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Abstract. We are devoted to the study of the Cauchy problem for Boussinesq- Love equation. We establish
the regularity of the mild solution in the linear case. In the nonlinear case, we show the existence and
unique on globally solution concerning the parameter. Additionally, in this paper, we also shown that the
solution to the Boussinesq- Love equation converges to the solution of the Love equation.

1. Introduction

1.1. Statement of the problem

Let Ω be a simply connected and bounded domain in R. Let T be a positive real number. The aim of this
paper is to consider the initial value problem of the Boussinesq-Love equation utt(x, t) + (−∆)qu(x, t) − µ∆utt(x, t) − ηutxx(x, t) = Z(u(x, t)), in Ω × (0,T],

u|∂Ω = 0, in Ω,
(1)

with the initial conditions

u(x, 0) = φ(x), ut(x, 0) = ψ(x) in Ω, (2)

where Z is the source function, representing the effect of an external force, u = u(x, t) describes the distribu-
tion at time t and space x, (−∆)q, q > 0 is the fractional Laplacian operator and µ, η are positive constants.
Here φ and ψ are the initial conditions which are defined later.
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1.2. Physical motivations and known results

Equation (1) is known as the Boussinesq-Love equation which describes longitudinal vibrations in a
thin elastic rod, taking into account the inertia and under external load.
In [7],Nizameddin Iskenderov, Seriyye Allahverdiyeva consider the problem

utt(x, t) − uttxx(x, t) − αutxx(x, t) − βuxx(x, t) = a(x, t)u(x, t) + f (x, t), 0 < x < 1, 0 < t < T, (3)

nonlocal integral condition∫ t

0
u(x, t)dx = 0, 0 < t < T, (4)

and overdetermination condition

u(0, t) = h(t), 0 < t < T, (5)

whereα > 0, β > 0 are known numbers, f (x, t), φ(x), ψ(x), p(t), and h(t) are given sufficiently smooth functions
of x ∈ [0, 1] and t ∈ [0,T]. The authors prove existence and uniqueness of the classical solution to an inverse
boundary value problem (3)-(4)-(5) .
For the case q = 1, η = 0 and Z ≡ 0, reduce equation (1) to Love waves or Love type waves equation

utt −
E
ρ

uxx − 2µ2ω2uxxtt = 0, (6)

presented by V. Radochova (see [4]), where u is the displacement, E is the Young modulus of the material and
ρ is the mass density. Equation (6) plays an important role in numerous fields studied by mathematicians
and physicists. In recent years a great attention has been devoted to the study this equation, see e.g.[1], [2],
[3]. For example, in [5], Ngoc, Triet, Duy and Long considered an initial and boundary value problem for
a nonlinear Love equation as follows

utt(x, t) − uxx(x, t) − uxxtt = f (x, t,u,ut), in 0 < x < 1, 0 < t < T
u|∂Ω = 0, in Ω,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x), 0 < x < 1.
(7)

Here some function ũ0, ũ1, f are defined later. The authors applied the Faedo-Galerkin method to show the
existence of a local weak solution of Problem (7) .
For equation (1) without term utxx, (i.e., η = 0), in [6], the authors Nam, Nghia, Phuong study the initial
value problem ytt(x, t) + (−∆)sy(x, t) −m∆ytt(x, t) = G(x, t), in Ω × (0,T],

y|∂Ω = 0, in Ω,
(8)

with the initial conditions

y(x, 0) = f (x), yt(x, 0) = 1(x) in Ω. (9)

The authors are interested in studying a mild solution of the Love equation.They present the regularity of
the mild solution and show the convergence of the solution of Love’s equation to the solution of the wave
equation.
The works investigated classical solution and weak solution.However, according to our knowledge, the
mild solution of the Boussinesq-Love equation has not been investigated yet.
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1.3. Contribution and Organization
The contributions of this paper are organized as follows. In Section 2, we give some preliminaries. In

section (3) for the linear case, in subsection 3.1, we demonstrate an approach to present the formula of the
mild solution and, based on it, we consider the regularity of the solution under three different assumptions
in µ and η. In subsection 3.2, we show that the solution to the Boussinesq- Love equation converges to the
solution of the Love equation as η → 0. Next, in section 4, for the case nonlinear, we also consider under
three different assumptions in µ and η and prove the global existence and uniqueness of the solution by
using standard fixed point arguments. Furthermore, we study the regularity of the mild solution for the
linear problem.

2. Preliminaries

In this section, we present the results needed for proof of the main result of this paper. We recall some
basic properties of functional spaces. Throughout this paper, we consider the Laplace operator ∆ defined
on W1,2

0 (Ω) ∩W2,2(Ω). Denote by {λk}k≥1 and {ek(x)}k≥1, the spectrum and sequence of eigenfunctions of ∆
respectively, which satisfy ∆ek(x) = −λkek(x), 0 < λ0 < λ1 ≤ λ2 ≤ ... ≤ λk ≤ ..., and lim

k→∞
λk = ∞. The sequence

{ek(x)}k≥1 forms an orthonormal basis of the space L2(Ω). The fractional power ∆q, q > 0, of the Laplacian
operator ∆with fractional order q > 0 on Ω is defined by

∆qv(x) :=
∞∑

k=1

(v, ek)λq
kek(x). (10)

We denote f ≲M1,M2,... 1 + h + ... instead f ≤ C11 + C2h + ... where C1,C2, .. depend on M1,M2, ..
and the notation f =M1,M2,... 1 + h + ... will mean f = C11 + C2h + ... where C1,C2, .. depend on M1,M2, ..

Definition 2.1. We recall the Hilbert scale space, which is given as follows

Hϵ(Ω) :=

 f ∈ L2(Ω),
∞∑

k=1

λ2ϵ
k

( ∫
Ω

f (x)ek(x)dx
)2
< ∞

 ,
for any ϵ ≥ 0. And the norm is given by

∥ f ∥Hϵ(Ω) :=
( ∞∑

k=1

λ2ϵ
k

( ∫
Ω

f (x)ek(x)dx
)2
)1/2

, f ∈Hϵ(Ω).

Definition 2.2. Let us denote L∞ (0,T;Hγ(Ω)), the space of all functions v : Ω × (0,T)→ R such that

∥v∥L∞(0,T;Hγ(Ω)) := ess sup
t∈(0,T)

∥v(., t)∥Hγ(Ω) < ∞.

Definition 2.3. Let B be a Banach space. LetOa,q((0,T]; B) denote the weighted space of all functions v ∈ C((0,T]; B)
such that

∥ψ∥Oa,q((0,T];B) := ess sup
t∈(0,T]

tae−qt
∥ψ(t, ·)∥B < ∞, (11)

where a, q > 0 .

Definition 2.4. Let B be a Banach space. For σ ∈ (0, 1), we define the Hölder continuous space, denoted by

Cσ([0,T]; B) =
{
v ∈ C([0,T]; B)

∣∣∣∣ sup
0≤t<t′≤T

|v(t′) − v(t)|
|t′ − t|σ

< ∞
}
,
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corresponding to the norm

∥v∥Cσ([0,T];B) := sup
0≤t<t′≤T

∥v(t′) − v(t)∥B
|t′ − t|σ

,

for all v ∈ Cσ([0,T]; B).

Lemma 2.5. Let k1 > −1, k2 > −1 such that k1 + k2 ≥ −1, ρ > 0 and t ∈ [0,T]. For h > 0, the following limit holds

lim
ρ→∞

 sup
t∈[0,T]

th
∫ 1

0
ξk1 (1 − ξ)k2 e−ρt(1−ξ)dξ

 = 0.

3. For the linear case

3.1. Regularity of mild solution
In this subsection, we investigate the regularity of the mild solution to problem (1), under the assumption

that the forcing term is a prescribed function Z(x, t) depending solely on the space and time variables. For
this purpose, we first derive the mild solution formula. The main idea is to solve the differential equation
using the Laplace transform. To illustrate this, we write the solution of the problem (1) as a Fourier series
as follows.

u(x, t) =
∞∑

k=1

ukek(x), (12)

where uk(t) = (u(., t), ek) satisfies ∂2
t uk(t) +

λ
q
k

1+µλk
uk(t) + ηλk

1+µλk
∂tuk(t) = Zk(t)

1+µλk
,

uk(0) = φk,
d
dt uk(0) = ψk.

(13)

By applying the Laplace transform to the differential equation (13), we obtain the solution uk(t). Substi-
tuting this into the series representation (12), we arrive at the explicit expression for u(x, t).

It is evident that the qualitative behavior of the solution to (13) is governed by the values of the
parameters µ and η. In particular, the nature of the solution depends on the sign of the discriminant-like
expression

∆k := 4λq
k(1 + µλk) − η2λ2

k .

Therefore, it is natural to distinguish between the following three cases:

i) Oscillatory regime: When

∆k = 4λq
k(1 + µλk) − η2λ2

k > 0,

the system exhibits damped oscillatory behavior. This case corresponds to the underdamped regime.

ii) Critical regime: When

∆k = 4λq
k(1 + µλk) − η2λ2

k = 0,

the system is at the critical damping threshold, where oscillations vanish, and the solution transitions
to a purely exponential form.

iii) Overdamped regime: When

∆k = 4λq
k(1 + µλk) − η2λ2

k < 0,

the solution exhibits exponential decay without oscillation, corresponding to the overdamped case.
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We now proceed to analyze each of the three cases mentioned above in detail:

i) Case 1: Assume that ∆k = 4λq
k(1 + µλk) − η2λ2

k > 0. We introduce the following notations:

a =
ηλk

2(1 + µλk)
, b = 2(1 + µλk), and ξ =

√
4λq

k(1 + µλk) − η2λ2
k .

A direct computation yields the explicit representation

uk(t) = e−at cos
(
ξ
b

t
)
φk +

b
ξ

e−at sin
(
ξ
b

t
)
ψk +

2
ξ

∫ t

0
e−a(t−r) sin

(
ξ
b

(t − r)
)

Zk(r) dr.

Consequently, the solution u(x, t) admits the Fourier expansion

u(x, t) =
∞∑

k=1

e−at cos
(
ξ
b

t
)
φkek(x) +

∞∑
k=1

b
ξ

e−at sin
(
ξ
b

t
)
ψkek(x)

+

∞∑
k=1

[
2
ξ

∫ t

0
e−a(t−r) sin

(
ξ
b

(t − r)
)

Zk(r) dr
]

ek(x). (14)

For v ∈ L2(Ω) and t ∈ [0,T], we define the operator families

•

Mq(t)v =
∞∑

k=1

e−at cos
(
ξ
b

t
)

(v, ek)ek(x), (15)

•

Nq(t)v =
∞∑

k=1

b
ξ

e−at sin
(
ξ
b

t
)

(v, ek)ek(x), (16)

•

Oq(t)v =
∞∑

k=1

2
ξ

e−at sin
(
ξ
b

t
)

(v, ek)ek(x). (17)

Accordingly, the mild solution to problem (1)–(2) can be written as

u(t) =Mq(t)φ +Nq(t)ψ +
∫ t

0
Oq(t − r)Z(r) dr. (18)

ii) Case 2: Suppose that ∆k = 4λq
k(1 + µλk) − η2λ2

k = 0.
Set

β1 =

√
λq

k

1 + µλk
, β2 =

ηλk −

√
λq

k(1 + µλk)

1 + µλk
.

