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Abstract. The main objective of this article is to develop some new Hermite-Hadamard type inequalities
involving the generalized (m, n)-Riemann-Liouville fractional integrals that include the map ¢ : (0, o) x
(0, 00) = [0, o] satisfying the condition ¢(m, m) = m. Some related inequalities that are closely connected
to some known results have been established using the convexity of differentiable functions. We also
deduce the some known results from our general results. We will derive the inequalities for the arithmetic,
geometric and harmonic (m, n)-Riemann-Liouville fractional integral operators.

1. Introduction

Convex function inequalities are important in literature, especially the inequalities. Hermite and

Hadamard originally presented (see [15, p. 137]). Scholars have been researching Hermite-Hadamard
type inequalities since 1893 [7] and state that:

If g: Y — Ris convex on the interval Y of real numbers and [, m € Y with m < n, then

1 N
g(m;n)sn—mfg(#)dﬂﬁw, € [m,n].

m

Recent years have seen significant developments in the theory of inequalities. We point out that the concept
of convexity could be explained by the Hermite-Hadamard inequality. The Hermite-Hadamard inequality
for convex functions has garnered new interest in recent years, and some peculiar variations of the basic
and conclusion have been established (see, for example, [8], [9], [10], [17], [20], [22]). The theory related
to past inequalities was developed as a result of a greater focus on this topic. Different fractional integrals
and convexities have been used to establish various versions of Hermite-Hadamard inequalities. This
inequality has been used to solve a number of fractional calculus problems (see [1], [3], [12], [13], [14], [18],
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[19]). By defining convex functions using fractional calculus and drawing certain findings for the extended
(m, n)-Riemann-Liouville fractional integral, we continue the study of the Hermite-Hadamard inequality
in this paper. Because of this inequality, we apply an application of means to study the generalized
integral operator. As a result, many fractional integral inequalities that are helpful in the study of fractional
inequality are obtained. Using these fractional inequalities, we also discover new forms of the generalized
(m, n)-Riemann-Liouville fractional integral. In this paper, we analyze how these inequities apply to
different kinds of means, or averages. Knowing these applications can help us solve real-world problems
where means and inequality are important. Let’s first discuss some fundamental ideas and past findings
below.

Definition 1.1. A function f : [l,m] — R is called convex on an interval [I,m] C R, if
flua+ (1 = wp) < pf(@) + 1A - wfB) (1)
hold for a, B € [, m] and u € [0, 1].
Definition 1.2. [16] Suppose f € Li[l,m]. The left and right Riemann-Liouville integrals ;ﬂ fand ]! _f of order
n > 0 with | > 0 are defined by
u
1
1 = — — )T ()dx, u > |,
LA = lf(u " f,

and

TPTUE B A
]m*f(l‘l)_ 1—-(17) ‘uf(x #)U f(x)dx,‘u<m,

respectively, where T is the classical Gamma function defined by T'(n) = f o ledvand ) f = ] f = f.
0

In [4] the k-gamma function was introduced by Diaz et al. as fellows.

Definition 1.3. Suppose k,R(r) > 0. Then k-gamma function is defined by following integral:

(o)

T(u) = fr“‘le"kkdr. 2)

0

Definition 1.4. [11] If k > 0, suppose g € Li[l,m],] > 0O, then k-Riemann-Liouville fractional integral 1;7+ g and
I'_ g of order n > O for a real-valued continuous function g are defined by
m=k

u
1 0
1,900 = g [ -0 a0, >
!
and

: B .
IrZr,kg(IJ) = ) f((P W g(pydp, p<m,
u

respectively and Ty is the k-Gamma function defined in (2).

Definition 1.5. [2] Let p € C/IZ7;p,q € R* — {0} and R(B) > 0. Then the integral representation of (m, n)-Gamma
function is given by

T (B) = f e dy. 3
0
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2. The general (m, n)-Riemann-Liouville fractional integrals

Here we shall describe the general (1, n)-Riemann-Liouville fractional integrals of order a with two
exponential parameters, m and n. These integrals generalize the Riemann-Liouville fractional integrals and
are motivated by the works mentioned above. We shall emulate the actions of the authors in [5, 6] as part
of the investigation. Let ¢ : (0, +00) X (0, +00) — [0, +00] be map satisfying the condition ¢(m, m) = m for
example

1. the arithmetic mean ¢(m, n) = 5%
2. the geometric mean ¢(m, n) = ymn

3. p(m,n) = ’”72 called the inverse of harmonic case.

