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Existence and stability results for a fractional stochastic problem
involving Lévy noise and the ψ-Hilfer derivative

Samah Horriguea,∗, Walid Hammamia

aDepartment of Mathematics, Faculty of Sciences of Tunis, University of Tunis-El Manar, Tunisia

Abstract. The outlines of this work focused on the existence, uniqueness, and stability of solutions
for a fractional stochastic problem that incorporates the L’evy noise and the ψ-Hilfer derivative. More
precisely, we use the Picard-Lindelöf successive approximation scheme to prove a solution’s existence and
uniqueness. After that, some results on the stability theory are used to prove exponential stability in the
quadratic mean of the solution. Finally, some examples are provided to illustrate the main results of this
paper.

1. Introduction

When modeling physical systems, the stability of differential equation solutions is crucial because even
small model deviations, which result from inevitable measurement errors, can cause disproportionately
large changes in the solution. The equation’s predictive value could be compromised if they are unstable,
since they may fail to forecast future behavior accurately. Ulam [35, 36] provided the first results addressing
the question of the Cauchy equation’s stability in 1940. Following that, Hyers demonstrated significant
stability results in 1941 in [20]. For 38 years, the initial theories of Ulam-Hyers’ stability were undeveloped.
By demonstrating the presence of a unique linear map close to the approximate additive maps, Rassias [30]
provided a generalization of Hyers’ Theorem. Due to their importance, Ulam-Hyers stability of differential
equations has been extensively studied by several researchers. We refer interested readers to the papers
[21–23, 29, 30] and references therein.

Fractional calculus has garnered a lot of interest from researchers in recent years. Additionally, it shows
up as an application in several fields such as physics, chemistry, and electrodynamics of complex media.
For more details and other applications, one can see the papers [3, 24, 26, 28, 31]. As a result, throughout
the past few years, several researchers have focused on the development of problems involving various
fractional operators, including Riemann-Liouville, Caputo, and Hadamard. Interested readers can consult
the works [3, 6, 9, 10, 24, 28, 31, 42]. In his study of an evolution equation in fractional time in physical
phenomena, Hilfer [16] produced a more generalized derivative known as the Hilfer fractional derivative,
which depends on the order α ∈ (0, 1) and the type β ∈ [0, 1]. We note that if β→ 0, the Hilfer derivative is
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reduced to the Riemann-Liouville derivative, and if β = 1, this derivative is reduced to the Caputo fractional
derivative.
Very recently, many researchers have focused on the study of a fractional derivatives depending on a given
function, among which we mention the fractional derivatives: ψ -Riemann-Liouville, ψ− Caputo and ψ−
Hilfer; see [1, 15, 17–19, 24, 38]. The authors in [16] introduced the ψ-Hilfer fractional derivative to unify a
class of fractional operators.

Because of the impact of noise, deterministic models frequently fail to effectively represent real-world
occurrences. To solve this, these models are expanded into stochastic frameworks, in which Brownian
motion or other stochastic processes are used to model parameters. Stochastic differential equations (SDEs)
are more effective than deterministic ones at describing several systems in practice, particularly those that
are inherently unpredictable. Therefore, examining stochastic effects is essential to improving our compre-
hension of complicated dynamics, especially in fractional order dynamical systems. Refer to specialized
texts on fractional calculus and stochastic calculus for comprehensive methods and applications. We refer
to books [2, 40, 41] and the articles [5, 11–13, 27, 39].

Fathalla et al. [8] used successive approximation theory to study the existence and the uniqueness of a
mild solution for the following Hilfer fractional stochastic differential equations with Poisson jumps

(P2)

 HDα,β
0+X(t) = AX(t) + 1(t,X(t)) dW(t)

dt +
∫

Z h(t,X(t), η)Ñ(dt, dη),
I(1−α)(1−β)
0+ X(0) = X0,

where t ∈ (0,T], α, β ∈ (0, 1), A is the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators {T(t)}t≥0 in Hilbert space K and Ñ(dt, dη) is the compensating martingale measure. Vanterler
and al. [39] studied the following Caputo fractional stochastic differential equations:

(P1)
{

CDα
0+X(t) = f (t,X(t)) + 1(t,X(t)) dW(t)

dt , t > 0,
X(0) = X0,

where α ∈ (0, 1], f , 1 : [0,+∞)×R→ R are measurable functions, and {W(t), t ∈ [0,+∞)} is a standard scalar
Brownian motion on an underlying complete filtered probability space

(
Ω,F ,F := {Ft}t∈[0,+∞),P

)
.

In [14], the authors study the existence and uniqueness of the solution of the following fractional
stochastic differential equation involving the Riemann–Liouville derivative and a noisy environment:

RLDα
ψX(t) = b

[
t,X(t)

]
dt +

m∑
i=1

σi
[
t,X(t)

]
dWi(t),

I(1−α),ψ
0+ X(0) = x0,

where t ∈ [0,T], 0 < α < 1, b : [0,T]×R→ R and σ : [0,T]×R→ Rm are two well-defined maps. Moreover,
some properties of the energy growth bound and the asymptotic behavior of the random solution are given
for the last problem.

