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Nonlinear Lie type centralizers and derivations by local actions on
triangular algebras

Yanfang Zhang?, Xingpeng Zhao**

?College of Mathematics, Taiyuan University of Technology, Taiyuan, 030024, China

Abstract. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule satisfying
ta(Z(U)) = Z(A) and nig(Z(U)) = Z(B). Suppose that a nonlinear map 6 : U — U satisfies

6(pn(u1/ U2/ u3/ [y un)) = pn(é(ul)/ u2/ US/ eeey un)
and
6(pn(u1/ UZI u3/ [y un)) = pn(ulr 6(U2), U3, ey un)
for all Uy, Uy, ..., U,, € U with U;U,U; = 0. Then 6(U) = ZU + t(U) for some Z € Z(U) and 7 : U — Z(U)

is a map vanishing on each (n — 1)-th commutator p,(U,, Uy, Us, ..., U,) with U;U,U; = 0. Besides, we

characterize nonlinear Lie type derivations by local actions on triangular algebras under certain conditions.
Suppose that a nonlinear map 6 : U — U satisfies

O(pn(Uy, Uy, Us, ..., Uy)) = Z pu(Uy, o, Uiy, 0(U;), Uiy, oo, Uy)
=1
for all Uy, Uy, ..., U,, € U with U;U,U3 = 0. Then 6(U) = d(U) + t(U) for all U € U, whered : U — U ia an

additive derivationand 7 : U — Z(U)is amap vanishing on each (1—1)-th commutator p, (U, U,, U, ..., U,)
with U1 UZ U3 =0.

1. Introduction

Let R be a commutative ring with unity and A be an algebra over R with the center Z(A). An R-
linear mapping L : A — A is said to be a derivation if L(XY) = L(X)Y + XL(Y) forall X, Y € A. An R
linear mapping is said to be a Lie derivation if L([X, Y]) = [I(X), Y] + [X, L(Y)] and a Lie triple derivation if
L([X, Y], Z]) = [[L(X), YL Z]1 + [[X, L], Z] + [[X, Y], L(Z)] for all X, Y, Z € A, where [X, Y] = XY — YX is the
usual Lie product. On can easily check that each derivation is a Lie derivation and each Lie derivation is
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a Lie triple derivation. However, the converse is not true in general (see [17]). Therefore, authors further
developed them in a more general way. Let us define the following sequence of left-normed commutators:

p1(Xq) = Xy,

p2(X1, X2) = [p1(X1, X2)] = [X1, X2],

p3(X1, X2, X3) = [p2(X1, X2), X3] = [[X3, X2], X3],

Pn (Xll X2/ Y X‘rl) = [pn—l(le XZ/ ceer Xn—l)/ Xn]

for all Xi, X, ..., X, € A. The polynomial p, (X1, Xa, ..., X») is said to be a commutator of length n (n > 2).
Then Lie n-derivations were introduced by Abdullaev [1]. A Lie n-derivation is an R-linear mapping
L: A — Asatisfying

L(pn(Xlr XZ/ X3/ sy Xn)) = Z pn(Xlr A4 Xi—ll L(Xl)/ Xi+1/ sy Xn) (1)
i=1

Recently, there have been many results on Lie n-derivations. We refer to [4, 6, 8, 11, 15, 16, 18] and the
references therein.

Recall that an R-linear map L : A — A is said to be a left (right) centralizer if L(XY) = L(X)Y (L(XY) =
XL(Y)) for all X, Y € A and a centralizer if it is a both left and right centralizer. An R-linear map L : A — A
is said to be a Lie centralizer of A if L([X,Y]) = [L(X),Y] for all X,Y € A. It is easy to verify that L is
a Lie centralizer if and only if L([X, Y]) = [X,L(Y)]. More generally, L is called a Lie triple centralizer of
Aif L([X, Y], Z]) = [[L(X),Y],Z] for all X,Y,Z € A. It is easy to verify that L is a Lie triple centralizer
if and only if L([[X, Y], Z]) = [[X,L(Y)], Z]. On can easily check that each centralizer is a Lie centralizer
and each Lie centralizer is a Lie triple centralizer. However, the converse is not true in general. These
years, many authors have paid much attention to centralizer, Lie centralizer and Lie triple centralizer. As
Lie n-derivations, authors further developed the definition of Lie n-centralizers. A Lie n-centralizer is an
R-linear map A — A satisfying

L(p‘rl(Xlr XZr [y X?l)) = Pn (L(Xl)/ XZ/ ceer Xn) (2)

forall Xj, X5, ..., X;; € A. Similar to Lie centralizers and Lie triple centralizers, one can also easily check that
L is a Lie n-centralizer if and only if L(p,(X1, X2, ..., X)) = pu(X1, L(X2), ..., X;1). Recently, some authors have
paid attentions to Lie n-centralizers. We refer to [4, 14, 19] and the references therein.

Recently, there have been a number of authors studying conditions under which derivations and central-
izers of rings or operator algebras can be completely determined by the action on some elements concerning
products. Assume that L : A — Ais a R-linear (nonlinear) map and F: AXAX ... X A — Aisamap. f Q
is a proper subset of A and Eq. (1.1) holds for any X3, X3, ..., X;; with F(Xy, Xz, ..., X») € Q, then L is called a
linear (nonlinear) Lie n-derivation by local action of A. Similarly, if Q is a proper subset of A and Eq. (1.2)
holds for any Xj, Xy, ..., X, with F(X3, Xy, ..., X;;) € Q, then L is called a linear (nonlinear) Lie n-centralizer by
local action of A. These years, some authors are paying attentions to Lie n-derivations and centralizers by
local actions on several operator algebras. We refer to [2, 3, 5, 13] and the references therein.