Definition 2.1. [2] Let [c1,d1] € [0, +00],c1 < d1,9 € Lilc1,d1] and m,n > 0. The left and right-sided general
(m, n)—Riemann-Liouville fractional integral of order B > 0 are define as

1 _B__
et 9W) = ————— f (y = )77 g(dx, 1 <y <d, (4)
mf(m n)( oG, n)) o
dq
1 B
d;]ﬁ(m,n)g(y) —— f(x — y) v 1g(x)dx, 1 <y <d, (5)

mr(m ")((p(m 1) )
where Iy, ) is defined in (3).
Here we shall extract the definitions of the arithmetic, geometric and harmonic (i, n)—Riemman-Liouville
fractional integrals operators from the Definition 2.1 as special cases.
m+n

Case 2.2. Choose @1(m,n) =
Liouville fractional respectively i. e

in Definition 2.1 we obtain left and right sided the arithmetic (m, n)-Riemann-

y
B 1 26 4
e W, 9Y) = o 2mpy (y—x)mr " g(x)dx, e <y <dy, (6)
ML nm) a
d
28 _
d;mi(m,n)g(y) = 2mp (X - y) e 1g(x)dx/ 1< y < dl, (7)

ML ) (Gre)
where Iy, ) is defined in (3).

Case 2.3. By taking @,(m,n) = ~mn, the Definition 2.1 becomes for the geometric (m, n)-Riemann-Liouville frac-
tional i.e.

O 90) = f (=09 g, o <y <d, ®

mm(\/_ﬁ

dy
¥ gy, o <x <d. ©)

; 1
O gy) = —f(x_ !
p(m,n) mI ) ( \/?‘8) y

where Ty, ) 1s defined in (3).
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Case 2.4. As special case of Definition 2.1 we can write it for harmonic (m, n)—Riemann-Liouville fractional by
taking p3(m,n) = =

y
1 mp_
e I W) = == | (y =27 g()dx, o1 <y <o, (10)
o) M ) (32 )
dy
5 = __ —x)i d < d 11
d; ﬁw(m,n)g(}/) T o () (y—x)7 " g(x)dx, c1 <y <dj, (11)

where Iy, ) is defined in (3).

The main motivation of this paper is to generalize the results of [21]. After furnishing the basic concepts
in Section 1 and 2, in Section 3 we shall prove the new Hermite-Hadamard type inequalities for general
(m,n)— Riemann-Liouvill’s fractional integral. We shall derive the related inequalities for arithmetic,
geometric and Harmonic fractional integrals. In Section 4, we use mid point convexity to prove the new
Hermite-Hadamard type inequalities. Section 5 is dedicated to to the applications of quadrature formulas.
At the end we conclude the paper.

3. The main results
Our first result is given in upcoming first theorem.

Theorem 3.1. Let m,n > 0,c: ](p(m n)g(x) and i ]ﬁ mn)g(x) be the left- and right-sided generated (m, n)-Riemann-

Liouville fractional integral of order > 0. Let g : [c1,d1] = R be positive mapping with 0 < ¢ < dy and
g € Li[c1,d1]. If g is convex on [c1,d1], then

d
[ “ ](p(m ")g(d) +d1 ](P(mn g(C)] < w' (12)

g (C1 + dl) < q)(m P ((p(m 1)
2 (dl - Cl)q)(m 1)

where I is the classical gamma function.

Proof. Since g is convex function on [&, u], we have for &, u € [c1,d1] with n = %, we write

Zg(“T“) < 9(9) + 9. (13)

Put & = ¢y + (1= n)dy and 1 = ndy + (1= f)cy in (13), we get
+d
29 (Cl 2 1) < g(ner + (1 = n)dy) + g(nd + (1 = n)ey). o

Multiplying inequality (14) with n%_l on both sides and integrating with respect to 1 over [0, 1], we have

1
(Cl +d1)f77"’<m")1d'7
0
B

1
< f o “g(ner + (1 = n)dy)dn + f n#m " g(ndy + (1= n)er)dn
0 0

1
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= Kl + K2
Firstly take

1

B
K = f 1 Pl 1g(nc1 + (1 = n)dy)dn.
0

Substitute necq + (1 — n)dq1 = x in (16), we get after some calculations

dy
1 B4
Ky = [—ﬂ] f (dq — x) 70~ g(x)dx.
(e — cy) 7 )

Multiplying and dividing by (17) with mI',, » ((p(mTﬂn)> and using Definition 2.1, we obtain

K = (mr(m,n) (@(m/ Tl) )) [(dl _ Cl)(‘)(’im

B
eI 0 9(@).

