Filomat 40:5 (2026), 1593-1610
https://doi.org/10.2298/FIL2605593Y

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2 S
) @
b, &
Ty xS’

5
TIprpor®

Numerical stability of barycentric Lagrange interpolation

Alvira Yawar®", Swarnima Bahadur®

?Department of Mathematics & Astronomy, University of Lucknow, Lucknow, India

Abstract. This paper presents a refined study on the numerical stability of barycentric Lagrange interpo-
lation constructed using Legendre Gauss Lobatto (LGL) nodes, which consist of the enpoints +1 and the
zeros of P/_,(x), where P,_;(x) is the Legendre polynomial of degree (n — 1). Unlike prior work focused
on Chebyshev nodes, our formulation provides a detailed error analysis tailored to this specific node set.
We derive the barycentric weights from the structure of the underlying node generating polynomial and
establish new interpolation error bounds supported by asymptotic estimates of barycentric weights. Ex-
tensive numerical comparisons between classical Lagrange and barycentric interpolation across various
challenging test functions demonstrate that the barycentric formulation maintains machine level accuracy
and robust stability even at high degrees (up to nn = 550), while classical Lagrange interpolation suffers from
catastrophic numerical error. These results underline the practical superiority of barycentric interpolation
at LGL nodes and provide a rigorous theoretical foundation for its use in high-accuracy applications.

1. Introduction

Interpolation, the process of estimating values between known data points, has long played a fun-
damental role in numerical analysis and applied mathematics. From early numerical tables to modern
computational tools, interpolation methods are widely used in science, engineering, and data modeling.
One of the earliest and most widely used polynomial interpolation techniques is Lagrange interpolation,
introduced by Joseph Louis Lagrange in the 18th century. It constructs a unique polynomial that passes
through a given set of points, offering an elegant analytical form useful in both theoretical and practical
computations [4, 8].

Given n + 1 distinct points (xo, ¥o), (X1, Y1), ---» (Xn=1, Yn-1), (X4, ¥») , the Lagrange interpolating polynomial is
written as:

n n

Pa(x) = Z yjli(x), where [i(x) = [ | r— 1)
=0 k=0
K#j

While Lagrange interpolation is mathematically simple, it can face two key challenges: Runge’s phe-
nomenon and numerical instability. Runge’s phenomenon occurs when interpolating at equally spaced
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points, causing large oscillations near the endpoints of the interval [10, 28]. This is a mathematical limita-
tion related to the choice of nodes, not numerical error. To reduce this, researchers often use Chebyshev or
Legendre based nodes, which are clustered near the boundaries and help control the interpolation error.
The second challenge is numerical instability, which arises from floating-point arithmetic errors introduced
during computation due to rounding and subtractive cancellation. These issues become more pronounced
as the degree of interpolation increases. Even when good node distributions like Chebyshev or Legendre
nodes are used to reduce theoretical error, the standard Lagrange form remains computationally inefficient
and sensitive to such numerical issues.

A critical distinction must be made between the theoretical properties of an interpolant, such as its conver-
gence rate, and its numerical stability when implemented in finite-precision arithmetic. Indeed, theoretical
studies by Vértesi [19, 37] and others have established that key characteristics of barycentric interpolation,
including the behavior of the Lebesgue constant and related convergence theorems, are very similar to those
of its classical Lagrange counterpart.However, these theoretical results are derived in the context of exact
arithmetic and do not fully predict the behavior in practical computation. The classical Lagrange formula
(1) becomes severely ill-conditioned as the degree n increases, suffering from catastrophic rounding errors
when evaluated in floating-point arithmetic. In stark contrast, the second (true) barycentric form (Eq. 10)
is renowned for its numerical robustness. As proven by Higham [16], this formulation is backward stable,
fundamentally avoiding the sources of error that plague the classical approach. This profound difference
in computational stability, rather than theoretical convergence, is the primary reason for the major dis-
crepancy in errors observed in our experiments. Consequently, this investigation focuses on empirically
demonstrating and quantifying this stability for interpolation at Legendre Gauss Lobatto nodes.

