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Abstract. Let a € [0,1), and let G be a connected graph of order n with n > f(a), where f(a) = 6 for
a €[0,5] and f(a) = 1% for a € (,1). A graph G is said to be t-tough if |S| > tc(G — S) for each subset
S of V(G) with ¢(G - S) > 2, where ¢(G — S) is the number of connected components in G — S. The A,-
spectral radius of G is denoted by p.(G). In this paper, it is verified that G is a 1-tough graph unless
G = Ki V (Ky—2 UKy) if pa(G) = pa(Ky V (Ky—2 U Ky)), where p,(K; V (K- U K;)) equals the largest root of
B —(a+Dn+a-23)x2+@®+ @ -—a-1Dn—-2a+1)x-a’n®+ B3a® —a+ 1)n —4a® + 5a — 3 = 0. Further,
we present an A,-spectral radius condition for a graph to be a t-tough graph.

1. Introduction

Let G be an undirected simple graph with vertex set V(G) = {v1,v,,...,v,} and edge set E(G). The order
of G is the number n = [V(G)| of its vertices and its size is the number m = ¢(G) of its edges. A graph G is
called trivial if |V(G)| = 1. For arbitrary v € V(G), the degree of v in G is defined as the number of edges
which are adjacent to v and denoted by dg(v). For a given subset S of V(G), we use G[S] to denote the
subgraph of G induced by S, and write G — S for G[V(G) \ S]. The complement of a graph G is a graph G with
the same vertex set as G, in which any two distinct vertices are adjacent if and only if they are nonadjacent
in G. Let G; and G, be two vertex-disjoint graphs. We use G1 U G, to denote the disjoint union of G; and G,.
The join G; V G is the graph formed from G; U G, by adding all possible edges between V(G1) and V(G,).
We denote by K,, a complete graph of order n.

Let t be a nonnegative real number. A graph G is said to be t-tough if |S| > tc(G — S) for each subset S of
V(G) with ¢(G—S) > 2, where ¢(G—S) is the number of connected components in G—S. The toughness ¢(G) of
Gis the largest real number ¢ for which G is t-tough, or is oo if G is complete. This concept was first introduced
by Chvatal [6] in 1973. Some results on toughness of graphs can be found in [4, 5, 7, 17, 21, 26, 28, 31-33].

2020 Mathematics Subject Classification. Primary 05C50.

Keywords. graph; toughness; A,-spectral radius.

Received: 27 April 2025; Revised: 06 October 2025; Accepted: 16 December 2025

Communicated by Paola Bonacini

This work was supported by the Natural Science Foundation of Jiangsu Province (Grant No. BK20241949). Project ZR2023MA078
supported by Shandong Provincial Natural Science Foundation.

* Corresponding author: Sizhong Zhou

Email addresses: zsz_cumt@163. com (Sizhong Zhou), zhangyuli_djtu@126.com (Yuli Zhang), zhangtao@just.edu.cn (Tao
Zhang), liuhongxia@ytu.edu.cn (Hongxia Liu)

ORCID iDs: https://orcid.org/0000-0003-2093-2158 (Sizhong Zhou), https://orcid.org/0009-0002-2139-2149 (Yuli
Zhang), https://orcid.org/0009-0000-4737-8375 (Tao Zhang), https://orcid.org/0009-0005-1240-3151 (Hongxia Liu)



S. Zhou et al. / Filomat 40:5 (2026), 1883-1892 1884

Given a graph G of order 1, the adjacency matrix A(G) of G is the n X n matrix in which entry a;;
is 1 or 0 according to whether v; and v; are adjacent or not, and a;; = 0 if i = j. The eigenvalues of G
are the eigenvalues of its adjacency matrix A(G). Let A1(G) = A»(G) = --- > A,(G) be its eigenvalues in
nonincreasing order. Note that the adjacency spectral radius of G is equal to A{(G), written as p(G).

Let D(G) denote the diagonal matrix of vertex degree of G. Then L(G) = D(G) — A(G) and Q(G) =
D(G) + A(G) are called the Laplacian matrix and signless Laplacian matrix of G, respectively. For any
a € [0,1], Nikiforov [18] introduced the A,-matrix of G as

An(G) = aD(G) + (1 — @)A(G).