Now for

1

_b__
KZ — fnq;(m,n) 1!](7}(11 + (1 - TI)Cl)dTI
0

Put ¢ = nd; + (1 — 1)cy in (18), then after some settings we can write

dy
1 B4
K = [—ﬁ] f (@ = )7 g(p)do.
(dy = c1) 700 )

Multiplying and dividing (19) by mI' (m,n)(—q,(':f 5) and after some setting we get
1 mﬂ 8
Ky = | ———|mIpun (—) ]+] . g(dq).
[(d1 —_ Cl)ql(fl,n) ] (P(m, n) ¢ (P(l/ )

Putting value of K; and K; in inequality (15), we get

1+ dl mﬁ mﬁ 1 B B
g( > ) < 2(([3(771, I’l)) Iﬁ(m,n) ((P(m/ Yl)) ((dl _ Cl)% ] [c{'](p(l,m)g(dl) + d{](p(l/m)g(cl)] .

We have the following property (see [2, Proposition 1.5])

m,

mﬁ n w(fa,n) mﬁ n % ﬁ
F(m,n) = T = T .
p(m,n) m mq(m, n) m p(m,n)

By using classical I' property nl'(n) = I'(n + 1) we write

B
mp mp _ e B
2(¢p(m, n))r(’”’”) (so(m, n)) 2 r((ﬂ(m,n) * 1)'

1745

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)
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Therefore (20) can be written as

c1 +dp 71 .90mm) ﬁ [ B B ]

This is prove of the first part of the required inequality. To prove the second inequality, we noted that g is
convex function for 1 € [0,1]. By adding both these inequalities g(nc: + (1 —n)d1) < n.g(c1) + (1 = n)g(d1) and
g(ndy + (1 —mer) < n.g(d) + (1 —n)gler), we get

g(ner + (1= mdy) + g(nds + (1 = n)er) < gler) + g(da) (24)

Multiplying inequality (24) with 17(!1(57‘»1)_1 on both sides and integrating with respect to 17 over [0, 1] we have

1 1

B _ _B__
f e~ gney + (1 = n)dy)dn + f nwm " g(ndy + (1 = n)er)dn
0 0

1
b
= f [g(c1) + g(d)In7m ~dn.
0

Denote
m,n
L+ L < [g(er) + g1 & . ) (25)
where
1
_B
L = f n7m " g(ney + (1 — n)dy)dn, (26)
0
and
1
B _
L, = f no L g(ndy + (1= n)er)dn. (27)

0

Putx =nc; + (1 —n)d; and ¢ = nd; + (1 — n)c1 in (26) and (27) respectively, we get after some computations

mﬁ 1 B
L= (mr mn ( )) 3 d- - g(cl)/
( ) (p(ml n) (dl — Cl) (p(ln,rz) ! (P(I, )

and
m

_ 1 p 5
L, = [(dl ~ Cl)ﬁ ]mr(m,n)((P(m, 1’1) ) C{'](p(l,m)g(dl).

Therefore (25) becomes

mp 1
an .
o )((p(m, ”))((dl _ Cl)f,,(ﬁ,n) ][dl

p(m,n)
‘8 7

]ﬁ

(P(Lm)!](cl) + CI’ ]Z(l,m)g(dl)

< [g(cr) + g(d)]
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we can write as

n% ‘B
5 T
2(dy — )i \POLM)

d
+ 1)[ P @)+ i paten)] < I, 28)

Combining (23) and (28) we obtain (12). This complete the proof [

We will now determine the result for the geometric (1, n)-Riemann-Liouville fraction integral.

Corollary 3.2. Choose p(m,n) = \mn in the inequality (12) becomes

g(c1) + g(dq)
—

_B_
1+ dl n WF( \/{:nn + 1)
g 2 S B ]:CJr

o + go(mn g(d1) + 4 (5ﬁ(mn)9( )] <
1 — 1 mn

m+n

Corollary 3.3. If we choose ¢(m,n) = *5* in the inequality (12), then we get the results for arithmetic (m,n)-
Riemann-Liouville fraction integral i.e.

1+ dl) nmﬂ' r( m+n) 1) ﬁ (Cl) + g(dl)
< [, g + o2 gen] < T2 T
( 2 2(d; —cl)m @(m,n) o( 2

Corollary 3.4. If we take @(m,n) = m72 in the inequality (12) we get the result for the harmonic Riemann-Liouville
fraction integral

mp
C1 +d1 n’?r(" ) (C1)+g(d1)
_l]( )S e mn!](dl)""d $f )] £ ————.
2 2(dy - Cl) oo oo 2

Remark 3.5. If we choose m = n then @(m,m) = m and Definition 2.1 reduces to the Definition 1.2 and Theorem
3.1 becomes [21, Theorem 5].