To address this, a more numerically stable formulation known as barycentric interpolation was de-
veloped. This approach separates the computation of weights from the evaluation step, reducing both
complexity and numerical sensitivity. In the first form of the barycentric interpolation formula, the inter-
polating polynomial is expressed using weights defined as:

1

[T —x)
k#j

wj

The interpolating polynomial becomes:

X

Pu(x) = w(®) Y w_’y; where w(x) = [ | (x~x)).
j=0 ] j=0

Although more efficient, this form can still suffer from numerical issues when w(x) becomes very small or
large. To improve this, a second (true) form of the barycentric interpolation was introduced:

Yy wiyj
J=0 x—x;

Yijzo =

Py(x) =

This form cancels the node polynomial w(x), making it significantly more stable and scalable for high-degree
polynomials [4, 15, 29, 31]. Higham showed that this version is backward stable in floating point arithmetic
[16], and it has since been widely adopted in modern numerical software.

Researchers such as Salzer, Henrici, and Rutishauser have contributed to understanding the historical and
numerical development of barycentric formulas [14, 31, 34]. The use of special nodes, particularly Cheby-
shev , has also been shown to improve interpolation accuracy and reduce the Lebesgue constant [6, 27, 36].
Further advancements have led to rational barycentric interpolation, which allows for interpolation using
rational functions rather than just polynomials. Floater and Hormann introduced a family of rational
barycentric interpolants that avoid real poles and can achieve high approximation orders on arbitrary node
distributions [11, 17, 18] These interpolants blend local polynomial approximations to construct highly
accurate global interpolants [3, 13, 30].
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Further advancements have led to rational barycentric interpolation, which allows for interpolation using
rational functions rather than just polynomials. Floater and Hormann introduced a family of rational
barycentric interpolants that avoid real poles and can achieve high approximation orders on arbitrary node
distributions [11, 17, 18] These interpolants blend local polynomial approximations to construct highly
accurate global interpolants [3, 13, 30].

In our previous work [38], authored by Alvira Yawar and Swarnima Bahadur, we explored how barycentric
interpolation can be derived from the Lagrange form and expressed as a rational function. We focused
on interpolation using the zeros of the Legendre polynomial P,(x) over the interval (-1, 1), excluding the
endpoints. Through numerical experiments, we showed that the second barycentric form is more stable
and accurate than traditional polynomial methods, especially for high degrees.

In this current paper, we extend our study by focusing on the zeros of the function (1 — x?)P’ _(x), where
P; . (x)is the derivative of the Legendre polynomial of degree (1 —1). This function plays an important role
in Gaussian quadrature and spectral methods, as its zeros are used to determine optimal node distributions
for integration and differential equation solvers [12, 21, 35]. Unlike our previous study, we now include the
endpoints, working over the closed interval [-1,1]. This allows us to investigate how endpoint inclusion
affects node distribution and interpolation behavior.

Recent studies by Gevorgyan, Boyd, Dutt, and others have shown that the choice of nodes whether Legen-
dre, Chebyshev, or derivative-based can greatly influence both the accuracy and stability of interpolation
and quadrature methods [5, 9, 16, 27]. Theoretical advancements on weight construction, error bounds, and
convergence rates further support the use of barycentric and rational methods in high accuracy numerical
applications [6, 7, 32].

Our results build on this rich foundation, providing new insights into how Legendre polynomial deriva-
tives and their associated zeros can enhance barycentric interpolation, especially when the full interval is
considered.

In the broader context of operator approximation theory, several recent works [1, 2, 22-26, 39] have explored
stability and convergence of generalized operator systems, highlighting the importance of numerically sta-
ble interpolation frameworks such as the one considered in this study:.

Main Contributions
The key contributions of this work are as follows:

e A substantial amount of work already exists on Chebyshev nodes in the context of barycentric
interpolation. To explore an alternative node distribution, we considered the zeros of m,(x) = (1 -
XP!(x).