Inspired by the previously cited works, in this paper, we will demonstrate the existence and exponential
stability of solutions for the following system that involves the ψ−Hilfer fractional derivative and Poisson
jumps:

(P)

 HDα,β
ψ X(t) = AX(t) + b(t,X(t)) + σ(t,X(t)) dW(t)

dt +
∫

Z 1(t,X(t), z) dÑ(t,z)
dt ,

I(1−α)(1−β),ψ
0+ X(0) = x0,

where t ∈ [0,T] = J, 0 < α < 1, 0 ≤ β ≤ 1 and ψ is increasing such that ψ′(t) , 0 and z ∈ Rn
0 = R

n
\{0}. As

the ψ−Hilfer fractional derivative unifies a class of fractional operators, the differential stochastic equation
(P) can be viewed as a generalization of several problems in the literature. In particular, for ψ(x) = x, 1 ≡ 0,
α→ 0 and β = 1 in Equation (P), we obtain Equation (P1). On the other hand, for ψ(x) = x, b ≡ 0 and h ≡ 1
in Equation (P), we get Equation (P2).
To be more precise, in this paper, we establish existence and uniqueness results for solutions of nonlinear
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fractional stochastic differential equations involving the ψ-Hilfer derivative and Lévy noise. Proofs are
carried out using the Picard–Lindelöf successive approximation scheme. It develops exponential stability
analysis in the quadratic mean for the obtained solutions. Finally, our theoretical results are illustrated with
examples, demonstrating applicability to fractional stochastic systems with noise.
The remainder of this work is structured as follows: we will introduce some preliminary results on the
ψ-Hilfer derivative in Section 2. We will then provide and demonstrate the existence of solutions to problem
(P) in Section 3. A few stability results are covered in Section 4. Finally, two examples are provided in
Section 5 to demonstrate the efficacy of our main findings.

2. Preliminaries

A few well-known ideas of ψ−fractional and stochastic differential equations are presented in this
section.

Throughout this paper, let 0 < α < 1, 0 ≤ β ≤ 1, ρ = α + β(1 − α) and ψ be an increasing function in
C1(J, [0,∞)) such that ψ

′

(0) > 0 and a ∈ J. We define the function ψa by

ψa(t) = ψ(t) − ψ(a), ∀t ∈ J.

Definition 2.1. [33]

1. The fractional integral of a function u with respect to a function ψ, is defined by

Iα;ψu(x) =
1
Γ(α)

∫ x

0
ψ
′

(t)ψα−1
t (x)u(t)dt, (1)

provided that the integral exists.
2. Denote by ψ∂t =

1
ψ′(t)

d
dt . The ψ-Riemann-Liouville fractional derivative RLDα,ψ(.) of order α is given by

RLDα,ψ(u)(t) := ψ∂tI1−α,ψu(t). (2)

3. The ψ-Hilfer fractional derivative HDα,β,ψ(.) of order α and type β, is defined by
HDα,β,ψu(t) = Iβ(1−α);ψ

ψ∂tI(1−β)(1−α);ψu(t). (3)

Lemma 2.2. [7, 32] For a positive real υ, we have the following important properties about the ψ−Riemann-Liouville
fractional integral and derivative of a power function:

Iα,ψ
(
ψυ−1

0

)
=
Γ(υ)
Γ(υ + α)

ψυ+α−1
0 and RLDα,ψ

(
ψυ−1

0

)
=
Γ(υ)
Γ(υ − α)

ψυ−α−1
0 .

Definition 2.3. The well-known Banach space C[J,R] of all continuous functions from an interval J intoR which is
equipped with the uniform norm. The weighted space Cα,ψ[J,R] is given by

Cα,ψ[J,R] = {u : J→ R such that (ψa(.))αu(.) ∈ C[J,R]},

which is equipped with the following norm:

∥u∥α,ψ = sup
t∈[0,T]

|ψ1−α
0 (t)u(t)|.

Lemma 2.4. [32] Let f ∈ Cn[J,R], then we have:

Iν,ψ
(

HDν,µ,ψu
)

(t) = u(t) −
ψ
ρ−1
0 (t)
Γ(ρ)

u(0), ∀ t ∈ J. (4)
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We need to recall the definition of the Mittag-Leffler function.

Definition 2.5. Let ν, µ > 0 and z ∈ C. The two-parameter Mittag-Leffler Function is defined as:

Eν,µ(z) =
+∞∑
n=0

zn

Γ(νn + µ)
. (5)

So, for any matrix A ∈ Rn×m, the Mittag-Leffler function of A is given by:

Eν,µ(At) =
+∞∑
n=0

(At)n

Γ(νn + µ)
. (6)

As Grönwall’s inequality is an important tool for giving various estimates in the theory of ordinary and
stochastic differential equations, we will recall it.

Lemma 2.6. Let K be a positive real and u, v : J→ [0,∞) be continuous functions satisfying:

u(t) ≤ K +
∫ t

0
v(s)u(s) ds, ∀t ∈ J.