Theorem 3.6. Let m,n > 0and IZ onmd and dl—]ﬁ

— in Definition 2.1. Let g : [c1,d1] — R be a differentiable
mapping on (c,d). If g' € L[c1, d1], then

1

dy — b
1 le (1_ ql(mn) - q(nzn)][g (Ucl"'(l— )dl)]
0
(c) +g(d1) ”W")F( o
- = 29 1 o [w(m")g( 1)+d]<p(mn>9(cl)] (29)

Z(dl —_ Cl)q(m ,11)
Proof. Consider

1
J= f 1- q(»zm - m«nn)] 7' (ner + (1 = ndq)] dn
0

which can be written as

1 1

B ;

[a-w7]tme+a-nanans [— [ntg e a- n)dol]dn
0 0

Ji+]2 (30)

~
Il
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Evaluating J;, we get

d
Iy = g(dn)

1
= dl -1 B (P(m/ n)‘fdl _ Cl) f(l - n)%_lg(ncl + (1 — n)dl)d‘f] (31)
0

Put x = ncq + (1 — n)d; in (31) and after some calculations we can write

g(dh) mp m
Ji= i — [Lonn) (T‘Bn) dI]Z(m,n)g(Cl)/
L7 o(m, n)(dy — c1)(x — cp) 7 P(m,
which becomes )
S B
I = g(dy) _ n >r(q)(mrn)+l) r @
! d—c _B 1 h (p(m,n)g 1)
1 1 Z(dl — Cl)(p(m,n)
Now

1

Jo=— fnwfm) [9'(ne1 + (1 = n)dq)]dn.

0

Integrating |, by parts, we get

gle)

di—c

J2

1
p I
o(m,n)(d, — c1) neea"g(ner + (1 —n)di)dn
0

_B B
gc) [T (o +1
e | o) - o)t

) ] d; ]i([,m)g(x)‘

Thus (30) can be written as

1
f[(l — ) — 7 |[g ey + (1~ )]
0

s
mn ﬁ
g(d1) " g(cr) _[n(p(/)r(v(m,n)—'_l)

— — B
R GO

] [d;fi(,,m)g(q) oSl (@) (32)

Multiply both sides of (32) by d]%“, we get the required inequality and this complete the proof. [
Remark 3.7. If we choose m = n, then ¢(m, m) = m and the Theorem 3.6 becomes [21, Theorem 2.1].

Here we give the related corollaries for geometric, arithmetic and harmonic Riemann-Liouville fraction
integrals.

Corollary 3.8. Choose @(m, n) = \mn in the Theorem 3.6 and get

1
d1—c1 B £,
5 | [A=mym =n¥mllg (ner + (1 = mdy)ldn
0
(- + 1)
glc) +g(d) "
_ L ﬂ [q(ﬁi(mrn)g(dl)+ £ ae).

2(dy — c1) V™
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Corollary 3.9. Ifwe choose p(m, n) = 51 in the Theorem 3.6, then we get the result for arithmetic (m, n)-Riemann-
Liouville fraction integral,

dq

1

—-C1 2% 2 ,

2 f[(l —_ TI) (m+n) — T]("’+") ][g (ncl + (1 —_ n)dl)]dn
0

B0
+g(d) NG + D)
_ gle)) +g(d) ) ool g(dy) + g y(cl)]-
7 8 1 @(m,n) 1 @(m,n)
2(d1 — Cl)(m+n)

Corollary 3.10. If we take p(m,n) = m?z in the Theorem 3.6 we get the result for the harmonic (m, n)- Riemann-
Liouville fraction integral,

d

1
22 [1a=n% — ¥ e+ @ - ol
0

"B mp
(c1) +g(dr) n”T(5F+1)
- = 29 = - g [CTgi(m,,,)g(dl)ﬁL dibi(m,n)g(cl) .

Theorem 3.11. Let m,n > 0, d; P g(c1) and ot ]’3 g(c1) be defined in Definition 2.1. Let g : [c1,d1] = Rbea

@(m,n) @(m,n)
differentiable mapping on (c,d).If g’ € L'[c1,d1], then

B
s T(—P—
g(cl) + g(dl) _ ne /)r((p(m,n) + 1)

|70+ 0T 000

2 2dy - o)
dy—c 1 , ,
< 1@— : ymwn+wwm. (33)
2 plmm 2 Pl

Proof. By Theorem 3.6 and definition of convex function of |g’|, we have

B
@e(mn _ﬁ
gler) +g(dr) "™ T (0w + 1)

B
2 2 - )™

Lt D @) + T ()]

1

dl;le‘(l_n)w(fm_nw(fw

0

1
d];clf|(1_n)w(rin)—n‘/)(fl”)
0

IN

7 (nex + (1= n)dy)|dn

IA

(lg’ @1+ (1 = n)lg’(@)1) dn

1
_ m;qU*me%—m%nW©W
0

1
. dl—C1f|(1_T])W(fm_nWﬁm
2
0

di—c
= 1 5 ! [Il + 12] (34)