In this case, the solution component uk(t) is given by

uk(t) =
[
e−β1t + β2te−β1t

]
φk + te−β1tψk +

∫ t

0
(t − r)e−β1(t−r)Zk(r) dr.

Hence,

u(x, t) =
∞∑

k=1

[
e−β1t + β2te−β1t

]
φkek(x) +

∞∑
k=1

te−β1tψkek(x) +
∞∑

k=1

[∫ t

0
(t − r)e−β1(t−r)Zk(r) dr

]
ek(x). (19)

We define the operators
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•

Pq(t)v =
∞∑

k=1

[
e−β1t + β2te−β1t

]
(v, ek)ek(x),

•

Qq(t)v =
∞∑

k=1

te−β1t(v, ek)ek(x). (20)

Thus, the corresponding mild solution reads

u(t) = Pq(t)φ + Qq(t)ψ +
∫ t

0
Qq(t − r)Z(r) dr. (21)

iii) Case 3: Finally, assume that ∆k = 4λq
k(1 + µλk) − η2λ2

k < 0
Define

a1 =
ηλk√

η2λ2
k − 4λq

k(1 + µλk)
, a2 =

1 + µλk√
η2λ2

k − 4λq
k(1 + µλk)

,

and

ξ1 =
ηλk +

√
η2λ2

k − 4λq
k(1 + µλk)

2(1 + µλk)
, ξ2 =

ηλk −

√
η2λ2

k − 4λq
k(1 + µλk)

2(1 + µλk)
.

Then the solution uk(t) takes the form

uk(t) =
[(1

2
− a1

)
e−ξ1t +

(1
2
+ a1

)
e−ξ2t

]
φk

+
[
a2e−ξ2t

− a2e−ξ1t
]
ψk +

∫ t

0

[
a2e−ξ2(t−r)

− a2e−ξ1(t−r)
]

Zk(r) dr.

Therefore,

u(x, t) =
∞∑

k=1

[(1
2
− a1

)
e−ξ1t +

(1
2
+ a1

)
e−ξ2t

]
φkek(x) +

∞∑
k=1

[
a2e−ξ2t

− a2e−ξ1t
]
ψkek(x)

+

∞∑
k=1

∫ t

0

[
a2e−ξ2(t−r)

− a2e−ξ1(t−r)
]
Zk(r)ek(x)dr.

We now define the corresponding operators:

•

Rq(t)v =
∞∑

k=1

[(1
2
− a1

)
e−ξ1t +

(1
2
+ a1

)
e−ξ2t

]
(v, ek)ek(x),

•

Sq(t)v =
∞∑

k=1

[
a2e−ξ2t

− a2e−ξ1t
]

(v, ek)ek(x). (22)
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Hence, the mild solution in this case is given by

u(t) = Rq(t)φ + Sq(t)ψ +
∫ t

0
Sq(t − r)Z(r) dr. (23)

The main tool in our analysis is the use of mapping properties of the operatorsMq(t), Nq(t), and Oq(t).
We now establish several useful estimates for these operators.

Lemma 3.1. Let q > 1, 1 < γ < ζ, and assume that 0 < 2(ζ−γ)
q−1 ≤ 1. Then the following estimates hold:

a) ∥∥∥∥Mq(t)v
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
(ζ−γ)
q−1

∥∥∥∥v
∥∥∥∥
Hγ(Ω)

+ t
3(ζ−γ)

q−1

∥∥∥∥v
∥∥∥∥
Hζ(Ω)

, (24)

for any v ∈Hγ(Ω) ∩Hζ(Ω).

b) ∥∥∥∥Nq(t)v
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
3(ζ−γ)

q−1

∥∥∥∥v
∥∥∥∥
Hζ(Ω)

, (25)

for any v ∈Hζ(Ω)

c) ∥∥∥∥Oq(t)v
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
3(ζ−γ)

q−1

∥∥∥∥v
∥∥∥∥
Hζ(Ω)

, (26)

for any v ∈Hζ(Ω).

Proof. We first prove part (a). By Parseval’s identity, we obtain∥∥∥∥∥∥Mq(t)v

∥∥∥∥∥∥
2

Hγ(Ω)

=

∥∥∥∥∥∥ ∞∑
k=1

e−at cos
(ξ

b
t
)(

v(.), ek(.)
)
ek(x)

∥∥∥∥∥∥
2

Hγ(Ω)

=

∞∑
k=1

λ2γ
k e−at cos2

(ξ
b

t
)∣∣∣∣(v(.), ek(.)

)∣∣∣∣2

Recall that a = ηλk
2(1+µλk) ≲µ,η 1 and ξ

b ≲µ,η,λ1 λ
(q−1)

2
k .

Using the elementary inequality e−x
≤ Cϵxϵ for any 0 < ϵ ≤ 1, we deduce

e−at ≲µ,η tϵ, 0 < ϵ ≤ 1. (27)

Moreover, from | sin(x)| ≤ Cϵxϵ, 0 < ϵ ≤ 1, it follows that

∣∣∣∣∣∣ cos2
(ξ

b
t
)∣∣∣∣∣∣ =

∣∣∣∣∣∣ cos2

( √
4λq

k(1 + µλk) − η2.λ2
k

2(1 + µλk)
t
)∣∣∣∣∣∣

≤ 1 + λ(q−1)ϵ
k (λ1 + µ)ϵt2ϵ ≲µ,η,ϵ 1 + λ(q−1)ϵ

k t2ϵ.
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Consequently,∥∥∥∥Mq(t)v
∥∥∥∥2

Hγ(Ω)
≲µ,η,ϵ,λ1 tϵ

∞∑
k=1

λ2γ
k

∣∣∣∣(v(.), ek(.)
)∣∣∣∣2 + t3ϵ

∞∑
k=1

λ2γ
k λ

(q−1)ϵ
k

∣∣∣∣(v(.), ek(.)
)∣∣∣∣2 (28)

≲µ,η,ϵ,λ1 tϵ
∥∥∥∥v

∥∥∥∥2

Hγ(Ω)
+ t3ϵ

∥∥∥∥v
∥∥∥∥2

Hγ+
(q−1)ϵ

2 (Ω)
, (29)

that for any 0 < ϵ ≤ 1. Choosing 0 < ϵ = 2(ζ−γ)
q−1 ≤ 1 and using the inequality (a + b)ν ≤ aν + bν for 0 < ν < 1,

we arrive at∥∥∥∥Mq(t)v
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
(ζ−γ)
q−1

∥∥∥∥v
∥∥∥∥
Hγ(Ω)

+ t
3(ζ−γ)

q−1

∥∥∥∥v
∥∥∥∥
Hζ(Ω)

.

We next prove part (b). By arguments similar to those above, one can verify that

∣∣∣∣e−at sin2
(ξ

b
t
)∣∣∣∣ = ∣∣∣∣∣∣e −ηλk

(1+µλk ) t sin2
( √

4λq
k(1 + µλk) − η2.λ2

k

2(1 + µλk)
t
)∣∣∣∣∣∣ ≲µ,η,ϵ,λ1 t3ϵλ(q−1)ϵ

k . (30)

On the other hand,

b
ξ
=

2(1 + µλk)√
4λq

k(1 + µλk) − η2λ2
k

≤

2λk( 1
λk
+ µ)

λk

√
4 1
λ

1−q
k

µ − η2
≲µ,η,λ1 1. (31)

Combining (30) and (31), we find that∥∥∥∥∥∥Nq(t)v

∥∥∥∥∥∥
2

Hγ(Ω)

=

∥∥∥∥∥∥ ∞∑
k=1

b
ξ

e−at sin
(
ξ
b

t
)(

v(.), ek(.)
)
ek(x).

∥∥∥∥∥∥
2

Hγ(Ω)

≲µ,η,ϵ,λ1 t3ϵ
∞∑

k=1

λ2γ+(q−1)ϵ
k

∣∣∣∣(v(.), ek(.)
)∣∣∣∣2

=µ,η,ϵ,λ1 t3ϵ
∥∥∥∥v

∥∥∥∥2

Hγ+
(q−1)ϵ

2 (Ω)
.

Taking again 0 < ϵ = 2(ζ−γ)
q−1 ≤ 1, we follows from the latter estimate that∥∥∥∥∥∥Nq(t)v

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
3(ζ−γ)

q−1

∥∥∥∥v
∥∥∥∥
Hζ(Ω)

. (32)

Additionally, by the same techniques as in part b, one can see that∥∥∥∥Oq(t)v
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
3(ζ−γ)

q−1

∥∥∥∥v
∥∥∥∥
Hζ(Ω)

, which implies Part c and completes the proof.

Lemma 3.2. Let q > 1, 1 < γ < ζ, and suppose that 0 < 2(ζ−γ)
q−1 ≤ 1. Then the operators Pq(t) and Qq(t) satisfy the

following estimates:

(a) For any v ∈Hζ(Ω),∥∥∥Pq(t) v
∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
2(ζ−γ)

q−1 +1
∥v∥Hζ(Ω) . (33)

(b) For any v ∈Hζ(Ω),∥∥∥Qq(t) v
∥∥∥
Hγ(Ω)

≲µ,η,ϵ t
ζ−γ
q−1 ∥v∥Hζ(Ω) . (34)
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Proof. The proof follows by arguments analogous to those employed in Lemma 3.1.
First, we estimate the operator Pq(t). Using Parseval’s identity and standard spectral techniques, we

obtain∥∥∥Pq(t) v
∥∥∥2

Hγ(Ω)
≲µ,η,ϵ,λ1 t2ϵ+2

∞∑
k=1

λ2γ+(q−1)ϵ
k |(v, ek)|2 . (35)

Similarly, for the operator Qq(t), we have the estimate∥∥∥Qq(t) v
∥∥∥2

Hγ(Ω)
≲µ,η,ϵ tϵ

∞∑
k=1

λ2γ+(q−1)ϵ
k |(v, ek)|2 . (36)

Now, we choose ϵ = 2(ζ−γ)
q−1 , which satisfies 0 < ϵ ≤ 1 by assumption. Substituting this value into (35)

and using the embeddingHγ+
(q−1)ϵ

2 (Ω) ⊂Hζ(Ω), we obtain∥∥∥Pq(t) v
∥∥∥2

Hγ(Ω)
≲µ,η,ϵ,λ1 t2ϵ+2

∥v∥2
Hγ+

(q−1)ϵ
2 (Ω)

≲µ,η,ϵ,λ1 t2ϵ+2
∥v∥2Hζ(Ω) .