It is easy to see that A,(G) = A(G) if @ = 0, and A,(G) = %Q(G) ifa = % Note that A,(G) is a real symmetric
nonnegative matrix. Hence, the eigenvalues of A,(G) are real, which can be indexed in nonincreasing order
as 11(Ax(G)) = A2(Ax(G)) = -+ = A,(Ax(G)). The largest eigenvalue A1(Aq(G)) is called the A,-spectral
radius of G, and denoted by p,(G). Namely, p,(G) = A1(A4(G)). For some interesting spectral properties of
A4(G), we refer the reader to [2, 13-16, 18, 19, 25].

Many authors [8, 20, 22, 23, 27, 29, 30, 34, 35] obtained some results on spectral radius in graphs. Brouwer
[3] investigated the relationship between toughness and eigenvalues and claimed that for any connected
d-regular graph G, t(G) > % — 2, and he further conjectured that the lower bound % — 2 can be improved to
% —1, where A = maxy<i<, |Ail. Later, Gu [11] strengthened Brouwer’s result and claimed the lower bound
4 — 2 can be improved to 4 - V2. Very recently, Gu [10] confirmed Brouwer’s conjecture. Fan, Lin and Lu
[9] presented two adjacency spectral radius conditions for the existence of a t-tough graph. It is natural and
interesting to find a sufficient condition for a graph to be t-tough in view of its A,-spectral radius. In this
paper, we first show a A,-spectral radius condition to guarantee that a graph is 1-tough.

Theorem 1.1. Let a € [0, 1), and let G be a connected graph of order n with n > f(a), where

_J 6 ifac[03];
f(“)‘{ L ifacl).

1-a’

If po(G) = pa(K1 V (Ky-2UKy)), then Gis a 1-tough graph unless G = K V (K- UK7), where p,(K; V (K;—2 UK}))
equals the largest root of x>~ ((a+1)n+a-3)x*+(an’+(a®>—a—1)n—-2a+1)x—a’*n*+(3a’—a+1)n—4a*+5a-3 = 0.

Further, it is natural and interesting to find an A,-spectral radius condition to ensure that a graph is a
t-tough graph. Next, we present an A,-spectral radius condition for a graph to be f-tough.

Theorem 1.2. Let a € [1,2), and let t be a positive integer. If G is a connected graph of order n >

max{5t* + 10t + 1, %} with pu(G) = pa(Kp-1 V (Ky—2t U Kj)), then G is a t-tough graph unless

G = Ky—1 V (K2t U Ky).
2. Preliminaries

In this section, we put forward some necessary lemmas, which play a key role in proving our main
results.

Lemma 2.1 (Nikiforov [18]). Let K;, be a complete graph of order n. Then
Pa(Ky) =n—1.

Lemma 2.2 (Nikiforov [18]). If G is a connected graph, and H is a proper subgraph of G, then
Pa(G) > pa(H).

Lemma 2.3 (Zhao, Huang and Wang [25]). Let a € [0,1), and let n; > n, > - -+ > n; be positive integers with
n=Z§:1ni+sandn1 <n-s—t+1. Then

Pa(Ks V (Kyyy UKy, U= UK,,)) < palKs V (Ky—s—t+1 U (t = 1)K7)),
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where the equality holds if and only if (n1,1,...,1;) = (n—-s—t+1,1,...,1).

Let M be a real matrix whose rows and columns are indexed by V = {1,2,...,n}. Assume that M, with
respect to the partition w: V =V, U V, U --- U V}, can be written as

My My -+ My

My My -+ My
M= . . . . 7

Mn Mp - My

where M;; denotes the submatrix (block) of M formed by rows in V; and columns in V;. Let b;; denote the
average row sum of M;;, namely, b;; is the sum of all entries in M;; divided by the number of rows. Then
matrix M = (b;j) is called the quotient matrix of M. If the row sum of every block M;; is a constant, then the
partition is equitable.

Lemma 2.4 (Haemers [12], You, Yang, So and Xi [24]). Let M be a real matrix with an equitable partition
7, and let M be the corresponding quotient matrix. Then each eigenvalue of M is an eigenvalue of M.
Furthermore, if M is nonnegative, then the spectral radius of M, equals the spectral radius of M.