Then the usual Gronwall inequality is:

u(t) ≤ Kexp
(∫ t

0
v(s)ds

)
, ∀t ∈ J.

Definition 2.7. A Lévy process X = (Xt)t≥0 is a stochastic process defined on a probability space (Ω,F ,P) that starts
at zero a.s. satisfying

1. X has independent increments, i.e. Xt − Xs is independent of Fs for any 0 ≤ s ≤ t.
2. X has stationary increments, i.e., for any 0 ≤ s ≤ t the distribution of Xt+s − Xt does not depend on t.
3. X is stochastically continuous, i.e., for every 0 ≤ s ≤ t and ε > 0:

lim
s→t
P(|Xt − Xs| > ε) = 0.

In particular, the Brownian motion is a Lévy process with continuous paths. It is characterized by

1. W0 = 0,
2. Wt is a.s. continuous,
3. Wt has independent increments,
4. Wt −Ws ∼ N(0, t − s) for 0 ≤ s ≤ t.

We will recall the following useful results.

Lemma 2.8. Let Y be a random variable and X,W : J × Ω → R be, respectively, an adapted stochastic process
(meaning that it is FW

t -measurable for each t ∈ J) and a Brownian motion. Then, we have

Chebyshev’s Inequality: For any a > 0 and 1 ≤ n < ∞:

P(|Y| ≥ a) ≤
E(Yn)

an .

Itô isometry: E
[(∫ T

0 Xt dWt

)2
]
= E

[∫ T

0 X2
t dt

]
.
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Lemma 2.9 (Borel Cantelli Lemma). Let An be a sequence of events, if
+∞∑
n=1

An < ∞, then we have

P( lim
n→+∞

supAn) = 0.

Throughout this paper, we consider W(t) the m-dimensional Brownian motion and Ñ(dt, dz) = N(dt, dz)−
ν(dz)dt be the l-dimensional compensated jump measure of η(.), which is also an independent compensated
Poisson random measure on a complete probability space (Ω,F,P), where N(dt, dz) is the l-dimensional
jump measure (or Poisson measure ) and ν(dz)dt is the Lévy-measure of l-dimensional Lévy process η(.).
unambiguously, we will write X(t) instead of X(t, ω) for all t ≥ 0 and ω ∈ Ω. Assume that A ∈ Rn×n is a
given matrix and b : J × Rn

→ Rn, σ : J × Rn
→ Rnm, 1 : J × Rn

× Rn
0 → R

nl are given functions satisfying
for all t ∈ J, x ∈ Rn and z ∈ Rn

0 b(t,X(t)), σ(t,X(t)) and 1(t,X(t), z) are Ft measurable. Consider the stochastic
fractional differential equation with Lévy noise of the form:

(P)

 HDα,β
ψ X(t) = AX(t) + b(t,X(t)) + σ(t,X(t)) dW(t)

dt +
∫

z 1(t,X(t), z) dÑ(t,z)
dt ,

I(1−α)(1−β)X(0) = x0.

Using Lemma 2.4, the equation (P) is equivalent to the integral form:

X(t) =
ψ

(α−1)(1−β)
0 (t)

Γ(α + β(1 − α))
c0 +

1
Γ(α)

∫ t

0
ψα−1

0 (s)ψ′(s)AX(s)ds

+
1
Γ(α)

∫ t

0
ψα−1

0 (s)ψ′(s)b(s,X(s))ds +
1
Γ(α)

∫ t

0
ψα−1

0 (s)ψ′(s)
∫

Z
1(s,X(s), z)dÑ(ds, dz)

+
1
Γ(α)

∫ t

0
ψα−1

0 (s)ψ′(s)σ(s,X(s))dW.

Using Lemma 2.2, and the fact that I(1−α)(1−β)X(0) = x0, we get

X(t) = x0 + Iα
(
AX(s) + b(s,X(s)) + σ(s,X(s))

dW(s)
ds

+

∫
z
1(s,X(s), z)

dÑ(s, z)
ds

)
(t). (7)

3. Proof of the main results

In this section, by employing the classical Picard-Lindelöf method of successive approximation scheme
(see [34, 37]), we will prove the existence and uniqueness of the solution of nonlinear stochastic ψ-Hilfer
fractional differential equations with Lévy noise. More precisely, we shall prove the following theorem. For
this purpose, we define the following hypothesis for all (t, x, z) ∈ J ×Rn

×Rn
0 :

(i) Linear growth condition: there exists a positive constant K such that

|Ax|2 + |b(t, x)|2 + |σ(t, x)|2 +
∫

Z
|1(t, x, z)|2ν(dz) ≤

K2(1 + |x|2)
ψ′(t)

. (8)

(ii) The Lipschitz condition: there exists a positive constant L such that

|A · |2 + |τx,yb(t, ·)|2 + |τx,yσ(t, ·)|2 +
∫

Z
|τx,y1(t, ·, z)|2ν(dz) ≤

L2(|x|2 + |y|2)√
ψ′(t)

, (9)

where τx,y is defined by
τx,y f (t, .) = f (x, t) − f (t, y).
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Theorem 3.1. Let us assume that (8) and (9) are true. A random variable defined in (Ω,F ,P) for given x0 is
independent of the σ-algebra F t

s ⊂ F produced by {W(t); t ≥ s ≥ 0} and such that E(|x0|
2) < ∞. Then, there is a

unique solution to the initial value problem (P) that satisfies

E(|X(t)|2) < ∞. (10)

Furthermore, this solution is t-continuous with the property that X(t,w) is adapted to the filtration F x0
t generated by

x0 and {W(s)(.); t ≥ s ≥ 0}.

