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Abstract. In this paper, some properties of topological gyrogroups are discussed. Among all, we show
the following results: (1) It is shown that every first-countable left w-narrow semitopological gyrogroup is
separable; (2) let K a compact subset and F a closed subset of a topological gyrogroup G with KN F = 0.
Then there is an open neighborhood V of e in G such that (K& V)N F = 0, and (V@& K) N F = 0. The two
results answer the questions [9, Question 3.12] and [7, Question 4.6], respectively.

1. Introduction

A. A. Ungar [18] introduced the structure of the gyrogroup, which is an algebraic system with a
binary operation. The operation process of this system does not satisfy the associative law, a fundamental
operation law in the group structure. From the perspective of algebraic operations, the gyrogroup belongs
to an algebraic structure type that is more general than a group, and it has many properties similar to the
group structure. As an important branch of topological algebra, the topological group has extensive and
profound research significance. In 2017, W. Atiponra [2], by analogy with the definition method of the
topological group, first proposed the concept of the topological gyrogroup. In recent years, many scholars
have carried out in-depth research around this work. In [10], Cai, Lin, and He proved that every topological
gyrogroup is a rectifiable space, which implies that every first-countable Hausdorff topological gyrogroup
is metrizable. Upon further research, Bao and Lin in [6] introduced the concept of strongly topological
gyrogroups, and this concept has been investigated from multiple theoretical dimensions. Atiponrat and
Maungchang [3] introduced the concept of paratopological gyrogroups and studied some separation axioms
of paratopological gyrogroups.

In the study of topological groups, cardinal has long been used to characterize the basic properties and
structural features of topological groups. In Section 3, we investigate the cardinalities of semitoplolgical

(paratoplolgical) gyrogroups and show that every first-countable left w-narrow semitopological gyrogroup
is separable.
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In [5], Bao proved that in a strongly topological gyrogroup G, if K a compact subset and F a closed
subset of G with KN F = (), then there exists an open neighborhood V of the neutral element in G such
that (K@ V)NF =0,and (V@& K)NF = 0. In Section 4, we show the same result in the case of topological
gyrogroups, which gives a positive answer to [7, Question 4.6].

2. Preliminaries

In this section, we recall some necessary definitions and facts about topological gyrogroups. The readers
could consult [1, 11] for notations and terminologies not explicitly given here.
Throughout this paper, all topological spaces are assumed to be Ty, unless otherwise is explicitly stated.

Definition 2.1. ([2]) Let G be a nonempty set, and let @ : G X G — G be a binary operation on G. Then the
pair (G, ®) is called magma or groupoid. A function f from a groupoid (G1,®1) to a groupoid (Go, ®,) is called a
groupoid homomorphism if f(x @1 y) = f(x) @2 f(y) for any elements x,y € G1. Furthermore, a bijective groupoid
homomorphism from a groupoid (G, ®) to itself will be called a groupoid automorphism. We write Aut(G, ®) for the
set of all automorphisms of a groupoid (G, ®).

Definition 2.2. ([21]) Let (G, ®) be a groupoid. The system (G, ®) is called a gyrogroup, if its binary operation
satisfies the following conditions:

(1) There exists a unique identity element e € G such thate®@a=a=a®eforalla € G.
(2) For each x € G, there exists a unique inverse element ©x € G such that ©x ® x = e = x ® (x).

(8) Forall x,y € G, there exists gyr[x, y] € Aut(G, ®) with the property that x ® (y ® z) = (x ® y) ® gyr[x, yl(z)
forallz € G.

(4) Foranyx,y € G, gyr[x® y,y] = gyr[x, y].

Notice that a group is a gyrogroup (G, ®) such that gyr[x, y] is the identity function for all x, y € G. The
definition of a subgyrogroup is given as follows.

Definition 2.3. ([17]) Let (G, ®) be a gyrogroup. A nonempty subset H of G is called a subgyrogroup, denoted by
H < G, if the following statements hold:

(1) The restriction ®|pxpy is a binary operation on H, i.e. (H, ®luxp) is a groupoid.
(2) Foranyx,y € H, the restriction of gyr[x, yl to H, gyrlx, yllg : H — gyrlx, yl(H) is a bijective homomorphism.
(3) (H,®luxn) is a gyrogroup.

