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On the Cauchy problem for Boussinesq-Love equation
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Abstract. We are devoted to the study of the Cauchy problem for Boussinesq- Love equation. We establish
the regularity of the mild solution in the linear case. In the nonlinear case, we show the existence and
unique on globally solution concerning the parameter. Additionally, in this paper, we also shown that the
solution to the Boussinesq- Love equation converges to the solution of the Love equation.

1. Introduction

1.1. Statement of the problem

Let Q be a simply connected and bounded domain in R. Let T be a positive real number. The aim of this
paper is to consider the initial value problem of the Boussinesq-Love equation

up(x, t) + (=A)Yu(x, t) — pAuy(x, t) — Nups(x, £) = Z(u(x, t)), in Qx(0,T],

1
uIBQ =0, in Q, ( )

with the initial conditions
M(.X, 0) = (,D(X), ut(x/ O) = l/}(.X) in Qr (2)

where Z is the source function, representing the effect of an external force, u = u(x, t) describes the distribu-
tion at time t and space x, (—A)7, g > 0 is the fractional Laplacian operator and y, 1 are positive constants.
Here ¢ and ¢ are the initial conditions which are defined later.
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1.2. Physical motivations and known results

Equation (1) is known as the Boussinesq-Love equation which describes longitudinal vibrations in a
thin elastic rod, taking into account the inertia and under external load.
In [7],Nizameddin Iskenderov, Seriyye Allahverdiyeva consider the problem

U (X, 1) — Up (X, ) — Qe (X, 1) — B (x, £) = a(x, Hulx, t) + f(x,£), 0<x<1,0<t<T, 3)

nonlocal integral condition

¢
f ulx,)dx=0,0<t<T, 4)
0

and overdetermination condition
u(0,t) = h(t),0<t<T, (5)

wherea > 0, > 0 are knownnumbers, f(x, t), (x), P(x), p(t), and h(t) are given sufficiently smooth functions
of x € [0,1] and ¢ € [0, T]. The authors prove existence and uniqueness of the classical solution to an inverse
boundary value problem (3)-@)-©) .

For the case g = 1,11 = 0 and Z = 0, reduce equation (1) to Love waves or Love type waves equation

E
Up — Euxx - 2H2w2uxxtt =0, (6)

presented by V. Radochova (see [4]), where u is the displacement, E is the Young modulus of the material and
p is the mass density. Equation (6) plays an important role in numerous fields studied by mathematicians
and physicists. In recent years a great attention has been devoted to the study this equation, see e.g.[1], [2],
[3]. For example, in [5], Ngoc, Triet, Duy and Long considered an initial and boundary value problem for
a nonlinear Love equation as follows

U (X, ) = U (2, 1) — Unurr = O, F, 0, 14), in 0<x<1,0<t<T
ulpa =0, in Q, (7)
u(x,0) = ug(x), wui(x,0) = u1(x), 0O<x<l.

Here some function uy, u3, f are defined later. The authors applied the Faedo-Galerkin method to show the
existence of a local weak solution of Problem (7) .

For equation without term uyy, (i.e., n = 0), in [6], the authors Nam, Nghia, Phuong study the initial
value problem

ytt(x/ t) + (‘A)s]/(x/ t) - mAytt(xr t) = G(xl t)/ in Qx (0/ T]/ (8)
Yoo =0, in Q,
with the initial conditions
y(x/ O) = f(X), yt(xr O) = g(X) in Q. (9)

The authors are interested in studying a mild solution of the Love equation.They present the regularity of
the mild solution and show the convergence of the solution of Love’s equation to the solution of the wave
equation.

The works investigated classical solution and weak solution.However, according to our knowledge, the
mild solution of the Boussinesq-Love equation has not been investigated yet.
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1.3. Contribution and Organization

The contributions of this paper are organized as follows. In Section |2} we give some preliminaries. In
section (3) for the linear case, in subsection 3.1 we demonstrate an approach to present the formula of the
mild solution and, based on it, we consider the regularity of the solution under three different assumptions
in y and 7). In subsection 3.2} we show that the solution to the Boussinesq- Love equation converges to the
solution of the Love equation as 7 — 0. Next, in section @ for the case nonlinear, we also consider under
three different assumptions in u and 7 and prove the global existence and uniqueness of the solution by
using standard fixed point arguments. Furthermore, we study the regularity of the mild solution for the
linear problem.

2. Preliminaries

In this section, we present the results needed for proof of the main result of this paper. We recall some
basic properties of functional spaces. Throughout this paper, we consider the Laplace operator A defined

on W(l)’z(Q) N W22(Q)). Denote by {Ai}i=1 and {ex(x)}>1, the spectrum and sequence of eigenfunctions of A
respectively, which satisfy Aex(x) = —Aer(x), 0 < Ag < A3 £ Ay £ ... £ A £ ..., and lim Ay = co. The sequence

k— o0
{ex(x)}k=1 forms an orthonormal basis of the space L2(Q2). The fractional power A7, g > 0, of the Laplacian
operator A with fractional order 4 > 0 on Q is defined by

Ao(x) = Z(v, ex) A ey (x). (10)
k=1

We denote f Sy m,,.. g+ 1+ ... instead f < Cig + Cohi + ... where Cy, Gy, .. depend on M, M, ..
and the notation f =p, um,,.. g +h + ... will mean f = C1g + Coh + ... where Cy, Cy, .. depend on M;, My, ..

Definition 2.1. We recall the Hilbert scale space, which is given as follows

H(Q) = {f € L2(Q), Z )Lie( j(;f(x)ek(x)dx)z < oo},
k=1

for any € > 0. And the norm is given by

1/2

Il :=(ZA§€( f f(x)ek<x>dx)2) , feH(Q.
k=1 Q

Definition 2.2. Let us denote L* (0, T, H” (Q)), the space of all functions v : QA x (0, T) — R such that

lollr=,;11 () = esssup |[v(., HllFr ) < .
te(0,T)

Definition 2.3. Let B be a Banach space. Let O, ,4((0, T; B) denote the weighted space of all functions v € C((0, T]; B)
such that

I¥llo, ,(o,11;8) := esssup e [(t, g < oo, (11)
t(0,T]

wherea,q > 0.

Definition 2.4. Let B be a Banach space. For o € (0,1), we define the Holder continuous space, denoted by
CGELON)

0<t<t'<T |t’ - ﬂ(I

Co([0, T]; B) = {v e C([0, T]; B)
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corresponding to the norm

. lo(t') — o(®)llp
lollcogo,ryp) := sup —————),
0<t<t'<T |t - t|

for all v € C°([0, T]; B).
Lemma 2.5. Let ky > -1, k, > =1 such that ki + k, > =1, p > Oand t € [0, T]. For h > 0, the following limit holds

1
lim (sup t' f &1 - 5)k2e-9f<1-5>d5] =0.
0

P\ tel0,1]

3. For the linear case

3.1. Regqularity of mild solution
In this subsection, we investigate the regularity of the mild solution to problem (I), under the assumption
that the forcing term is a prescribed function Z(x, t) depending solely on the space and time variables. For
this purpose, we first derive the mild solution formula. The main idea is to solve the differential equation
using the Laplace transform. To illustrate this, we write the solution of the problem (1) as a Fourier series
as follows.
u(e,t) = ) wer(x), (12)

k=1

where uy(t) = (u(., t), ) satisfies

Al A
Fu(t) + o et + T deue(b) = @Qk, 13
we0) = @, Lur(0) = Yy

By applying the Laplace transform to the differential equation (13), we obtain the solution u(t). Substi-
tuting this into the series representation (12), we arrive at the explicit expression for u(x, ).

