEA:Eq |GOJ_F(S): traceAw, |O'OJ_F(S): 0 (63)
for any &, € T(Rad(TM)) and W, € T[(S(TM*)), where g € {1,2, ..., r}and a € {1,2,...,n —r}.

Proof. We know that M is minimal iff »* = 0 on Rad(TM) and traceh = 0 on S(TM). We derive

traceh | sarmy = traceh |5, +traceh |pq,) +traceh |rq,y +traceh |gs)
21 /4 P k
= Z eih(e; e) + Z IW(FE;, FE)) + Z (N, FN;) + Z elh(EW,, FW)). (64)
=1 j=1 j=1 =1
Since M is totally umbilical then from (20) #° = 0 on Rad(TM) and we obtain
traceh | smy = traceh |5, +traceh |gs)
2 k
= ) il (e e) + (e e)) + ) el (EW,, FW) + I (FW, FW)) (65)
i=1 I=1

r

1 21 k
= ) ) e e), ENy + Y G EWL, EW:), EN,)
=1

=1 i=1

=

=

—r

21 k
1
o T{Zf 3 (ei,€3), Wa)We + Y G0 (FW, FWG), Wo) Wol.

n
=1

—

Moreover, if we use (11) and (16) in (65), we get

r

21 k
1 * ~ *
traceh | S(TM) = 2 ;{Z q(Aéqe,-, ei)Nq + Z g(quFWl/ FW[)Nq}
1=1

q=1 i=1
n—r 1 21 k
+ Z} en— r{; FAw,ei,e)Wo + IZ; FAw, FW, FW)Wo )

which completes the proof. [
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