Our aim was to study the interpolation behavior and numerical stability of barycentric interpolation
specifically on this less investigated set of nodes.

e Construction of a barycentric interpolation formula using Legendre Gauss Lobatto (LGL) nodes.

e Derivation of explicit barycentric weights based on the zeros of (1 — xz)P;_l(x).

3/2

e Establishment of a quantitative error bound O(1n*/2 w,(g, n™!)) for the interpolant.

e Numerical comparison with classical Lagrange interpolation demonstrating catastrophic instability
in the latter at high degrees.

e Demonstration that the barycentric scheme remains accurate and stable even for degrees up ton = 550,
confirming its robustness.

The organization of this paper is as follows. Section 2 introduces the key mathematical background and
definitions related to Legendre polynomials and the LGL nodes. In Section 3, we construct the barycentric
interpolation formula using these nodes. Section 4 provides theoretical estimates for the interpolation error,
including key lemmas and a convergence result. Section 5 presents numerical experiments that compare
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the classical Lagrange and barycentric interpolation methods for various test functions. Finally, Section 6
summarizes the findings and highlights the improved stability of the barycentric interpolation.

2. Preliminaries

Let P,,(x) denote the Legendre polynomial of degree n, which is orthogonal over [-1, 1] and satisfies the
second order differential equation:

(1 = x%)P/(x) — 2xP,,(x) + n(n + 1)P,(x) = 0 . )
Define the function:
T,(x) = (1 = X*)P;,_ (%), 3)

which plays a central role in Gaussian quadrature and spectral collocation methods. Its n zeros in [-1,1],
including the endpoints, are known as Legendre Gauss Lobatto (LGL) nodes. These nodes are commonly
used in interpolation due to their endpoint inclusion and favorable clustering properties.

The interpolation nodes are given by:

x1=-1, x,=1, and x,x3,...,%,_1 are the zeros of P;,_, (x).
We now define the derivative of 7t,(x) see [33]
10, (x) = [(1 = )P, _; (0)]' = =n(n = 1)P,_1(x). (4)

It is also useful to recall a standard upper bound on the derivative of Legendre polynomials [33]. For
x € [-1,1], the derivative of the Legendre polynomial P/ _, (x) satisfies:

ol M2 ®

Let g(x) be a smooth function defined on [-1, 1], and define
vk =g(xx), fork=1,2,...,n.

Additionally, we introduce the Lagrange interpolation polynomials defined on the zeros of 7, (x), which
are given by:

70,(X)

) = G

k=1,2,3,..,1n. (6)

3. Representation of Barycentric Interpolation formula

The equation for [x(x) satisfies the orthogonality condition:
(m) = 0w, kym=1,2,.n. )
Thus, the Lagrange polynomial can be written as:

B i ]/knn(x)
09 = L G xom )
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This expression is known as the first form of the barycentric interpolation formula.
We can also express the Lagrange interpolation formula for lower degree polynomials as follows:

1 1
= ) 9
e ey ©)
Therefore, the second (true) form of the barycentric interpolation formula is:
n yk n 1
Z(g,x) = / . 10
0= ) ] & T (19

Lemma 3.1. Let {xy}]_, be the Legendre Gauss Lobatto nodes, i.e., the zeros of 1,(x) = (1 - xz)P:1 _1(x), and let wy be
the barycentric weights. These weights are deﬁned as the reciprocal of the derivative of T, (x) evaluated at the nodes xy,
ie., wy = Usmg the identity given in Eq. (4), where 1,(x) = —n(n — 1)P,_1(x), the weights can be computed
directly.

Then, the rational interpolant L(g, x)[9] given by equation (10) can also be expressed as

Yier Vii(x)

¥ = 11
L(g X) ZZ=1 ék(x) ( )
where Ex(x) is :
&) = H(x - x)) H (X)), (12)
jitk ik

the functions &x(x) is constructed by excluding xi, from the products, ensure the desired interpolation properties
without introducing poles within the interpolation interval.