Proof. We will start by proving the existence of a solution. For this purpose, we will define the sequence as
follows: For k = 0, 1, 2, . . ., we define X(0)(t) = x0 and X(k)(t) = X(k)(t;ω) inductively as follows:

X(k+1)(t) = x0 +
1
Γ(α)

∫ t

0
ψ(1−α)

s (t)ψ′(s)
[
AX(k)(s) + b(s,X(k)(s))ds.

+

∫
z
1(s,X(k)(s), z)dÑ(ds, dz) + σ(s,X(k)(s))dW(s)

]
. (11)

It is clear that X(0)(t) = x0 is Ft-measurable and continuous on J. So, for each k, X(k)(t) is also Ft-measurable
and continuous on J. Moreover, it is easy to see that

sup
0≤t≤T
E(|X(0)(t)|2) = sup

0≤t≤T
E(|x0|

2) < ∞.

Applying the algebraic inequality

 p∑
i=1

ai


2

≤ p
p∑

i=0

a2
i , the Cauchy-Schwartz inequality, the Itô isometry and

the linear growth condition (8), we obtain from (11) that for each k, we have

E(|X(k+1)(t)|)2

≤ 4E(x0)2 +
4ψ2α−1

0 (T)

Γ2(α)(2α − 1)

[
E

(∫ t

0
[ψ′(s)

{
|AX(k)(s))|2 + b(s,X(k)(s))|2

+|σ(s,X(k)(s))|2ds +
∫

z
|1(s; X(k)(s); z)|2ν(dz)

}
ds

)]
≤ 4E(x2

0) +
4K2ψ2α−1

0 (T)

Γ2(α)(2α − 1)
E

(∫ T

0
(1 + |X(k)(s)|2)ds

)
.

It follows for k = 0, that

E(|X(1)(t)|)2
≤ 4E(x2

0) +
4K2ψ2α−1

0 (T)

Γ2(α)(2α − 1)
E

(∫ T

0
(1 + |X(0)(s)|2)ds

)
≤ 4E(x2

0) +
4K2ψ2α−1

0 (T)

Γ2(α)(2α − 1)

(
1 + E(x2

0)
)

T

So, we get if k = 1:

E(|X(2)(t)|)2
≤ 4E(x2

0) +
4K2ψ2α−1

0 (T)

Γ2(α)(2α − 1)
E

(∫ T

0
(1 + |X(1)(s)|2)ds

)
≤ 4E(x2

0) +
4K2ψ2α−1

0 (T)

Γ2(α)(2α − 1)

1 + 4E(x2
0) +

4K2ψ2α−1
0 (T)

Γ2(α)(2α − 1)

(
1 + E(x2

0)
)

T

 T.

By induction, we deduce that

sup
0≤t≤T
E(|X(k)(t)|2) ≤M < ∞, for k = 0, 1, 2, . . . ,
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where

M = 4E(x2
0) + (1 + 4E(x2

0))

4K2ψ2α−1
0 (T)

Γ2(α)(2α−1) −

(
4K2ψ2α−1

0 (T)
Γ2(α)(2α−1)

)(k−1)

1 −
4K2ψ2α−1

0 (T)
Γ2(α)(2α−1)

+

 4K2ψ2α−1
0 (T)

Γ2(α)(2α − 1)
T

k

.

Put E(|X(k+1)(t) − X(k)(t)|2) = d(k+1)(t). Using the Lipschitz condition (9), Itô isometry, and the Schwartz
inequality, we derive from equation (11)

d(1)(t) = E(|X(1)(t) − X(0)(t)|2)

≤
1
Γ(α)
E

(∫ t

0
ψα−1

s (t)ψ′(s)
[
AX(0)(s) + b(s,X(0)(s))ds + σ(s,X(0)(s))dW

+
1
Γ(α)

∫ t

0
ψα−1

s (t)ψ′(s)
∫

z
1(s,X(0)(s), z)dÑ(ds, dz)

])
≤

5ψ2α−1
0 (t)

(2α − 1)Γ2(α)
E

(∫ t

0

[
ψ′(s)

{
|AX(0)(s)|2 + |b(s,X(0)(s))|2 + |σ(s,X(0)(s))|2 +

∫
z
|1(s; X(0)(s); z)|2ν(dz)

}]
ds

)
≤

5K2ψ2α−1
0 (T)