(L=mnlg' @d)ldn
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First we shall calculate I,

e Yo +2 (l)%+2 +1 (l)«xfﬁ”
L= 190l ; ;
(mn)+1 ( (mn)+1)( (mn)+2) (mn)+2
[ (Ly7om+2 +1 o+ o +2
+ 1y @ —()ﬁ (2 +()
o t2 Gmw t1 qo(mn>+2
BN B N 7 b 1
| 2 (G 2 + 2 *+ D) (G *+ 2 + 1)
£ +1 +2
, (%)q)(m,11)+ ( )(pmn) ( )q)(mn) 1
A b 42 b +1+ +2 +2
L p(mn) (m,n) <P(m 1) (m 1)
[ P _Bb 1
, 1 (_ ) q)(rn,n) +1 , 1 (l) @(m,n) +
= 7o)l - +l7 @l — |
,(<p<m m T 2)(<p(m m D) o t st 2 G +1
Similarly,
L1 1y +1
, 1 (l) @(m,n) + , 1 (_) @(m,n)
L=l (d>|[ ; O -5 :
((p(m ) 2)( m 1) + 1) q)(m,n) +1 @(m,n) +2 @(m,n) +1

Putting the values of I and I, in (34) we obtain

B
Q) B
gle) +gdr) Mg + 1
2 2(d1 _ Cl)rp(;[:l,n)

d —
- (1— - ][g'(c)+g’<d>1.

2 @(m,n) 2 @(m,n)

)
[ Cf ](i(mln)g(dl) + d; ](i(mln)g(cl )]

IA

This complete the proof. [

Remark 3.12. Choose m = n, then @(m, m) = m and the Theorem 3.11 becomes [21, Theorem 6].

Corollary 3.13. Choose @(m,n) = \mn, then the inequality (33) becomes

B
gl +gd) "I D)
2 2dy - c1) ¥

< dlfci(l—i][ © +/@)].

23m " 2V

|60 ) + 4,6y, g0)|

m+n

Corollary 3.14. If we choose @p(m,n) = in the inequality (33), then we get

g(c1) + g(dy) nwf(m—m +1)
2 2(dq - Cl)W

d—c 1 , ,
< 21i+11 (1 P ) [7'(c) + g’ ()]

|20 + 420, ()]
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Corollary 3.15. If we take @(m,n) = m?z in the inequality (33) we get
"
gle) +g(d) neTEE+1)

2 2dy — c1)

< "“m; a (1 - ;nﬁ ] [9'(©) + 9 @)].

2?4-1

[ CT ‘551(.”1/”)9([’11) + dI 555)(,”/”)9((:1 )]

4. Some more fractional integral inequalities

Definition 4.1. Let [c1,d1] € [0,+00], c1 < di, g € Li[c1,d1] and m,n > 0. The ]f . ) g and ](ﬁ . )_ g
L) sptm,n) AL ptmn)
be fractional integrals of order p > 0 defined as

X

1 b _ c+d
i B g(x) = —— f (x = y)7@m Lg(y)dy, x> (= > Ly, (35)
(1 ) p(m,n) mI’ m”)(<pmn))(+d
cl+d1
1 c1+d
Py o= ——— [0 gy, x< 25, 6)
(%) Ap(m,n) m n)( mn))

where Ly, ) is defined in (3).

Here we shall extract the definitions of the arithmetic, geometric and harmonic (m, n)—Riemman-Liouville
fractional integrals operators from the Definition 4.1 as special cases.

e Choose ¢(m,n) = " in Definition 4.1 we obtain left and right sided the arithmetic mean (m, n)-

Riemann-Liouville fractional respectively.

X

1 25 c1+d
vy g0 == [ gy, x> 0, @)
(%) Ap(m,n) ML ) Gorz) %,
2
atd
1 ( 28 c +dq
W, o )= g f (y —x)m gy, x < ———, (38)
(252) oty ML ) () Y

e By taking @(I,m) = Vlm, the Definition 4.1 becomes for the geometric (m, n)-Riemann-Liouville
fractional i.e.