In the same way, from (36), we deduce∥∥∥Qq(t) v
∥∥∥2

Hγ(Ω)
≲µ,η,ϵ tϵ ∥v∥2

Hγ+
(q−1)ϵ

2 (Ω)
≲µ,η,ϵ tϵ ∥v∥2Hζ(Ω) .

Taking square roots on both sides of the above inequalities completes the proof of Lemma 3.2.

Lemma 3.3. Let 0 < γ and ϵ > 0. Then the operators Rq(t) and Sq(t) satisfy the following estimates:

(a) ∥∥∥Rq(t) v
∥∥∥
Hγ(Ω)

≲µ,η,ϵ t2ϵ
∥v∥Hγ(Ω) , (37)

(b) ∥∥∥Sq(t) v
∥∥∥
Hγ(Ω)

≲µ,η,ϵ t2ϵ
∥v∥Hγ(Ω) , (38)

for any v ∈Hγ(Ω).

Proof. We first consider the operator Rq(t). From the definitions of the coefficients in Case (iii), it is
straightforward to verify that

a1 =
ηλk√

η2λ2
k − 4λq

k(1 + µλk)
≲η 1, a2 =

1 + µλk√
η2λ2

k − 4λq
k(1 + µλk)

≲µ,η 1. (39)

Moreover, we have

ξ1 =
ηλk +

√
η2λ2

k − 4λq
k(1 + µλk)

2(1 + µλk)
≲µ,η 1, ξ2 =

ηλk −

√
η2λ2

k − 4λq
k(1 + µλk)

2(1 + µλk)
≲µ,η 1. (40)

Using Parseval’s identity, we compute

∥∥∥Rq(t)v
∥∥∥2

Hγ(Ω)
=

∥∥∥∥∥∥∥
∞∑

k=1

[(1
2
− a1

)
e−ξ1t +

(1
2
+ a1

)
e−ξ2t

]
(v, ek)ek

∥∥∥∥∥∥∥
2

Hγ(Ω)

=

∞∑
k=1

λ2γ
k

[(1
2
− a1

)
e−ξ1t +

(1
2
+ a1

)
e−ξ2t

]2

|(v, ek)|2.
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Applying the elementary inequality (a + b)2
≤ 2a2 + 2b2, together with the bound e−x

≤ Cϵxϵ for all x > 0,
with ϵ > 0, we obtain[(1

2
− a1

)
e−ξ1t +

(1
2
+ a1

)
e−ξ2t

]2

≤ 2
(1

2
− a1

)2

e−2ξ1t + 2
(1

2
+ a1

)2

e−2ξ2t ≲µ,η,ϵ t2ϵ,

where we used the uniform boundedness of a1, ξ1, and ξ2.
Consequently,∥∥∥Rq(t)v

∥∥∥2

Hγ(Ω)
≲µ,η,ϵ

∞∑
k=1

λ2γ
k t2ϵ
|(v, ek)|2 = t2ϵ

∥v∥2Hγ(Ω),

which yields the desired estimate (37).

We next turn to the operator Sq(t). Analogously, we estimate[
a2e−ξ2t

− a2e−ξ1t
]2
= a2

2

(
e−ξ2t

− e−ξ1t
)2
≲µ,η,ϵ t2ϵ,

since the exponential function is smooth and Lipschitz on bounded intervals and ξ1, ξ2 ≲ 1.
Therefore,∥∥∥Sq(t)v

∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

[
a2

(
e−ξ2t

− e−ξ1t
)]2
|(v, ek)|2 ≲µ,η,ϵ t2ϵ

∥v∥2Hγ(Ω), (41)

which establishes (38) and completes the proof.

We now establish the main results of the paper.

Theorem 3.4. Let q > 1 and µ, η > 0 be such that 4λq
1(1 + µλ1) − η2λ2

1 > 0.

Assume that 1 < γ < ζ, and (ζ−γ)
q−1 ≤

1
2 . Suppose the initial data satisfy φ ∈Hγ(Ω), ψ ∈Hζ(Ω), and the source term

satisfies Z ∈ L2(0,T;Hζ−1(Ω)).
Then the solution u to the problem (referenced elsewhere in the paper) satisfies the estimate:

∥u∥L∞(0,T;Hγ(Ω)) ≲µ,η,ϵ T3 ζ−γq−1
∥∥∥φ∥∥∥

Hγ(Ω)
+ T3 ζ−γq−1

∥∥∥φ∥∥∥
Hζ(Ω)

+ T3 ζ−γq−1
∥∥∥ψ∥∥∥

Hζ(Ω)
+ T3 ζ−γq−1 +

1
2 ∥Z∥L2(0,T;Hζ−1(Ω)) .

Moreover, the solution satisfies the Hölder continuity in time:

u ∈ C
ϵ
2 ([0,T];Hγ(Ω)), where ϵ =

2(ζ − γ)
q − 1

.

Proof. By using triangle inequality, we have∥∥∥∥u(x, t)
∥∥∥∥
Hγ(Ω)

≤

∥∥∥∥Mq(t)φ
∥∥∥∥
Hγ(Ω)

+
∥∥∥∥Nq(t)ψ

∥∥∥∥
Hγ(Ω)

+
∥∥∥∥∫ t

0
Oq(t − r)Z(r)dr

∥∥∥∥
Hγ(Ω)

.

It is obvious that∥∥∥∥∫ t

0
Oq(t − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

4
ξ2

( ∫ t

0
e−a(t−r) sin

(
ξ
b

(t − r)
)
Zk(r)dr

)2

.

Applying Hölder inequality, we get( ∫ t

0
e−a(t−r) sin

(
ξ
b

(t − r)
)
Zk(r)dr

)2

≤

∫ t

0
e−2a(t−r)dr.

∫ t

0
sin2

(
ξ
b

(t − r)
)∣∣∣∣Z(.), ek(.)

)∣∣∣∣2dr

≤

∫ t

0
C(ϵ, µ, η)(t − r)ϵdr

∫ t

0
C(λ1, µ, ϵ)λ

(q−1)ϵ
k (t − r)2ϵ

∣∣∣∣Z(.), ek(.)
)∣∣∣∣2dr

≲µ,η,λ1,ϵ T3ϵ+1
∫ t

0
λ(q−1)ϵ

k

∣∣∣∣Z(.), ek(.)
)∣∣∣∣2dr.
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and we conclude from (31) that 4
ξ2 ≲µ,η,λ1 λ

−2
k , for this reason

∥∥∥∥∫ t

0
Oq(t − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲µ,η,λ1,ϵ T3ϵ+1

∫ t

0

∥∥∥∥Z(., r)dr
∥∥∥∥2

Hγ+
(q−1)ϵ

2 −1(Ω)
dr

=µ,η,λ1,ϵ T3ϵ+1
∥∥∥∥Z

∥∥∥∥2

L2(0,T;Hζ−1(Ω))
.

Hence, one has∥∥∥∥∫ t

0
Oq(t − r)Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,η,λ1,ϵ T
3(ζ−γ)

q−1 +
1
2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ−1(Ω))
. (42)

Combining (24), (25) and (42) yields∥∥∥∥u(x, t)
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 T
(ζ−γ)
q−1

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ T
3(ζ−γ)

q−1

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ T
3(ζ−γ)

q−1

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ T
3(ζ−γ)

q−1 +
1
2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ−1(Ω))
.

It is a simple matter to∥∥∥∥u
∥∥∥∥

L∞(0,T;Hγ(Ω))
≲µ,η,ϵ,λ1 T3 (ζ−γ)

q−1

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ T
3(ζ−γ)

q−1

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ T
(ζ−γ)
q−1

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ T
3(ζ−γ)

q−1 +
1
2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ−1(Ω))
.

Our next claim is that u ∈ C
ϵ
2 ([0,T],Hγ(Ω))

Observe that for any 0 ≤ t ≤ t + h ≤ T with h > 0. From (18), we get

u(t + h) − u(t) =
(
Mq(t + h) −Mq(t)

)
φ +

(
Nq(t + h) −Nq(t)

)
ψ

+

∫ t

0

(
Oq(t + h − r) − Oq(t − r)

)
Z(r)dr +

∫ t+h

t
Oq(t + h − r)Z(r)dr.

We have divided the estimate into four step following

Step 1. Estimation of

∥∥∥∥∥∥(Mq(t + h) −Mq(t)
)
φ

∥∥∥∥∥∥
Hγ(Ω)

.

We see at once that∥∥∥∥(Mq(t + h) −Mq(t)
)
φ
∥∥∥∥2

Hγ(Ω)
=

∥∥∥∥ ∞∑
k=1

(
e−a(t+h) cos

ξ
b

(t + h) − e−at cos
ξ
b

t
)
φkek(x)

∥∥∥∥2

Hγ(Ω)

=

∞∑
k=1

λ2γ
k

(
e−a(t+h) cos

ξ
b

(t + h) − e−at cos
ξ
b

t
)2
|φk |

2.

It is immediate that∣∣∣∣∣∣e−a(t+h) cos
ξ
b

(t + h) − e−at cos
ξ
b

t

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣(e−a(t+h)

− e−at
)

cos
ξ
b

(t + h)

∣∣∣∣∣∣ +
∣∣∣∣∣∣e−at

(
cos

ξ
b

(t + h) − cos
ξ
b

t
)∣∣∣∣∣∣

:= A1(t) +A2(t).

We proceed now to estimate the term A1(t). Using the inequality |e−a
− e−b

| ≤ Cγ|a − b|γ,
for any 0 < γ ≤ 1, we know that∣∣∣∣∣∣e−a(t+h)

− e−at
∣∣∣∣ ≲µ,η,ϵ hϵ, for any 0 < ϵ ≤ 1. (43)
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By arguments similar to those used previously, we also have∣∣∣∣∣∣ cos
ξ
b

(t + h)

∣∣∣∣∣∣ ≤ 1 + C(µ, η, ϵ, λ1)Tϵλ
(q−1)ϵ

2
k . (44)

Combining (43) with (44), we see that

A1(t) ≲µ,η,ϵ,λ1 hϵ + Tϵλ
(q−1)ϵ

2
k hϵ, 0 < ϵ ≤ 1.

We next estimate the term A2(t).
Since inequality

∣∣∣∣ cos(m) − cos(n)
∣∣∣∣ ≤ C(ε)|m − n|ε, for 0 < ϵ ≤ 1, it follows that∣∣∣∣∣∣ cos

ξ
b

(t + h) − cos
ξ
b

t

∣∣∣∣∣∣ ≲µ,η,ϵ,λ1 λ
(q−1)ϵ

2
k hϵ, 0 < ϵ ≤ 1. (45)

Combining (45) with (27), we see that A2(t) ≲µ,η,ϵ,λ1 λ
(q−1)ϵ

2
k h2ϵ, 0 < ϵ ≤ 1. Hence, we can assert that∥∥∥∥∥∥(Mq(t + h) −Mq(t)

)
φ

∥∥∥∥∥∥
2

Hγ(Ω)

≲µ,η,ϵ,λ1,T hϵ
∑
∞

k=1 λ
2γ
k |φk |

2 + hϵ
∑
∞

k=1 λ
2γ+ (q−1)ϵ

2
k |φk |

2

+ h2ϵ∑∞
k=1 λ

2γ+ (q−1)ϵ
2

k |φk |
2 =µ,η,ϵ,λ1,T hϵ

∥∥∥∥φ∥∥∥∥2

Hγ(Ω)
+ hϵ

∥∥∥∥φ∥∥∥∥2

Hζ(Ω)
+ h2ϵ

∥∥∥∥φ∥∥∥∥2

Hζ(Ω)
.