Furthermore, a subgyrogroup H of G is said to be an L-subgyrogroup, denoted by H <; G, if gyr[a, h](H) = H for
allae Gand h € H.

Definition 2.4. ([8]) A subgyrogroup H of a topological gyrogroup is called strong subgyrogroup if for any x,y € G,
we have gyr[x, y|(H) = (H).

Lemma 2.5. ([20]) Let (G, ®) be a gyrogroup. Then for any x,y,z € G, we obtain the following:
1) e eey) =y
(2) (r&(©y) & gyrlx, eyl(y) = x.
B) (x®gyrlx, ylEy) Yy = x.
@) gyrlx, ylz) =6(x @ y) & (x & (y © 2)).
) Exoy)@gyr[ox, yley®z) =Cxd2.
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6) e(x@y) = gyrlx, yl(©y © x).
Definition 2.6. ([2]) A triple (G, T, ®) is called a topological gyrogroup if the following statements hold:
(1) (G, ) is a topological space.
(2) (G,®) is a gyrogroup.

(8) The binary operation ® : G X G — G is jointly continuous while G X G is endowed with the product topology,
and the operation of taking the inverse ©(-) : G — G, i.e., x — ©x is also continuous.

If a triple (G, 1, ®) satisfies the first two conditions and its binary operation is continuous, we call such triple a
paratopological gyrogroup ([3]).

It is easy to see that every topological gyrogroup is a paratopological gyrogroup.

Definition 2.7. ([6]) Let G be a topological gyrogroup. We say that G is a strongly topological gyrogroup if there
exists a neighborhood base U of the identity element e such that, for every U € U, gyr[x, yI(U) = U forany x,y € G.
For convenience, we say that G is a strongly topological gyrogroup with neighborhood base U at e.

3. Cardinal invariants in semitopological gyrogroups

Recall that a family y of nonempty open subsets of a space X is called a m-base of a point x € X if, for
any nonempty open subset V of X there is U € y such that U C V. The n-character of x in X is defined
by my(x, X) =min{|y|: y is a t-base of the point x}. If sup{mn,(x, X) : x € X} is countable, then X is said
to have countable m-character. We denote by mtx(X) and nw(X) the n-character and n-weight of a space X,
respectively (see [1, p.296]).

Definition 3.1. ([14]) A triple (G, T, ®) is called a left (respectively, right) topological gyrogroup if and only if
(1) (G, 7) is a topological space.
(2) (G,®) is a gyrogroup.

(2) Forall a € G, the left action L, : G — G, where L,(x) = a @ x (respectively, right action R, : G — G, where
R.(x) = x @ a) for each a € G, is a continuous mapping.

A semitopological gyrogroup is a left topological gyrogroup which is also a right topological gyrogroup. 1t is clear
that every paratopological gyrogroup is a semitopological gyrogroup.

Let G be a semitopological gyrogroup with an open neighborhood base U at the identity element e.
The left index (respectively, right index) of narrowness of G, denoted by In(G) (respectively, In,(G)), is the
minimal cardinal T > w such that for every U € U, there exists F C G satisfying F ® U = G (respectively,
USF = G) and |F|< 7. If Iy(G)In,(G) < w, we say that the semitopological gyrogroup G is w-narrow.

Question 3.2. ([9, Question 3.12]) Is each first-countable left w-narrow topological gyrogroup G separable? What
if the topological gyrogroup is a strongly topological gyrogroup?

In [9], the authors gave a positive answer for the above question in the case of strongly topological
gyrogroups. In the following, we give a positive answer to the above question in the case of topological

gyrogroups and even more. First we establish the following theorem.

Theorem 3.3. The equation nw(G) = Ini(G)nx(G) holds for every semitopological gyrogroup G.
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Proof. Clearly, nw(G) = nix(G) and nw(G) = d(G) = In)(G), whence nw(G) = Ini(G)rx(G).