Lemma 2.5 (Alhevaz, Baghipur, Ganie and Das [1]). Let G be a graph of order n with m edges, with no
isolated vertices and let a € [%, 1]. Then

an—1.

2m(l — a)
04(G) < ——7 *

If a € (3,1) and G is connected, equality holds if and only if G = K.

3. The proof of Theorem 1.1

In this section, we verify Theorem 1.1, which establishes an A,-spectral radius condition for a graph to
be 1-tough.

Proof of Theorem 1.1. Suppose to the contrary that G is not a 1-tough graph, there exists some nonempty
subset S C V(G) such that ¢(G — S) > |S| + 1. Let |S| = s. Then G is a spanning subgraph of G! =

s+1

K; V (Ky, UKy, U---UK,,,,) for some positive integers nq > ny > - -+ > n4q with ), n; = n —s. According to
i=1

Lemma 2.2, we have

pa(G) < pa(G;) 1)

with equality if and only if G = G..
Let G2 = K, V (K;—ps U sK7). Using Lemma 2.3, we get

pa(G;) < pa(G2), 2)
where the equality holds if and only if (11,72, ...,1511) = (1 —2s,1,...,1). Let p(x) = > = (@ + Dn + o —

3)x% + (an?® + (@? —a —1)n —2a + 1)x — a®n® + 3a® —a + 1)n — 4a® + 5a — 3. Then p,(Ky V (Ky—2 U K7)) equals
the largest root of p(x) = 0. We are to verify the following claim.

Claim 1. If &« € [0,1) and > f(a), then we obtain
pa(Gi) < pa(Kl 4 (Kn—Z U Kl))

with equality if and only if G2 = K; V (Ky—2 U K3).
Proof. Recall that G2 = K; V (K;—ps U sKj). Obviously, 1 <s < %
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Consider the partition V(G?) = V(sK;) U V(K,-25) U V(K;). The corresponding quotient matrix of A,(G?)
is equal to

as 0 (1-a)s
By = 0 n+(@—-2)s-1 (1-a)s
1-a)s (l1-a)(n-2s) an—as+s-—1

Then the characteristic polynomial of B; is
@B, (x) =x> = ((a + Dn + (a = 1)s — 2)x?
+(an®+@s—a-1n-s*—Qa—-1)s+1)x
—a?sn® + (20 = 2a + 1)s*n + (a* + a)sn
— (3% = 5a +2)s° — (a* — a + 1)s* — as. (3)
Since the partition V(G?) = V(sK;) U V(K,—25) U V(K;) is equitable, it follows from Lemma 2.4 that p,(G?)

is the largest root of ¢g, (x) = 0. Namely, @g, (p(G?)) = 0. Let 11 = po(G?) > 12 > 13 be the three roots of
@p,(x) = 0 and Q = diag(s, n — 2s,5). One checks that

as 0 1-a)s
Q?B,Q: = 0 n+@-2)s—-1 (1-a)st(n—2s)?
1-a)s (1—a)s%(n—25)% an—as+s—1

is symmetric, and also contains

as 0
0 n+(a-2)s-1
as its submatrix. Since Q%B1Q‘% and B; have the same eigenvalues, the Cauchy interlacing theorem (cf.
[12]) implies that
m<n+(@-2)s-1<n-2. 4)
If s = 1, then G2 = K3 V (K- U K7) and ¢p,(x) = ¢(x). And so pa(G?) = pa(Ki V (Ky—2 U K7)). In what

follows, we always assume s > 2.
Note that K, is a proper subgraph of K; V (K-> U Kj). In terms of (4), Lemmas 2.1 and 2.2, we get

pa(Kl V (K2 UKy)) > pa(Kn—l) =n-2>1n. (G))
Write 0(11) = pa(K; V (Ky—2 U Kj)). Note that ¢(6(n)) = 0. A simple calculation yields that
¢B,(0(n)) =5, (0(n)) — (O(n))
=(s — 1)((1 = a)(6(n))* + (@®*n — 2a — 5)0(n) — a’n?
+(2a% = 2a + 1)sn + (3a” — a + 1)n — (3a* — 5 + 2)s*
— (40* - 6a + 3)s — 4a” + 5a — 3). (6)
The following proof will be divided into two cases.
Casel.OSaS%.
Let h(x) = (1 — @)x? + (&®n — 2a — s)x — &’n? + 2a® — 2a + 1)sn + 3a® — a + 1)n — (3a? — 5a + 2)s* — (4a’® —