Let U be a triangular algebra over a commutative ring R. In the note, under some mild assumptions
on U, we study nonlinear Lie n-centralizers and Lie n-derivations by local actions on U. It is proved that
nonlinear Lie n-centralizers and Lie n-derivations by local actions are both almost additive. Moreover, we
characterize the structures of them, respectively.
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2. Preliminaries

Triangular algebras were first introduced in [9]. Let R be a commutative ring with identity. Suppose that
A and B are unital algebras over R, with unit I4 and Ig, respectively; and M is a unital (A, B)-bimodule.
In this note, assume that M is faithful as a left A-module and also as a right 8-module. Under the usual
matrix operations,
a m

U =Tri(A M, B) = {( 0 b

):aeﬂ,meM,beB}

is called a triangular algebra. The main examples of triangular algebras are nest algebras and (block) upper
triangular matrix algebras. For more details, see [7, 12] and so on.
Let Z(U) be the center of U. It follows from [10, Proposition 3] that

Z((Ll)z{(g 2):am:mb for all meM}.

Let tg : U — Aand ng : U — B be two maps defined by
a 0 a 0
nﬂ:(o b)—>ﬂ,7‘(3:(0 )—>B.

Moreover, na(Z(U)) € Z(A) and ng(Z(U)) € Z(B). And there exists a unique algebra isomorphism 7
from ntg(Z(U)) to ma(Z(U)) such that n(b)m = mb for all m € M (see [10]).
Consider a triangular algebra U = Tri(A, M, B). Let I be the identity of U. Set

Iq 0 0 0
Plz(g‘ 0),132:1—191:(0 13)

and U;; = PAUP; forall 1 <i < j < 2. Itis clear that U can be represented as

U =Uy EB U1, EB U,.

Finally, we end this section with a proposition, which plays an important role in the proof of the main
results.

PI‘OpOSitiOI‘l 2.1. [20] Let U; € (Ll,'i,l. =1,2. IfLInVu = V12U22f01’ any Vi € (L(u, then U + Uy € Z('T/I)

3. Lie type centralizers by local action

3.1. Almost additivity

Theorem 3.1. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule. Suppose that a
nonlinear map 6 : U — U satisfies

6(pn(ull u2/ u3/ sy Ul’l)) = Pn(é(ul)/ u2/ u3/ sy un)

and
6(pl”l(u1/ uZ/ u3/ sy Uﬂ)) = pn(ulx 6(1/[2)/ U3, ceey un)

forall Uy, Uy, ..., U, € U with U UyUsz = 0. Then
ot + Uyp) — 6(Uy) — 6(Up) € Z(U).
In the following, Theorem 3.1 will be proved by checking several lemmas.

Lemma 3.2. 6(0) = 0.
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Proof. Take U; = Uy = Uz = ... = U, = 0. One can easily check that 6(0) =0. O
Lemma 3.3. Let Uy € U1p and Uyp € Urp. Then
o(Upq + Upz) = 6(Uq1) — o(Uy2) € Z(U)

and
O(Unz + Uzp) — 0(Uiz) — 6(Ux) € Z(U)

PT’OOf. For any Uy € 7/[11 and Uy, Vo € (L(u, denote U = (S(UH + ulz) - 5(U11) - 5(U12) Since V12(U11 +
U12)P1 = V12U11P1 = V12U12P1 = 0, it follows that

O0(U11V12) =6(pu(Vi, Ur1 + Ura, P1, Po, ..., P2))
=pu(V1z,6(U11 + U12), P1, P, ..., P)

and

o(U11 V12) =6(pu(Vi2, Un1, P1, Po, ..., P2)) + 6(pu(V12, Ur2, P1, Po, ..., P2))
:pn(V12/ 6(U11) + 6(U12)/ Pl/PZI seny PZ)

Comparing the two equations above, we have
Pn(Vip, U, Py, Py, ..., Py) =0,
which implies that P1UP; V12 = V12P,UP; for all Vi, € Uy, Then it follows from Proposition 2.1 that
P,UP; + P,UP; € Z(U).
Moreover, since P,(Uq; + Uqp)Py = PoUq1 Py = PoU Py = 0, we have

o(U12) =6(pn(P2), Ur1 + Uiz, P1, P, ..., P2)
=pu(P2, 6(U11 + U1z), P1, Py, ..., Py)

and

o0(U12) =06(pn(P2, U1, P1, Py, ..., P2)) + 8(pu(P2, U1z, P1, Po, ..., P2))
=pu(P2, 5(Ux11) + 6(U12), P1, P, ..., P2).

Comparing the equations above, we have
pn(P2, U, Py, P, ..., P) =0,
which implies that P;UP, = 0. Therefore, we have
U = P, UP; + PoUP; € Z(U).
In the similar manner, we can also show that
o(Usz + Uzn) — 6(Ur2) — 0(Ux2) € Z(U).
0
Lemma 3.4. For all Uyp, Vi € Uqz, we have

5(U12 + Vlz) = 6(U12) + 6(V12).
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Proof. Since (—Ujp — P1)(P2 + V12)P;1 = 0, it follows from Lemmas 3.2 and 3.3 that

Oo(Uin + Vi2) =0(pu(=U12 = P1, P2 + Vi, P1, Po, ..., P2))
=0(pn(0(=Ui2) + 6(=P1), Py + V12, P1, Py, ..., P2))
=0(pn(=Uiz, P2, P1, Py, ..., P2)) + 6(pn(=P1, P2, P1, Py, ..., P2))
+ 0(pu(=Uiz, V12, P1, P, ..., P2)) + 6(pu(=P1, V12, P1, P, ..., P2))
=6(U12) + 6(V12).

O
Lemma 3.5. Let U;;, Vi € U;; for i = 1,2. Then 6(Uy; + Vi) — 0(Ui) — 0(Vii) € Z(U).

Proof. Here we only give the proof of i = 1. The proof of the case i = 2 is similar. Denote U = 6(Ui1 + V11) —
6(U11) - 6(V11) Since W12u11P1 = W12011P1 = le(llu + V11)P1 = O, it fOllOWS fI'OII’l Lemma 3.4 that

Oo((Un1 + Vi1)Wia) =6(pn(Wiz, U11 + V11, P1, P, ..., P2))
=p,(Wi2, 0(U11 + V11), P1, Pa, ..., P2)

and

O((Un1 + V11)Wiz) =6(U11 Wiz + V11 Wiz)
=6(U11Wh2) + 6(V11Wh2)
=6(pn(Wiz, Un1, P1, P2, ..., P2)) + 6(pn(Whz, V11, P1, P2, ..., P2))
=pn(W12,6(U11), P1, P, ..., P2) + pu(Wi2,6(V11), P1, Py, ..., P2)
=pu(Wiz, 6(U11) + 6(V11), P1, P2, ..., P2).