First, we prove that d(G) < In(G)rtx(G). Let y be a local m-base at the identity element e in G, with
lyl= mx(G). For every V € y, there exists Ay € G such that Ay ® V = G and |Ay|< Inj(G). Put A = UVE), Ay.
Obviously, |A|< In)(G)rtx(G). Then we show that ©A is dense in G. Let U be an arbitrary nonempty open
subset in G. Take x € U; there exists V € y such that V € U & (©x). It follows from the definition of A that
ex €a® V, for some a € A. Then there exists v € V such that ©x = a & v, equivalently, &2 ® (&x) = v. We
conclude that

en=ead((ex)®x)
= (a1 @ (&x)) ® gyr[ea, ox](x)
= (Ga @ (&x)) @ gyr[ea @ (©x), ©x](x)
=0 ® gyr[v, ©x](x).

For the above v € V, there exists u € U such that v = u @ (6x). Then
v ® gyr[v, ex](x) = (u & (&x)) ® gyr[u & (&x), ©x](x)
= (u ® (ox)) ® gyru, ox](x)

u®d ((ex)®x)
=uel

It follows that ©a € U which implies that ©A is dense in G. It is clear that |©A|= |A|< In)(G)tx(G), we have
that d(G) < In)(G)1x(G).

Choose D C G such that D is dense in G and |D|= d(G). For every d € D, let 8, be a local i-base at 4 in
G, where |8B,4|= 1tx(G), for each d € D. Put 8 = U,ep By. Clearly |B|< tx(G)d(G). So |B|< Ini(G)rx(G). Itis
easy to see that 8 is a m-base for G. It follows that nw(G) = In)(G)nx(G). O

Since the inequation d(G) < nw(G) holds for every topological space, we give the following corollary.
Corollary 3.4. Every left w-narrow semitopological gyrogroup with countable Ti-character is separable.

It is known that if a semitopological gyrogroup G is first-countable, then G has a countable 7t-character.
Therefore, we have following corollary which gives a positive answer to [9, Question 3.12].

Corollary 3.5. Every first-countable left w-narrow semitopological gyrogroup is separable.

In [15, Proposition 3.4], the authors proved that every first-countable right w-narrow topological gy-
rogroup is separable. In the following, we give such theorem which extended this result.

Theorem 3.6. The equation nw(G) = In,(G)rtx(G) holds for every semitopological gyrogroup G.

Proof. Clearly, nw(G) > nix(G) and nw(G) > d(G) > In,(G), whence nw(G) > In.(G)rtx(G).

First, we prove that d(G) < In.(G)nx(G). Let y be a local n-base at the identity element e in G, with
lyl= mx(G). For every V € y, there exists Ay C G such that V@& Ay = G and |Ay|< [n,(G). Put A = Uy, Av.
Obviously, |A|< In(G)mx(G). Let us show that A is dense in G. Let U be an arbitrary nonempty open subset
in G. Fix a point x € U. Then there exists V € y such that V@ x C U. Since V & Ay = G, then there exists
v € V and a € A such that x = v @ a. We conclude that

a=6vdxeVaodxcClU.

It follows that A is dense in G and |A|< In,(G)7x(G). This implies that d(G) < In.(G)mx(G).

Choose D € G such that D is dense in G and |D|= d(G). For every d € D, let B, be a local t-base at d in
G, where |B,|= nx(G), for each d € D. Put 8 = | Jyep By. Clearly |B|< nx(G)d(G). So |B|< In,(G)rx(G). Itis
easy to see that 8 is a n-base for G. It follows that nw(G) = In(G)nx(G). O
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It follows from the above theorem, one can easily get the following corollary.
Corollary 3.7. Every first-countable right w-narrow semitopological gyrogroup is separable.

In the following, we consider the left w-narrowness of a subgyrogroup in a strongly topological gy-
rogroup.

Theorem 3.8. Let G be a left w-narrow strongly topological gyrogroup. Then every subgyrogroup H of G is left
wW-Narrow.

Proof. Let W be an open neighborhood of the identity e in H. Choose an open symmetric neighborhood V
of ein G such that (V@ V)N H c W. Since G is left w-narrow, there exists a countable subset B of G such that
B®V = G. Let Cbe the set of all c € B such that (c® V)N H # 0. Then |C|< |B|< w and obviously HC C® V.
For eachc € Cfixa. € (c® V)N H, and put A = {a. : c € C}. Since C is countable, A is a countable subset of
H. We claim that A@ W = H.