(2α − 1)Γ2(α)
E

(∫ t

0
K2(1 + |X(0)(s)|2)ds

)
≤

5K2ψ2α−1
0 (T)

(2α − 1)Γ2(α)
E

[
(1 + |x0|

2)(
∫ t

0
ds)

]
≤

5K2tψ2α−1
0 (T)

(2α − 1)Γ2(α)

(
1 + E(|x0|

2)
)

t, (12)

and

d(2)(t) = E
(
|X(2)(t) − X(1)(t)|2

)
≤

5L2ψ2α−1
0 (T)

(2α − 1)Γ2(α)

∫ T

0
E
(
|X(1)(s) − X(0)(s)|2

)
ds

≤ K2

 5L2ψ2α−1
0 (T)

(2α − 1)Γ2(α)

2

E

[(
1 + |x0|

2
) (∫ t

0
sds

)]

≤ K2(1 + E(|x0|
2))

 5L2ψ2α−1
0 (T)

(2α − 1)Γ2(α)

2
t2

2!
.

Moreover, for all integer k, by the same argument, we get

d(k+1)(t) = E(|X(k+1)(t) − X(k)(t)|2)

≤
5ψ2α−1

0 (T)

Γ2(α)(2α − 1)

[∫ t

0
ψ′(s)E

(
|A(X(k)(s) − X(k−1)(s))|2 + |τX(k),X(k−1) b(s, ·)|2

+ |τX(k),X(k−1)σ(s, ·)|2 +
∫

z
|τX(k),X(k−1)1(s, ·, z)|2ν(dz)

)
ds

]
≤

5L2ψ2α−1
0 (T)

Γ2(α)(2α − 1)

∫ t

0
E
(
|X(k)(s) − X(k−1)(s)|2)

)
ds. (13)

Thus, by induction, for k = 0, 1, 2, . . . , and 0 ≤ t ≤ T, we have

d(k+1)(t) = E
(
|X(k+1)(t) − X(k)(t)|2

)
≤ CDk+1 tk+1

(k + 1)!
,
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where

C = K2(1 + E(|x0|
2)), and D =

5L2ψ2α−1
0 (T)

(2α − 1)Γ2(α)
.

We note that, from hypothesis (9), Cauchy-Schwartz inequality and Theorem 3.1, we have

E
[
max
0≤t≤T

(∣∣∣X(k+1)(t) − X(k)(t)
∣∣∣2)]

≤
5ψ2α−1

0 (t)

(2α − 1)Γ2(α)
E

[
max
0≤t≤T

(∫ t

0
ψ′(s)

[
|A(X(k)(s) − X(k−1)(s))|2 + |τX(k),X(k−1) b(s, ·(s))|2

+|τX(k),X(k−1)σ(s, ·)|2 +
∫

z
|τX(k),X(k−1)1(s, ·, z)|2ν(dz)

]
ds

)]
≤

5L2ψ2α−1
0 (t)

(2α − 1)Γ2(α)
E

[
max
0≤t≤T

(∫ t

0

(∣∣∣X(k)(s) − X(k−1)(s)
∣∣∣2) ds

)]
.

By induction, it is easy to see that

E
[
max
0≤t≤T

(∣∣∣X(k+1)(t) − X(k)(t)
∣∣∣2)] ≤ CDk+1 Tk+1

(k + 1)!
.

Using Chebyshev’s inequality, we obtain

P
(
max
0≤t≤T

(
|X(k+1)(t) − X(k)(t)|2

)
>

1
k

)
≤

1
( 1

k )2
E

(
max
0≤t≤T

[
|X(k+1)(t) − X(k)(t)|2

])
≤ Ck2Dk+1 Tk+1

(k + 1)!
.

The sum of the resulting inequalities yields

+∞∑
k=0

P
(
max
0≤t≤T

(|X(k+1)(t) − X(k)(t)|2) >
1
k

)
≤

+∞∑
k=0

CDk+1 k2Tk+1

(k + 1)!
.

The series on the left side of the last inequality converges since the series on the right side does, according
to the ratio test. Accordingly, max

0≤t≤T
(E(|X(k+1)(t)−X(k)(t)|2)) almost surely converges to 0 by the Borel-Cantelli

Lemma. Thus, it is almost surely that the consecutive approximations X(k)(t) converge uniformly on J to a
limit X(t) defined by

X(t) = lim
n−→+∞

(
X(0)(t) +

n∑
k=1

(X(k)(t) − X(k−1)(t)
)
= lim

n−→+∞
X(n)(t).