Comparing the two equations above, we have
pn(Wiz, U, P1, Py, ..., Pp) =0,
which implies that P;UW1p = Wi, UP; for all Wy, € Uyp. Therefore, we can obtain from Proposition 2.1 that
PyUPy + P,UP, € Z(U).
Since (Uy1 + V11)Po Py = U1 PoPy = V11 PP = 0, it follows from Lemma 3.2 that

0 =6(p,(U11 + V11, P2, Py, P1..., P1))
:pn(é(ull + Vll)/PZ/PZIPl'"/Pl)

and

0 =6(pn(V11, P2, P2, Py..., P1)) + 6(pn(V11, P2, P2, Py..., Py))
=p,,(6(U11) + 6(V11), P2, Py, Py..., P1).

Comparing the equations above, we have
pu(U, P2, Py, Py...,P1) =0,
which implies that P;UP, = 0. Therefore,
U = P,UP; + PUP, € Z(U).
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Lemma 3.6. Forany U;; € U;j with 1 < i < j < 2, we have
6( Y, U - Y, 8(Uy) e Z(U),
1<i<j<2 1<i<j<2

Proof. Denote U = 6(21&5]32 uij) - Zlgis]’gz o(U;j). Since Zlgigjgz U;;jV12P1 = 0, it follows from Lemma 3.4
that

O0(VipUap — U1 Viz) =0(pu( Z Uij, V12, P1, Py, ..., P2))

1<i<j<2

:pn(é( Z uij)/ V12/ Pl/ PZ/ cey PZ)

1<i<j<2
and
O(Vi2Un — U11V12) =6(V1aUaz) + 6(=U11V12)
= Z O(pn(Uij, V12, P1, P, ..., P2))

1<i<j<2

:pn( Z 6(1-’[1])/ V12/ Pl/PZI "'/PZ)-

1<i<j<2
Comparing the equations above, we have
pn(U, Via,P1, Py, ..., P2) =0,
which implies that P1UP; V12 = V12P,UP; for all Vi, € Uy, Then it follows from Proposition 2.1 that
P1UPy + P,UP, € Z(U).

Since leis;‘sz U;j(=P1)P; = 0, we have

S((=1)" Uxp) =6(pn( Z Uij, =Py, P, Py, ..., P1))

1<i<j<2

:pn(é( Z Uij)/ _P1/P2/ Pl/ ceey Pl)

1<i<j<2

On the other hand, it follows from Lemma 3.4 that

(=1)""Un) = Y 8(pu(Us,~P1, Py, Py, .., P1))

1<i<j<2

:Pn( Z 6(u1])/ _Pl/PZIPll -"/Pl)'

1<i<j<2
Comparing the two equations above, we have
P,(U,—P1,P,,P,...,P1) =0,
which implies that P;UP, = 0. Therefore,

u-= P1UP1 + qupz € Z((L{)
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Now we give the proof of Theorem 3.1.

Proof. Let U = Yiccjer Uij and V' = Y.i4icjcp Vij. Then we have from Lemmas 3.4-3.6 that there exist
Z1,25,23,724,7Z5 € Z(U) such that

SU+V)=5( Y Us+ Y. Vi)

1<i<j<2 1<i<j<2
=6( Z U;; + Vi)
1<i<j<2
= Z 5(U{j + Vij) + 7
1<i<)<2
= Y o)+ Y o(Vi)+Zi+Za+ Zs
1€i<)<2 1<i<j<2
=5( Y, U)+0( Y| Vi)+Za+Za+ 75— Zs—Zs
1<i<j<2 1<i<j<2

:6(U) + (5(V) +Z1+Zy+ 23— 2y — s,
which means that 6(U + V) — 6(U) — 6(V) € Z(U). DO

3.2. Structure

Theorem 3.7. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule satisfying
nta(Z(U)) = Z(A) and ng(Z(U)) = Z(B). Suppose that a nonlinear map 6 : U — U satisfies

6(pn(U1, UQ, U3, ceey Un)) = pn(é(ul), UQ, U3, vey LIn)

and
6(pn(U1, UQ, U3, cey Un)) = pn(ul, 5(UQ), U3, vey LIn)

forall Uy, Uy, ..., U, € U with U1UyUs = 0. Then 6(U) = ZU + t(U) for some Z € Z(U)and 1 : U — Z(U) isa
map vanishing on each (n — 1)-th commutator p,(Uy, Uz, U3, ..., U,) with Uy UpUs = 0.

To complete the proof of Theorem 3.8, we need to prove several lemmas.
Lemma 3.8. 6(U12) € Uro.
Proof. Since UqpP1P1 = 0, it follows that

o(U12) =6(p(Uiz, Py, P1, P3..., P2))
=P,(6(Ux2), P1, P1, P>..., P)
=P16(U12)P»,

which means that 5(Uy) € Up. O
Lemma 3.9. There exist f; : Uy — Z(U) such that
o(Uy) - fi(Uy) € U;;

fori=1,2.
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Proof. Here we only give the proof for i = 1. Since Uy1P,P; = 0, It follows from Lemma 3.2 that

0 =6(pn(U11, P2, P2, Ps, ..., p2))
=pu(6(U11), P2, P2, Po, ..., p2)
=P16(U11)P>.

Consequently, 6(U11) = P16(U11)P1 + Pzé(ull)Pz.
Since Uy Uy Uip = 0, it follows that

0 =6(pn(Ur1, Uz, Uz, P, ..., P2))
=pn(6(U11), Una, Ur2, Py, ..., P2)
=[[6(U11), U2z], Ur2]
=[[P26(U11)P2, Uaz], U2 ]
= = Upp[P26(U11)P2, Un].

