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Abstract. Let p > 3 be a prime and

S+ = {n ∈ Z∗p | n ≡ a + b ≡ ab (mod p)}

and

S− = {n ∈ Z∗p | n ≡ a − b ≡ ab (mod p)},

where Z∗p denotes the set of reduced residue classes modulo p. In this work, we investigate the solution sets
|S+ ∩ S−|, |{n| ± n ∈ S+}| and |{n|n ∈ S+ and n + 4k ∈ S+}| for some given integer k. Meanwhile, we consider
how many n ∈ Z∗p can be expressed as both a linear form and a quadratic form in two variables, and how
many n ∈ Z∗p can be written as different quadratic forms of two variables.

1. Introduction

Let R and N be the set of quadratic residues and quadratic non-residues modulo p, in [3], define

RR = {a ∈ Z∗p | a ∈ R, a + 1 ∈ R}, NN = {a ∈ Z∗p | a ∈ N, a + 1 ∈ N}

and

RN = {a ∈ Z∗p | a ∈ R, a + 1 ∈ N}, NR = {a ∈ Z∗p | a ∈ N, a + 1 ∈ R},

where Z∗p denotes the set of reduced residue classes modulo p. Then

|RR| =
p − 4 −

(
−1
p

)
4

, |NN| =
p − 2 +

(
−1
p

)
4

,

|RN| =
p −

(
−1
p

)
4

, |NR| =
p − 2 +

(
−1
p

)
4

,
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where
(
·

p

)
denotes the Legendre symbol, see [3], [5] and [1]. In 2024, Cai[4] etc. considered the sum and

product properties of solutions of the following Diophantine equations

n ≡ a + b ≡ ab (mod p) (1)

and

n ≡ a − b ≡ ab (mod p) (2)

with n ∈ Z∗p. Equations (1) and (2) have their own interesting properties. Analogs of Wilson’s and
Wolstenholme’s theorems on the solution sets

S+ = {n ∈ Z∗p | n ≡ a + b ≡ ab (mod p)}

and

S− = {n ∈ Z∗p | n ≡ a − b ≡ ab (mod p)}

are given in [4] and obtained |S+| = |S−| = 1
2
(
p − 1

)
. Moreover, the distribution of quadratic residues and

quadratic non-residues on the solution sets were considered and they gave congruences for the sum and
product of quadratic residues in those sets modulo p.

Recently, Cai and the first author [8] considered the solution sets

S+(p2) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2)}

and

S−(p2) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2)},

and established congruences about sum and product of the residues or quadratic residues in S+(p2) or in
S−(p2) modulo p2. Meanwhile, they obtained the number of solution sets based on the classification of
prime numbers, where a and b are quadratic residues or quadratic non-residues, respectively.

In this paper, we consider the solution sets |S+ ∩ S−|, |{n| ± n ∈ S+}| and |{n|n ∈ S+ and n + 4k ∈ S+}| for
some given integer k. Meanwhile, we consider how many n ∈ Z∗p can be written in both linear and quadratic
forms of two variables, and how many n ∈ Z∗p can be written as different quadratic forms of two variables.

For the rest of this article, we say that n is a solution modulo p of (1) if there is a pair (a, b) such that (1)
holds, and we obtain the following theorems.

Theorem 1.1. Let p > 3 be a prime. Then

|S+ ∩ S−| =


p−1

4 , p ≡ 1 (mod 8),
p−3

4 , p ≡ 3 (mod 8),
p−5

4 , p ≡ 5 (mod 8),
p+1

4 , p ≡ 7 (mod 8).

Theorem 1.2. Let p > 3 be a prime. Then

|{n| ± n ∈ S+}| =


p−1

4 , p ≡ 1 (mod 8),
p−3

4 , p ≡ 3 (mod 8),
p−5

4 , p ≡ 5 (mod 8),
p+1

4 , p ≡ 7 (mod 8).
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Theorem 1.3. Let p > 3 be a prime. Then

|{n|n ∈ S+ and n + 4 ∈ S+}| =
p − 4 −

(
−1
p

)
4

.

Theorem 1.4. Let p ≡ ±1 (mod 8) be a prime, integer k satisfying k2
≡ 2 (mod p). If p ≡ 1 (mod 8) and

p = a2 + b2, where a is positive and odd. Then

|{n|n ∈ S+ and n + 4k ∈ S+}| =

 p−3+2(−1)
a+1

2 a
4 , p ≡ 1 (mod 8),

p−3
4 , p ≡ −1 (mod 8).