From (11), we have

X(t) = x0 +
1
Γ(α)

∫ t

0
ψ(α−1)

0 (t)ψ′(s)
[(

AX(s)ds + b(s,X(s))
)
ds + σ(s,X(s))dW(s) +

∫
z
1(s,X(s), z)dÑ(ds, dz)

]
,

for all t ∈ J . This concludes the demonstration that there is a solution to (P).
We will now demonstrate the solution’s uniqueness. To do this, we will apply the Itô isometry and the

Lipschitz conditions (8). In fact, given X(t;ω) and Y(t;ω) two solution processes through the initial data
(0; x0) and (0; y0) respectively, that is, X(0;ω) = x0(ω) and Y(0;ω) = y0(ω), ω ∈ Ω. Then, under the Schwarz
inequality and the Itô isometry, we have

E(|X(t) − Y(t)|2)
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≤ 5E(|x0 − y0|
2) +

1
Γ(α)

∫ t

0
ψ(α−1)

0 (t)ψ′(s)
[
A|X(s) − Y(s)|ds + τX,Yb(s, ·)ds

+ τX,Yσ(s, ·)dW(s) +
∫

z
τX,Y1(s, ·, z)dÑ(ds, dz)

]
≤ 5E(|x0 − y0|

2) +
5L2ψ2α−1

0 (t)

(2α − 1)Γ2(α)

∫ t

0
E
(
|X(s) − Y(s)|2

)
ds.

Put δ(t) = E(|X(t) − Y(t)|2), then the function δ satisfies

0 ≤ δ(t) ≤ I0 +D
∫ t

0
δ(s)ds,

where
I0 = 5E(|x0 − y0|

2).

From the Gronwall inequality, we deduce that

0 ≤ δ(t) ≤ I0eDt.

As x0 = y0, then I0 = 0 and δ(t) = 0 for all t ≥ 0. So, we have E(|X(t) − Y(t)|2) = 0. This implies that∫ t

0
|X(s) − Y(s)|2dP = 0.

This yields to X(t) = Y(t) a.s for all t ∈ J .
Therefore, we obtain

P {|X(t, ω) − Y(t, ω)| = 0, for all t ∈ J} = 1.

In conclusion, (P) has a unique solution. The solution to the given stochastic fractional differential equation
(P) is proven to exist and be unique.

Now, we will give an integral representation of the solution of problem (P) via the Mittag-Leffler function.

Theorem 3.2. The stochastic fractional differential equation (P) has a unique solution given by:

X(t) =Eα
(
ψα0 (t)A

)
x0 +

∫ t

0

ψα−1
s (t)ψ′(s)
Γ(α)

Eα,α
(
Aψαs (t)

) [
b(s,X(s))

+ σ(s,X(s))dW(s) +
∫

z
1(s,X(s), z)dÑ(ds, dz)

]
ds. (14)

provided that A commutes with the fractional integral operator Iα,ψ and the hypothesis:

(H) : ∥A∥ ≤
Γ(α + 1)
ψα0 (T)

,

yields.

Proof. Let X ∈ C[J,R], using the hypothesisH , we obtain

∥Iα,ψ(AX(·))(t)∥ ≤
1
Γ(α)

∫ t

0
ψα−1

s (t)ψ′(s)∥AX(s)∥ds

≤
∥AX∥
Γ(α)

∫ t

0
ψα−1

s (t)ψ′(s)ds

≤
∥AX∥
Γ(α + 1)

ψα0 (T) ≤ ∥X∥.
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So, ∥Iα,ψA∥ ≤ 1. Using Theorem 7.3.1 in [25], we conclude that (I − Iα,ψA)−1 is a bounded linear operator

satisfying (I−Iα,ψA)−1 =

∞∑
k=0

(IαA)k, where I denoted the identity operator. On the other hand, from Equation

(1), we have

X(t) =x0 +
1
Γ(α)

∫ t

0
ψ(α−1)

0 (t)ψ′(s)
[
AX(s)ds + b(s,X(s))ds + σ(s,X(s))dW(s) +

∫
z
1(s,X(s), z)dÑ(ds, dz)

]
= x0 + Iα,ψ(AX(·))(t) + Iα,ψ( f (·))(t),

where f (s) = b(s,X(s))σ(s,X(s))dW(s) +
∫

z 1(s,X(s), z)dÑ(ds, dz). It follows that

X(t) = (I − Iα,ψA)−1
(
x0 + Iα,ψ( f (·))(t)

)
=

∞∑
k=0

(IαA)k
(
x0 + Iα,ψ( f (·))(t)

)
=

∞∑
k=0

∫ t

0

ψkα−1
s (t)ψ′(s)
Γ(kα)

Akx0ds +
∞∑

k=0

∫ t

0

ψkα−1
s (t)ψ′(s)
Γ(kα)

Ak
∫ s

0

ψα−1
τ (s)ψ′(τ)
Γ(α)

f (τ)dτds

=

∞∑
k=0

(
ψα0 (t)A

)k

Γ(kα + 1)
x0 +

∫ t

0

ψα−1
s (t)ψ′(s)
Γ(α)


∞∑

k=0

[
ψα−1

s (t)A
]k

Γ(kα + α)

 f (s)ds

= Eα
(
ψα0 (t)A

)
x0 +

∫ t

0

ψα−1
s (t)ψ′(s)
Γ(α)

Eα,α
(
Aψαs (t)

)
f (s)ds.

This completes the proof.