It is shown that∥∥∥∥∥∥(Mq(t + h) −Mq(t)
)
φ

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1,T h
ϵ
2

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ h
ϵ
2

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ hϵ
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
.

Step 2. Estimation of
∥∥∥∥(Nq(t + h) −Nq(t)

)
ψ
∥∥∥∥
Hγ(Ω)

.

From (16), we have∥∥∥∥(Nq(t + h) −Nq(t)
)
ψ
∥∥∥∥2

Hγ(Ω)
=

∥∥∥∥∥∥ ∞∑
k=1

b
ξ

(
e−a(t+h) sin

ξ
b

(t + h) − e−at sin
ξ
b

t
)
ψkek(x)

∥∥∥∥2

Hγ(Ω)
(46)

=

∞∑
k=1

λ2γ
k

b2

ξ2

(
e−a(t+h) sin

ξ
b

(t + h) − e−at sin
ξ
b

t
)2

|ψk |
2. (47)

By an argument analogous to the previous one. We get that[
e−a(t+h) sin

ξ
b

(t + h) − e−at sin
ξ
b

t
]
≲µ,η,ϵ,λ1 Tϵλ

(q−1)ϵ
2

k hϵ + λ
(q−1)ϵ

2
k h2ϵ, 0 < ϵ ≤ 1. (48)

Combining (47),(31) and (48), we have the following bound∥∥∥∥(Nq(t + h) −Nq(t)
)
ψ
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 h
ϵ
2

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ hϵ
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)
.

Step 3. Estimation of
∥∥∥∥ ∫ t

0

(
Oq(t + h − r) − Oq(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

.

It is clear that∥∥∥∥∫ t

0

(
Oq(t + h − r) − Oq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

4
ξ2

( ∫ t

0

[
e−a(t+h−r) sin

ξ
b

(t + h − r) − e−a(t−r) sin
ξ
b

(t − r)
]
|Zk(r) |dr

)2

.
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By using Holder inequality, we find that( ∫ t

0

[
e−a(t+h−r) sin

(
ξ
b

(t + h − r)
)
− e−a(t−r) sin

(
ξ
b

(t − r)
)]∣∣∣∣Zk(r)

∣∣∣∣dr
)2

≤ T
∫ t

0

[
e−a(t+h−r) sin

(
ξ
b

(t + h − r)
)
− e−a(t−r) sin

(
ξ
b

(t − r)
)]2∣∣∣∣Zk(r)

∣∣∣∣2dr.

Combining (48) with inequality (a + b)2
≤ 2a2 + 2b2, we have∫ t

0

[
e−a(t+h−r) sin

(
ξ
b

(t + h − r)
)
− e−a(t−r) sin

(
ξ
b

(t − r)
)]2∣∣∣∣Zk(r)

∣∣∣∣2dr (49)

≲µ,η,ϵ,λ1

∫ t

0

[
T2ϵλ(q−1)ϵ

k h2ϵ + λ(q−1)ϵ
k h4ϵ

]∣∣∣∣Zk(r)
∣∣∣∣2dr. (50)

Thus, from (50) and (31) one can estimate as follows∥∥∥∥∫ t

0

(
Oq(t + h − r) − Oq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)

≲µ,η,ϵ,λ1 T2ϵh2ϵ
∫ t

0

∞∑
k=1

λ2γ+(q−1)ϵ−2
k

∣∣∣∣Zk(r)
∣∣∣∣2dr + h4ϵ

∫ t

0

∞∑
k=1

λ2γ+(q−1)ϵ−2
k

∣∣∣∣Zk(r)
∣∣∣∣2dr

≲µ,η,ϵ,λ1 T2ϵh2ϵ
∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ

2 −1(Ω)
dr + h4ϵ

∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ

2 −1(Ω)
dr.

Let ϵ = 2(ζ−γ)
q−1 , we have thus proved that

∥∥∥∥∫ t

0

(
Oq(t + h − r) − Oq(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 Tϵhϵ
∥∥∥∥Z

∥∥∥∥
L2(0,T;Hζ−1(Ω))

+ h2ϵ
∥∥∥∥Z

∥∥∥∥
L2(0,T;Hζ−1(Ω))

.

Step 4. Estimation of
∥∥∥∥ ∫ t+h

t Oq(t + h − r)Z(r)dr
∥∥∥∥
Hγ(Ω)

.

Arguing as above we can see that

∥∥∥∥∫ t+h

t
Oq(t + h − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

4
ξ2

( ∫ t+h

t
e−a(t+h−r) sin

ξ
b

(t + h − r) |Zk(r) |dr
)2

≲µ,η,ϵ,λ1

∞∑
k=1

λ2γ−2
k

∫ t+h

t
(t + h − r)ϵdr

∫ t+h

t
λ(q−1)ϵ

k T2ϵ
∣∣∣∣Zk(r)

∣∣∣∣2dr

≲µ,η,ϵ,λ1 T2ϵhϵ+1
∞∑

k=1

∫ T

0
λ2γ+(q−1)ϵ−2

k

∣∣∣∣Zk(r)
∣∣∣∣2dr

=µ,η,ϵ,λ1 T2ϵhϵ+1
∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ

2 −1(Ω)
dr, 0 < ϵ ≤ 1.

By choose ϵ = 2(ζ−γ)
q−1 , we have immediately that

∥∥∥∥∫ t+h

t
Oq(t + h − r)Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 Tϵh
ϵ+1

2 ∥Z
∥∥∥∥

L2(0,T;Hζ−1(Ω))
.
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Using the results just obtained we get∥∥∥∥∥∥u(t + h) − u(t)

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 h
ϵ
2

(∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
+

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

)
+hϵ

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)
+

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ−1(Ω))

)
+ h2ϵ

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ−1(Ω))
+ h

ϵ+1
2 ∥Z

∥∥∥∥
L2(0,T;Hζ−1(Ω))

.

We have thus proved that u ∈ C
ϵ
2 ([0,T],Hγ(Ω)). The proof is complete.

Theorem 3.5. Let q > 1, and µ, η > 0 such that 4λq
1(1 + µλ1) − η2λ2

1 = 0. Let φ ∈ Hγ(Ω) for any γ ≥ 0. Let us
assume that ψ ∈ Hζ(Ω) and Z ∈ L2(0,T;Hζ(Ω)) with 1 < γ < ζ and 0 < (ζ−γ)

q−1 ≤
1
2 . Let ϵ such that 0 < ϵ = 2(ζ−γ)

q−1 .
Then we have∥∥∥∥u

∥∥∥∥
L∞(0,T;Hγ(Ω))

≤ C(ϵ, µ, η, λ1)Tϵ+1
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
+ C(ϵ, µ, η)T

ϵ
2

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ C(µ, η, ϵ)Tϵ+
3
2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
.

Furthermore, we show that u ∈ Cθ([0,T],Hγ(Ω)), where θ = min{ ϵ2 ,
1
2 }.

Proof. Applying Hölder inequality and an easy computation shows that∥∥∥∥∫ t

0
Qq(t − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲µ,η,ϵ T2ϵ+3

∫ t

0

∥∥∥∥Z(., r)dr
∥∥∥∥2

Hγ+
(q−1)ϵ

2 (Ω)
dr ≲µ,η,ϵ T2ϵ+3

∥∥∥∥Z
∥∥∥∥2

L2(0,T;Hζ(Ω))
. (51)

We can now combine the results of Lemma (3.2) with (51) and obtain the following result

∥∥∥∥u(x, t)
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 Tϵ+1
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
+ T

ϵ
2

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ Tϵ+
3
2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
.

It follows immediately that∥∥∥∥u
∥∥∥∥

L∞(0,T;Hγ(Ω))
≲µ,η,ϵ,λ1 Tϵ+1

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ T
ϵ
2

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ Tϵ+
3
2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
.

In the next part, we prove u ∈ Cθ([0,T],Hγ(Ω)). Let 0 ≤ t ≤ t + h ≤ T, with h > 0.
From (19), we get

u(t + h) − u(t) =
(
Pq(t + h) − Pq(t)

)
φ +

(
Qq(t + h) − Qq(t)

)
ψ

+

∫ t

0

(
Qq(t + h − r) − Qq(t − r)

)
Z(r)dr +

∫ t+h

t
Qq(t + h − r)Z(r)dr.

We have divided the estimate into four step following

Step 1. Estimation of

∥∥∥∥∥∥(Pq(t + h) − Pq(t)
)
φ

∥∥∥∥∥∥
Hγ(Ω)

.

Our estimation starts with the observation that∥∥∥∥(Pq(t + h) − Pq(t)
)
φ
∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

[(
e−β1(t+h)

− e−β1t
)
+ β2

(
(t + h)e−β1(t+h)

− te−β1t
)]2

|φk |
2.

On the other hand, we have that∣∣∣∣∣∣e−β1(t+h)
− e−β1t

∣∣∣∣ ≲µ,η,ϵ hϵλ
(q−1)ϵ

2
k ,
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and (
(t + h)e−β1(t+h)

− te−β1t
)
= t

(
e−β1(t+h)

− e−β2t
)
+ he−β1(t+h) (52)

≲µ,η,ϵ hϵTλ
(q−1)ϵ

2
k + hTϵλ

(q−1)ϵ
2

k , for any 0 < ϵ ≤ 1. (53)

Hence, we can assert that∥∥∥∥∥∥(Pq(t + h) − Pq(t)
)
φ

∥∥∥∥∥∥
2

Hγ(Ω)

≲µ,η,ϵ,T hϵ
∞∑

k=1

λ
2γ+ (q−1)ϵ

2
k |φk |

2 + hϵ
∞∑

k=1

λ
2γ+ (q−1)ϵ

2
k |φk |

2 + h
∞∑

k=1

λ
2γ+ (q−1)ϵ

2
k |φk |

2

=µ,η,ϵ,T hϵ
∥∥∥∥φ∥∥∥∥2

Hζ(Ω)
+ hϵ

∥∥∥∥φ∥∥∥∥2

Hζ(Ω)
+ h

∥∥∥∥φ∥∥∥∥2

Hζ(Ω)
.

It follows that∥∥∥∥∥∥(Pq(t + h) − Pq(t)
)
φ

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1,T h
ϵ
2

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ h
1
2

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

.

Step 2. Estimation of
∥∥∥∥(Qq(t + h) − Qq(t)

)
ψ
∥∥∥∥
Hγ(Ω)

.