Theorem 1.5. Let p > 3 be a prime. Then

n ≡ a + b ≡ a2 + b2 (mod p) (3)

has p
2 −

1
2

(
−1
p

)
solutions.

Theorem 1.6. Let p > 3 be a prime and T = {n ∈ Z∗p | n ≡ a2 + b2
≡ ab (mod p)}. Then

|T| =

 p−1
2 , p ≡ 1 (mod 6),

0, p ≡ 5 (mod 6),

and

T =

R, p ≡ 1 (mod 12),
N, p ≡ 7 (mod 12).

2. Preliminaries

In order to prove the theorems, we need the following lemmas.

Lemma 2.1 ([2, 7]). For any integers a, b, c and odd prime p, satisfy p ∤ a,

p∑
x=1

(
ax2 + bx + c

p

)
=

−
(

a
p

)
, p ∤ b2

− 4ac,

(p − 1)
(

a
p

)
, p | b2

− 4ac.

Lemma 2.2 ([9]). For prime p ≡ 1 (mod 6), there is an element c′ ∈ Z∗p of order 3, such that (2c′ + 1)2
≡ −3

(mod p).

Define S(m) =
∑

n (mod p)

(
n(n2
−m)

p

)
, where n (mod p) denotes n go through any complete residue system

modulo p.

Lemma 2.3 ([1]). If prime p ≡ 3 (mod 4), then S(m) ≡ 0 (mod p).

Lemma 2.4 ([6]). Let p be a prime p ≡ 1 (mod 4) and p = a2 + b2, where a is positive and odd. Then

S(1) =

2(−1)
a+1

2 a, p ≡ 1 (mod 8),
2(−1)

a−1
2 a, p ≡ 5 (mod 8).
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3. Proofs of the Theorems

Proof. [Proof of Theorem 1.1]
Since n ≡ a + b ≡ ab (mod p), by b ≡ n − a (mod p), we have a2

− na + n ≡ 0 (mod p). If the discriminant
n2
− 4n is a quadratic residue modulo p, then n is a solution modulo p of (1). Specifically, n = 4 is a solution

of (1). Thus, by Lemma 2.1, (1) has

1
2

p−1∑
n=1
n,4

[
1 +

(
n2
− 4n
p

)]
+ 1 =

p
2
+

1
2

p∑
n=1

(
n2
− 4n
p

)
=

p − 1
2

solutions, which is obtained in [4]. Similarly, if the discriminant n2 + 4n is a quadratic residue modulo p,
then n is a solution modulo p of (2). Specifically, n = p − 4 is a solution of (2). If n = 4 is also a solution of
(2), then we have(

n2 + 4n
p

)
=

(
42 + 4 · 4

p

)
=

(
2
p

)
= 1.

If n = p − 4 is also a solution of (1), then we have(
n2
− 4n
p

)
=

(
(p − 4)2

− 4 · (p − 4)
p

)
=

(
2
p

)
= 1.

In addition, n ∈ S+ ∩ S− if and only if both n2
− 4n and n2 + 4n are quadratic residues modulo p. Therefore,

|S+ ∩ S−|

=
1
4

p−1∑
n=1

n,4,p−4

[
1 +

(
n2
− 4n
p

)] [
1 +

(
n2 + 4n

p

)]
+ 1 +

(
2
p

)

=
1
4

p−1∑
n=1

n,4,p−4

1 +
1
4

p−1∑
n=1

n,4,p−4

(
n2
− 4n
p

)
+

1
4

p−1∑
n=1

n,4,p−4

(
n2 + 4n

p

)

+
1
4

p−1∑
n=1

n,4,p−4

(
n2
− 16
p

)
+ 1 +

(
2
p

)
. (4)

The first sum in (4) is equal to p − 3. The second, third and fourth sums are relatively easy to evaluate by
Lemma 2.1, we obtain

p−1∑
n=1

n,4,p−4

(
n2
− 4n
p

)
=

p∑
n=1

(
n2
− 4n
p

)
−

(
2
p

)
= −1 −

(
2
p

)
, (5)

p−1∑
n=1

n,4,p−4

(
n2 + 4n

p

)
=

p∑
n=1

(
n2 + 4n

p

)
−

(
2
p

)
= −1 −

(
2
p

)
, (6)

p−1∑
n=1

n,4,p−4

(
n2
− 16
p

)
=

p∑
n=1

(
n2
− 16
p

)
−

(
−1
p

)
= −1 −

(
−1
p

)
. (7)
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Combining equations (4)-(7), we obtain

|S+ ∩ S−|

=
p − 3

4
−

1
4
−

1
4

(
2
p

)
−

1
4
−

1
4

(
2
p

)
−

1
4
−

1
4

(
−1
p

)
+ 1 +

(
2
p

)