4. Exponentially Asymptotic Stability Analysis

The exponential asymptotic stability of the quadratic mean of a trivial solution of a stochastic fractional
nonlinear system with Lévy noise (P) will be examined in this section.

Definition 4.1. The trivial solution of a stochastic fractional nonlinear system with Lévy noise (P) isψ−exponentially
stable in the quadratic mean if there are two positive constants C and λ such that

E|X(t)|2) ≤ CE|x0|
2exp(−λψ0(t)), t ≥ 0.

To prove the exponentially asymptotic stability, we need the following lemmas.

Lemma 4.2. [4] Let 0 < α < 1 and β = 1, 2, α. If A is a diagonalizable stability matrix then there exists a positive
constant θ such that

∥Eα,β(Atα)∥ ≤ θe−at, (15)

where a is the largest eigenvalue of the matrix A and ∥.∥ denotes any matrix norm.

Remark 4.3. It follows from the above lemma that, under the same hypothesis, we have

∥Eα,β(Aψαs (t))∥ ≤ θe−aψαs (t). (16)

It follows the following Lemmas.
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Lemma 4.4. [4] For each strongly measurable stochastic process F : [0;∞)→ Rn such that∫ T

0
E|F(t)|2dt < ∞,

the following inequality holds

E

∣∣∣∣∣ ∫ t

0
ψ′(s)Eα,β(Aψs(t))F(s)ds

∣∣∣∣∣2 ≤ θ2

|a|

∫ t

0
ψ′(s)exp(−2aψ0(t))E|F(s)|2ds,

where t ∈ (0,T].

Lemma 4.5. [4] Let ϕ : [0;∞) → Rn be an Bt - adapted predictable process with
∫ T

0 E|ϕ(t)|2dt < ∞ for all positive
T. Then, for all 0 < t ≤ T, we have

E

∣∣∣∣∣ ∫ t

0
ψ′(s)Eα,β(Aψs(t))ϕ(s)dW(s)

∣∣∣∣∣2 ≤ θ2
∫ t

0
ψ′(s)exp(−2aψ0(t))E|ϕ(s)|2ds.

Using the above Lemmas and some technical properties, the following theorem shows.

Theorem 4.6. Assume that the assumptions of Theorem (3.1) are satisfied. In the quadratic mean, the solution of
Equation (P) is exponentially stable.

Proof. From Theorem 3.2, the integral form of the equation (P) is given by

X(t) = Eα(A(ψα0 (T)))x0 +

∫ t

0
ψα−1

s (t)ψ′(s)Eα,α(Aψαs (t))b(s,X(s))ds

+

∫ t

0
ψα−1

s (t)ψ′(s)Eα,α(Aψαs (t))σ(s,X(s))dW(s)

+

∫ t

0
ψα−1

s (t)ψ′(s)Eα,α(Aψαs (t))
∫

z
1(s,X(s), z)dÑ(ds, dz). (17)

Applying the algebraic inequality (a+ b+ c+ d)2
≤ 4(a2 + b2 + c2 + d2), Inequality (16) and Cauchy-Schwartz

inequality, we get

|X(t)|2 ≤ 4|Eα,β(Aψα0 (t))x0|
2 + 4

∣∣∣∣∣∣
∫ t

0
ψα−1

s (t)ψ′(s)Eα,α(Aψαs (t))b(s,X(s))ds

∣∣∣∣∣∣
2

+ 4

∣∣∣∣∣∣
∫ t

0
ψα−1

s (t)ψ′(s)Eα,α(Aψαs (t))σ(s,X(s))dW(s)

∣∣∣∣∣∣
2

+ 4

∣∣∣∣∣∣
∫ t

0
ψα−1

s (t)ψ′(s)Eα,α(Aψαs (t))
∫

z
1(s,X(s), z)dÑ(ds, dz)

∣∣∣∣∣∣
2

≤ 4θ2e−2aψα0 (t)
|x0|

2

+ 4θ2

∣∣∣∣∣∣
∫ t

0
ψ′(s)ψ2α−2

s (t)ds
∫ t

0
ψ′(s)E2

α,α(Aψαs (t))b2(s,X(s))ds

∣∣∣∣∣∣
+ 4θ2

∣∣∣∣∣∣
∫ t

0
ψ′(s)ψ2α−2

s (t)ds
∫ t

0
ψ′(s)E2

α,α(Aψαs (t))σ2(s,X(s))dW(s)

∣∣∣∣∣∣
+ 4θ2

∣∣∣∣∣∣
∫ t

0
ψ′(s)ψ2α−2

s (t)ds
∫ t

0
ψ′(s)E2

α,α(Aψαs (t))
(∫

z
1(s,X(s), z)

)2

dÑ(ds, dz)

∣∣∣∣∣∣
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≤ 4θ2

e−2aψα0 (t)
|x0|

2 +
ψ2α−1

0 (t)
2α − 1

[∫ t

0
ψ′(s)E2

α,α(Aψαs (t))b2(s,X(s))ds

+

∫ t

0
ψ′(s)E2

α,α(Aψαs (t))σ2(s,X(s))dW(s)ds

+

∫ t

0
ψ′(s)E2

α,α(Aψαs (t))
(∫

z
1(s,X(s), z)