4. Quantative Estimate of Interpolatory Polynomial

Lemma 4.1 Let i = s, Then
IZ;’Lll m =0n?). (13)
Proof. We have
'Z = Z e 'Hlfiii],g(fx]_):c Sl o
= 'Z e 1<f"(§f>(i,,<§'izf(iiinn<xn> et (1)
= |k; pl s by G, (16)

Hence, the lemma follows.

Lemma 4.2. Let iy = Then

(x— Xk)ﬂn(xk)

Y = 0(n7). (17)
k=1
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Proof.

|Z ,Uk| Z m| (18)

n 1 1 1
|;‘ " |m : kZZ‘ (o = 250) 725, () * (x - xn)n,;(xn)l ’ (19)
IZ ml=h+L+1;. -
k=1

After little computation [33], we have

1 1
= e - .
v 1 s
S Ml @
1 1
P Gy ) =

Thus, from (21),(22),(23) we have the result.

Theorem 4.3. Let g(x) be a function that is continous on the interval [-1, 1] and differentiable on (-1, 1). Consider
the sequence of barycentric interpolating polynomial L(g, x), which is defined by

Yo 90 () .

L(g,x) = 7 (24)
MR ey
Then, the interpolation error satisfies the estimate
£(9,%) = g@= O wy(g,n™),  (forr>2), (25)

where w,(g,n~") is the ' modulus of continuity of g .

The following lemmas are used to prove the above mentioned theorem.

Remark 4.4. Assume that g(x) is continous on [-1,1], differentiable on (-1,1), g("l) € Lip a, where a > 0. Then the
sequence {L(g, x)} converges uniformly to g(x) on [-1,1],and the modulus of continuity satisfies

wr(g,n_l) =019, (r>2), (26)
where w,(g,n~") is the ' modulus of continuity of g .

Remark 4.5. Let g(x) be continous on the interval [-1,1] and differentiable on (-1,1).Then there exists a polynomial
S.(x) of degree atmost n — 1 such that Jackson’s inequality [20] holds

1S:(x) = g(0)|= Ow:(g,n™"), (27)

where w,(g,n~") is again the r™ modulus of continuity of g .
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Proof of Theorem 4.3. The interpolating polynomial £(g, x) is uniquely defined and has degree at most
n — 1. Let the best approximating polynomial be given by S,(x) and is of degree at most n — 1, which
interpolates g(x) at n distinct points x1, xy, ..., Xy, satisfying equation (27) .

it M08 ()

Su(x) = - (28)
' Yik=r ()
where the weights are defined by
() L for k=1,...,n. (29)

BCREDLACH
Now we estimate the error

1L(g,%) — g(x)I< 1 L(g, %) — Su(X)|+|Su(x) — g(x)] . (30)
From (24) and (28), we get

Zict iy xt) = Sulell (g o ooy (3D

1L(g,x) — g(0)I< T )
by (13),(17) and (27), we get

1£(g,%) — g()|< O(n? w,(g,n™")) + O(w, (g, n™")). (32)
Hence,

1£(g,%) - g(0)l= O(n* wi(g,n")). (33)

5. Numerical Comparison of Classical Lagrange and Barycentric Interpolation

To numerically compare the performance of classical Lagrange interpolation and the second form
barycentric interpolation formula, we implemented both methods using Legendre Gauss Lobatto (LGL)
nodes on the interval [-1,1]. The LGL nodes were constructed by taking the endpoints —1 and 1 together
with the roots of the derivative of the Legendre polynomial P,_1(x), where n is the interpolation degree.
These nodes are known for clustering near the endpoints, which helps reduce the effects of the Runge
phenomenon and improves interpolation stability.