6 g(x)z— f (- ) F gy, x> 23D (39)
B oo™ () 2
(mn) e tdy
cl+d1
B _ c1 + dl
U g(x)—— (v - X)W Yg(dy, x < ——— (40)
B () 5 ?
(m,n)
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o Asspecial case of Definition 4.1 we can write it for harmonic mean (m, n)-Riemann-Liouville fractional

by taking ¢(m,n) = &
] g™ e i) f (-9 F gy, x> 2 @)
o ™) g | 70 o0 <5 @
where I, ) is defined in (3).
Theorem 4.2. Let m,n > 0, J° TR g and ]/3% 71({)(%”)9 be defined in Definition 4.1. Let g : [c1,d1] = Rbea

positive mapping with 0 < ¢; < d1 and g € Ly[c1,d1]. If g is convex function on [c1,d1], then

2

oLy o (B
(Cl + d1) g 2 @t Ly 7 >1‘((,,;m,n) +1) Uﬁc . Jd) + ]ﬁw 7 o)
(dy — c)7m (252) i) (L5 gp(mm)
< !](01)42‘9(511), 3)
where I is the classical gamma function.
Proof. As g is convex function on [c1,d1], we have for &, u € [c1,d1] with i = %

st 9(é)+g(#).

5 )< > (44)

9(

Put& =L+ & n)d and p = + & ") in inequality (44) and get

Zg(—cl ;dl) < g(%c + @-nd —Zn).d) + 9(172_01 + @ _271)'C). (45)

Multiply (45) by n‘/’(%")_lon both sides and integrating with respect to 1 over [0, 1] we have

1
(Cl +d1)fﬂ‘“””’)_1dﬂ
0
1 P 1 p
[ g(%c - )d,7+ fn(mg(n? +<2—2n>.c) "

0
= Fi+F. (46)

IA

o

First we take

1
2-n).d
Fl — fﬂ“""ﬁ””)_lg(f + —( n) )dn_ (47)
2 2
0
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(2-n)d
2

Substitute T + = x, in (47) and after some settings we get

B
m 2(/)(m,n)
Fl = mr(m,n) ( ﬁ ) ]ﬁ 1+d1 g(cl)
(p(m/n) (dl _Cl)q(m,z) ( )" p(m,

Now for
1
; i @2-n).
F2=f prmig L2, (48)
2 2
0
nd (- n)

Put @ = — —in equation (48) and after some computations we get

F 29t r ( mp )]ﬁ )
2= |Mlmn + glar).
et )OO P (55

Putting value of F; and F; in (46) we get

g
d 2q)(n!,n)
! (Clz 1) - [ o ]( gfn))“m'")( Zaﬁn))
(dy — cq)om ) \PU plm,

X [ﬁ g+ . g(x)l. (49)
(=) p(mmn)

(cl+d1 ) olmn)

Using the property stated in (21)and (22) the inequality (49) can be written as

L—l _B ﬁ
(Cl " dl) . Do) g7 9l F(W + 1)
2 (d1 - Cl)% (%d]) Aplmm)

This is prove of the ist part of this given inequality. To, prove the second inequality we noted that g is
S < Fg() + () and g(§ + ) <

g(dy) + qu?,l)_m(m)g<c1)} : (50)

convex function for 1) € [0,1] and by he addition of g(% +
Fad) + 52 g(er), we get

2- 1-
g(g.c N %.d) N g(g.d + (z—m.c) < gc1) + g(dy) (51)

p
Multiplying inequality (51) with 17 ~'on both sides and integrating with respect to 1 over[0,1] we have
after some necessary cacluation and settings

_B__
2 @(m,n) nq m rz) 1-' < (m n) + 1) ‘B
(dy - )7 (23] s

Combiing(50) and (52) obtain (43). [

d
g+ ">g(cl)l < 1190, 52)

Remark 4.3. For m = n we have ¢(m,m) = m and Definition 4.1 reduces to [21, Definition 5] and Theorem 4.2
becomes [21, Theorem 7].

Corollary 4.4. Choose @(m,n) = \mn in the inequality (43) we get

b L B
(C1+d1) 2 Nmn I’ZWF(\/T—H+1)|: 8

. (d) + 6 ()
2 (%) ,@(m,n)g ! 7a

B c u
(d1 —cq)Vm (%dl) Ap(m,n)

g(cr) + g(dq)
—
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I’I1+Vl

Corollary 4.5. Choose @(m,n) = in the the inequality (43), then we get

28 1
i+ d 2(m+u) n(m+n)r(<m n) + 1)
(15%) = L g+ e
(dy — cq) @ (%) Ap(m,n) (%) Ap(m,n)
g(c1) + g(d1)
i 2 7

Corollary 4.6. Take p(m,n) = '”—2 in the inequality (43) we get

mp 1]’["2 r(mﬁ + l)

o +d 2
g( ! 5 1) < - [55 e g(d1)+55ﬁf e g(cl)}
(dl — Cl)rzz (%) ’(P(m/n) (%) ’(P(mrn)

g(c1) + g(dq)
<

Lemma 4.7. Let m,n > 0, and ]ﬁ Y g, ]ﬁ g be given in Definition 4.1. Let g : [c1,d1] —» R bea
ity
2