Hence U12[P206(Uq1)P2, Ux] = 0 for all Uy, € Upp. Since Uy, is left faithful Uy, module, it follows that
[P26(U11)P,, Upp] = 0 for all Uyy € Upy. Thus Pr6(Ur1)P2 € Z(Uzp). Employing the condition ma(Z(U)) =
Z(A), we can write

6(Us1) = P16(U11)Py — 7 (P20(Un1)P2) + 17 (Po6(Ui1)P2) + Pod(Ui1)Pa.
Thus, we can define a map f; : U1 = Z(U) as
fi(Ui1) = 71 (P26(Ur1)P2) + P26(Un1)Pa.

Obviously,
o(Ur1) = fiUr) € Uns.

Similarly, we can show that
O(Uzz) = P16(U22)P1 + n(P16(Ux2)P1) + P26(Un2) Py — 17(P16(U22)P1).
Then we can define amap f, : U — Z(U) as
filzz) = P16(Ua2)P1 + n(P16(U22)P1 ).

Obviously,
O(Ux) — fo(Usz) € Uns.

O

Remark 3.10. Inspired by Lemmas 3.8 and 3.9, we define a new map A : U — U as

AW =Y 8(Uy) = Alln) — f(Uns)

1<i<j<2
for any U € U. Then we can immediately obtain the following result:
Lemma 3.11. For any U;; € U;j with 1 <i < j < 2, the following statements hold:
(1) A(Uij) € Uij;
(2) A(Uq2) = 6(Uxp) and A is additive on Uyy.

B) Ai<icj<r Uif) = Licicjeo AUij);
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Lemma 3.12. A is additive.

Proof. By Lemma 3.11, it is sufficient to show that A is additive on Uj;, i = 1,2. Infact, for any U1, Vi1 € Uiy,
in view of Theorem 3.1 and Lemma 3.11, we have

A(Uyy + Vir) = A(Up) = A(Vr) € Z(U) N Uy
Assume that
Z = Wi = AUt + Vir) = AUnr) = A(Via)

for some Z € Z(U) and Wq; € Uyp. Thus P,Z = 0 and then by the definition of Z(), it follows that Z =0,
which means that A is additive on U;;. Similarly, we can also show that A is additive on U. The proof is
completed. [

Lemma 3.13. (1) A(UnUip) = A(Un)Ui2 = U A(Ux);
(2) A(UrpUn) = A(Ur2)Uy = Ui A(Uy).

Proof. Here we only give the proof of (1). The proof of (2) is similar. Since Uj,U11P1 = 0, we have from
Lemma 3.11 that

A(UrUzz) =6(U11U12)
=6(pu(Uiz, Ur1, P1, Py, ..., P2))
=p,(0(U12), U11, P1, P, ..., P2)
=pu(A(U12), U11, P1, P, ..., P)
=Up A(Uy).
On the other hand,
A(U11Uyp) =6(Up1Up2)
=0(pn (U2, U1, P1, P, ..., P2))
=pn(Uiz, 6(U11), P1, Py, ..., P2)
=Pn(u12; A(U11), Pl/ P2/ [y P2)
=A(Up1)Un.
O
Lemma 3.14. Let U;, V; € UjifOT’ i=1,2.Then
A(U; Vi) = AU;) Vi = Ui A(Vi).
Proof. Let Wiz € Uip. In view of Lemma 3.13, we have
A(U11 V11 Wh2) = A(U11 V1) Wiz;
AU V11 Wh2) = A(U11) V11 Wi2;
A(Un V11 Wh2) = UnnA(VinWi2) = Ui A(Vi1) Wa.

Thus A(U11V11)W12 = A(UH)VHWH = U11A(V11)W12 for all W12 € (L(u. Since 7/[12 is I'ight faithful 7/[11
module, it follows that
A(U11 Vi) = A(Un) Vi = UnA(Vi).

Similarly, we can also show that

A(UpnV2) = A(Ux)Va = UpA(Va).
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Finally. we give the proof of Theorem 3.7.

Proof. Using Lemmas 3.12-3.14, one can easily show that A(UV) = UA(V) = A(U)V for all U,V € U. Set
Z = A(1). Then, for any U € U, we can see that

AU) = AQU) = AU = ZU

and
AU) = A(U1) = UAQQ) = UZ.

Hence Z € Z(U). Up to now, by Remark 3.10, we can define a map 7 : U — Z(U) as
(U) = 6(U) - A(U)

for any U € U. Now, to prove Theorem 3.7, it is sufficient to show that T vanishes on each (n — 1)-
th commutator p,(U;, Uy, U, ..., U,) with UiU,Us = 0. Indeed, suppose that p, (U, Uy, Us, ..., U,) satisfies
U1 UZU3 = 0. Then

t(pa(Uy, Uz, Us, ..., Uy))
=0(pn(Uy, Uz, U3, ..., Uy)) — Alpn(Uy, Uz, Us, ..., Uy))
=pn(6(Uh), Uz, U3, ..., Uy)) — pu(A(Uh), Uz, U3, ..., Uy,)
=pn(A(Uh), Uz, Us, ..., Uy) — pu(A(Uy), Uz, U3, ..., Uy) = 0.

The proof is completed. [

Corollary 3.15. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule satisfying
na(Z(U)) = Z(A) and ng(Z(U)) = Z(B). Suppose that 6 : U — U is a nonlinear Lie n-centralizer. Then
o(U) = ZU + =(U) for some Z € Z(U) and t : U — Z(U) is a map vanishing on each (n — 1)-th commutator.