=
p − 2 + 2

(
2
p

)
−

(
−1
p

)
4

. (8)

Since (
2
p

)
=

1, p ≡ ±1 (mod 8),
−1, p ≡ ±3 (mod 8),

(9)

and (
−1
p

)
=

1, p ≡ 1 (mod 4),
−1, p ≡ 3 (mod 4),

(10)

by equations (8)-(10) and Chinese Remainder Theorem, we have

|S+ ∩ S−| =


p−1

4 , p ≡ 1 (mod 8),
p−3

4 , p ≡ 3 (mod 8),
p−5

4 , p ≡ 5 (mod 8),
p+1

4 , p ≡ 7 (mod 8).

This completes the proof of Theorem 1.1.

Example 3.1. If p = 5, then S+ = {2, 4}, S− = {1, 3}, |S+ ∩ S−| = 0. If p = 7, then S+ = {1, 3, 4}, S− =
{3, 4, 6}, |S+ ∩ S−| = 2. If p = 11, then S+ = {4, 5, 6, 9, 10}, S− = {1, 2, 5, 6, 7}, |S+ ∩ S−| = 2. If p = 17, then
S+ = {2, 4, 7, 8, 10, 11, 13, 14}, S− = {3, 4, 6, 7, 9, 10, 13, 15}, |S+ ∩ S−| = 4.

Proof. [Proof of Theorem 1.2]
If 4 ∈ S+ and p − 4 ∈ S+, by the proof of Theorem 1.1, we have 1 +

(
2
p

)
solutions. In addition, if n ∈ S+ and

p − n ∈ S+, then both n2
− 4n and (p − n)2

− 4(p − n) are quadratic residues modulo p. Therefore,

|{n| ± n ∈ S+}|

=
1
4

p−1∑
n=1

n,4,p−4

[
1 +

(
n2
− 4n
p

)] [
1 +

(
(p − n)2

− 4(p − n)
p

)]
+ 1 +

(
2
p

)

=
1
4

p−1∑
n=1

n,4,p−4

[
1 +

(
n2
− 4n
p

)] [
1 +

(
n2 + 4n

p

)]
+ 1 +

(
2
p

)
,

together with equation (4), we obtain

|{n| ± n ∈ S+}| = |S+ ∩ S−| =


p−1

4 , p ≡ 1 (mod 8),
p−3

4 , p ≡ 3 (mod 8),
p−5

4 , p ≡ 5 (mod 8),
p+1

4 , p ≡ 7 (mod 8).

This completes the proof of Theorem 1.2.
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Remark 3.2. With the proof of Theorem 1.2, we obtain the following relations,

|{n| ± n ∈ S−}| = |{n| ± n ∈ S+}| = |S+ ∩ S−| .

Proof. [Proof of Theorem 1.3]
Whether 8 ∈ S+, it depends on whether the Legendre symbol

(
2
p

)
takes the value of 1. In addition, if n ∈ S+

and n + 4 ∈ S+, then both n2
− 4n and (n + 4)2

− 4(n + 4) are quadratic residues modulo p. Therefore,

|{n|n ∈ S+ and n + 4 ∈ S+}|

=
1
4

p−1∑
n=1

n,4,p−4

[
1 +

(
n2
− 4n
p

)] [
1 +

(
(n + 4)2

− 4(n + 4)
p

)]
+

1 +
(

2
p

)
2

=
1
4

p−1∑
n=1

n,4,p−4

[
1 +

(
n2
− 4n
p

)] [
1 +

(
n2 + 4n

p

)]
+

1 +
(

2
p

)
2
.

together with equation (4), (8), we obtain

|{n|n ∈ S+ and n + 4 ∈ S+}| =
p − 4 −

(
−1
p

)
4

.

This completes the proof of Theorem 1.3.

Example 3.3. If p = 5, then S+ = {2, 4}, |{n|n ∈ S+ and n + 4 ∈ S+}| = 0. If p = 7, thenS+ = {1, 3, 4},

|{n|n ∈ S+ and n + 4 ∈ S+}| = |{4}| = 1.

If p = 11, then S+ = {4, 5, 6, 9, 10}, |{n|n ∈ S+ and n + 4 ∈ S+}| = |{5, 6}| = 2. If p = 17, then

S+ = {2, 4, 7, 8, 10, 11, 13, 14}, |{n|n ∈ S+ and n + 4 ∈ S+}| = |{4, 7, 10}| = 3.