By virtue of (20) one can∥∥∥∥(Qq(t + h) − Qq(t)
)
ψ
∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

[
(t + h)e−β1(t+h)

− te−β1t
]2
|ψk |

2. (54)

From (53) it follows that∥∥∥∥(Qq(t + h) − Qq(t)
)
ψ
∥∥∥∥2

Hγ(Ω)
≲µ,η,ϵ,λ1,T hϵ

∞∑
k=1

λ
2γ+ (q−1)ϵ

2
k |ψk |

2 + h
∞∑

k=1

λ
2γ+ (q−1)ϵ

2
k |ψk |

2

=µ,η,ϵ,λ1,T hϵ
∥∥∥∥ψ∥∥∥∥2

Hζ(Ω)
+ h

∥∥∥∥ψ∥∥∥∥2

Hζ(Ω)
.

Therefore,∥∥∥∥(Qq(t + h) − Qq(t)
)
ψ
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1,T h
ϵ
2

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+ h
1
2

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

.

Step 3. Estimation of
∥∥∥∥ ∫ t

0

(
Qq(t + h − r) − Qq(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

.

We first observe that∥∥∥∥∫ t

0

(
Qq(t + h − r) − Qq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)

=

∞∑
k=1

λ2γ
k

( ∫ t

0

[
(t + h − r)e−β1(t+h−r)

− (t − r)e−β1(t−r)

]
|Zk(r) |dr

)2

.

By an argument similar to the previous one and using bounded in (53). We get∥∥∥∥∫ t

0

(
Qq(t + h − r) − Qq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲µ,ϵ T3h2ϵ

∫ t

0

∞∑
k=1

λ2γ+(q−1)ϵ
k

∣∣∣∣Zk(r)
∣∣∣∣2dr

+T2ϵ+1h2
∫ t

0

∞∑
k=1

λ2γ+(q−1)ϵ
k

∣∣∣∣Zk(r)
∣∣∣∣2dr

≲µ,ϵ T3h2ϵ
∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ

2 (Ω)
dr + T2ϵ+1h2

∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ

2 (Ω)
dr.
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By choose ϵ = 2(ζ−γ)
q−1 , we have that

∥∥∥∥∫ t

0

(
Qq(t + h − r) − Qq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲µ,ϵ T3h2ϵ

∥∥∥∥Z
∥∥∥∥2

L2(0,T;Hζ(Ω))
+ T2ϵ+1h2

∥Z
∥∥∥∥2

L2(0,T;Hζ(Ω))
.

This give∥∥∥∥∫ t

0

(
Qq(t + h − r) − Qq(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,ϵ T
3
2 hϵ

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
+ Tϵ+

1
2 h∥Z

∥∥∥∥
L2(0,T;Hζ(Ω))

.

Step 4. Estimation of
∥∥∥∥ ∫ t+h

t Qq(t + h − r)Z(r)dr
∥∥∥∥
Hγ(Ω)

.

It is easy to verify that

∥∥∥∥∫ t+h

t
Qq(t + h − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

( ∫ t+h

t
(t + h − r)e−β1(t+h−r)

|Zk(r) |dr
)2

≲µ,ϵ

∞∑
k=1

λ2γ
k

∫ t+h

t
(t + h − r)ϵ+2dr

∫ t+h

t
λ(q−1)ϵ

k

∣∣∣∣Zk(r)
∣∣∣∣2dr

≲µ,ϵ hϵ+3
∞∑

k=1

∫ T

0
λ2γ+(q−1)ϵ

k

∣∣∣∣Zk(r)
∣∣∣∣2dr =µ,ϵ hϵ+3

∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ

2 (Ω)
dr

=µ,ϵ hϵ+3
∥Z

∥∥∥∥2

L2(0,T;Hζ(Ω))
.

We contend that∥∥∥∥∫ t+h

t
Qq(t + h − r)Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,ϵ h
ϵ+3

2 ∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
.

Thus, we have immediately that∥∥∥∥∥∥u(t + h) − u(t)

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1,T h
ϵ
2

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
+ h

1
2

(∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥φ∥∥∥∥

Hζ(Ω)

)
+Thϵ

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
+ Tϵ+

1
2 h∥Z

∥∥∥∥
L2(0,T;Hζ(Ω))

+ h
ϵ+3

2 ∥Z
∥∥∥∥

L2(0,T;Hζ(Ω))
.

The result above shows that u ∈ Cθ([0,T],Hγ(Ω)) where θ = min{ ϵ2 ,
1
2 }.

Theorem 3.6. Let q > 1, and µ, η > 0 such that 4λq
1(1 + µλ1) − η2λ2

1 < 0. Let φ ∈ Hγ(Ω) for any γ ≥ 0. Let us
assume that ψ ∈Hγ(Ω) and Z ∈ L2(0,T;Hγ(Ω)) with 0 < γ. Let 0 < ϵ ≤ 1. Then we have∥∥∥∥u

∥∥∥∥
L∞(0,T;Hγ(Ω))

≲µ,η,ϵ,λ1 T2ϵ
∥∥∥∥φ∥∥∥∥

Hγ(Ω)
+ T2ϵ

∥∥∥∥ψ∥∥∥∥
Hγ(Ω)

+ T4ϵ+1
∥∥∥∥Z

∥∥∥∥2

L2(0,T;Hγ(Ω))
.

Moreover, we obtain that u ∈ Cϵ([0,T],Hγ(Ω)).

Proof. Our proof starts with the observation that∥∥∥∥u(x, t)
∥∥∥∥
Hγ(Ω)

≤

∥∥∥∥Rq(t)φ
∥∥∥∥
Hγ(Ω)

+
∥∥∥∥Sq(t)ψ

∥∥∥∥
Hγ(Ω)

+
∥∥∥∥∫ t

0
Sq(t − r)Z(r)dr

∥∥∥∥
Hγ(Ω)

.
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The application of Holder inequality and (41), yields∥∥∥∥∫ t

0
Sq(t − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
≤

∞∑
k=1

λ2γ
k

∫ t

0
C(ϵ, µ, η)(t − r)2ϵdr

∫ t

0
C(λ1, µ, ϵ) (55)

× (t − r)2ϵ
∣∣∣∣Z(.), ek(.)

)∣∣∣∣2dr ≤ C(λ1, ϵ, µ, η)T4ϵ+1
∥∥∥∥Z

∥∥∥∥2

L2(0,T;Hγ(Ω))
. (56)

We can now combine the results of lemma (3.3) with (56) and obtain the following estimate∥∥∥∥u(x, t)
∥∥∥∥
Hγ(Ω)

≲λ1,ϵ,µ,η T2ϵ
∥∥∥∥φ∥∥∥∥

Hγ(Ω)
+ T2ϵ

∥∥∥∥ψ∥∥∥∥
Hγ(Ω)

+ T4ϵ+1
∥∥∥∥Z

∥∥∥∥2

L2(0,T;Hγ(Ω))
.

It follows immediately that∥∥∥∥u
∥∥∥∥

L∞(0,T;Hγ(Ω))
≲λ1,ϵ,µ,η T2ϵ

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ T2ϵ
∥∥∥∥ψ∥∥∥∥

Hγ(Ω)
+ T4ϵ+1

∥∥∥∥Z
∥∥∥∥2

L2(0,T;Hγ(Ω))
.

To complete the proof, it just remains to prove u ∈ C
ϵ
2 ([0,T],Hγ(Ω)). We let 0 ≤ t ≤ t + h ≤ T with h > 0. It

holds that

u(t + h) − u(t) =
(
Rq(t + h) − Rq(t)

)
φ +

(
Sq(t + h) − Sq(t)

)
ψ

+

∫ t

0

(
Sq(t + h − r) − Sq(t − r)

)
Z(r)dr +

∫ t+h

t
Sq(t + h − r)Z(r)dr.

We have divided the estimate into four step following

Step 1. Estimation of

∥∥∥∥∥∥(Rq(t + h) − Rq(t)
)
φ

∥∥∥∥∥∥
Hγ(Ω)

.

In view of the above, there is∥∥∥∥(Rq(t + h) − Rq(t)
)
φ
∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

[(1
2
− a1

)(
e−ξ1(t+h)

− e−ξ1t
)
+

(1
2
+ a1

)(
e−ξ2(t+h)

− e−ξ2t
)]2
|φk |

2.

Using the inequality |e−a
− e−b

| ≤ Cϵ|a − b|ϵ for any 0 < ϵ ≤ 1, we know that

[(1
2
− a1

)(
e−ξ1(t+h)

− e−ξ1t
)
+

(1
2
+ a1

)(
e−ξ2(t+h)

− e−ξ2t
)]
≲ϵ (ξ1h)ϵ +

(1
2
+ a1

)
(ξ2h)ϵ.

From the estimates in (39) and (40), we get that∥∥∥∥(Rq(t + h) − Rq(t)
)
φ
∥∥∥∥2

Hγ(Ω)
≲µ,η,ϵ h2ϵ

∞∑
k=1

λ2γ
k |φk |

2 =µ,η,ϵ h2ϵ
∥∥∥∥φ∥∥∥∥2

Hγ(Ω)
.

It follows that∥∥∥∥(Rq(t + h) − Rq(t)
)
φ
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ hϵ
∥∥∥∥φ∥∥∥∥

Hγ(Ω)
.

Step 2. Estimation of
∥∥∥∥(Sq(t + h) − Sq(t)

)
φ
∥∥∥∥
Hγ(Ω)

.

From (22), we have∥∥∥∥(Sq(t + h) − Sq(t)
)
ψ
∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

[
a2

(
e−ξ1t

− e−ξ1(t+h)

)
+ a2

(
e−ξ2(t+h)

− e−ξ2t
)]2

|ψk |
2. (57)
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By an argument analogous to the previous one. We get∥∥∥∥(Sq(t + h) − Sq(t)
)
ψ
∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ hϵ
∥∥∥∥ψ∥∥∥∥

Hγ(Ω)
.

Step 3. Estimation of
∥∥∥∥ ∫ t

0

(
Sq(t + h − r) − Sq(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

.

It follows immediately that∥∥∥∥∫ t

0

(
Sq(t + h − r) − Sq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

( ∫ t

0
a2

[(
e−ξ2(t+h−r)

− e−ξ2(t−r)

)

+

(
e−ξ1(t−r)

− e−ξ1(t+h−r)

)]
|Zk(r) |dr

)2

.

The proof is standard, we have estimate∣∣∣∣∣∣
(
e−ξ2(t+h−r)

− e−ξ2(t−r)

)
+

(
e−ξ1(t−r)

− e−ξ1(t+h−r)

)∣∣∣∣∣∣ ≲µ,η,ϵ hϵ.

We thus get∥∥∥∥∫ t

0

(
Sq(t + h − r) − Sq(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲µ,η,ϵ h2ϵ

∫ t

0

∞∑
k=1

λ2γ
k

∣∣∣∣Zk(r)
∣∣∣∣2dr

≲µ,η,ϵ h2ϵ
∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ(Ω)
dr =µ,η,ϵ h2ϵ

∥∥∥∥Z
∥∥∥∥2

L2(0,T;Hγ(Ω))
.