6a + 3)s — 4a” + 5a — 3 be a real function in x. Then the symmetry axis of h(x) is x = sanidays Obviously,

2(1-a)
h(x) is increasing when x > % By plugging the value 0(n) into x of h(x), we obtain

h(6(n)) =(1 — a)(B(n))* + (a*n — 2a — 5)0(n) — a*n?
+(2a% = 2a + 1)sn + 3a® — a + 1)n — (3a® — 5a + 2)s>
—(4a* -6a +3)s—4a*+5a -3
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and it follows from (6) that

¢B,(0(n)) = (s — Dh(O(n)). @)
Note that n — 25 > 1. We have n > 2s + 1. Together with s > 2 and (5), we conclude

—*n+2a+s

2(1-a) <n—=2<pa(Ky Vv (Ky—2 UKy)) = 0(n),

and so

h(O(n)) >h(n — 2)
=(1-a)n -2)* + (@*n - 2a —s)(n - 2) — a*n?
+(2a% = 2a + 1)sn + 3a® — a + 1)n — (3a® — 5a + 2)s*
—(4a* - 6a +3)s—4a*+5a -3
=1 - a)n® + (22 — 2a)s + a* + a — 3)n — (3a* — 5a + 2)s>
- (4a® —6a + 1)s — 4a® + 5a + 1. 8)

Let p(x,s) = (1 — a)x? + ((2a? — 2a)s + a* + a — 3)x — (3a® — 5a + 2)s? — (4a® — 6a + 1)s — 4a? + 5a + 1 be a real
function in x. According to (8), we get

h(0(n)) > p(n,s). ©9)

(202 -20a)s+a*+a-3

Clearly, p(x, s) is increasing when x > — -a)

. If s > 3, then we can verify that

2 _ 2 _
_(Zoc Zggji_z)+a 3 <2s+1<mn,

and so
p(n,s) >p(2s + 1,s)
=(1-a)2s+1)> + ((2a° = 2a)s + a* + @ — 3)(2s + 1)
— (3a* = 5a +2)s* — (4a® — 6a + 1)s — 4a® + 5 + 1

=(s? = 3)a® — (3s> =25 = 5)a + 25> =35 — 1

23(52 -3)- %(332 —25-5)+2s2-3s—1

452 -155+9
- 9
>0,
where the last two inequalities hold from ?’Zi;—Z_S;)S > 2 > aand s > 3, respectively.
2_ 2 _
If s = 2, then — ¢ 22“85:3 a3 —5“2263‘;)‘3 <6=f(@) <ndueto0 < a < 2. Hence for0<a < 3 and

n> f(a) = 6, we get
p(n,2) > p(6,2) = 6a* —17a +9 > 0.
Thus, we obtain p(n,s) > 0 for 2 < s < ”T_l Together with (7), (9) and s > 2, we have

@5, (0(n)) = (s = Dh(6(n)) > (s = 1)p(n,s) = 0.
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—a?n+2a+s

Recall that p,(G?) is the largest root of g, (x) = 0. From (6), the symmetry axis of ¢p, (6(n)) is (1) = i)

Thus, we see that @g, (0(n)) is increasing in the interval [‘“22(”1’1%3” , +00). Note that _“22(”123“ < n-2. Together

<n -2 < 6(n). Combining these with ¢g, (8(n)) > 0, we deduce

—a?n+2a+s

with (5), we have Si-a)

Pa(G2) < O(n) = pa(Ky V (Kya U K1)

for2 <s< ”T_l
Case 2. % <a<l.
In terms of (3), we obtain

pp,(n—2) =(n—2)° = ((a + Dn + (@ — 1)s = 2)(n — 2)*
+(an®*+(@*s—a-1n—-s*—Q2a—1)s+1)(n-2)
—a?sn? + (2a% - 2a + 1)s*n + (a* + a)sn
—(Ba?-5a+2)s®—(a*>—a+1)s*—as

=(Ba —2)(1 - a)s® + (2a? = 2a)n — a® + a + 1)s?