For the barycentric method, we adopted the second (numerically stable) form. Given the LGL nodes x;, we
defined the function G(x) = 7t,(x) and computed the barycentric weights as w; = %x/)

These weights were then used in the barycentric interpolation formula to evaluate the interpolant. Classical
Lagrange interpolation was implemented using polynomial fitting based on the same LGL nodes.

Each interpolant was evaluated on a dense grid of 1000 points in [-1, 1], and the maximum absolute inter-
polation error was calculated by comparing the interpolated values with the true function values.
Visualisation and Colour Scheme

To visualize the performance of both interpolation schemes, plots were generated for each test case. A
consistent color scheme was used across all figures: the exact function is a solid green line, the Lagrange
interpolant is a red dashed line, and the barycentric interpolant is a blue dashed line. Absolute interpolation
errors are plotted on a semilogarithmic scale, with red for Lagrange and blue for barycentric.To establish
the pattern of behavior in detail, our first test case includes a full set of plots, including zoomed-in views
near the boundaries at x = +1. For the subsequent examples, which reinforce the same conclusion, we
present only the direct comparison of the final error plots to maintain focus and avoid redundancy.
Interpolation Degrees and Tabulated Errors

This comparison was performed for interpolation degrees n = 50,100, 150, . .., 550. For each case, the max-
imum absolute errors of both the Lagrange and barycentric interpolants were computed and tabulated to
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assess convergence and numerical stability across increasing degrees. The detailed results and graphical
comparisons for each function appear in the subsequent sections.

Example 1: We examined the performance of Lagrange and Barycentric interpolation schemes using the
highly oscillatory function
g(x) = sin(100x%)

This function serves as a challenging test case for polynomial interpolation due to its rapid variations over
the interval [-1, 1]. It helps reveal the numerical stability and accuracy limits of each method as the degree
increases.

The table below presents the maximum absolute error for both interpolation techniques across varying
degrees. For lower values of 1, both methods yield comparable results. However, as the degree increases,
the Lagrange interpolant becomes severely unstable, producing exponentially growing errors. In contrast,
the barycentric formula maintains numerical stability, with its error remaining at machine precision for
n > 200.

Table 1: Table for Error term.

Nodes(n) Error term for Lagrange Interpolation Error term for Barycentric formula
50 9.373 2.118

100 3.711 x 10"2 4283 x 107!
150 7.102 x 10" 1.374 x 1078
200 7.433 x 10" 1.465 x 10714
250 1.249 x 10% 1.688 x 10714
300 3.836 x 10% 1.607 x 10714
350 9.832 x 10%7 1.482x 1071
400 3.074 x 10% 1.588 x 10714
450 5.768 x 10% 1.538 x 10714
500 3.171 x 103 1.482 x 10714
550 5.564 x 10% 1.699 x 10714

2 Lagrange Interpolation Error (n = 150)
10" T T

10"

101

Absolute Error
)

1071°
El

Figure 1: Absolute error of the Lagrange interpolation using n = 150 Legendre Gauss Lobatto nodes for
the oscillatory function g(x) = sin(100x?). The interpolation fails to accurately resolve the high-frequency
components, resulting in significant error growth near the boundaries.
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; Barycentric Interpolation Error (n = 150)
107 T T I

Absolute Error

1010 1 1 1 1 1 1 1 1 1
-1

Figure 2: Absolute error of the barycentric interpolation for g(x) = sin(100x?) with n = 150 Legendre
Gauss Lobatto nodes. Although some numerical oscillation is present, the error remains well-contained,
demonstrating the methods stability in handling rapidly oscillating functions.