It is evident that the qualitative behavior of the solution to is governed by the values of the
parameters u and 7. In particular, the nature of the solution depends on the sign of the discriminant-like
expression

A := 4AT(1 + pAy) — A5,
Therefore, it is natural to distinguish between the following three cases:
i) Oscillatory regime: When
A =4AT(A + pAy) - A% > 0,
the system exhibits damped oscillatory behavior. This case corresponds to the underdamped regime.
ii) Critical regime: When
A = 4AT(1+ pAy) — PAL =0,

the system is at the critical damping threshold, where oscillations vanish, and the solution transitions
to a purely exponential form.

iii) Overdamped regime: When
Ak = 41+ pAy) = 1°A% <0,

the solution exhibits exponential decay without oscillation, corresponding to the overdamped case.
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We now proceed to analyze each of the three cases mentioned above in detail:

i) Case 1: Assume that Ay = 4AZ(1 + i) - nz/lf > 0. We introduce the following notations:

Nk

[ — = — q _ 212
Ay Y= reA), and g VAN + ) - 22

A direct computation yields the explicit representation

ur(t) = e cos (%t) O+ ge“” sin (%t) Pr + % ft et=n sin(%(t - r))Zk(r) dr.
0

Consequently, the solution u(x, t) admits the Fourier expansion

u(x, t) = i e cos( )(pkek(x) + Z —e” sm( )gbkek(x)
k=1
+ i E fo galt=n sin(z(t - r))Zk(r) dr] o).

k=1
For v € L%(QQ) and ¢ € [0, T], we define the operator families

0o

M, (t)o Ze cos( )(v,ek)ek(x),

k=1

N, (ty = Z ge‘”t sin(%t) (v, ex)ex(x),
k=1

Oyt = Z sm( )(v er)ex(x).
Accordingly, the mild solution to problem (I)-(2) can be written as
t
u(t) = My(tye + Ny(Hhy + f O,(t —r)Z(r)dr.
0

ii) Case 2: Suppose that Ay = 4A7(1 + uAy) — 1?A2 =

Set
)\Z nAx — 1/)Lq(l + y)\k)

1+/J/\kl ﬁz 1+[U/\k

In this case, the solution component u(t) is given by

t
u(t) = [e‘ﬁlt + ﬁzte‘ﬁ”] pr + te Pl + f (t = e PN Z(r) dr.
0

Hence,

u(x, t) = 2 [e it Bote Pt ]qokek(x + Z te Piyrer(x) + Z [f e PN 7, (r) dr | e (x).

We define the operators

1831

(14)

(15)

(16)

(17)

(18)

(19)
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0o

Pyt = Y [P + Bate ] (v, e)en(),

k=1
[
Q,(tw = Z te P (v, e )ex (). (20)
k=1
Thus, the corresponding mild solution reads
t
u(t) = Py(t)p + Q;(t)y + f Q,(t —r)Z(r)dr. (21)
0
iii) Case 3: Finally, assume that Ay = 4A](1 + pAy) — ?A% < 0
Define
A 1+ uA
a il a ok

1= s 2 = s
\/nmf — 471+ pAy) \/qm,f — 4A7(1 + pAy)

and

M+ A = 4001 + ) M = I = 4011 + )
b= 2(1+ pAy) roe2T 2(1+ pAy)

Then the solution u(t) takes the form
1 9 1 _r
B

t
+ [aze“szt - aze‘glt] Uk + f [aze‘gz“") - aze‘él(t")] Zi(r) dr.
0

Therefore,

u(x, t) = Z [(% - al)e_&t + (% + al)e_ézt](pkek(x) + i [aze_‘gzt - aze_‘glt]tpkek(x)

oo
k=1 k=1

S
+ Z [aze‘éz(t_” - aze‘51(t_r)]Zk(r)ek(x)dr.
k=1 V0

We now define the corresponding operators:

[

R, (Ho = Z [(% - a1)e_‘5” + (% + a1)e_52t] (v, ex)ex(x),

k=1

S,(tw = Z [aze_gzt - aze_glt] (0, ex)ex(x). (22)
k=1



B. D. Nam et al. / Filomat 40:5 (2026), 1827-1853 1833

Hence, the mild solution in this case is given by
t
u(t) = Ry(He + Sy(Hy + f Syt = Z(r)dr. (23)
0

The main tool in our analysis is the use of mapping properties of the operators M,(t), Ny(t), and O,(t).
We now establish several useful estimates for these operators.

Lemma 3.1. Letq > 1,1 <y <, and assume that 0 < Z(C 7 < 1. Then the following estimates hold:

a)
@ 3(C-y)
=)
”Mq(t) ”]H Q) Sunei BT v”]HV(Q) e v’ H(Q) (24)
for any v € H(Q) N HY(Q).
b)
3€E-y)
”N (t)”” “‘*”7”1 B zJ| H(Q) @)
for any v € HY(Q)
c)
)
”Oq(t)v“w@) Sune T He(Q) (26)
for any v € HY(Q).
Proof. We first prove part (a). By Parseval’s identity, we obtain
) 2
HM (| = Y e cos(T)(e0) e)Jer(x)
@ = H/(Q)
= AV e cos? )|(v( ), el ))|
k=1
. =)
Recall thata = 2(11—% Sun land § Supa, A2
Using the elementary inequality e™* < Ccx€ for any 0 < € < 1, we deduce
e gunt, 0<e<l (27)

Moreover, from |sin(x)| < Cex€, 0 < € < 1, it follows that
q 2
z(ét) . \/4Ak(1 + hy) - qut
cos” (3 t)| = |cos 20+ )
<1+ AT + ) e 1+ ATV
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Consequently,
2 ey 2y 2 ey 2y 5 (@-D)e 2
Mo, o Sunen 2 7|0, e0)| + £ Y AT AT 00, e6)| 28)
k=1
G I e (29)
Suneh H/(Q) H* 7T (@)
that for any 0 < € < 1. Choosing 0 < € = Z(C } < 1 and using the inequality (2 + b)" <a" +b" for0 <v <1,
we arrive at
O R | P
T .
1y Stnes E7 Pl e

We next prove part (b). By arguments similar to those above, one can verify that

4AT(L + pdy) — 1PA2
|e_”t sin® (%t)' = e“*l“kk) sin ( \/ 20+ ) t) Sune f3€/\,(j_l)€. (30)
On the other hand,
b 2(1 + pA 20k(5 + 1)
2 _ ( U k) < Ak U SH,U/M 1. (31)