4. Lie type derivations by local action

4.1. Almost additivity

Theorem 4.1. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule. Suppose that a
nonlinear map 6 : U — U satisfies

n
6(pn(ull UZ/ u3/ s UVI)) = Z pn(ulz sy ui—ll 6(ul)/ Ui+1/ ey un)
i=1

forall Uy, Uy, ..., U, € U with U UyUsz = 0. Then
o(Uy + Uz) — 6(Uh) — 6(U2) € Z(U).
In the following, Theorem 4.1 will be proved by checking several lemmas.
Lemma 4.2. 56(0) =0.
Proof. Take U; = Up = Uz = ... = U, = 0. One can easily check that 6(0) =0. O
Lemma 4.3. Let U;; € U;j, 1 <i<j<2 Then
o(Un1 + Unz) — 6(Un1) — 6(U2) € Z(U)

and
6(U12 + UQz) - 5(U12) - 5(UQ2) S .Z((L[)
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PTOOf For any Uy € 7/[11 and U, Vi € 7/(12, denote U = (S(UH + U12) - (S(UH) - 6(U12) Since V12(U11 +
Uq2)Py = VipUq1 P = VipUp Py = 0, it follows that

O0(U11V12) =0(pu(Vi, Ur1 + Ura, P1, Po, ..., P2))
=p,(0(V12), U1 + Ura, P1, Ps, ..., P)

+pu(Viz, 06Uy + Urz), Py, P, ..., P2)

+ pn(Vio, Unt + Uin, 8(P1), Po, ..., P)

n
+ Z pﬂ(vlzr ull + ulZ/ Pl/PZI ceey 6(P2)/ PZ)
k=4
and
6(ull VlZ) =6(pn(V12; u111P1/P2/ Y PZ)) + 6(Pn(V12/ ulZ/ PIIPZr [y PZ))
=pu(0(V12), U11 + U1, P1, Po, ..., P)

+pn(V12,6(U11) + 6(U12), Py, P2, ..., P2)
+ pu(Vig, Urg + Usg, 6(P1), Py, ..., P2)

n
+ 3" pu(Vio, Uny + Una, Py, P, ., 6(P2), ..Pa).
k=4
Comparing the two equations above, we have
Pn(Vig, U, Py, Py, ..., Pr) =0,
which implies that P1UP; V1, = Vi2P,UP; for all Vi, € Uy, Then it follows from Proposition 2.1 that
PLUP; + P,UP; € Z(U).
Moreover, since P,(Uqy + Uyp)Py = PoUp1 Py = PoUppP1 = 0, it follows that
o(U12) =6(p(P2, U11 + Ura, P1, Po, ..., P2))
=p,(0(P2), U1 + Uip, P1, Py, ..., Py)

+ pn(PZr 6(U11 + ulZ)/ P11P2/ ceey PZ)
+ pn(P2, Ur1 + Uxz, 6(P1), Py, ..., Pa)

n
+ an(PZI ull + uer Pl/ PZ/ weey 6(P2)/ weey PZ)
k=4
and
6(U12) zé(Pn(PZ/ ullrplr PZ/ weey PZ)) + 6(Pn(P2/ uer Pl/ PZ/ weey PZ))
=pn(0(P2), U1 + U2, Py, Py, ..., Py)

+ pn(PZI 6(U11) + 6(U12)/P1/P2/ --'/PZ)
+ pu(P2, U1y + Uiz, 8(P1), P, ..., P)

+ an(PL Ui + Usp, Py, Po, ..., 6(P2), ..., P2)
ed

Comparing the equations above, we have

pn(PZI LI/P1/P2/"'/P2) = 0/
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which implies that P1UP, = 0. Therefore, we finally get
U = P UP; + P,UP; € Z(U).
In the similar manner, we can also show that
o(Unz + Up) — 6(U12) — 6(Ux2) € Z(U).
O
Lemma 4.4. For all Uy, V1, € Uqp, we have
O(Urz + Vi2) = 8(U12) + 6(V12).
Proof. Since (—Uqz — P1)(P2 + V12)P1 = 0, it follows from Lemmas 4.2 and 4.3 that

o(Urp + V12) =0(pu(=Ur2 — P1, P2 + Vi, P1, Py, ..., P2))
=pn(6(=U12) + 6(=P1), P2 + V12, P1, Py, ..., P2)
+ pu(=Uiz = P1,6(P2) + 6(V12), P1, Py, ..., P2)
+ pu(=Uiz — P1, P2 + V12,6(P1), Pa, ..., P2)

n
+ Z pu(=Uiz = P1, Py + V1, Py, Py, ..., 0(P2), ..., P2)
=y

=6(pu(=Uiz, P2, P1, Py, ..., P2)) + 8(p(=P1, P2, Py, Py, ..., P2))
+ 0(pu(=Uiz, V12, P1, P, ..., P2)) + 6(pu(=P1, V12, P1, P, ..., P2))
=6(Ux2) + 6(V12).

|
Lemma 4.5. Let U;, V;; € (L(iifor i=1,2. Then 5(U,'1' + Vii) - (S(Ui,-) - (S(Vii) € Z(ﬂ)

1770

Proof. Here we only give the proof for i = 1. The proof for i = 2 is similar. Denote U = 6(Uy1 + V11) —

o(Uq1) — 6(V11). Since Wi U1 P = Wip V11 P1 = Wip(Uqp + Vi1)Py = 0, it follows from Lemma 4.4 that

O((Un1 + Vi1)Wh2) =6(pn(Wiz, U11 + Vi1, P1, P, ..., P2))
=pn(6(Wh2), U1 + V11, Py, Py, ..., P2)

+ pa(Wio, 6(Uq1 + V1), P1, P, ..., Pp)

+ pn(Wia, Ui + Vi1, 6(P1), Py, ..., P2)

n
+ Z pr(Wiz, Ury + Vi1, Py, Py, ..., 6(P2), ..., Pa)
f—d

and

o((Unn + Vi1)Wiz) =6(U11 Wiz + V11 Wh2)
=6(U11 Wh2) + 6(V11 Wh2)
=6(pn(W12, U1, P1, P2, ..., P2)) + 6(pn(W12, V11, Py, Pa, ..., P2))
=pu(0(W12), U1 + V11, P1, P, ..., P2)
+ pn(Whia, 0(U11) + 0(V11), P1, P, ..., P2)
+ pn(Wha, Ui + V11, 6(P1), Py, ..., P2)