. L1017 ‘ . anmm ne‘arx=‘-1 i : . a5 L1017 ‘ . Zoom near x =‘1 . i i
Exact Exact
L = Lagrange Lagrange
w | ] = Barycentric at Barycentric | +
oft ]
" 25 ]
1 1
A ] . M
Iy oy
Iy roy
I 1 vl
' 15 ] A
g n 1 g ! H .
It \ i 1 1
b 1 , .
] ‘\ ' !
' hY I 1 1
0 LT 05 : ! :’
S/ ¥
P 1!
o = T
1 1
21 7 l|
osh 1; 1
-1 0. ‘QB -0 IQG 0. ":'M 'DIQZ —D‘ 9 0 ‘BB 'D‘BG 0. ‘34 -0 IBZ 08 -"D 8 0. ‘32 0. ?‘34 0. llﬁ 0. ‘BB DIQ 0. ‘92 0. I94 0. ::15 0. ‘QB 1
X X
Figure 3: Zoomed-in comparison near x = —1 (left) and x = 1 (right) for interpolation of g(x) = sin(100x?)

using n = 150 Legendre Gauss Lobatto nodes. The Lagrange interpolant (red dashed) significantly deviates
from the exact function (green) at the endpoints, while the barycentric interpolant (blue dash-dot) closely
matches the true behavior throughout.
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Figure 4: To directly compare the two methods, we also plot both interpolation errors for g(x) = sin(100x?)
in a single figure for n = 150, as shown below.

102

Comparison of Interpolation Errors (n = 150)
T T

1'%

1071

Absolute Error (log scale)
a‘u\

Lagrange Interpolation Error (n = 550)
T T T T

10% T T

10%

10%

2
B

Absolute Error

10'°

1010

Figure 5: Absolute error of the Lagrange interpolation using n = 550 Legendre Gauss Lobatto nodes for the
function g(x) = sin(100x2). Although the central region is well-approximated, the interpolation error grows
rapidly near x = +1, exceeding 10%° due to high oscillation and numerical instability.
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Barycentric Interpolation Error (n = 550)
T T T T T

107"

1071

107°

Absolute Error

10718

1077

1018 1 I 1 I 1 1 I 1 I
-1

Figure 6: Absolute error of the barycentric interpolation for g(x) = sin(100x?) with n = 550 Legendre Gauss
Lobatto nodes. The method maintains accuracy across the interval, with errors remaining below 10713,
even in the presence of strong oscillations.

; % 10%° Zoom near x = -1 § 10%* Zoom near x =1
Exact 4‘
— - —Lagrange Vo
\ - e Barycentric 0=—== Exact v
0 l\ T il = = =Llagrange '
R e O T Barycentric '
! \|’ 1r [
| 1
1k P i
: 2r '
" 1
ot :
" 3 b
g z !
-3 |: i I
' l
l st l
4F )
s E
5E
ras 14
6 -8
1 0.95 0.9 0.85 0.8 0.8 0.85 0.9 0.95 1
Figure 7: Zoomed comparison of interpolation results near the endpoints x = —1 (left) and x = 1 (right)

for g(x) = sin(100x?), using n = 550. Lagrange interpolation (red dashed) fails near the boundaries, while
barycentric interpolation (blue dash-dot) aligns closely with the exact function (green), preserving accuracy
even in high-frequency regimes.
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Figure 8: To directly compare the two methods, we also plot both interpolation errors for g(x) = sin(100x?)
in a single figure for n = 550, as shown below.

Comparison of Interpolation Errors (n = 550)
T

104 T

101

Absolute Error (log scale)

o

410

Y W A 1 A o, w,wrwwvmwwmwwwvﬁw

R I I I I I 1 I I I
-1 0.8 06 0.4 0.2 o 02 04 06 08 1

x

Example 2: We examined the performance of Lagrange and barycentric interpolation methods for the
function
1
90 = 13550
This classical Runge-type function is known for its sharp curvature near the endpoints, making it a good

candidate for evaluating the stability and accuracy of interpolation schemes, especially for large values of
n.

The table below presents the maximum absolute error for both methods as 2 increases from 50 to 550. The
Lagrange method shows a sharp growth in error beyond n = 100, highlighting its sensitivity to oscillations
near the endpoints (Runge phenomenon). In contrast, the barycentric formula exhibits remarkable stability:
the error decreases steadily and reaches machine precision (on the order of 1071°) for n > 200. This indicates
that beyond this point, the barycentric method’s accuracy is limited not by the interpolation itself, but by
the numerical precision of the system.