+(Q-ay®—(@*-3a+3)n—a+2)s
+(a—-1Dn* - Qa—-3n-2
= (s, n).

Thus, we obtain

0D(s, n)
ds

=3Ba - 2)(1 — a)s® + 2(2a® = 2a)n — a® + a + 1)s

+(1-ay®-@*-3a+3)n—-—a+2.

Note that 32 < a < 1and n > f(@) = t2-. By a simple calculation, we have

oD
% _, =(l—a)® + (74> — 5a - 31 - 40a° + 63— 18
4\ 2 4 2
>(1 —a)(—) + (7 - 5a —3)(—)—40a +63a—18
1-«a 1-«a
:L(zmoﬁ — 750% + 61a — 14)
1-«a
>0,
and
oD 1
% o =7~ @)@ =2 + (20> 60— 41 = 50> + 7a + 6)
s=154

S;; ((1 — ) a-2) (%)2 + (207 — 6a — 4) (%) _50% + Ta+ 6)

1 3 2
= —4a” - 70— 42
4(1_a)(50z o o )
<0.

This implies that @p, (1 — 2) = ®(s,n) > min {(I)(Z,n),(I)("T_l,n } because the leading coefficient of ®(s, n)
(view as a cubic polynomial of s) is positive, and 2 <5 < %51, According to 2 <a <landn > f(a) = 1%,
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we obtain
D2, n) =(1 — a)n® + (6a* — 4a — 3)n — 28a* + 42a — 10
>(1 - a) (i)z + (602 — 4a - 3) (i) 2802 + 420 — 10
- 1-«a 1-«a
2
=—"(14a® - 23a* + 18a - 3)
1—-«a

>0,

q)(” R 1,n) :%((oﬁ — 30+ 21 — (502 — 19a + 16)n2

+ (3a% = 25a + 34)n + a? + a — 20)

%((az ~3a+2) (%)3 ~ (502 - 19 + 16) (%)z

4
+(3a2—25a+34)(m)+a2 +a—20)

=ﬁ(a4 —13a® + 11a? + 450 — 12)
>0.

Consequently, we conclude @p, (1 —2) > min {CI)(Z,n),CI)(”Z;l,n)} >0for2 <s < ”T_l Asm <n-2<
pa(Ki V (Ky—2 UKY)) (see (5)), we have

Pa(G2) <1 =2 < pa(Ky V (Kyz UKY))

for2 <s< ”T_l This verifies Claim 1. O
In terms of (1), (2) and Claim 1, we obtain

P(X(G) < pa(Ky V (K2 U K1)

with equality if and only if G = K; V (Ky—» U K;). Which is a contradiction to the A,-spectral condition of
Theorem 1.1. This completes the proof of Theorem 1.1. m|

4. The proof of Theorem 1.2

In this section, we prove Theorem 1.2, which provides an A,-spectral radius condition for a graph to be
t-tough.

Proof of Theorem 1.2. Suppose to the contrary that G is not a f-tough graph, there exists some nonempty

subset S C V(G) such that tc(G—S)—1 > |S|. Let|S| =sand ¢(G—S) = ¢, thentc—1 >s. If n > (t+1)c—1, then

G is a spanning subgraph of G; = Ki.—1 V (K, UK, U--- UK, ) for some positive integers ny > 1, > --- > 1,
C

with Y n; = n — tc + 1. In terms of Lemma 2.2, we conclude
i=1

pa(G) < pa(Gl) (10)

with equality if and only if G = G;.
Let Gy = Kie—1 V (Ky—(t+1)e42 U (¢ — 1)Ky). By virtue of Lemma 2.3, we obtain

Pa(G1) < pa(G2), (11)
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where the equality holds if and only if (n1,15,...,1.) = (n = (t + 1)c+2,1,...,1).
If ¢ = 2, then we have G, = Ky—1 V (Ky—pt U Kj). According to (10) and (11), we get

Pa(G) < pa(Kop1 V (Ky—2t U K1),

where the equality holds if and only if G = K1 V (K,,—»; U K7). In what follows, we consider c > 3.