- 1
\/4AZ(1 +pAg) —mPA2 A \/4F# -1

Combining (30) and (B1), we find that

‘ Z g sm( )(v(-)/ek(-))ek(x).
k=1

[ee]
3e 2y+(g-1)e
Sy,n,e,/\l t Z Ak
k=1

2 2

N, (o

H(Q) H(Q)

(000, e0)

2
=un,eM t3€”0” @-De .
A€, ]H;H-T(Q)

2(C ))

Taking again 0 < € = < 1, we follows from the latter estimate that

Additionally, by the same techniques as in part b, one can see that
3(@ 1)
o] i

3=y
Sunet B “U|
H(€)

N, (Ho (32)

HY(Q)

Sumels £ , which implies Part c and completes the proof. [J

H(Q) ||]H {(Q)

Lemma 3.2. Let g > 1,1 <y < (, and suppose that 0 < % < 1. Then the operators P(t) and Q,(t) satisfy the
following estimates:

(@) Forany v e HY(Q),
2E-y)
1Po®) 0/l ) Stnens £ ol - (33)
(b) Forany v € HY(Q),

1R oy ) St 17 Mol - (34)
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Proof. The proof follows by arguments analogous to those employed in Lemma

First, we estimate the operator #,(t). Using Parseval’s identity and standard spectral techniques, we
obtain

2 - 2y+(g-1) 2
1Ps0 0 Sunens 22 Y AT U0, e0P (35)
k=1

Similarly, for the operator Q,(t), we have the estimate

2 - 2y+(g-1 2
1@y oll1y oy Spme ) AT T (o, )P (36)
k=1
2@C-y)
-1

Now, we choose € = , which satisfies 0 < € < 1 by assumption. Substituting this value into (35)

and using the embedding H”* e (Q) c H5(Q), we obtain

2 2642 |12 2642 |[112
< < )
158 0l Smens t 01 e ) Sunen P
In the same way, from (36), we deduce
2 € 2 € 2
Q1) 2|l ) Sine t ol aspe @ SHe 10l e ) -

Taking square roots on both sides of the above inequalities completes the proof of Lemma O

Lemma 3.3. Let 0 < y and € > 0. Then the operators Ry(t) and S,(t) satisfy the following estimates:
(a)

1RO 0]l ) Stme < M0l (37)
(b)
1S4 0l ) Sune P M0y, (38)
forany v € H"(Q).

Proof. We first consider the operator R,(t). From the definitions of the coefficients in Case (iii), it is
straightforward to verify that

A 1+ uA
1= s <nl, m= Eok
\/nZAi — 41+ ) \/T]Z/\i —4A(1 + pAy)

Moreover, we have

a

Sun 1. (39)

M+ \JIPAZ = 4201+ i) M = \JIPAZ = 4201+ )

= Sun 1, = Sun 1. 40
& 2(1 + uAy) Sun 'l &2 2(1 + pA) i 0
Using Parseval’s identity, we compute
o 2
2 1 et (L oot
||Rq(t)v”H,(Q) = Z [(E - al)e 4 (E + al)e ] (v, ex)ex
k=1 HY(Q)

. 2y 1 —&it 1 —&ot ? 2
/\k E_al e+ §+a1 e (v, el

k=1
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Applying the elementary inequality (a + b)* < 2a* + 2b?, together with the bound e™ < Cex€ for all x > 0,
with € > 0, we obtain

1 ¢ 1 t2 1 : 28, 1 : 2 2
[(E—al)e_él +(§ +a1)e_‘52] SZ(E—al) e ! +2(§ +a1) g2t S‘u,q,ete/

where we used the uniform boundedness of a1, &1, and &».
Consequently,

1%, (f)U”H; @) Sune Z A 90,00 = Pl

which yields the desired estimate (37).

We next turn to the operator S,(t). Analogously, we estimate
2 2
[aze—ézt - aze_glt] = a% (e_&t - e_élt) Sune £,

since the exponential function is smooth and Lipschitz on bounded intervals and &;, &, < 1.
Therefore,

(o) 2/ ~ ~ 2
=Y A [aa (7 = )] 1@, 0P Spne NIl g, (41)
k=1

which establishes and completes the proof. [

We now establish the main results of the paper.
Theorem 3.4. Let q > 1 and y,q > 0 be such that 4A1(1 + pAy) — ?A% > 0.
Assume that 1 <y < (, and &2 pe 1 < 1. Suppose the initial data satisfy ¢ € H(Q), ¢ € HY(Q), and the source term

satisfies Z € L*(0, T, H*"1(Q)).
Then the solution u to the problem (referenced elsewhere in the paper) satisfies the estimate:

lletlloo,m 7)) Sne T°F H‘P| o T T°F H(P”I[—IL(Q) +TF ||¢||H¢(Q) + TR 1Zlle20, 7181 @ -

Moreover, the solution satisfies the Holder continuity in time:

2(C-y)
g-1"~

Proof. By using triangle inequality, we have

ue C: ([0, T, H'(Q)), wheree =

ool =0 +||~q<f>w||m+||f;oq«—r>z<r>dr|lm

H(Q) H(Q)

It is obvious that
2

O o (t— r)Z(r)dr y 4 te‘“(t") sin é(t — 1) |Zi(r)dr] .
k 2 b

Applying Holder inequality, we get

¢ 2 ¢ ¢
( fo e‘“(t_’)s'm(%(t—r))Zk(r)dr) < fo e 2=y, fo sinz(%(t—r))|Z(.),ek(.))|2dr

t t
< [ e [ cauueni™u-n
0 0

t
Be+1 (g-1e
Sy,n,)\l,e T fo Ak

70), ek(.))|2dr

Z(), ek(.))rdr
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and we conclude from (1) that & <1, A, for this reason

|| fo th(t—r)Z(r)dr”;y(Q) Sunte T fo t“Z(.,r)dr;

T3€+1 7 2 ) )
L2(0,T;H1(Q)

(g-1) dr
)

=unA e

Hence, one has

||f O(t—rZ(r)dr” ~M/\1€T3(”El)+2 4 (42)

12(0,T;HE1(Q))

Combining (24), 25) and (#2) yields

sl g s 7 T, T
) Swned Pl ™ @ Ve * L2(0,T;HE1 (@)
It is a simple matter to
] 3(@ }) (L ) 35L 11') + %
”u L=(0,T;H(Q) Sumeh T - H(Q) (P) ]HA(Q) ||¢| ]HC(Q) ] [2(0,T:HE1 Q)
Our next claim is that u € C2([0, T], H”(QQ))
Observe that for any 0 < t < t + h < T with & > 0. From (18), we get
u(t + h) = u(t) = (My(t +h) = My(O)p + (No(t + ) = Ny(t) )¢
t t+h
+ f (Ogt + 11 = 1) = Oyt = ) Z(r)ddr + f O,(t + h — 1) Z(r)dr.
0 t
We have divided the estimate into four step following
Step 1. Estimation of (Mq(t +h) - Mq(t))go
Y (Q)
We see at once that
- pmalt+h) _ &
”(M (t+ 1) - My(t) (p”}H o || sz cos & (t +h) = cos = t)(pkek(x)”H o
= kzz; )\]fy(e_“(”h) cos E(t +Hh) — e cos %t) ok >

It is immediate that

e+

(e‘“(”’” - e“”) cos %(t +h)|+

é —at 5 —at CE CS
COSE(t+h)—€ CosEtS e (cosz(t+h)—coszt)‘

= Aq(t) + Ag(t).