Table 2: Table for Error term.

Nodes(n) Error term for Lagrange Interpolation Error term for Barycentric formula
50 1.592x107° 1.061 x 107*
100 2.147 x 107 5.118 x 107°
150 4.270 x 10" 2470 x 10713
200 1.915 x 103 1.665 x 1071°
250 2.187 x 10 2.109 x 1071
300 1.821 x 10" 2220x 1071
350 2114 x 10% 3.997 x 1071
400 2.646 x 10% 2.776 x 1071
450 3.006 x 10% 2.887 x 1071
500 6.558 x 10% 3.886 x 1071

550 1.060 x 10?8 2,998 x 1071
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N <107 Zoom nearx = -1
T T T

<107 Zoomnearx =1
T T T T
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x X

Figure 9: Zoomed comparison near x = —1 (left) and x = 1 (right) for interpolation of g(x) = m, with
n = 550 Legendre Gauss Lobatto nodes. Lagrange interpolation (red dashed) diverges significantly from the
exact function (green), while the barycentric interpolant (blue dash-dot) maintains exceptional agreement,
even at the endpoints.

Figure 10: To directly compare the two methods, we also plot both interpolation errors for g(x) = 73 in
a single figure for n = 550, as shown below.

Comparison of Interpolation Errors (n = 550)

30
10 I T T
——— Lagrange Error
Barycentric Error

Absolute Error (log scale)

15— -
L A I A A A AT YA Tk, MY S RO B A g -

1 1 1 1
-1 0.8 06 0.4 02 0 02 04 06 08 1

X

Example 3: We considered the rational algebraic function

x2—4

109= a1

This smooth function is well behaved on (-1, 1), making it useful for testing the stability and precision of
interpolation methods without the influence of endpoint singularities or rapid oscillations.

The table below reports the maximum absolute errors of Lagrange and barycentric interpolants for
various values of n. For small 1, both methods achieve high accuracy, with barycentric interpolation
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consistently yielding smaller errors. As n increases, the error in the Lagrange method grows rapidly
indicating numerical instability while the barycentric formula maintains low error, remaining near machine

precision (around 107%) even for large n. This again highlights the superior stability and reliability of the
barycentric scheme for large degree interpolation.

Table 3: Table for Error term.

Nodes(n) Error term for Lagrange Interpolation Error term for Barycentric formula

50 1.168 x 107 4.885x 107"

100 3.486 x 102 5.773 x 107"

150 4.870 x 107 7.994 x 1071

200 3.264 x 107 7.550 x 1071

250 7.767 x 1010 9.770 x 1071°

300 4.154 x 10%3 1.288 x 10714

350 6.799 x 10% 1.199 x 10714

400 2,622 x 108 1.377 x 10714

450 8.231 x 10%° 1.199 x 10714

500 9.168 x 10?1 1.377 x 10714

550 3.843 x 107 1.332x 107
05 108 ‘ Zoom nPTarx =1 g 1022 . Zoom n?arx =1

T e 0= - —Lagange =
_0157‘, ~ - Barycentric l‘.
-1 J‘ |I
150 - 1
20 6 i
10 b
.4-1 0.95 0‘.9 0.85 0.8 .1208 0.85 0;9 0.95 1
Figure 11: Close-up view of interpolation accuracy near x = —1 (left) and x = 1(right) for the function

gx) = ﬁj, interpolated using n = 550 Legendre Gauss Lobatto nodes. Lagrange interpolation (red

dashed) deviates dramatically from the true function (green) near the endpoints, while the barycentric
interpolant (blue dash-dot) closely approximates the true function.




Figure 12: To directly compare the two methods, we also plot both interpolation errors for g(x) =
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single figure for n = 550, as shown below.
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Example 4: We examined the interpolation performance for the logarithmic-trigonometric function

9(x) = log(cos(x),

which is smooth and well defined on the interval (-1, 1), avoiding any singularities. This function serves
as a useful benchmark for analyzing interpolation error when dealing with non-polynomial yet analytic

functions.