Indeed, A®W C H. Since H is a subgyrogroup of Gand (Vo V)NH Cc W C H,wehave (A®(VoV))NH C
A®W. It remains to show that H C A@ (V@ V). Clearly, A c H Cc C® V, equivalently, 6C®A C V. Then
we have that

oEA®C) = U {660 ® c))
acA,ceC

- U {gyr[ea, c](ec ® a)}

a€A,ceC

c | tgyrtea vy

aeA,ceC
=V

Since V is symmetric, then ©A @ C C V, and consequently, C C A @ V. It follows that

HcCeV
cAsV)eV
U {a®v)d V}

acA,veV

| e @egyrv,alv)

acA,veV

- U la®@aV))

acA,veV

=Aa(VeV).

Thus, H ¢ A ® W which completes the proof. [

However, we do not know whether the corresponding conclusion in the above theorem also holds true
for right w-narrow strongly topological gyrogroups. Then we pose the following question.

Question 3.9. Is each subgyrogroup H of a right w-narrow strongly topological gyrogroup G also right w-narrow?

4. On compact subset of topological gyrogroups

It is known that for a topological group G, if K is a compact subset and F is a closed subset of G with
KNF = 0, then there exists an open neighborhood V of e in G such that KVNF = @ (see [1, Theorem 1.4.29]).
But for topological gyrogroups, the following question was posed.
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Question 4.1. ([7, Question 4.6]) Let G be a topological gyrogroup, K a compact subset and F a closed subset of G
such that KN F = (. Then is there an open neighborhood V of e in G such that (K® V)NF =0, and VO K)NF = (?
What if G is a strongly topological gyrogroup?

In [5, Theorem 5.2], the author proved the above question in the case of strongly topological gyrogroups.
In [19, Lemma 9], the authors gave a proof in the case of (K® V) N F = 0 (note topological gyrogroup is a
rectifiable space [10]). In the following, a positive answer to this question in the other case of the topological
gyrogroup is established.

Theorem 4.2. Let G be a topological gyrogroup and F a compact subset of G. If a closed subset P C G such that
F NP =0, then there exists an open neighborhood V of e in G such that (V®F) NP = (.

Proof. Let G be a topological gyrogroup with a neighborhood base U of the identity element e. For every
y € F there exists U, € U such that (U, ® y) " P = (, since P is a closed subset of G. Take V, V’y € U, such

that V, ® V, € Uy, and V, & (V, @ y) € (V, ® V,) ® y. Since F is a compact subset and F C U,r{V, ® y},
there exists a finite subset E C F such that F C UyeE{V'y ® y}. Then for every t € F, there exists y € E such
thatt € V, ®@y. Let V = (¢ V. It follows that

VetcVe(V,ey)
cv,e(V,ey)
c(VyeVy)ey
cUyoy
CG\P

This implies (VO F)NP=0. O

A subgyrogroup H of a topological gyrogroup G is inner neutral (respectively, outer neutral) if, for each open
neighborhood U of the identity element e, there exists an open neighborhood V of e such that V&éH C Ho U
(respectively, H® V C U @ H) [8, Definition 3.14]. If H is both inner neutral and outer neutral, then H is
called a neutral subgyrogroup.

It is known a compact subgroup of a topological group is neutral (see [1, Corollary 1.8.20]). For strongly
topological gyrogroups, a compact strong subgyrogroup of a strongly topological gyrogroup is neutral in
[8, Proposition 3.16]. In the following, we show that a compact subgyrogroup of a topological gyrogroup
is neutral also.

Theorem 4.3. Let G bea topological gyrogroup and H a compact subgyrogroup of G. Then for each open neighborhood
U of the identity element e, there exists an open neighborhood V of e such that Ve HCHeUand H®V C U H,
i.e., H is a neutral subgyrogroup.

Proof. Let G be a topological gyrogroup with a symmetric neighborhood base U of the identity element e
and take U € U . For each y € H, there exists U,, V,, € U such thatye U, Cye®Uand V,®&(V,&y) C yoU,.
It is clear that H € U,ey(Vy @ y). Since H is a compact subset, there exists a finite subset F C H such that
H < Uyer(Vy ® y). Put Vi = (Nep Vy. Then V7 is an open neighborhood of e.