We proceed now to estimate the term Aq(t). Using the inequality [e™ — e™’| < C,a — bJ?,
for any 0 < y <1, we know that

e—u(t+h) _ e—at

Sune B, forany 0 <e <1 (43)
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By arguments similar to those used previously, we also have

q 1)e

cos = (t+h) <1+C(u,neA)TA, 2 .

Combining ([@3) with ([@4), we see that
(q-De
A1(t) Spper, K+ TA 7 B, 0<e<l
We next estimate the term A,(t).
Since inequality ‘ cos(m) — cos(n)| < C(e)lm —n|*, for 0 < € < 1, it follows that

£

(q-De
b Sumeh /\k 2 hf,0<e<1.

cos %(t + h) — cos

(g-De

Combining (45) with 27), we see that Aa(t) Sunen A7

2
2 y 2 +
H(Mq(t +h) - Mq(t))(P Suner, T e Yigg A } |k > + 1€ YA y 2 |(P *
H(Q)
+ J2¢ 23’ +4 21)€ he + ke h2e
Zk 1 |(Pk| =une,T (P H(Q) +
It is shown that
t+h) — t < h2 )
H(Mq( : Mfi( ))(PH]H}’(Q) et Hr(Q) HY(Q) HY(Q)

Step 2. Estimation ofH Nq(t +h) - Nq(t) IpH
From (16), we have

H'(Q)

||N(t+h) Ny(®) ¢|| ig ¢a4) gin & S+l - 51n§t)¢kek( )||

2

= Z /\i)/%(e‘”(”h) sin %(t +h) — e sin %t) vy I
k=1

H(Q) H(Q)

By an argument analogous to the previous one. We get that
(g-De
[e “(”h)sm (t+h)—e sin = t] Sunet TAL? BE+ )\ 7 hze 0<e<l.
Combining [@7),(3I) and ({@8), we have the following bound

H(Nq(t +h) - Nq(t))lpu

ey

H(Q) HY(Q) HY(Q)

Step 3. Estimation of” fot (Oq(t +h—r1) =0t - r))Z(r)dr”
It is clear that

H(Q)

||f O (t+1—1) = Oyt —7) Z(r)dr”

H (Q)
2

ZAk 52( f [ g i(t+h—r)—e‘“(t") sin%(t—r)] \Zi(r) |dr).

h?¢,0 < € < 1. Hence, we can assert that

1838

(44)

(45)

(46)

(47)

(48)



B. D. Nam et al. / Filomat 40:5 (2026), 1827-1853

By using Holder inequality, we find that

t —a(t+h-r) o; < —a(t=r) o; ¢
(f [e ( ) sm(E(t +h-— r)) — sm(z(t - r))“Zk(r)‘dr)
0
. 2
< Tf [e“(”h’) sin(%(t +h- r)) — 7t sin(%(t - r))] |Zk(r)|2dr.
0

Combining [@8) with inequality (a + b)* < 2a* + 2b%, we have

t 2
f [e_“(”h_’) sin (é(t +h- 1’)) — e sin (é(t - r))] |Zk(r)'2d1’
0 b b

t
2¢ 1 (4—1)e 2 (q-Dey 4
Sume fo [T2 AP0+ AT ne

2

2
Zk(r)’ dr.

Thus, from (50) and (3I) one can estimate as follows
t 2
|| f (04t +h =1 = Oyt - r))Z(r)dr”

t s 2
oo, ToH [ Y 22 2|zk(r>| dr + 1 fo Y ATz ) ar
k=1

0 %=1

2 w [T 2
@=De_, dr + h*¢ f “Z(?’)” @=De dr.
H* 7 Y(Q) 0 H* 2 Y(Q)

, we have thus proved that

g‘u,n,e,}ll T2€h2€ f ||Z(7’)|
0

Lete = 22

h2€

” fof (Ostt +1=1) =0yt =n)z)r| | Sunen, T2

L2(0,T;HS1(QY)

Step 4. Estimation of “ ftHh Oyt +h— r)Z(r)dr”H’(Q)

Arguing as above we can see that

t+h 2 f+
|| f Oyt +h - T’)Z(T)df’”W Z /\iy 3 (f et gin 2 (t +h—7r)|Zk(r) |dr)
t
f+h
Sunes Z /\2)’ f (t+h— ’,)Edrf AI(CQ*l)eTZG
el 2
Suneh T26h6+1Z f Aiw(q e Z‘Zk(r)‘ dr

=4 e T2ehe+1f HZ(I’)”HHW 1e . )dr,O <e<l.

2

2
Zk(r)l dr

By choose € = 2(;__17/), we have immedjiately that

e+l

||f O (t+h—r)Z(r)dr|| ~we/\1 T°h™ ||Z

120, T;H Q)

12(0,T;HE1 (@)

1839

(49)

(50)
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Using the results just obtained we get

u(t +h) —u(t)

s ol Pl -
€M ( ¢ H(Q) ¢ HY(Q) v

H'(Q)

ot ¥

H Q)

e+l

+hz||Z

L2(0,T;HS1(Q)

+he( H

HY{(Q) ” LZ(O,T;]HH(Q))) [2(0,T;H1(Q)

We have thus proved that u € C ([0, T], H”(Q)). The proof is complete. [

Theorem 3.5. Let g > 1, and y,1 > 0 such that 4A1(1 + pAy) — n?A2 = 0. Let ¢ € HY(Q) for any y > 0. Let us
assume that { € HY(Q) and Z € L2(0, T;HY(Q)) with 1 < y < Cand 0 < ’1/ <1 Letesuchthat0<e= 2(;__1)/).
Then we have

-

Furthermore, we show that u € C9([0, T], H” (Q)), where 6 = min{$, %}.

+C(u, 1, e)T”% Z

C(e, i, 1, AT

< +C(e, u,n)T* ’ )
L(0,T:H (Q)) (p”]HC(Q) (e g mT2|y HE(Q) L[2(0,T;HE(QY))

Proof. Applying Holder inequality and an easy computation shows that

(51)

[ f Q,,(t—r)Z(r)dr”H -y Sone T f . r)dr” e o Sne T 7|

L[2(0,T;HE(Q))

We can now combine the results of Lemma (3.2) with and obtain the following result

sl S ™ Nl
” (x£) Hr(Q) ~HeM ¢ HY(Q) ]HC(Q) [2(0,T;HE(Q))
It follows immediately that
u < T€+l +5 )
” Lo TH (@) ~HeM ]HC(Q) ]H%(Q) L[2(0,T;HE(Q))

In the next part, we prove u € C/([0, T], H"(Q)). Let0 <t <t+h < T, with h > 0.
From (19), we get

u(t+h) —u(t) = (Pq(t +h) - Pq(t))tp + (Qq(t +h)— Qq(t))¢
! t+h
+ fo (@t + 11 =) = Qy(t = 1)) Z(r)dr + ft Q,(t +h —NZ(r)dr.