Proof. [Proof of Theorem 1.4]
If n ∈ S+ and n + 4k ∈ S+, then both n2

− 4n and (n + 4k)2
− 4(n + 4k) are quadratic residues modulo p.

Therefore,

|{n|n ∈ S+ and n + 4k ∈ S+}|

=
1
4

p−1∑
n=1
n,4

n.−4k (mod p)
n.4−4k (mod p)

[
1 +

(
n2
− 4n
p

)] [
1 +

(
(n + 4k)2

− 4(n + 4k)
p

)]
+

1 +
(

4k(4k+4)
p

)
2

+
1 +

(
−4k(−4k+4)

p

)
2

=
1
4

p−1∑
n=1
n,4

n.−4k (mod p)
n.4−4k (mod p)

[
1 +

(
n2
− 4n
p

)
+

(
(n + 4k)(n + 4k − 4)

p

)

+

(
n(n − 4)(n + 4k)(n + 4k − 4)

p

) ]
+

1 +
(

k(k+1)
p

)
2

+
1 +

(
k(k−1)

p

)
2

. (11)
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The first sum in (11) is equal to p − 4. The second and third sums in (11) are relatively easy to evaluate by
Lemma 2.1 and k2

≡ 2 (mod p), we obtain

p−1∑
n=1
n,4

n.−4k (mod p)
n.4−4k (mod p)

(
n2
− 4n
p

)

=

p∑
n=1

(
n2
− 4n
p

)
−

(
−4k(−4k − 4)

p

)
−

(
−4k(−4k + 4)

p

)
= −1 −

(
k + 2

p

)
−

(
2 − k

p

)
, (12)

p−1∑
n=1
n,4

n.−4k (mod p)
n.4−4k (mod p)

(
(n + 4k)(n + 4k − 4)

p

)

=

p∑
n=1

(
(n + 4k)(n + 4k − 4)

p

)
−

(
4k(4k + 4)

p

)
−

(
4k(4k − 4)

p

)
= −1 −

(
k + 2

p

)
−

(
2 − k

p

)
. (13)

The fourth sum in (11)

p−1∑
n=1
n,4

n.−4k (mod p)
n.4−4k (mod p)

(
n(n − 4)(n + 4k)(n + 4k − 4)

p

)

=

p−1∑
n=1

(
n(n − 4)(n + 4k)(n + 4k − 4)

p

)

=

p−1∑
n=1

 (1 − 4
n )(1 + 4k

n )(1 + 4k−4
n )

p

 . (14)

Since n . 0 (mod p), there exists an m such that mn ≡ 1 (mod p). Thus, (14) becomes

p−1∑
m=1

(
(1 − 4m)(1 + 4km)(1 + (4k − 4)m)

p

)

=

(
−4 · 4k(4k − 4)

p

) p−1∑
m=1

 (m − 1
4 )(m + 1

4k )(m + 1
4k−4 )

p


=

(
k − 2

p

)  p−1∑
m=0

 (m − 1
4 )(m + 1

4k )(m + 1
4k−4 )

p

 − − 1
4

1
4k

1
4k−4

p


 . (15)

Let m + 1
4k = l, since

1
4k
+

1
4
≡

1 + k
4k
≡

k + k2

4k2 ≡
k + 2

8
(mod p)
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and

1
4k − 4

−
1
4k
≡

1
4k(k − 1)

≡
k(k + 1)

4k2(k2 − 1)
≡

k + 2
8

(mod p).

Then (15) becomes(
k − 2

p

)  p−1∑
l=0

 l(l − 1
4k −

1
4 )(l − 1

4k +
1

4k−4

p

 − (
−2(k + 2)

p

)
=

(
k − 2

p

)  p−1∑
l=0

 l(l2 − (k+2)2

64 )
p

 − (
−2(k + 2)

p

) . (16)

In (16), let l = k+2
8 n, we have

(
k − 2

p

)  k+2
8

p


 p−1∑

n=0

(
n(n2

− 1)
p

)
−

(
−1
p

) = (
−1
p

)
S(1) − 1. (17)

Combining equations (11)-(17), by Lemma 2.3 and Lemma 2.4, we obtain

|{n|n ∈ S+ and n + 4k ∈ S+}| =
p − 2

4
+

1
4

(
−1
p

)
S(1) −

1
4

=

 p−3+2(−1)
a+1

2 a
4 , p ≡ 1 (mod 8),

p−3
4 , p ≡ 7 (mod 8).

This completes the proof of Theorem 1.4.