) oyt
differentiable mapping on (c1,dy). If g € L'[c1,d1], then

27w A (,ﬁn) +1)
]ﬁc +d \T g(dl) + ]ﬁc1+d1 _ g(cl)
@ - C1)W (%) (mm) (A1) ()
1 1
a+d d—c b 2 - B 2 —
= g( 1 > 1)+ 14 1 fn(,,(m,n)g/(gc_i_ ( 2n)d)dn_fn(p(mmg/(gd+ ( 2’7)(:1)dT7 )
0 0
(53)
Proof. Let us take
1 ”_ 1 )
f’?“’("’")g ( ( 77) ) U‘fﬂ“"’i'")g'(ﬂd+ ( _n)C1)dTI =C -G, (54)
2 2 2
0 0
where .
o= [ (e 2524
2
0
After integrating and some simplification we obtain
_b__
o+ d 2 2(/)(1;!,?1) np(m n)]_—'( (m n) + 1)
Cl B _g( 1 2 1)(d )+ Iﬁfl“‘l - g(cl)' (55)
1= (d - Cl)m () plmn)
Likewise
g
c +d 2 2(p(m/n) n(p(mn)r( 1)
C2=g( = 1)(01 )‘ i e G(d). (56)
10 (dy — cy) 7™ (252 oty

By inequalities (55)and (56) we can write (54)

8 8 _ [atd
. g<d1>+1(qzdw(m,n)g<cl>} g( . )

(%d‘) Ap(m,n)

Ly o (L
2 #lm, Tl‘*r(m+l)|:

B
(d1 = cq)70m
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1 1
g, 2 - [ 2 -
f-r]gu(m,n)g (gc+ ( 2 Tl)d)dn_ fnq)(m,n)g (gd+ ( 2 TI)Cl)dT]“.
0 0

This complete the proof. [

Corollary 4.8. Choose ¢(m,n) = \mn, then (53) in Lemma 4.7 becomes

m (S 1)
2% T +1
N a+d
: [<6h+ o)+ Ml-g(lz ]
(h — 1) V= (5] son) (252) pomn

1 1
di—c L (n 2= i (n, @2-n)
= — = v g | = - vim g [ =
1 Ifn g(Zc+ > d)dn 1 Vi g 2d+ > c1)dn].
0 0

Corollary 4.9. If we choose p(m, n) = 51 in (53), then we get

2% 1 2 2
VAT 1.7’["1+'1r(( f ) + 1) .y
m+n mﬁ d %Iﬁ ) B ( 1 1)

(d1 — c) : (C“‘“) pm, n)g( )+ (%ﬁ) ,(P(m,n)fi(Cl)] 9\~

1 1
dy—c 2 (n 2-1n) 2 (n, 2-1)
2 lfn g(2c+ 5 dn N g 2d+ > c1]dn|.
0 0

Corollary 4.10. If we take @(m,n) = ’”72 in (53), we get

mp

2?—171',7*51"(’2_5 + 1) o i+ o+ d1)
dl _ Cl):;zf [ (c1+d]) pmm) ( ) (51”1) ,(p(m,n)g(cl):| - g( 2

1
_ dl_cl mﬁ , 77 (2—7’]) m[j , (2 T})
= If g(§c+ > dldn— | n2g 5 c1)dn|.
0

o )g be given in Definition 4.1. Let g : [c1,d1] = R bea
Jp(m,n

Theorem 4.11. Let m,n > 0, ]@ - I(C -
“ra) 1 (P(m ara) 1

differentiable mapping on (c1,d1). Ifg eL’[ c1,d1] then

B
2 @(m,n) n @(m, rz) r( + 1)

(mn

I 96 + Jysy - gen)]

PR

o +dy

) ptomm)

di—a 1 ! B ) o ( 8 ) / f)}
1 3]y
4(@(5,14) ) {2(<p(m ) + Z)J (((P(m, Tl) * |g (C)| + (p(m, I’l) + |g ( )I

(om +3) 01+ s + 1] 67)

Proof. : First we suppose case ¢ = 1 by using Theorem 4.2 and definition of convex function of |g’|, we get

Ly B
2 9l 1 el F(W+l)

B B B c1+d;
U7 oy mm+%?mmm@ng(2 )

B 1 +d-
(dq — c1) 7 (%) p(m,n)
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IS

2
(1, 2_17 , m, 2_17 ’
| 2o O]+ g @1+ S |7 @] + == lg'@) | dn

di—c

IN

1
B
v (
0
di—c

) 1
ik
B4
dl -0 ZT]q(m n) — n(p(m,n)