We have divided the estimate into four step following

(Pot+ 1) = Py(t)) g
H(Q)

Our estimation starts with the observation that

Step 1. Estimation of

o0 2
2
||(¢>q(t +h) - Pq(t))q)”mm =Y A7 [(e-ﬁ(”’“ —e )+ ﬁz((t + e P — te_ﬁ‘t)] i 1.
k=1
On the other hand, we have that

(g=D)e

€ 2
Sune AT

e—ﬁ] ([+I’l) —ﬁli’
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and

((t + hye Pt — te_ﬁlt) = t(e‘ﬁl(”h) - e‘ﬁzt) + he P+ (52)

@-De @-De
Sume hET/\k 2+ hTEAk * ,forany 0<e<1l (53)

Hence, we can assert that
2

(Py(t + ) = Py () NH,,eThQZAZ” = ok |2+hEZ)\2)+ = ok thAZJ+ = i P

HY(Q) k=1
—wneT H(P ’]HL(Q) HE (Q H(P H(Q)
It follows that
(Pot +1) - Pq(t))(p”]H  Swnet nt e I .
,
Step 2. Estimation of“(Qq(t +h)— Q,,(t))l/;”H/(Q).
By virtue of (20) one can
(@t + - Qq(t))l)D”;y(Q) - i N[+ e — gy . (54)
k=1
From (53) it follows that
(@t + 1 - @) o Senean ZA”* = g P hZAzy* g P
—waeM T ”1’[}”]1{4(9) Hl’b' HO(Q)
Therefore,
” Qq(t +1) - Q) ¢||]I—I Q) Suie,T §||1’b HY(Q) HA(Q)'

Step 3. Estimation ofH fo p(t+h—7)—Qy(t - r) Z(r)dr”
We first observe that

| fot (Qut +1— 1)~ @yt - r))Z(r)dr”;(Q)

2

© t
= Z Aiy( f [(t +h = e Pl (¢ — r)eﬁl(”)] |Zi(r) Idr) :
k=1 0

By an argument similar to the previous one and using bounded in (53). We get

¢ .
|[ (@ si-n-aue-ponf, i [T
+T2 2 f ti pZraDe

e TOHE f HZ(r)” e dr 4 T2 f HZ(r)”H e A

2
Zk(r)| dr

2
Zk(r)' dr
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By choose € = z(qc__ly), we have that
' Q h Q d 2 3h2€ 2 2e+1h2 2
F+h—1)—Qt-1)Z || <ue TOH||Z +T z .
” fo ( 7 1)~ & r)) (r)dr Hr(@Q ~H€ 12(0,T;HE(Q)) I L2(0,T;HE(Q))
This give
t 3 1
t+h—1) - Qt —1))Z()d || < T‘ihf”Z e+ :
”fo (Qq( 1= Qyl r)) (r)dr @ ~*° L2(0,THE(Q) I L2(0,T;HE(Q))
. . t+h
Step 4. Estimation ofH ft Qu(t+h— r)Z(r)drH]H @
Y
It is easy to verify that
t+h 2 oo ) t+h 2
|| f Qt+1— r)Z(r)dr”Hy(Q) -y /\k)'( (t + 1 = r)e P |7, (r) |dr)
t k=1 t
o ) t+h t+h ) 2
Sue Z A f (t+h- r)”zdrf /\,(f_ ) Zk(r)‘ dr
k=1 t t
3 . ! 2y+(g-1)e 2 3 ! 2
€+ - _ €+
Sue kZ:; fo A2 Zk(r)‘ dr =, fo ”Z(r)”]HW@(Q)dr
2
— he+3 7 .
we M2 e
We contend that
t+h s
t+h—nZ()d ” <ue hENZ .
H I Qy( nZ(r)dr @ ~H° I 12(0,T:HY(Q))
Thus, we have immediately that
tem=u®f  Sunent Bl + [ ) 19 *
u( )~ u(®) Q) wnetT ( ¢ HY(Q) ¥ H(Q) Y HY(Q) ¢ HY(Q)
+The||Z + T 2h||Z +hT||Z .
L2(0,T;HS(Q) L2(0,T;H(Q)) L2(0,T;H (Q))

The result above shows that u € CO([0, T], H”(Q2)) where 0 = min{$, %}. O

Theorem 3.6. Let q > 1, and y,n > 0 such that 4A1(1 + uAy) — n*A2 < 0. Let ¢ € H"(Q) for any y > 0. Let us
assume that ¢ € H(Q) and Z € L*(0, T; H?(Q)) with 0 < . Let 0 < € < 1. Then we have

-

Moreover, we obtain that u € C¢([0, T], H” (QY)).

2

< TZEH ” + T2€
~y,q,€,A1 (P ]HV(Q)

+ T4€+1 7
l'b ’ ’]H)'(Q)

L>(0,T;H»(Q)) L2(0,T;H (Q)) )

Proof. Our proof starts with the observation that

t
sl g = 0l 50l [ -0,
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The application of Holder inequality and {1, yields

¢ ’ o ¢ ¢
S, (t = nZ(r)d < fﬁfc,, t—ZWL[CA,, 55
| [ se-nzow, I g (55)
_ \2¢ 2 4e+1 2
Mtr)Z“qONWSQMﬁﬂﬂﬁ 22— (56)

We can now combine the results of lemma (3.3) with and obtain the following estimate

2
Hu(x, t)”]HV(Q) Shuen TZGH(P”]HV(Q) +T l’bH]HV(Q) +T|iz [20,T:H Q)
It follows immediately that
2
”u L(0,T;HY () S TZEH(p”]HV(Q) T q}”]HV(Q) + Tz L2(0,THY ()

To complete the proof, it just remains to prove u € Ci([0,T], H'(Q)). Welet0 <t <t+h < Twithh>0. It
holds that

u(t + h) = u(t) = (Ry(t + h) = Ry(D))p + (Sy(t + h) = Sy(t))
t t+h
+ f (Sq(t +h—r1)=8,(t- r))Z(r)dr + f Syt +h —=r)Z(r)dr.
0 t
We have divided the estimate into four step following

(Ry(t + ) = Ry(1)) 0

In view of the above, there is

”(Rq(t +h) — Rq(t))<p||;(o) = i /\?[(% - al)(eél(tm) _ ezlt) " (% + al)(eéz(uh) _ eézt)]z - 2,
k=1

Using the inequality |e™ — e7!| < C¢la — bJ° for any 0 < € < 1, we know that

Step 1. Estimation of

H(Q)