For each x € H, there exists y € F such that x € V, & y. Then

ViexcVie(V,ey)
cVy,e(V,@y)
cye Uy
cyeolU
CHeo U
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Therefore, we have Vi @ H C Heo U.

For each b € H, there exists U, V;, € U such that U, @b C U band (b V) &V, C U, @ b. Clearly,
H € Upen(b® Vy). Since H is a compact subset, there exists a finite subset E C H such that H C (J,cz(b® V}).
Put V, = Nper V. Then V; is an open neighborhood of e.

For each a € H, there exists b € E such thata € b ® V;,. Then

adV,caeVy)aeV,
ChaVyaV,
cCUyeb
cCUeb
CU®H.

Thus, wehave H® V, C U @ H.
LetV=VinV, ThenVOH CH®U,and H®V C U ® H. Therefore, H is a neutral subgyrogroup. [

It is known that every Hausdorff first-countable paratopological group has a regular Gs-diagonal in [16,
Theorem 2.1]. At the end of the article, we discuss the diagonal property of a strongly paratopological
gyrogroup.

For a space X, by Ax we denote the set {(x, x) : x € X}. A space X has a regular Gs-diagonal if there exists
a collection {W,}, of open sets in X X X such that Ax = (), W, = N, W, (see [12]). In [22, Proposition 1],
Zenor showed that space X has a regular Gs-diagonal if and only if there is a sequence {y,, : n € w} of open
covers of X such that if x and y are distinct points of X, then there exist n € w and open neighborhoods U
and V of x and y, respectively, such that no member of y, intersects both U and V.

Lemma 4.4. ([13, Lemma 2.21]) Let the neighborhood base U at e of G witness that G is a strongly paratopological
gyrogroup. Then we have (a® O)@ W =a® (O ® W) for eacha € Gand O,W € U.

Theorem 4.5. Let G be a Hausdorff strongly paratopological gyrogroup. If G has countable mt-character, then G has
a reqular Gs-diagonal.

Proof. Let G be a paratopological gyrogroup with an open neighborhood basis U of the identity element
e. Take two distinct points y,z € G. Choose U € U satisfying (y® (U (U U) Nz U (Ua U)) =0.
Wecan find V€ U suchthat VCc U, ey (Ve y) CUandezd (Vdz) C U, thatis Voy C y® U and
Vezczo U.

Take a local r-base {V,, : n € w} at the identity e in G. Then there exists n € w such that V,, C V. Put

ye={x®eVy)®©V,)nEeV,e(V,®x):xecG}

Clearly, the family {y, : n € w} is a sequence of open covers of G.

We claim that no member of y, intersects both y @ U and z @ U. Suppose the contrary, then there exist
a,be U, cd f,geV,and x € Gsuchthat y®a = (x®c)® (©f) and z® b = ©9 ® (d ® x). This implies that
x=0d®(g® (z®Db)). It follows that

(y@a)® gyrlx®c, 6f1(f) = (x®c) ® (8f)) ® gyrlx & c, OfI(f)
=xdc
=(ede(g®(zdh))dcC
=od® (9 (zob) @ gyrl(g @ (z@ b)), od](0)).

Therefore, we have

d®(y®a)®gyrlx®c,6f1(f)) = (9@ (2@ D)) ® gyrl(g ® (z ® b)), &d](©).
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Now by Lemma 4.4, we have

do((yoa)dgyrixdc,of(f) e Ved(yoU) e V,)
cVe(yel)oV)
=Ve@yeUsV)
=(VeyegylVylUsV)
Cye)oUaV)
=yeUsUsV))
cyeUeUes ).

and

(9@ (zob) ®gyrl(g® (zeb),edlc) e (V,@zoU)eV,
c(Ve(izelU)sV
= (Ve egylVvzU)eV
=(VezelU)oV
C(zelh)eUeaV
=zolU)dUsYV)
=ze( U UaYV))
cze(Ue (U U)).

Which contradicts the choice of U. Therefore, no member of y, intersects both y ® V and z® V. We can
conclude that G has a regular Gs-diagonal. [
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