1 g S+ _B
@(m,n p(m,
1 fn Ig’(C)I+ >

0

IA

B B
20 — g TL
Ui Ui

@ (m rl)
! ——7——ﬂﬂWﬂ

lg" ()] Ig’(d)l +

di—c

4(50m + 1)

Now for ¢ is greater than 1. By using Lemma 4.7, the Holder inequality and the definition of convex
function |g’|, we get

[lg"@)1 +1g'(@)I] -

(after some computations)

B
2@mm nﬂﬂm")F( (mn +1) o+ d
. [ﬂw o)+ wﬁ—ﬂiyﬂ
(- ) (332 o™t
[ [ 2 — h 2
< 6114;& ff]‘()(mn)g ( ( n) ) r] fn«l(mn (_ ;n)cl)dn‘
i 0
. . [
« 535|f[repla 252
[0
1 ¢ i1/ 1 1-7
2 2 _
— {frlwﬁn) g’ (Hd+( n)Cl) dn [fnw(ftn)dnJ
2 2
0 0
d 1 1 g B B t
1—C1 PUENY PNy,
< +1]] c|+( +3)| dl)
4 ( b +1][2(L+2) ((qo(m,n) )g() @(m,n) 7@
p(m,n) o(m,n) |

B
((P(m, 1) i

This complete the proof.
Remark 4.12. Choose m = n, then @(m, m) =

, p
3) lg’ ) + ((P(m,n) +1

O

T
) lg’ (d)lf] .(after necessary calculations)

m and the Theorem 4.11 becomes [21, Theorem 8].

Corollary 4.13. We shall give the result for the geometric (m, n)-Riemann-Liouville fraction integral. For this we

\mn,

choose p(m, n) =

B L B
2 iy N T(

then the inequality (57) becomes

o

(d1 — 1)V

di—c

B
(ﬁ(cl-ﬂil) ) g(d) +©

9(61)]

(r 1+dq )7 o(mm)

1 1 1

B 4(ﬁ

N
- 3) 9 ()l +( P

* v

+1)(2( +2) \mn

M

1

- 1) Ig’(d)lf](

\mn

+Qv@wﬂii+ﬂwwﬂ(
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Corollary 4.14. If we choose (m,n) = "% in the inequality (57), then we get the results for arithmetic (m, n)-
Riemann-Liouville fraction integral i.e.

2B
2 (mn) — (m+rz) r( + 1)

+n)

A . g(dy) + 2 o (Cl)}
(dl—Cl)W (1 ]) Aplmm) (1 1) Aplmin)

] ! ( B J[z((m+n) +2)] {(((P‘HJ) +1)|g (C)| - (p+q) +3 Ig( )I

(m+n)
2 2 %
((m fn) " 3) 7@ + ((m fn) M 1) Ig’(d)lf] ’

Corollary 4.15. If we take @(m,n) = ’"72 in the inequality (57), we get the result for the harmonic (m, n)- Riemann-
Liouwille fraction integral

ﬁ_l mp m‘ﬁ
n2 nn2 r(? + 1) bﬁ g(dl) + 5ﬁ _
@d-cyit (%) e (252) spom

di—c 1 1 ‘ mﬁ ﬁ !
R (j’j—fﬂ][z(j—fu)J [((n )'g(CNh (n )'g(d)|€)

v (S a)r s (32 1w

g(cl)l

5. Applications to quadrature formulas
In this section, we use the results to estimate the quadrature formulas’ errors. It is demonstrated that
particular situations like mid-point inequality and trapezoid inequality are included in our primary results.

Furthermore, our primary findings immediately lead to the Hermite-Hadamard inequality.

Proposition 5.1. (Hermite-Hadamard inequality) By using the assumptions of Theorem 3.1 with m = 1 and

n =1, we get the following
dy
C1 +d1 1 Q(Cl)"'!](dl)

c

Proposition 5.2. (Mid-point inequality) By using the assumptions of Theorem 4.11 withm =1,{ =landn =1,
we get the following

d
1 d di —
A fg(ry)oirz—g(clJzr 1) <2 5 g O+ 17 @]

Proposition 5.3. (Trapezoid inequality) By using the assumptions of Theorem 3.11 withm = 1, and n = 1, we
get the following

d)
(cl);g( 1 f gidn| < =17 @1 + 17 @]
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6. Conclusion

We have used the convexity of differentiable functions to analyze various Hermite-Hadamard type
inequalities for (m, n)-Riemann Liouville fractional integrals. By using Theorems 3.1, 3.11, 4.2, and 8, we
presented our primary findings and demonstrated how some of the results from other studies are included
in ours as special circumstances. Two inequalities involving the error estimates of quadrature formulas
have been established as applications.

Acknowledgements. We would like to express our gratitude to the careful referee whose valuable

advice improved the final version of this paper.
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