[(% - al)(e‘él(”h) - e“S“) - (% + ul)(e‘éz(”h) - e‘ézt)] Se (Eh) + (% + (&)
From the estimates in (39) and (@0), we get that
||(Rq(t + h) B Rq(t))(P“;—D’(Q) sy,l],e e kZl‘ /\i}/ |ng |2 ~une I (P”;D/(Q)'

It follows that

|(Rott + 1 = Ry (1)

oy

H(Q) H/(Q)

QWZEmequ&a+m—sNWﬂW@.
From (22), we have

2

||(Sq(t +h) — Sq(t))lp”;y(g) = i /\iy[az(e_gﬂ‘ _ 6—51(t+h)) + az(e—éz(Hh) _ e—ézt)] N}k |2. (57)
k=1
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By an argument analogous to the previous one. We get

H(Q)

[(Sit+ 1) =Sy, o Sine [0

Step 3. Estimation of“ fot (Sq(t +h—r1)=8,t- r))Z(r)dr”]Hv(Q).
It follows immediately that

” jo‘f (Sq(t +h-71)— Sq(t - r))Z(r)dr”;’(Q) — kZ.:lAiy( Lt HZ[(E_gz(Hh—r) _ e—éz(t—r))

2

+ (e“fl(t") - e“fl(”h"))] |Z(7) Idr) .

The proof is standard, we have estimate

(e—éz(Hh—r) _ e—éz(f—r)) + (6—51(1‘—’) _ 6—51(t+h—7))

< wne k.

We thus get

” ft (Sq(t +h—r1)—8,(t - r))Z(r)dr”;V(Q) Sune B ft i /\?"Zk(r)rd?’
0 0 %=1

T 2 2
Sune h L ”Z(r)‘ ]HV(Q)dr Zune h* 120,T;HY Q)
Consequently, one derives
t
[ fo (Sylt +h—1) = Syt - r))Z(r)dr”H/(Q) Sune |2 sy

Step 4. Estimation of “ ftHh Syt +h— r)Z(r)dr“H/(Q)-

By a similar argument,

t+h 2 © -
| [ sisn-nzow], - Y 2|

It holds that

| e Ea(t+h=r) _ p=&1(t+h-r)

2

t+h
f az[e‘gz(”h") - e‘gl(”h")] |Z(7) |dr) )

t

Se (&= &) (t+h—7),
and

(52 - ‘Sl)e Sy,r],e 1.

From the above it follows that

t+h 2 © ) t+h t+h
[ f Syt +h=nZr[,  Sune Y A f (&2 — &2 (E+ h - ¥dr f
t = t t

o] T ’ T 5
2
Sy,n,e h2€+1 Z f )\kV|Zk(r)’ dr =une h2€+1f ||Z(r)” , dr =une h2€+1”Z
k=1 V0 0 H(Q)

2
Zk(r)' dr

2
12(0,T;HY ()
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Thus, we have immediately that

t+h
Syt +h=nZMdr| <une HIZ :
|| ft i )Z(r) Hr(Q) ~He I L2(0,T;HY ()

Using the results just obtained we get

+ h2€+1”
L2(0,T;H” ()

u(t +h) — u(t)

ol

H/(Q) we

12(0,T;HY (Q)
We have thus proved that u € C5([0, T],H”(Q2)). O

3.2. Convergence of the mild solution when n — 0%

In this section, we show that the mild solution the Boussinesq-Love equation convergences to the mild
solution the Love equation . Let u. be the mild solution to problem

un(x, t) + (=A)u(x, t) — pAuy(x, t) = Z(x, 1)), in Qx(0,T], (58)
ulpa =0, in Q,
with the initial conditions
u(x, 0) = (P(x)/ ut(x/ 0) = Ilb(x) in Q. (59)

Our goal is to prove that u converges to u* when 1 — 0*. We can now formulate our main results.

Theorem 3.7. Forany q > 1, and y,n > 0 such that 4A1(1 + uAy) — A% > 0. Let ¢ € HY(Q) and ¢ € HY(Q) for

1, (q+1)—(q—1)e} Z(C )’)

any max{ < 1. Let us assume that

Z € [2(0, T; HY(Q)) N L2(0, T; 1HV+2+*(Q)) Then, we have

<y<C,e—

e+2 e+2

Hu -u Seu, M, T 1 H(P’ l]l)‘ Iegle e +1

L (0, T;HY (Q) H{(Q) Ht Q) 12(0,T;H” +2¢ 0 (Q))

Proof. We denote b* = (1 + uAy) and & = //\Z(l + uAg). An easy computation shows that the mild solution
of (B8)-(59) is given by

t
w'(t) = Mg + Ny (b + fo O;(t - 1)Z(r)dr, (60)
where
Mt = Y cos (£-1)(o0), ),
k=1

Ni(tyo = Z z— sin(%t)(v(.),ek(.))ek(x),
k=1
and

Om_ng )00, )
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Our proof starts with the estimating “u(t) - u*(t)”

From (18) and (60) we get that

H(Q)

t
u(t) = u'(t) = (My(t) = M(0)) + (Ng(H) = Ny (D) + fo (04t = 1) = Ot = 1)) Z(r)dr.

The the estimating ”u(t) - u*(t)”W(Q) falls naturally into three parts.

Part 1. Estimation of

(My(®) = M)

H/(Q)
From Parseval’s equality, we find that
2 oo £ & 2
H(Mq(t) —M;;(t))<p = ZAiy[e-uf cos(zt) - cos(;t))] ok 12
H(Q) k=1

It is worth pointing out that

%

|e_”t cos (%t) - cos (%t)| =e™

It is straightforward to verify that

*

cos (%t) — COoSs (%t)

%

+ |(e_”t - 1) cos(%t)|.

&5
=S

Using the inequality |cosx | <1+ C.x°, we infer

Icos(%t) |<1+C(y, e)/\,;%ete.

1846

(61)

We continue to apply the inequality ‘ cos(m) — COS(]’l)' < C(e)lm —n|*, for 0 < € < 1, and a direct computation

yields

€

~€

\ /4)\7;(1 + uAy) Al
( 2(1 + pAy) t) _( 1+ Mkt)

le™ = 1| < e | Se a°t° Sye n°tE.

cos (%t) — COS (%t) <

Finally, noting that

We conclude,

2

2 2 -1
S PP Y A i P 1P Y AT g 2.
H'(Q) k=1 k=1

H(qu — M)

We thus get

suer ]
H(Q)

H(Mqu) — M)

H(Q)

(62)

(63)



B. D. Nam et al. / Filomat 40:5 (2026), 18271853 1847
where we have used embedding H(Q) < H(Q).

Step 2. Estimation of (Nq(t) - N,;(t))gb

H(Q)
We first observe that

2 o0 b ¢ b & ’
- Z Ai}'[—e_”t sin Et - —sin Et] lyx I
H(Q) k=1 ¢ ¢

Wmm—mmw
It is plain that
[ge_“tsin%t— %sin%t] = ge [smit—sm(S t] [Z Z ] _”tsin%t
+[e"”—1]§siné—t'=]3 +B,+B
= -t =B1+B2+Bs

A trivial verification and combining with (62),we obtain

£
b*t

b
|B1 | Se E(ﬂt)e %t - sg,y,)\] 0.