Example 3.4. If p = 31, then

S+ = {1, 3, 4, 5, 8, 9, 14, 15, 17, 18, 20, 21, 26, 27, 30}

and 82
≡ 2 (mod 31), 8 × 4 ≡ 1 (mod 31). Then

|{n|n ∈ S+ and n + 1 ∈ S+}|
= |{3, 4, 8, 14, 17, 20, 26}|

= 7 =
31 − 3

4
,

this means that there are 7 pairs of consecutive integers that are the solutions of (1) modulo 31.

If p = 41, then p = 52 + 42,

S+ = {2, 4, 5, 7, 8, 9, 11, 15, 17, 19, 20, 25, 26, 28, 30, 34, 36, 37, 38, 40}

and (−17)2
≡ 2 (mod 41),−17 × 4 ≡ 14 (mod 41). Then

|{n|n ∈ S+ and n + 14 ∈ S+}|
= |{5, 11, 20, 26, 34, 36, 38}|

= 7 =
41 − 3 − 2 × 5

4
.
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If p = 71, then

S+ = {4, 5, 6, 8, 9, 10, 11, 12, 16, 17, 19, 20, 21, 24, 26, 29, 35, 36,
39, 40, 46, 49, 51, 54, 55, 56, 58, 59, 63, 64, 65, 66, 67, 69, 70}

and (−12)2
≡ 2 (mod 71),−12 × 4 ≡ 23 (mod 71). Then

|{n|n ∈ S+ and n + 23 ∈ S+}|
= |{6, 12, 16, 17, 26, 35, 36, 40, 46, 54, 56, 58, 59, 64, 65, 67, 69}|

= 17 =
71 − 3

4
.

Proof. [Proof of Theorem 1.5]
Since n ≡ a + b ≡ a2 + b2 (mod p), by b ≡ n − a (mod p), we have 2a2

− 2na + n2
− n ≡ 0 (mod p). If the

discriminant −4n2 + 8n is a quadratic residue modulo p, then n is a solution modulo p of (3). Specifically,
n = 2 is a solution of (3). Thus, by Lemma 2.1, (3) has

1
2

p−1∑
n=1
n,2

[
1 +

(
−4n2 + 8n

p

)]
+ 1

=
p
2
+

1
2

p∑
n=1

(
−4n2 + 8n

p

)
=

p
2
−

1
2

(
−1
p

)
solutions. This completes the proof of Theorem 1.5.

Remark 3.5. We can use this method in Theorem 1.5 to solve both linear and quadratic congruence equations
n ≡ xa + yb ≡ ua2 + vab + wb2 (mod p) for given integers x, y,u, v,w. For example, both n ≡ a + b ≡ ab (mod p)
and n ≡ a− b ≡ ab (mod p) have p−1

2 solutions, both n ≡ a+ b ≡ a2 + b2 (mod p) and n ≡ a− b ≡ a2 + b2 (mod p)
have p

2 −
1
2

(
−1
p

)
solutions.

Next, we consider congruences where addition and multiplication are homogeneous.

Proof. [Proof of Theorem 1.6]
It is obvious that

T = {n ∈ Z∗p | n ≡ (2a − b)2
≡ −3b2 (mod p)}.

We know that(
−3
p

)
=

1, p ≡ 1 (mod 6),
−1, p ≡ 5 (mod 6).

(18)

When p ≡ 5 (mod 6), we have |T| = 0. When p ≡ 1 (mod 6), there exits an element c such that c2
≡ −3

(mod p). Thus,

n ≡ (2a − b)2
≡ −3b2

≡ (bc)2 (mod p),

2a − b ≡ ±bc (mod p)→ a ≡
1 ± c

2
b (mod p)→ n ≡

1 ± c
2

b2 (mod p).
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Since

1 + c
2

1 − c
2
≡

1 − c2

4
≡ 1 (mod p),

both 1+c
2 b2 and 1−c

2 b2 are either quadratic residues or quadratic non-residues modulo p. Therefore when
p ≡ 1 (mod 6), we have |T| = p−1

2 .

By Lemma 2.2, there exits an element c′ ∈ Z∗p of order 3 and c′ is a quadratic residue modulo p, such that
(2c′ + 1)2

≡ −3 (mod p).We obtain

1 − c
2
≡

1 − 2c′ − 1
2

≡ −c′ (mod p).

When p ≡ 1 (mod 4), 1−c
2 b2 is a quadratic residue modulo p. When p ≡ 3 (mod 4), 1−c

2 b2 is a quadratic
non-residue modulo p.

By Chinese Remainder Theorem, this completes the proof of Theorem 1.6.

Remark 3.6. We can use this method in Theorem 1.6 to solve quadratic congruence equations n ≡ ua2 + vb2
≡ wab

(mod p) for given integers u, v,w.
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