Consequently, one derives∥∥∥∥∫ t

0

(
Sq(t + h − r) − Sq(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ hϵ
∥∥∥∥Z

∥∥∥∥
L2(0,T;Hγ(Ω))

.

Step 4. Estimation of
∥∥∥∥ ∫ t+h

t Sq(t + h − r)Z(r)dr
∥∥∥∥
Hγ(Ω)

.

By a similar argument,

∥∥∥∥∫ t+h

t
Sq(t + h − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
=

∞∑
k=1

λ2γ
k

( ∫ t+h

t
a2

[
e−ξ2(t+h−r)

− e−ξ1(t+h−r)
]
|Zk(r) |dr

)2

.

It holds that∣∣∣∣e−ξ2(t+h−r)
− e−ξ1(t+h−r)

∣∣∣∣ ≲ϵ (ξ2 − ξ1)ϵ(t + h − r)ϵ,

and

(ξ2 − ξ1)ϵ ≲µ,η,ϵ 1.

From the above it follows that∥∥∥∥∫ t+h

t
Sq(t + h − r)Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲µ,η,ϵ

∞∑
k=1

λ2γ
k

∫ t+h

t
(ξ2 − ξ1)2ϵ(t + h − r)2ϵdr

∫ t+h

t

∣∣∣∣Zk(r)
∣∣∣∣2dr

≲µ,η,ϵ h2ϵ+1
∞∑

k=1

∫ T

0
λ2γ

k

∣∣∣∣Zk(r)
∣∣∣∣2dr =µ,η,ϵ h2ϵ+1

∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ(Ω)
dr =µ,η,ϵ h2ϵ+1

∥Z
∥∥∥∥2

L2(0,T;Hγ(Ω))
.
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Thus, we have immediately that∥∥∥∥∫ t+h

t
Sq(t + h − r)Z(r)dr

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ hϵ+
1
2 ∥Z

∥∥∥∥
L2(0,T;Hγ(Ω))

.

Using the results just obtained we get∥∥∥∥∥∥u(t + h) − u(t)

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ hϵ
∥∥∥∥φ∥∥∥∥

Hγ(Ω)
+ hϵ

∥∥∥∥ψ∥∥∥∥
Hγ(Ω)

+ hϵ
∥∥∥∥Z

∥∥∥∥
L2(0,T;Hγ(Ω))

+ h2ϵ+1
∥Z

∥∥∥∥2

L2(0,T;Hγ(Ω))
.

We have thus proved that u ∈ Cϵ([0,T],Hγ(Ω)).

3.2. Convergence of the mild solution when η→ 0+

In this section, we show that the mild solution the Boussinesq-Love equation convergences to the mild
solution the Love equation . Let u∗ be the mild solution to problem utt(x, t) + (−∆)qu(x, t) − µ∆utt(x, t) = Z(x, t)), in Ω × (0,T],

u|∂Ω = 0, in Ω,
(58)

with the initial conditions

u(x, 0) = φ(x), ut(x, 0) = ψ(x) in Ω. (59)

Our goal is to prove that u converges to u∗ when η→ 0+. We can now formulate our main results.

Theorem 3.7. For any q > 1, and µ, η > 0 such that 4λq
1(1 + µλ1) − η2λ2

1 > 0. Let φ ∈Hζ(Ω) and ψ ∈Hζ(Ω) for
any max{1, (q+1)−(q−1)ϵ

2 } < γ < ζ, ϵ =
2(ζ−γ)

q−1 ≤ 1. Let us assume that

Z ∈ L2(0,T;Hζ(Ω)) ∩ L2(0,T;Hγ+2+ (q−1)ϵ
2 (Ω)). Then, we have∥∥∥∥u − u∗

∥∥∥∥
L∞(0,T;Hγ(Ω))

≲ϵ,µ,λ1,T η
ϵ
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
+ ηϵ+2

∥∥∥∥ψ∥∥∥∥
Hγ+

3+q(ϵ−1)−ϵ
2 (Ω)

+ ηϵ+2
∥∥∥∥Z

∥∥∥∥
L2(0,T;Hγ+2+

(q−1)ϵ
2 (Ω))

.

Proof. We denote b∗ = (1 + µλk) and ξ∗ =
√
λq

k(1 + µλk). An easy computation shows that the mild solution
of (58)-(59) is given by

u∗(t) =M∗

q(t)φ +N ∗q(t)ψ +
∫ t

0
O
∗

q(t − r)Z(r)dr, (60)

where

M
∗

q(t)v =
∞∑

k=1

cos
(ξ∗

b∗
t
)(

v(.), ek(.)
)
ek(x),

N
∗

q(t)v =
∞∑

k=1

b∗

ξ∗
sin

(ξ∗
b∗

t
)(

v(.), ek(.)
)
ek(x),

and

O
∗

q(t)v =
∞∑

k=1

1
ξ∗

sin
(ξ∗

b∗
t
)(

v(.), ek(.)
)
ek(x).
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Our proof starts with the estimating
∥∥∥∥u(t) − u∗(t)

∥∥∥∥
Hγ(Ω)

.

From (18) and (60) we get that

u(t) − u∗(t) =
(
Mq(t) −M∗

q(t)
)
φ +

(
Nq(t) −N ∗q(t)

)
ψ +

∫ t

0

(
Oq(t − r) − O∗q(t − r)

)
Z(r)dr.

The the estimating
∥∥∥∥u(t) − u∗(t)

∥∥∥∥
Hγ(Ω)

falls naturally into three parts.

Part 1. Estimation of

∥∥∥∥∥∥(Mq(t) −M∗
q(t)

)
φ

∥∥∥∥∥∥
Hγ(Ω)

.

From Parseval’s equality, we find that∥∥∥∥∥∥(Mq(t) −M∗

q(t)
)
φ

∥∥∥∥∥∥
2

Hγ(Ω)

=

∞∑
k=1

λ2γ
k

[
e−at cos

(ξ
b

t
)
− cos

(ξ∗
b∗

t
))]2

|φk |
2.

It is worth pointing out that

∣∣∣∣e−at cos
(
ξ
b

t
)
− cos

(ξ∗
b∗

t
)∣∣∣∣ = e−at

∣∣∣∣∣∣ cos
(
ξ
b

t
)
− cos

(ξ∗
b∗

t
)∣∣∣∣∣∣ + ∣∣∣∣(e−at

− 1
)

cos
(ξ∗

b∗
t
)∣∣∣∣.

It is straightforward to verify that

ξ∗

b∗
≲µ λ

q−1
2

k . (61)

Using the inequality | cos x | ≤ 1 + Cϵxϵ, we infer

| cos
(ξ∗

b∗
t
)
| ≤ 1 + C(µ, ϵ)λ

q−1
2 ϵ

k tϵ.

We continue to apply the inequality
∣∣∣∣ cos(m)− cos(n)

∣∣∣∣ ≤ C(ε)|m− n|ε, for 0 < ϵ ≤ 1, and a direct computation
yields

∣∣∣∣∣∣ cos
(
ξ
b

t
)
− cos

(ξ∗
b∗

t
)∣∣∣∣∣∣ ≲ϵ

∣∣∣∣∣∣
( √

4λq
k(1 + µλk)

2(1 + µλk)
t
)
−

(√
λq

k

1 + µλk
t
)∣∣∣∣∣∣
ϵ

= 0. (62)

Finally, noting that

|e−at
− 1 | ≤ |e−at

| ≲ϵ aϵtϵ ≲µ,ϵ ηϵtϵ.

We conclude,∥∥∥∥∥∥(Mq(t) −M∗

q(t)
)
φ

∥∥∥∥∥∥
2

Hγ(Ω)

≲ϵ,µ η
2ϵt2ϵ

∞∑
k=1

λ2γ
k |φk |

2 + η2ϵt4ϵ
∞∑

k=1

λ2γ+(q−1)ϵ
k |φk |

2.

We thus get∥∥∥∥∥∥(Mq(t) −M∗

q(t)
)
φ

∥∥∥∥∥∥
Hγ(Ω)

≲µ,ϵ,T η
ϵ
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
, (63)
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where we have used embedding Hγ(Ω) ↪→ Hζ(Ω).

Step 2. Estimation of

∥∥∥∥∥∥(Nq(t) −N ∗q(t)
)
ψ

∥∥∥∥∥∥
Hγ(Ω)

.

We first observe that∥∥∥∥∥∥(Nq(t) −N ∗q(t)
)
ψ

∥∥∥∥∥∥
2

Hγ(Ω)

=

∞∑
k=1

λ2γ
k

[
b
ξ

e−at sin
ξ
b

t −
b∗

ξ∗
sin

ξ∗

b∗
t
]2

|ψk |
2.

It is plain that[
b
ξ

e−at sin
ξ
b

t −
b∗

ξ∗
sin

ξ∗

b∗
t
]
=

b
ξ

e−at
[

sin
ξ
b

t − sin
ξ∗

b∗
t
]
+

[
b
ξ
−

b∗

ξ∗

]
e−at sin

ξ∗

b∗
t

+
[
e−at
− 1

]ξ∗
b∗

sin
ξ∗

b∗
t := B1 + B2 + B3.

A trivial verification and combining with (62),we obtain

|B1 | ≲ϵ
b
ξ

(at)ϵ
∣∣∣∣ξb t −

ξ∗

b∗
t
∣∣∣∣ϵ ≲ϵ,µ,λ1 0.

An easy computation shows that∣∣∣∣∣∣ bξ − b∗

ξ∗

∣∣∣∣∣∣ ≤ η2λ2
k(1 + µλk)

λq
k(4λq

k(1 + µλk) − η2λ2
k)

1

2(1+µλk)
√

4λq
k(1+µλk)+η2λ2

k

+

√
1+µλk

λ
q
k

(64)

≤
η2λ2

k(1 + µλk)2λ
−q
2

k

4λq
k(1 + µλk) − η2λ2

k)
√

1 + µλk
. (65)

Combining (65) with (31), we obtain that the following estimate∣∣∣∣∣∣ bξ − b∗

ξ∗

∣∣∣∣∣∣ ≲ϵ,µ,λ1 η
2λ

3−q
2

k . (66)

Combining (27),(61) and (66) gives |B2 | ≲ϵ,µ,λ1 η
ϵ+2t2ϵλ

3+q(ϵ−1)−ϵ
2

k .
We proceed now estimate the term |B3 |. We have

|B3 | ≲ϵ,µ η
ϵt2ϵ

√
1 + µλk

λq
k

(√
λq

k

1 + µλk

)ϵ
≲ϵ,µ,λ1 η

ϵt2ϵλ
1−ϵ+qϵ−q

2
k .