An easy computation shows that

‘é 3 E < T]z/\i(]. + !lAk) 1 (64)
& T AEAI A+ A - PAD) a0 gy e
VAT (LA +2A2 Al
-1
PAZ(L + uAp)A @)
AAI(L + pAy) = PAD) T+ e
Combining (65) with (31), we obtain that the following estimate
g g
b b Ean]
‘é é ~Ey/\1 nz/\kz . (66)
3+q(e-1)—€
Combining 27),(6T) and (66) gives |Bz | Seu1, 17€+2t2€/\k 2
We proceed now estimate the term |B3 |. We have
1 + /\k /\q 1-e+qe—q
k
Hence,
2
* e+4 4e Ze 4e
H(Nq(t) ~ N e Spe NEHT ¢||HH3H,(C;H o lp' et (67)
Since max({1, W} <y <( wehavey + w > 0 and it is easy to see
Y+ el 1)(6 < Y+ w Hence, by using the properties concerning embedding in Hilbert Scale spaces,

we can deduce that

(Nt = Nz (D))

e+22e
Sue T
H»(Q)

¢| e (68)

(@)
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Step 3. Estimation of

I (04t =)= Ot = n)z(»ar

We claim that Indeed,

HY(Q)

(9]

||fot(Oq(t_r)—Oa(t—r))Z(r)drH; kZ ZVU & e sin £ L= = gsin () Zk(r)|dr]'

By using Holder inequality
¢ . 2
[ fo |(§e—ﬂ<f-r> sin %(t - %Sin %(t - r))Zk(r)‘dr] (69)

¢ ¢
2 —a(t=1) o3 é —7) — l : 5_ _ 2 f 2
< fo |ée sin b(t r) = sin = (t r)‘ dr | |Zi(r) |°dr. (70)

In next section we estimate the integral in (70). By adding and subtracting terms we get

2™ sin S(t—1) - & sin £t - r)] = %e"‘“’r’[sin £(t—7) —sin&(t - r)]

+ [% — & sin - E(t—r) +[etN - 1]% sin E(t—1)=Ci+Cy+Cs.
We can now proceed analogously to the estimates of By, one has |Cy | <¢ 0, 0.

It is easy to verify that the following bounds

-l o - ™
4Ak(1 + ‘u/\k) A )(1 + #Ak)/\k \/4/\/1(1+H/\k WZAi + \/(1+H/\k)/\z
242
A
<| : k ~| S, PAL (72)
(471 + pAi) — 2A2)
On the other hand, we have
|e—u(t—r) | Seu Tle(t —r)e. (73)
Combining (72), (73), and (6I), we obtain
(q— 1e+4

|C2 | Seu, Al E+2(t _ r)ZEA

This follows by the same method as in estimate |B; |, we get
(g=De=(g+1)
ICs | Se,u Nt - r)eAk :
Hence,
2
< 1. &

E(t—r)— gsmﬁ(t—r)

From the above observation, we can deduce that

¢ 5 ¢ oo
— N =0(t — 2¢e+4rde+1 2y+(g—1)e+4
U; (04t =) =0yt =)z, Seun T j;kzzl 2

Z =1 sin Se,y,/h n26+4(t _ r)4€/\](:l—1)€+4 + 7726(1_ _ 7)26/\]((‘7_1)6_(‘7"'1).

t (o]
XIZk(T) |2d7’ + 772€T2€+1 f 2 /\iw(q—l)e—(qﬂ) |Zk(r) |2dr
0 %=1

T 2 T 2
De+drrde+1 2e2e+1
Sept T T fo HZ(F)”HW@@)W HrTe fo ”Z(F)HH”*w@)dn
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Again using the the properties concerning embedding in Hilbert Scale spaces together with the fact that

0<y+ (qfl)ezf(q”). <y+2+ U 1 , we infer that

t 2 2e+44e+1 ! 2
[ fo (Oq(t—r)—OE(t—r))Z(r)dr”H/(Q) I e fo ||Z(r)'|w(q4)e;qm(Q)dr

2e+4 T4e+1

S ]

12(0,T; 2 (Q))

We therefore conclude that

(74)

L2(0,T;H” 42+ 0 (Q)

” fo | (Og(t =)= Oyt - T))Z(r)dr”IHV(Q) St 177

Combining (63), (68) and (74), we have that

(=

This concludes the proof. [

€+2

HZJH +q(e 1)—€ + 7]6+2 Z

Ney M,T 1) H(P| ©

L=(0,T;H” (Q)) HC(Q) L2(0,T;H*** = @)

Remark 3.8. The result of this theorem is also hold for the case 4A](1+uAg) —n*A2 = 0 and 4A7(1+ uAy) —?A2 < 0.
The results of these cases and the proof are left to the reader.

4. For the nonlinear case

In this section, we study nonlinear problem

utt(x/ t) + (_A)qu(x/ t) - (uAutt(xr t) - nutxx(x/ t) = Z(M(X, t))/ in QX (0/ T]/ (75)
”|aQ =0, in Q,
with the initial conditions
u(x, 0) = (p(x), ut(x/ 0) = llb(x) in Q (76)

We also present three results corresponding to the three cases mentioned, where we prove the existence,
uniqueness and regularity of the mild solution.

Theorem 4.1. Forany q > 1, and y,n > 0 such that 4A1(1 + pAy) — ?A% > 0. Let ¢ € HY(Q) and ¢ € HY(Q) for
anyl <y <(Ce= % < 1. Let us assume that and Z : TH”(Q) — H(Q) such that Z(0) = 0 and

1Z(61) — Z(02)|lkeq) < LIIO1 = Oallmr (), (77)

L is a postive constant. Then problem [I)-@2) has a unique solution u € O,;,((0, T]; H(Q)) for a, by > 0, by large
enough. In addition, we obtain
(I

Proof. This proof will be based on the contraction mapping theorem. Firstly, we define the function
Ou((0, TL; H”(Q)) = O, (0, TL; HY(Q2))

3(C—y)

(., Ol @) < C([J,U,G AT g

ol Yosisr

HY{(Q) HC (Q)

¢
Du(t) .= My(t)p + Ny(t)y + j; O, (t = ) Z(u(r))dr. (78)
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Since the property Z(0) = 0 and combine with Lemma (3.1), we infer that

(L, V) 3(s ) 3=y

2w =0, | v | W
[ewn =0, =Moo+ Now|, o Sinen 7 el o+ Raan W
It is worth noticing that e < 1, and using the embedding H*(QQ) — H7(Q), we see that
P B () || +3P
e ”(D (u(t) = 0) ' o Sumery T |lgp . (Q) H((Q) O (79)
3=y
Sunen T (] H |
Spnen T (|l HY(Q) L4 lH“(Q) (80)

which implies that ®(w = 0) € O,;((0, T]; H”(Q)). Hence, we contend that the mapping @ is well defined.
Next, we proceed to show that @ is a contraction mapping. Let us arbitrarily take u1, ;. Then

t
D) = Dust) = [0t =n{Z00) = Zla0)r

By an argument analogous to the the the lemma (3.1)), we get

Nyqe/\l f(t_r) ” 1
HY(Q)

|(Z0a) - Z@a0)|

H f Ot N Zua(r)~Z(us(r) )