+ Z pn(Wiz, Uit + Vi1, Py, P, ..., 6(P2), ..., P2).
f=d
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Comparing the two equations above, we have
Pn(W12/ L[/P1/P2/ '-'/PZ) = 0/
which implies that P UW1, = Wi, UP; for all Wy, € Ujp. Therefore, we can obtain from Proposition 2.1 that
P UP; + P,UP, € Z((L{)
Since (Uy1 + V11)PoP; = U1 PoPy = V11 PP, = 0, it follows from Lemma 4.2 that
0 =6(pu(Uy1 + V11, Py, Py, Py..., P1))
=Pn(6(ull + Vll)/ PZ/ pZ/ Pl"'l Pl)
+pn(Uir + V11, 6(P2), P2, P1..., P1)
+ pn(Up1 + V11, P2, 6(P2), P1..., P1)

n
+ an(un + Vi1, Po, P2, Py..., 6(P1), ..., P1)
P

and
0 =6(pu(V11, P2, P2, P1..., P1)) + 6(pu(V11, P2, P2, Py..., P1))
:p”(é(ull) + 6(V11)/ PZ/ PZ/ Pl-"/Pl)
+ pu(Ui1 + V11, 6(P2), P2, P1..., P1)
+ pa(Ur1 + V11, Pa, 6(P,), Ps..., P1)

+ an(uu + Vi1, Pa, Py, Py..., 6(P1), ..., P1).
k=4

Comparing the equations above, we have
pn(U, Py, Py, Py...,P1) =0,
which implies that P;UP, = 0. Therefore,
U = P UPy + PoUP; € Z(U).

O

Lemma 4.6. Forall U;; € U;; with1 <i < j <2, we have
5 Y, Uy = Y, 8(Uy) e Z(U).
1<i<j<2 1<i<j<2
Proof. Denote U = 6(L1<i<jo Uij) — Li<icjo 0(Uij). Since Yoqgicjcr UijV12P1 = 0, it follows from Lemma 4.4
that
6(Vializs = Un Vi) =8(pa( Y, Uij, Via, P1, P, ., P2))

1<i<j<2

:pn(é( Z uij)l V12/ P11P2/ weey PZ)

1<i<j<2

+ Pn( Z uij/ 6(V12)/ Pl/PZI ceey PZ)

1<igj<2
+pa Y. Uij, Via,6(P1), Pa, .., Po)

1<i<j<2

+ an( Z Uij, V12, P1, Py, ..., 8(P2), ..., P2)

k=4 1<i<j<2
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and
0(Vi2Un — U11V12) =6(V1aUaz) + 6(=U11V12)
= Z O(pu(Uij, V12, P1, Py, ..., P2))

1<i<j<2

:pn( Z 6(l-’ll])/ V12/ P11P2/ -"/PZ)

1<i<j<2

+ pa( Z Uij, 6(V12), Py, Py, ..., P2)

1<i<j<2

+ pn( Z uij/ V12r 6(P1)/ PZ/ cees PZ)

1<i<j<2
n
+ Z pn( Z UZ']', Vi, P1, P, ..., 6(P2), ey Pz)

k=4 1<i<j<2

Comparing the equations above, we have
pn(ll/ V12/ Pl/ PZ/ ey PZ) = Or
which implies that P1UP; V1, = V1o P,UP; for all Vi, € Uy, Then it follows from Proposition 2.1 that
P{UPy + PoUP; € Z((Ll)
Since leislg U;j(=P1)P; = 0, it follows that
8((=1)"* U =0(pa( Y, Uij,—P1, P, Py, ., P1))

1<i<j<2

=pu(®( Y Uyj),~P1,Po,Py,..., P1)

1<i<j<2

+ pa( Z Uij, 6(=P1), P, Py, ..., P1)

1<i<j<2
+pal Y. Usj, =Py, 6(Pa), Py, ..., P1)

1<isj<2

+an( Z Llij,—Pl,Pz,Pl,...,6(P1),...,P1).

k=4  1<i<j<2

On the other hand,
(1) Un) = Y 8(pu(Usj,~P1, Pa, Py, .., P1))
1<i<j<?
=pu( Y 6(Uyj),~P1, P, Py,..., P1)
1<i<j<2
+ pa( Z Uij, 6(=P1), P, Py, ..., P1)
1<i<j<2
+pal Y. Usj,=P1,6(Pa), Py, ..., P)
1<i<j<2

+ Y 5l Y Uy, ~P1, Py, Py, 8(PY), . P,

k=4  1<i<j<2

1772
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Comparing the two equations above, we have
P,(U,—Pq,P;,P4,...,P1) =0,
which implies that P;UP, = 0. Therefore,
U = P1UP; + P,UP, € Z(U).
O
Now we give the proof of Theorem 4.1.

Proof. Let U = Y1ccjo Uij and V = Y1 icjep Vij. Then we have from Lemmas 4.4-4.6 that there exist
Z1,20,25,24,75 € Z((LI) such that

SU+V)=5( Y Uy+ Y. Vi)

1<i<j<2 1<i<j<2
=6( Z U;; + Vi)
1<i<j<2
= Z 5(Ui]‘ + V,‘j) + 71
1<i<j<2
= Y o)+ Y 0(Vi)+Zi+Za+ Zs
1i<)<2 1<i<j<2
=5( Y, U)+0( Y| Vi)+Z1+Za+ 75— Zs—Zs
1<isj<2 1<i<j<2

:6(U) + (S(V) +Z1+2Zr+ 23 —2Z4—7Zs,
which means that 6(U + V) — 6(U) — 6(V) € Z(U). DO

4.2. Structure

Theorem 4.7. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule satisfying the
conditions:

(%) ta(Z(U)) = Z(A), 15(Z(U)) = Z(B);

(%) Z(A) ={A[[[A, X], Y] =0,VX, Y € A}, Z(B) = (B|[[B, X],Y] = 0,VX,Y € B}.
Suppose that a nonlinear map 6 : U — U satisfies

n
6(p1’l(ul/ qu u3/ [y un)) = Z pn(ul/ weey ui—l/ 6(ul)/ ui+1/ [y un)
i=1

forall Uy, Uy, ..., U, € Uwith UyUyUs = 0and n > 4. Then 6(U) = d(U) + t(U) for all U € U, whered : U — U
ia an additive derivation and t : U — Z(U) is a map vanishing on each (n —1)-th commutator p,(Uy, Uy, Us, ..., Uy)
with U, U,Us = 0.