The table below shows the maximum absolute errors for Lagrange and barycentric interpolation methods
across increasing values of n. The barycentric method consistently maintains high accuracy, with errors
staying near machine precision (~ 107'°) throughout. In contrast, the error in the Lagrange interpolation
begins small but rapidly grows with increasing n, highlighting numerical instability. This trend again
emphasizes the robustness of the barycentric formula, especially in high-degree interpolation.

Table 4: Table for Error term.

Nodes(n) Error term for Lagrange Interpolation Error term for Barycentric formula
50 3.109x 107 6.661 x 1071
100 8.548 x 1072 8.882 x 10716
150 1.012 x 10° 1.332x 10715
200 8.141 x 10° 1.221 x 1071
250 3.444 x 10° 1.554 x 10715
300 2.320 x 10" 1.998 x 1071°
350 1.837 x 10" 1.332x 107"
400 2.871x10'® 1.554 x 1071°
450 2.781x 108 1.832x 1071
500 5.933 x 10% 2.054 x 1071
550 2.157 x 10% 1.332x 1071



A. Yawar, S. Bahadur / Filomat 40:5 (2026), 15931610 1608

% 1052 Zoom near x = -1 « 104" Zoom near x = 1
0.5 107 T T T 5 107 T T T
s Eact s EaCE
= = =lagrange = = = lLagrange
| e—— Barycentric| (| | ==e—— Barycentric
X
0 1 L. 4+ !
i I
1 I
P !
' i
05 1 al i
. 1
| ‘|
j
i
E p - = 2 i
£ E ;
I
I
|
A5F . ik i
I
I
I
I
-
2t . 0 r~
1
| b
I
25 . . . y . . .
g 0.95 08 085 08 08 085 09 095 1
X x
Figure 13: Zoomed view of interpolation behavior near the endpoints x = -1 (left) and x = 1 (right) for

n = 550. The Lagrange interpolant (red dashed) diverges significantly from the true function (green),
while the barycentric interpolant (blue dash-dot) tracks the exact function with high fidelity, demonstrating
robustness near critical regions.
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Figure 14: To directly compare the two methods, we also plot both interpolation errors for g(x) = log(cos(x))
in a single figure for n = 550, as shown below.
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6. Conclusion

In this study, we compared the numerical behavior of classical Lagrange interpolation with the barycen-
tric formulation across various test functions. Our results show that while both methods aim to approximate
the same function, the stability and accuracy of their outputs differ significantly especially as the number
of interpolation points increases.

The Lagrange method, though mathematically sound, suffers from severe numerical instability for high
degrees. This is especially visible near the endpoints of the interpolation interval, where the absolute
error grows exponentially(as shown in tables 1,2,3,4 and figures 1,5). On the other hand, barycentric
interpolation consistently produces errors that remain very small and stable, even as 1 increases (as shown
in tables 1,2,3,4 and figures 2,6). This improved stability is further evidenced by the zoomed-in views near
x = 1 (See figures 3,7,9, 11,13), which clearly reveal that the barycentric interpolant accurately follows
the true function even in critical boundary regions, while the Lagrange interpolant shows significant
deviation. To further emphasize the distinction between the two methods, we plotted both Lagrange and
barycentric errors on the same graph for selected values of n (See figures 4,8, 10, 12, 14). These side by side
comparisons vividly illustrate how barycentric interpolation maintains fidelity to the original function,
whereas Lagrange interpolation diverges drastically, particularly at x = 1. Overall, this investigation
confirms that barycentric interpolation is not only more efficient but also significantly more robust for
practical applications, especially when working with large data sets or requiring high accuracy. Given its
simplicity, speed, and numerical reliability, barycentric interpolation should be preferred in most real world
scenarios where polynomial interpolation is required.
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