Hence,∥∥∥∥∥∥(Nq(t) −N ∗q(t)
)
ψ

∥∥∥∥∥∥
2

Hγ(Ω)

≲µ,ϵ η
ϵ+4T4ϵ

∥∥∥∥ψ∥∥∥∥2

Hγ+
3+q(ϵ−1)−ϵ

2 (Ω)
+ η2ϵt4ϵ

∥∥∥∥ψ∥∥∥∥2

Hγ+
(q−1)(ϵ−1)

2 (Ω)
. (67)

Since max{1, (q+1)−(q−1)ϵ
2 } < γ < ζ, we have γ + (q−1)(ϵ−1)

2 > 0 and it is easy to see
γ +

(q−1)(ϵ−1)
2 < γ +

3+q(ϵ−1)−ϵ
2 . Hence, by using the properties concerning embedding in Hilbert Scale spaces,

we can deduce that∥∥∥∥∥∥(Nq(t) −N ∗q(t)
)
ψ

∥∥∥∥∥∥
Hγ(Ω)

≲µ,ϵ η
ϵ+2T2ϵ

∥∥∥∥ψ∥∥∥∥
Hγ+

3+q(ϵ−1)−ϵ
2 (Ω)

. (68)
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Step 3. Estimation of

∥∥∥∥∥∥ ∫ t

0

(
Oq(t − r) − O∗q(t − r)

)
Z(r)dr

∥∥∥∥∥∥
Hγ(Ω)

.

We claim that Indeed,∥∥∥∥∫ t

0

(
Oq(t − r) − O∗q(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
≤

∞∑
k=1

λ2γ
k

[ ∫ t

0

∣∣∣∣(2
ξ

e−a(t−r) sin
ξ
b

(t − r) −
1
ξ∗

sin
ξ∗

b∗
(t − r)

)
Zk(r)

∣∣∣∣dr
]2

.

By using Holder inequality[ ∫ t

0

∣∣∣∣(2
ξ

e−a(t−r) sin
ξ
b

(t − r) −
1
ξ∗

sin
ξ∗

b∗
(t − r)

)
Zk(r)

∣∣∣∣dr
]2

(69)

≤

∫ t

0

∣∣∣∣2ξ e−a(t−r) sin
ξ
b

(t − r) −
1
ξ∗

sin
ξ∗

b∗
(t − r)

∣∣∣∣2dr
∫ t

0
|Zk(r) |2dr. (70)

In next section we estimate the integral in (70). By adding and subtracting terms we get[
2
ξ e−a(t−r) sin ξ

b (t − r) − 1
ξ∗ sin ξ∗

b∗ (t − r)
]
= 2

ξ e−a(t−r)
[

sin ξ
b (t − r) − sin ξ∗

b∗ (t − r)
]

+
[

2
ξ −

1
ξ∗

]
e−a(t−r) sin ξ∗

b∗ (t − r) + [e−a(t−r)
− 1] 1

ξ∗ sin ξ∗

b∗ (t − r) := C1 + C2 + C3.

We can now proceed analogously to the estimates of B1, one has |C1 | ≲ϵ,µ,λ1 0.
It is easy to verify that the following bounds∣∣∣∣2ξ − 1

ξ∗

∣∣∣∣ ≤ ∣∣∣∣ η2λ2
k(

4λq
k(1 + µλk) − η2λ2

k

)
(1 + µλk)λq

k

1
2√

4λq
k(1+µλk)−η2λ2

k

+ 1√
(1+µλk)λq

k

∣∣∣∣ (71)

≤

∣∣∣∣ η2λ2
k(

4λq
k(1 + µλk) − η2λ2

k

) ∣∣∣∣ ≲ϵ,µ,λ1 η
2λ2

k . (72)

On the other hand, we have

|e−a(t−r)
| ≲ϵ,µ η

ϵ(t − r)ϵ. (73)

Combining (72), (73), and (61), we obtain

|C2 | ≲ϵ,µ,λ1 η
ϵ+2(t − r)2ϵλ

(q−1)ϵ+4
2

k .

This follows by the same method as in estimate |B2 |, we get

|C3 | ≲ϵ,µ η
ϵ(t − r)ϵλ

(q−1)ϵ−(q+1)
2

k .

Hence,∣∣∣∣∣∣2ξ e−a(t−r) sin
ξ
b

(t − r) −
1
ξ∗

sin
ξ∗

b∗
(t − r)

∣∣∣∣∣∣
2

≲ϵ,µ,λ1 η
2ϵ+4(t − r)4ϵλ(q−1)ϵ+4

k + η2ϵ(t − r)2ϵλ(q−1)ϵ−(q+1)
k .

From the above observation, we can deduce that∥∥∥∥∫ t

0

(
Oq(t − r) − O∗q(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲ϵ,µ,λ1 η

2ϵ+4T4ϵ+1
∫ t

0

∞∑
k=1

λ2γ+(q−1)ϵ+4
k

×|Zk(r) |2dr + η2ϵT2ϵ+1
∫ t

0

∞∑
k=1

λ2γ+(q−1)ϵ−(q+1)
k |Zk(r) |2dr

≲ϵ,µ,λ1 η
2ϵ+4T4ϵ+1

∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+2+
(q−1)ϵ

2 (Ω)
dr + η2ϵT2ϵ+1

∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ−(q+1)

2 (Ω)
dr.
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Again using the the properties concerning embedding in Hilbert Scale spaces together with the fact that
0 < γ + (q−1)ϵ−(q+1)

2 < γ + 2 + (q−1)ϵ
2 , we infer that∥∥∥∥∫ t

0

(
Oq(t − r) − O∗q(t − r)

)
Z(r)dr

∥∥∥∥2

Hγ(Ω)
≲ϵ,µ,λ1 η

2ϵ+4T4ϵ+1
∫ T

0

∥∥∥∥Z(r)
∥∥∥∥2

Hγ+
(q−1)ϵ−(q+1)

2 (Ω)
dr

=ϵ,µ,λ1 η
2ϵ+4T4ϵ+1

∥∥∥∥Z
∥∥∥∥2

L2(0,T;Hγ+2+
(q−1)ϵ

2 (Ω))
.

We therefore conclude that∥∥∥∥∫ t

0

(
Oq(t − r) − O∗q(t − r)

)
Z(r)dr

∥∥∥∥
Hγ(Ω)

≲ϵ,µ,λ1,T η
ϵ+2

∥∥∥∥Z
∥∥∥∥

L2(0,T;Hγ+2+
(q−1)ϵ

2 (Ω))
. (74)

Combining (63), (68) and (74), we have that∥∥∥∥u − u∗
∥∥∥∥

L∞(0,T;Hγ(Ω))
≲ϵ,µ,λ1,T η

ϵ
∥∥∥∥φ∥∥∥∥

Hζ(Ω)
+ ηϵ+2

∥∥∥∥ψ∥∥∥∥
Hγ+

3+q(ϵ−1)−ϵ
2 (Ω)

+ ηϵ+2
∥∥∥∥Z

∥∥∥∥
L2(0,T;Hγ+2+

(q−1)ϵ
2 (Ω))

.

This concludes the proof.

Remark 3.8. The result of this theorem is also hold for the case 4λq
k(1+µλk)−η2λ2

k = 0 and 4λq
k(1+µλk)−η2λ2

k < 0.
The results of these cases and the proof are left to the reader.

4. For the nonlinear case

In this section, we study nonlinear problem utt(x, t) + (−∆)qu(x, t) − µ∆utt(x, t) − ηutxx(x, t) = Z(u(x, t)), in Ω × (0,T],
u|∂Ω = 0, in Ω,

(75)

with the initial conditions

u(x, 0) = φ(x), ut(x, 0) = ψ(x) in Ω. (76)

We also present three results corresponding to the three cases mentioned, where we prove the existence,
uniqueness and regularity of the mild solution.

Theorem 4.1. For any q > 1, and µ, η > 0 such that 4λq
1(1 + µλ1) − η2λ2

1 > 0. Let φ ∈Hγ(Ω) and ψ ∈Hζ(Ω) for
any 1 < γ < ζ, ϵ = 2(ζ−γ)

q−1 ≤ 1. Let us assume that and Z :Hγ(Ω)→Hζ(Ω) such that Z(0) = 0 and

∥Z(θ1) − Z(θ2)∥Hζ(Ω) ≤ L∥θ1 − θ2∥Hγ(Ω), (77)

L is a postive constant. Then problem (1)-(2) has a unique solution u ∈ Oa,b0 ((0,T];Hγ(Ω)) for a, b0 > 0, b0 large
enough. In addition, we obtain

∥u(., t)∥Hγ(Ω) ≤
3
2

C(µ, η, ϵ, λ1)Ta+ 3(ζ−γ)
q−1 t−a

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
, 0 ≤ t ≤ T.

Proof. This proof will be based on the contraction mapping theorem. Firstly, we define the function
Φ : Oa,b((0,T];Hγ(Ω))→ Oa,b((0,T];Hγ(Ω))

Φu(t) :=Mq(t)φ +Nq(t)ψ +
∫ t

0
Oq(t − r)Z(u(r))dr. (78)
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Since the property Z(0) = 0 and combine with Lemma (3.1), we infer that∥∥∥∥Φ (u(t) = 0)
∥∥∥∥
Hγ(Ω)

=
∥∥∥∥Mq(t)φ +Nq(t)ψ

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 t
(ζ−γ)
q−1

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ t
3(ζ−γ)

q−1

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ t
3(ζ−γ)

q−1

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

.

It is worth noticing that e−bt < 1, and using the embedding Hζ(Ω) ↪→ Hγ(Ω), we see that

tae−bt
∥∥∥∥Φ (u(t) = 0)

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 Ta+ (ζ−γ)
q−1

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ Ta+ 3(ζ−γ)
q−1

∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+ Ta+ 3(ζ−γ)
q−1

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

(79)

≲µ,η,ϵ,λ1 Ta+ 3(ζ−γ)
q−1

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
, (80)

which implies that Φ(w = 0) ∈ Oa,b((0,T];Hγ(Ω)). Hence, we contend that the mapping Φ is well defined.
Next, we proceed to show that Φ is a contraction mapping. Let us arbitrarily take u1,u2. Then

Φu1(t) −Φu2(t) =
∫ t

0
Oq(t − r)

(
Z(u1(r)) − Z(u2(r))

)
dr.

By an argument analogous to the the the lemma (3.1), we get∥∥∥∥∥∥
∫ t

0
Oq(t − r)

(
Z(u1(r))−Z(u2(r))

)
dr)

∥∥∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1

∫ t

0
(t − r)

3(ζ−γ)
q−1

∥∥∥∥(Z(u1(r)) − Z(u2(r))
)∥∥∥∥
Hζ(Ω)

dr.

Since the globally Lipschitz property of Z yields to

∥Φu1(t) − Pu2(t)∥Hγ(Ω) ≲µ,η,ϵ,λ1 L

∫ t

0
(t − r)

3(ζ−γ)
q−1

∥∥∥∥u1(r) − u2(r)
∥∥∥∥
Hγ(Ω)

dr.

By multiplying both sides of the above estimate by tae−bt, we obtain

tae−bt
∥Φu1(t) −Φu2(t)∥Hγ(Ω) ≲µ,η,ϵ,λ1 L

∫ t

0
tar−aeb(r−t)(t − r)

3(ζ−γ)
q−1 rae−br

∥∥∥∥u1(r) − u2(r)
∥∥∥∥
Hγ(Ω)

dr.