To complete the proof of Theorem 4.7, we need to prove several lemmas.
Lemma 4.8. Plé(P,‘)Pl + Pzé(P,‘)Pz € Z(ﬂ), i=1,2.
Proof. Since UypP1P1 = 0, it follows from Lemmas 4.2 and 4.4 that

(_1)n+16(u12) 26((_1)n+1 ulZ)
:6(Pn(ulzr plrpllpl-"r Pl))

=P,(8(Us), P1, Py, Py.oo, Pr) + ) pu(Uisa, P, oy S(P)..., P1)
k=2

=(=1)""1P16(U12)Py + (=1)"1P15(P1)U1p — (=1)" U126(P;)Po.
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Multiplying by P; on the left side and P, on the right side, we obtain that
P16(P1)PrUnz = U1 P26(P1)Po.

By Proposition 2.1, we have P16(P1)P1 + P26(P1)P, € Z(U).
On the other hand, Since U12P1P1 = O, it follows from P16(P] )P1 ulz = U12P26(P1 )P2 that

o(U12) =6(p(Uiz, P1, P1, P3..., P2))
=pu(6(Unr2), P1, P1, P3..., P3) + pu(Ui2, 6(P1), P1, Ps..., P3)

n
+ pu(Usa, P1, (P1), Pa..., P2) + ) pu(Una, P1, P1, Py..., 6(P2), .., Pa)
k=4
=P16(U12)P2 + U126(P2) P2 — 6(P2)Una.
Multiplying by P; on the left side and P, on the right side, we obtain that
P16(P2)P1Urz = U12P26(P2)P>.

By Proposition 2.1, we have P15(P2)P1 + P26(P2)Pr € Z(U). O
Remark 4.9. Inspired by Lemma 4.8, we can define a map ¢ : U — U by ¢(U) = 6(U) — [U, P16(P1)P>]. One can
easily check that p(P1) € Z(U) and ¢ satisfies that

S(pa(Us, Un, Us, .., Up)) = Y pu(U, oy Uiy, (U, Ui, oy Usy)
i=1

forall Uy, Uy, ..., U, € U with U U,Us = 0. Therefore, ¢ satisfies all the properties that O satisfies.
Lemma 4.10. ¢(P2) € Z(U).
Proof. Since P,P1P; = 0 and ¢(P1) € Z(U), it follows that

0 :(P(pn(PZrPl/"'rPl))
:pn(¢(P2),P1,...,P1)
=(=1)""1P1¢)(P2)P,,

which means that P1¢(P;)P, = 0. Then we have from Remark 4.9 that ¢(P,) = 6(P;) + P16(P2)P,. Thus
P1<P(P2)P1 = Plé(Pz)Pl and P2¢(P2)P2 = P26(P2)P2 Hence,

P(P2) = P1p(P2)P1 + Pap(P2)P2 = P16(P2)P1 + P26(P2)P2 € Z(U).
|
Lemma 4.11. ¢(Uy) C Us,.
Proof. Let Ura € Usz. Since ¢p(P1), p(P2) € Z(U) and UqP1P; = 0, we have

¢(Ur2) =p(pn(Uia, P1, Py, Ps, ..., P2))
=pu(p(Ui2), P1,P1, Py, ..., Pa)
=P1¢p(U12)P>.
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Lemma 4.12. There exist f; : Uy — Z(U) such that
o(Ui) - fi(Uir) € Ui
fori=1,2.

Proof. Here we only give the proof for i = 1. Let Uy; € Ui1. Since U1 PP, = 0 and ¢p(P,) € Z(U), It follows
that

0 =¢(pn(U1, P2, P, Py, ..., P2))
:pn(ﬂb(ull)/ PZ/ PZ/ PZ/ b4 PZ)
=P1¢(U11)P2.

Consequently, ¢(Ui1) = P1¢p(U11)P1 + P2¢p(Ui1)P,. Similarly, we can also show that ¢(Uz,) = P1¢p(Uxn)P; +
Pr¢p(Up)Ps.
Since Uy1UxpUrp = 0 and ¢(P;) € Z(U), we have

0 =¢(pu(Ur1, U, Usz, Py, ..., P2))
=pu(Pp(Ur1), Un, Uiz, Py, ..., P2) + pu (Ui, p(Uno, Uiz, Po, ..., P2))
=[[p(U11), Un], Uro] + [[U11, $(Uaz)], Us2]
=[[p(U11), Uxz] + [U11, ¢(U22)], Us2].

Thus we have from Proposition 2.1 that
[p(Ur1), Uxn] + [Ui1, ¢(Uxn)] = Z € Z(U).
Hence, [P2¢(U11)P,, U] € ZP; and [Uy1, P1¢p(Ux)P1] € ZP;. Employing the conditions
ZA)={A|[[A X],Y]=0,VYX Y € A}

and
Z(®B)={B|I[[B,X],Y]=0,VX,Y € B},

we can conclude that Po¢p(U11)P2 € Z(Ux) and P1p(Ux)Pr € Z(Uri). Employing the condition ta(Z(U)) =
Z(A), we can write

d(Un) = P1p(Un1)Py — 7 (Pap(U11)P2) + 17 (Pah(U1)P2) + Pacp(Un1)Pa.
Thus, we can define a map f; : U1 = Z(U) as
f(Uz1) = 771 (Pagp(U11)P2) + Pap(Uy;)Pa.

Obviously,
o(Un) = f1(Un) € U

Similarly, we can show that
¢(Uzz) = P1p(Unp)P1 + n(P1¢p(Unz)P1) + Pap(Uno) Py — n(P1¢p(Unxn)P1).

Then we can define a map f, : Uy — Z(U) as

f(Uzz) = P1p(Uaz)P1 + n(P1¢p(Uz2)Pr).

Obviously,
P(Uz) = fo(U2) € Uno.