HC(Q)
Since the globally Lipschitz property of Z yields to
00~ POy Spes £ [ €0 o) =0,
By multiplying both sides of the above estimate by t’¢~", we obtain
t
Fe i (1) ~ Qs Ollvic) Sunen £ f Eree (= ) e ) = )
0
Noting that Tebr - ” :” - , it follows that
oting that esssup_, "™ ||u1(r) — ua(r) Q) Uy — Uy 0w (O TH) it follows tha

3y
te7 || D () — Pur(B)llrr () Spners £ f Er et =) ‘”H“l_”z

00 (O TIHY Q)

If we take r = t&, then dr = td€ and we get

Cna b(r—t) Xn e (1o, bH(1-E) L
et =) dr =t &% (1-8&)71 dé.
0 0

Sincel < g,1 <y < (, we see that 1 + (2 Y > 0. Moreover a > —1 and 3(C w > —1 by virtue of Lemma
one can see

lim sup( f £aghta-8)( g) = dé) =

b—+o00 0<t<T
Hence, there exists a positive by > 0 such that

3=y

t
C(A1, u,n,€)L f Fr e (- ) dr
0

wl»—\
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this implies immediately that

11670 D (F) — Dun ()|l < ||u - .
(|Duy (t) 2Dl @) < 3llH w2 Doy QT )

It is to be noticed that the right above is independent of t. So, by taking esssupremum with respect to ¢,
we obtain

1
Duy — dPu THY S—Hu —-u .
||y 2[l0,, (0,111 () 3|~ 2 Ot (OTHEV QD)

Therefore, we can assert that @ is a contraction in space O, ,((0, T]; H”(Q)). By applying Banach fixed point
theorem, we conclde that (I)-(2) has a unique mild solution u € O,;,((0, T1; H”(C2))
Since ®u = u, it follows that

llullo, ., o mmr @) < 11Pu =D =0)llo,, ©rm@) + 1P = 0)llo,, «mnm @) (81)
< —Hu + esssup t'e "”HCD u=0)(t H ) 82
31110, 4, ((0,T1HY () 0<t<Tp ( )0 H(Q) (82)
From (80), we get
"‘(L 1)
ess sup e ‘thC[)u—O t” < C(u,n,e A ‘ ’ H ’ 83
sssup £e [0 = OO, ) < Cl e )T (I we IV H@(Q) (83)

Combining (82) and (83), we derive that

3(5 )

3
llullo, o mimr @) < EC(y, n,€ A)T" “§0|

HE(Q) H]’b’ ]HC(Q)

This clearly forces

0<t<T

3 wy
(., Dl @) < 5C(w €, AT e

+
HE(Q) ”l’b”n{i(g))’

This concludes the proof. [

Theorem 4.2. Forany q > 1, and y,n > 0 such that 4A1(1 + pA1) — ?A% = 0. Let ¢ € HY(Q) and ¢ € HY(Q) for
anyl<y<(Ce= % < 1. Let us assume that Z : H” (Q) — H(Q) such that Z(0) = 0 and

12(61) — Z(02)ll1e() < K61 = Ozl @), (84)

K is a postive constant. Then problem ()-@2) has a unique solution u € Z4,,((0, T];H(Q)) for d, po > 0, po large
enough and we have

2(C-y)
e, sy < Clu,n, €, AT £ ||(p“mg) .. )osesT

He (Q)

Proof. Let us consider the operator W: Z;,((0, T|; H"(Q)) — Z4,((0, T|; H"(€2))

Wu(t) := Py(t)p + Q(t)Y + j{; Qy(t = 1) Z(u(r))dr. (85)

Lemma (3.2) now shows that

d+1 d+ —(C »)

tde pt“\y (u(t) - 0) || ~‘u,1],e,)\1 T

H(Q) 1’b| HY(Q)
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Consequently, operator W map Z;,((0, T]; H”(Q)) into itself.
Analysis similar to that in the proof of Theorem one has

t =
1910 = WOl Suness K [ 0= [un) - a0
0

»
HY(Q)

By multiplying both sides of the above estimate by t’¢~*!, we obtain

He P Wiy (t) — Vi ()l ) S Spne Wf #lrdePr=h(t — 7’) e

wi(r) = a0,

() -0,

It follows readily from ess sup_,_r e™*"

that

||M1 — Uz
H”(€) 04,((0,TI;IHY (Q))

e P!V (H) — Vi (Dllir @) Supers L f Ay dePt=D(t — r) wdr”m

2llo, @)
By the change of variables r = t&, we have
[ #trmaept-0(t — )T dy = P [T e tert1-0(1 - £)FF de.

Sincel <gq,1 <y <(, weseethatl+ (S’i D 0. Furthermore, d > —1 and ((’ y) > —1, we invoke Lemma (2.5)
to deduce that

) 1 (2]
lim sup ( Wf EeP =01 — &) T dE) =0
0

b—+c0 0<t<T
For this reason, there exists a positive pg > 0 such that
 ed o) ©n 1
CAy, p,m o)L | r et —r)yordr < 5
0
This gives

1
He M [Win(t) = Wi Ol < 5 - (86)

204, (0,10 @)
We see that the right of is independent of ¢. So, by taking esssupremum with respect to t, we have

1
Yu, — Yu THY s—”u —-u ” .
¥ 2oy, ) 21170 o, (0 mmr @)

We deduce that W is a contraction mapping. Hence, by Banach fixed point theorem, ¥ has a unique
fixed point in space Oy, ((0, T;H(Q2)). Thus, it follows that the (I)-(2) has a unique mild solution u €
O, ((0, TT; H”(€2))

By an argument analogous to that used for the proof of Theorem we can see that

2(C=y)

oy <200 e T (o] + vl
llullo,,, o1 @) (u,m,€,A1) T §0 Q) +||¢ HC(Q)
The result above shows
2(C-y)
! < C(u,n, )\T‘H“Wt_d” “ ||| <t<T.
[lu(., Dller @) (u,n,€ A1) (P Q) Y ]Hg(Q) s=t=
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Theorem 4.3. Forany q > 1, and y,n > 0 such that 4A9(1 + pAy) — n?A2 < 0. Let ¢ € H(Q) and ¢ € H(Q) for
any 0 <y, 0<e<1. Let us assume that and Z : H”(Q) — H”(Q) such that Z(0) = 0 and

1Z(61) = Z(02)llrwr (@) < MIIO1 = Oallrr (), (87)

M is a positive constant. Then problem has a unique solution u € Z4,,((0, T];H(Q)) for d, po > 0, po large
enough and we obtain

+ o] 0<t<T,

I, Dy < Cat,m e, 11, (o] i)

H(Q)
here C depend on p1,1,€,A1, T.

This follows by the same method as in theorem and (#2), so we omit it.
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