Noting that ess sup0≤r≤T rae−br
∥∥∥∥u1(r) − u2(r)

∥∥∥∥
Hγ(Ω)

=
∥∥∥∥u1 − u2

∥∥∥∥
Oa,b((0,T];Hγ(Ω))

, it follows that

tae−bt
∥Φu1(t) −Φu2(t)∥Hγ(Ω) ≲µ,η,ϵ,λ1 L

∫ t

0
tar−aeb(r−t)(t − r)

3(ζ−γ)
q−1 dr

∥∥∥∥u1 − u2

∥∥∥∥
Oa,b((0,T];Hγ(Ω))

.

If we take r = tξ, then dr = tdξ and we get∫ t

0
tar−aeb(r−t)(t − r)

3(ζ−γ)
q−1 dr = t1+3 (ζ−γ)

q−1

∫ 1

0
ξ−aebt(1−ξ)(1 − ξ)

3(ζ−γ)
q−1 dξ.

Since 1 < q, 1 < γ < ζ, we see that 1 + (ζ−γ)
q−1 > 0. Moreover a > −1 and 3(ζ−γ)

q−1 > −1 by virtue of Lemma 2.5
one can see

lim
b→+∞

sup
0≤t≤T

(
t1+ 3(ζ−γ)

q−1

∫ 1

0
ξ−aebt(1−ξ)(1 − ξ)

3(ζ−γ)
q−1 dξ

)
= 0.

Hence, there exists a positive b0 > 0 such that

C(λ1, µ, η, ϵ)L
∫ t

0
tar−aeb0(r−t)(t − r)

3(ζ−γ)
q−1 dr ≤

1
3
.
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this implies immediately that

tae−b0t
∥Φu1(t) −Φu2(t)∥Hγ(Ω) ≤

1
3

∥∥∥∥u1 − u2

∥∥∥∥
Oa,b0 ((0,T];Hγ(Ω))

.

It is to be noticed that the right above is independent of t. So, by taking esssupremum with respect to t,
we obtain

∥Φu1 −Φu2∥Oa,b0 ((0,T];Hγ(Ω)) ≤
1
3

∥∥∥∥u1 − u2

∥∥∥∥
Oa,b0 ((0,T];Hγ(Ω))

.

Therefore, we can assert thatΦ is a contraction in spaceOa,b0 ((0,T];Hγ(Ω)). By applying Banach fixed point
theorem, we conclde that (1)-(2) has a unique mild solution u ∈ Oa,b0 ((0,T];Hγ(Ω))
Since Φu = u, it follows that

∥u∥Oa,b0 ((0,T];Hγ(Ω)) ≤ ∥Φu −Φ (u = 0) ∥Oa,b0 ((0,T];Hγ(Ω)) + ∥Φ (u = 0) ∥Oa,b0 ((0,T];Hγ(Ω)) (81)

≤
1
3

∥∥∥∥u
∥∥∥∥
Oa,b0 ((0,T];Hγ(Ω))

+ ess sup
0≤t≤T

tae−bt
∥∥∥∥Φ(u = 0)(t)

∥∥∥∥
Hγ(Ω)

. (82)

From (80), we get

ess sup
0≤t≤T

tae−bt
∥∥∥∥Φ(u = 0)(t)

∥∥∥∥
Hγ(Ω)

≤ C(µ, η, ϵ, λ1)Ta+ 3(ζ−γ)
q−1

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
. (83)

Combining (82) and (83), we derive that

∥u∥Oa,b0 ((0,T];Hγ(Ω)) ≤
3
2

C(µ, η, ϵ, λ1)Ta+ 3(ζ−γ)
q−1

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
.

This clearly forces

∥u(., t)∥Hγ(Ω) ≤
3
2

C(µ, η, ϵ, λ1)Ta+ 3(ζ−γ)
q−1 t−a

(∥∥∥∥φ∥∥∥∥
Hζ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
, 0 ≤ t ≤ T.

This concludes the proof.

Theorem 4.2. For any q > 1, and µ, η > 0 such that 4λq
1(1 + µλ1) − η2λ2

1 = 0. Let φ ∈Hγ(Ω) and ψ ∈Hζ(Ω) for
any 1 < γ < ζ, ϵ = 2(ζ−γ)

q−1 ≤ 1. Let us assume that Z :Hγ(Ω)→Hζ(Ω) such that Z(0) = 0 and

∥Z(θ1) − Z(θ2)∥Hζ(Ω) ≤ K∥θ1 − θ2∥Hγ(Ω), (84)

K is a postive constant. Then problem (1)-(2) has a unique solution u ∈ Ξd,ρ0 ((0,T];Hγ(Ω)) for d, ρ0 > 0, ρ0 large
enough and we have

∥u(., t)∥Hγ(Ω) ≤ C(µ, η, ϵ, λ1)Td+1+ 2(ζ−γ)
q−1 t−d

(∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
, 0 ≤ t ≤ T.

Proof. Let us consider the operatorΨ: Ξd,ρ((0,T];Hγ(Ω))→ Ξd,ρ((0,T];Hγ(Ω))

Ψu(t) := Pq(t)φ + Qq(t)ψ +
∫ t

0
Qq(t − r)Z(u(r))dr. (85)

Lemma (3.2) now shows that

tde−ρt
∥∥∥∥Ψ (u(t) = 0)

∥∥∥∥
Hγ(Ω)

≲µ,η,ϵ,λ1 Td+1+ 2(ζ−γ)
q−1

∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+ Td+ (ζ−γ)
q−1

∥∥∥∥ψ∥∥∥∥
Hζ(Ω)

.
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Consequently, operatorΨmap Ξd,ρ((0,T];Hγ(Ω)) into itself.
Analysis similar to that in the proof of Theorem (4.1) one has

∥Ψu1(t) −Ψu2(t)∥Hγ(Ω) ≲µ,η,ϵ,λ1 K

∫ t

0
(t − r)

(ζ−γ)
q−1

∥∥∥∥u1(r) − u2(r)
∥∥∥∥
Hγ(Ω)

dr.

By multiplying both sides of the above estimate by tde−ρt, we obtain

tde−ρt
∥Ψu1(t) −Ψu2(t)∥Hγ(Ω) ≲µ,η,ϵ,λ1 K

∫ t

0
tdr−deρ(r−t)(t − r)

(ζ−γ)
q−1 rde−ρr

∥∥∥∥u1(r) − u2(r)
∥∥∥∥
Hγ(Ω)

dr.

It follows readily from ess sup0≤r≤T rde−ρr
∥∥∥∥u1(r) − u2(r)

∥∥∥∥
Hγ(Ω)

=
∥∥∥∥u1 − u2

∥∥∥∥
Od,ρ((0,T];Hγ(Ω))

that

tde−ρt
∥Ψu1(t) −Ψu2(t)∥Hγ(Ω) ≲µ,η,ϵ,λ1 L

∫ t

0
tdr−deρ(r−t)(t − r)

(ζ−γ)
q−1 dr

∥∥∥∥u1 − u2

∥∥∥∥
Od,ρ((0,T];Hγ(Ω))

.

By the change of variables r = tξ, we have∫ t

0 tdr−aeρ(r−t)(t − r)
(ζ−γ)
q−1 dr = t1+ (ζ−γ)

q−1
∫ 1

0 ξ
−deρt(1−ξ)(1 − ξ)

(ζ−γ)
q−1 dξ.

Since 1 < q, 1 < γ < ζ, we see that 1+ (ζ−γ)
q−1 > 0. Furthermore, d > −1 and (ζ−γ)

q−1 > −1, we invoke Lemma (2.5)
to deduce that

lim
b→+∞

sup
0≤t≤T

(
t1+ (ζ−γ)

q−1

∫ 1

0
ξ−deρt(1−ξ)(1 − ξ)

(ζ−γ)
q−1 dξ

)
= 0.

For this reason, there exists a positive ρ0 > 0 such that

C(λ1, µ, η, ϵ)L
∫ t

0
tar−deρ(r−t)(t − r)

(ζ−γ)
q−1 dr ≤

1
2
.

This gives

tde−ρ0t
∥Ψu1(t) −Ψu2(t)∥Hγ(Ω) ≤

1
2

∥∥∥∥u1 − u2

∥∥∥∥
Od,ρ0 ((0,T];Hγ(Ω))

. (86)

We see that the right of (86) is independent of t. So, by taking esssupremum with respect to t, we have

∥Ψu1 −Ψu2∥Od,ρ0 ((0,T];Hγ(Ω)) ≤
1
2

∥∥∥∥u1 − u2

∥∥∥∥
Od,ρ0 ((0,T];Hγ(Ω))

.

We deduce that Ψ is a contraction mapping. Hence, by Banach fixed point theorem, Ψ has a unique
fixed point in space Od,ρ0 ((0,T];Hγ(Ω)). Thus, it follows that the (1)-(2) has a unique mild solution u ∈
Od,ρ0 ((0,T];Hγ(Ω))
By an argument analogous to that used for the proof of Theorem (4.1) we can see that

∥u∥Od,ρ0 ((0,T];Hγ(Ω)) ≤ 2C(µ, η, ϵ, λ1)Td+1+ 2(ζ−γ)
q−1

(∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
.

The result above shows

∥u(., t)∥Hγ(Ω) ≤ C(µ, η, ϵ, λ1)Td+1+ 2(ζ−γ)
q−1 t−d

(∥∥∥∥φ∥∥∥∥
Hγ(Ω)

+
∥∥∥∥ψ∥∥∥∥

Hζ(Ω)

)
, 0 ≤ t ≤ T.



B. D. Nam et al. / Filomat 40:5 (2026), 1827–1853 1853

Theorem 4.3. For any q > 1, and µ, η > 0 such that 4λq
1(1 + µλ1) − η2λ2

1 < 0. Let φ ∈Hγ(Ω) and ψ ∈Hγ(Ω) for
any 0 < γ, 0 < ϵ ≤ 1. Let us assume that and Z :Hγ(Ω)→Hγ(Ω) such that Z(0) = 0 and

∥Z(θ1) − Z(θ2)∥Hγ(Ω) ≤ M∥θ1 − θ2∥Hγ(Ω), (87)

M is a positive constant. Then problem 1-2 has a unique solution u ∈ Ξd,ρ0 ((0,T];Hγ(Ω)) for d, ρ0 > 0, ρ0 large
enough and we obtain

∥u(., t)∥Hγ(Ω) ≤ C(µ, η, ϵ, λ1,T)t−d
(∥∥∥∥φ∥∥∥∥

Hγ(Ω)
+

∥∥∥∥ψ∥∥∥∥
Hγ(Ω)

)
, 0 ≤ t ≤ T,

here C depend on µ, η, ϵ, λ1,T.

This follows by the same method as in theorem (4.1) and (4.2), so we omit it.
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