)2

dÑ(ds, dz)

 .
By using Hölder inequality and Lemmas 4.4 and 4.5, we get

E|X(t)|2 ≤ 4θ2
(
exp(−2aψ0(t))E|x0|

2

+
ψ2α−1

0 (t)
2α − 1

[
1
|a|

∫ t

0
ψ′(s) exp(−2aψs(t))E|b(s,X(s))|2ds

+

∫ t

0
ψ′(s) exp(−2aψs(t))E|σ(s,X(s))|2ds

+
1
|a|

∫ t

0
ψ′(s) exp(−2aψs(t))E|

∫
z
1(s,X(s), z)ν(dz)|2ds

])
≤ 4θ2 exp(−2aψ0(t))E|x0|

2 +
4 max(1, 1

|a| )θ
2ψ2α−1

0 (t)

2α − 1

×

[∫ t

0
ψ′(s) exp(−2aψs(t))

{
E

(
|b(s,X(s))|2 + |σ(s,X(s))|2 + |

∫
z
1(s,X(s), z)ν(dz)|2

})
ds

]
.

From the linear growth assumption (8), we get

E|X(t)|2 ≤ 4θ2
(
exp(−2aψ0(t))E|x0|

2

+
4 max(1, 1

|a| )θ
2ψ2α−1

0 (t)

2α − 1

∫ t

0
ψ′(s) exp(−2aψs(t))E(1 + |X(s)|2)ds

)
≤ 4θ2

(
exp(−2aψ0(t))E|x0|

2
−

max(1, 1
|a| )[1 − e−aψα0 (t)]ψ2α−1

0 (t)

2a(2α − 1)

+
max(1, 1

|a| )ψ
2α−1
0 (t)

2α − 1

∫ t

0
ψ′(s) exp(−2aψs(t))E|X(s)|2ds

)
≤ 4θ2

(
exp(−2aψ0(t))E|x0|

2 +
max(1, 1

|a| )ψ
2α−1
0 (t)

2α − 1

∫ t

0
ψ′(s) exp(−2aψs(t))E|X(s)|2ds

)
. (18)

We obtain

exp(2aψ(t))E|X(t)|2 ≤ 4θ2

exp(−2aψ0(t))E|x0|
2 +

max(1, 1
|a| )ψ

2α−1
0 (t)

2α − 1

∫ t

0
ψ′(s) exp(2aψ(s))E|X(s)|2ds

 .
Using Gronwall’s inequality, we get

exp(2aψ(t))E|X(t)|2 ≤ CE|x0|
2 exp

(
−Λψα0 (t)

)
,

where
C = 4θ2 exp(−2aψ0(t)),

and

Λ =
4θ2 max(1, 1

|a| )ψ
2α−1
0 (t)

2α − 1
.

Which completes the proof.
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5. Examples

5.1. Example 1:
Let r, σ > 0. We consider the one-dimensional fractional Langevin equation on t ∈ [0,T]:{

HDα,β
ψ X(t) = −rX(t) + σ dW(t)

dt ,

I(1−α)(1−β)X(0) = x0.
(19)

As ψ is a positive continuous function on [0,T], having a continuous derivative ψ
′

on [0,T], it follows that
ψ
′

admit a maximum M. So forψ satisfying M ≤ 1, we deduce that the one-dimensional fractional Langevin
equation (19) has a unique ψ−exponentially stable solution given by

X(t) =Eα
(
−rψα0 (t)

)
x0 + σ

∫ t

0

ψα−1
s (t)ψ′(s)
Γ(α)

Eα,α
(
−rψαs (t)

)
dW(s). (20)

5.2. Example 2:
Study the following L évy noise in a stochastic fractional differential equation of the form HDα,β

ψ X(t) = 0.2X(t) + sin(X(t)) + X(t) dW(t)
dt +

∫
z(1 + e−t) cos(X(t)) dÑ(t,z)

dt ,

I(1−α)(1−β)X(0) = x0.
(21)

Here A = 0.2, b(t,X(t)) = sin(X(t)), σ(t,X(t)) = X(t) and 1(t,X(t), z) = (1 + e−t) cos(X(t)). It is easy to see
that A, b(t,X(t)), σ(t,X(t)) and 1(t,X(t), z) satisfy the assumptions of (8) and (9) of Theorem (3.1). Therefore,
the stochastic fractional differential equation (21) has a unique exponentially stable solution according to
Theorems 3.1 and 4.6.

Conclusion

In this work, the existence, the uniqueness, and the stability of a solution for a fractional stochastic
problem involving the Lévy noise and the ψ-Hilfer derivative are studied. The main tool use to prove
the main results is the well known Picard-Lindelöf successive approximation scheme to prove a solution’s
existence and uniqueness. To validate the main results, some examples are presented. We aim to extend
this study to a more general problem by considering a double phase equation with the p-Laplacian operator
by using an appropriate fixed-point Theorem.
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