O
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Remark 4.13. Inspired by Lemmas 4.11 and 4.12, we define a new map A : U — U as

AW =Y o(Uy) = Al - fo(Uz)

1<i<j<2
for any U € U. Then we can immediately obtain the following result:
Lemma 4.14. For any U;; € U;j with 1 <i < j < 2, the following statements hold:
(1) A(Uij) € Uij;
(2) Aisadditive on Uiy and A(Urz) = d(Uio);
() AQizizj<o Uif) = Licicjoo AUyj);
Lemma 4.15. A is additive.

Proof. By Lemma 4.14, it is sufficient to show that A is additive on Uj;, i = 1,2. Infact, for any Uiy, Vi1 € Uy,
in view of Theorem 4.1, Remark 4.9 and Lemma 4.14, we have

A(Uyr + Vir) = A(Un1) = A(Vr) € Z(U) N Uy

Assume that
Z =W = A(Un + Vir) = A(Unn) = A(Vi)

for some Z € Z(U) and Wy; € Uyy. Thus P,Z = 0 and then by the definition of Z(U), we have Z = 0,
which means that A is additive on Uj;. Similarly, we can also show that A is additive on U. The proof is
completed. [

Lemma 4.16. (1) A(Uu U12) = A(UH)UH + U11A(U12);
(2) A(UaUz) = A(U2)Uz + U A(Uz);

Proof. Here we only give the proof of (1). The proof of (2) is similar. Since U1oUq1P1 = 0 and ¢(P1), p(P>) €
Z(U), it follows from Remark 4.9 and Lemma 4.14 that

A(Uq1Upz) =¢p(Ur1Uyz)
=¢(pn(Uiz, U11, P1, Py, ..., P))
=pn(@(U12), U11, P1, P, ..., P2) + pu(Uiz, ¢(U11), P1, P2, ..., P2)
=pu(A(U12), Uy1, P1, P, ..., P2) + pu(Ui2, A(U11), Py, P, ..., P2)
=UnA(Ux2) + A(U11)Uxo.

0
Lemma 4.17. Let U;;, Vi; € Uji fori=1,2. Then
A(Uii Vi) = AUi) Vi + Ui A(Vi).
Proof. Let Wiy € Ujp. In view of Lemma 4.16, on the one hand, we have
A(U11 V11 Wi2) = A(U11 Vi) Wiz + Ui Vi A(Wha).
On the other hand,

A(U11 V11 Wh2) =AU11) V11 Wiz + +U1i A(V11 Wi2)
=A(U11)Vi1 Wiz + U Vin A(Wio) + Ui A(V11) Wa.
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Comparing the two equations above, we have
A(U11V1i))Wiz = AU1) Vi Wiz + Un A(V1) Wia.

Then
(AU V1) = A(Uq) Vi = UnA(V1))Wi2 = 0

for all Wi, € Uyp. Since Uy, is right faithful U1 module, it follows that
A(U11 V1) = A(U11) Vi + UnA(Vi).
Similarly, we can also show that
A(Un V) = A(Ux2)Va + UnA(Va).

O
Finally. we give the proof of Theorem 4.7.

Proof. Using Lemmas 4.15-4.17, one can easily show that A(UV) = UA(V)+A(U)V forall U, V € U. Thatis, A
is an additive derivation of Y. Besides, by Theorem 4.1 and Remark 4.9, we can defineamap 7 : U — Z(U)
by t(U) = ¢(U) — A(U). Thus

S(U) =p(U) + [U, P15(P1)Ps]
=AWU) + [U, P1d6(P1)P2] + (U).

Denote d(U) = A(U) + [U, P16(P1)P2]. Then d : U — U is an additive derivation of U and 6(U) =
d(U)+7(U). Now, to prove Theorem 4.7, it is sufficient to show that 7 vanishes on each (1 —1)-th commutator
pu(U1, Uz, Us, ..., Uy,) with Uy U, Us = 0. Indeed, suppose that p,, (U3, Uz, Us, ..., U,) satisfies U; Uy Us = 0. Then

(pn(Uy, Uz, Us, ..., Uy))
=6(pn(u1, u2/ u3/ ceer un)) - d(p”(ull uz’ u3’ i un))

=Y puUn, Uz, Us, ., S(UR).., Un) = Y pu(Us, Us, Us, oy d(U)-.., Us)
k=1 k=1

n n
= Y (U, U, Uy, (U, Un)) = Y pulUs, U, Uy oy (U)o, Us)) = .
k=1 k=1

The proof is completed. [
Combining Theorem 4.7 with Theorem 2.2 in [20], we can obtain the following result.

Corollary 4.18. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule satisfying the
conditions:

(%) 1a(Z(U)) = Z(A), 15(Z(U)) = Z(B);

(X)) ZA) ={A|[[A X],Y]=0,VX, Y e A}, Z(B) ={B|[[B,X], Y] =0,¥X, Y € B}.
Suppose that a nonlinear map 6 : U — U satisfies

6(Pn(ull u2/ u3/ sy Ul’l)) = Z pn(ulr sy ui—ll 6(ul)/ Ui+1/ sy un)
i=1

forall Uy, Uy, ..., U, € U with UyUyUz = 0and n > 3. Then §(U) = d(U) + t(U) forall U € U, whered : U — U
is an additive derivation and © : U — Z(U) is a map vanishing on each (n — 1)-th commutator p, (U, Uy, Us, ..., Uy)
with U;U,Usz = 0.
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Finally, we have the result as follows.

Corollary 4.19. Let U = Tri(A, M, B) be a triangular algebra and M be a faithful (A, B)-bimodule satisfying the
conditions:

(x) ma(Z(U)) = Z(A), ng(Z(U)) = Z(B);

(*) Z(A) ={A|[[A, X],Y] =0,VX, Y € A}, Z(B) ={BI[[B,X],Y] =0,YX, Y € B}.
Suppose that 6 : U — U is a Lie n-derivations and n > 3. Then 6(U) = d(U) + t(U) for all U € U, where
d : U — U is an additive derivation and v : U — Z(U) is a map vanishing on each (n — 1)-th commutator.
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