Recall that G, = Kje—1 V (Ky—(t+1)e+2 U (€ — 1)K7). According to a € [1, ) and Lemma 2.5, we obtain

2e(Go)(1 — )

pa(Gz) ST +an—1
_AoaKncrbin-+2e-De-D)
=:z:i(((2t+1)c2—(2n+2t+3)c+n2+n+2)+m—1- 12

Let ¢(c) = (2t + 1)c® — (2n + 2t + 3)c + n® + n + 2. Note that n > (¢ + 1)c — 1. We conclude 3 < ¢ < . By a

120-a)2a+ly 5 52 4 0f + 1 > 462 + 6 + 1 that

direct computation, it follows from n > max{5t*> + 10t + 1, ey

n+1)_ (n—3t—2)(n—4t> -6t —1) .

t+1/) (t+1)2 0,

»B) ¢ (
which implies that ¢(c) attains its maximum value at c = 3 when 3 < ¢ < ntl Combining this with (12),

1
a €[3,3)and n > max{5t> + 10t + 1, m(l;ﬁjaﬂ} > ma;ﬂjaﬂ

, we get

Pa(G2) S% +an—1
(1—a)(n® —5n+12t +2)
a n-1
—-B-4dam+12t(1 —a)-2a+1
n—1

~(3 - 4a) - B2 4 1941 —a) - 2a + 1

n-—1
=n-2. (13)

+an-—-1

=n-2+

<n-2+

Since K1 is a proper subgraph of Ky;_1 V (K,—2: U K1), we conclude
Pa(Kat-1 V (Ky—2t U K1) > po(Ky—1) =1 =2 (14)
by Lemmas 2.1 and 2.2. It follows from (10), (11), (13) and (14) that
Pa(G) < pal(G1) < pa(G2) <1 =2 < pa(Kzi—1 V (Ky—2t U Kp)).

In conclusion, we have
Pa(G) < pa(Kop—1 V (K2t U Ky))

with equality if and only if G = Ky-1 V (Ky—2 U K;7). Which is a contradiction to the A,-spectral radius
condition of Theorem 1.2.

Letn < (t+1)c—2, then G is a spanning subgraph of K,,_. V cK; with ¢ > [%121. LetGs; = Kn%%] \% %]Kl.
By virtue of Lemma 2.2, we conclude

Pa(G) < pa(Ky— V cK1) < pa(Gs), (15)
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with equalities if and only if G = G3. Note that 2¢(G3) = (n — [Z27)(n — [22] — 1) + 2[ 2] (n — [12]) =

t+1 t+1 t+1 t+1

(n—- I'%'I)(n + [;’THZ -H<n- %f)(n + %12). In view of Lemma 2.5, we possess

n-1
= R B
n-1
P(n)
=n-24+-—— 16
A T T (16)
where ¢(n) = —(1 — a)n? + (2 — a)t? + (4 — 2a)t + 3a — 2)n — t* — 2t — 5 + 4a. Notice that
_ 2 — _
Q-at-+@d-2a)t+3a-2 <52 410t+1<n
2(1 - a)
bya€[},2),t>1andn > max{5t? + 10t + 1, %}. For t > 2, we have
Y(n) <5t + 10t + 1)
=—(1—a)5t? + 10t + 1)? + ((2 — ) + (4 — 2a)t + 3a — 2)(5¢*> + 10t + 1)
- -2t-5+4a
=5t + 10t + 1)((4a — 3)* + Ba — 6)t + 4o — 3) — 1> =2t =5 + 4a
<(5#* + 10t + 1)(4(4a — 3) + 2(8cx — 6) + 4a — 3)
— 12 -2t-5+4a (sincetZZanda<%)
=9(4a — 3)(5t* + 10t + 1) — > =2t = 5 + 4a
<0 (sincetZZanda< 2)
We check that ¢(n) < 0 also holds for t = 1. Combining these with (14), (15) and (16), we conclude
pa(G) < pa(Gg) <n-2< pa(KZt—l \Y (Kn—2t U Kl)),
which contradicts p,(G) > pa(Kai-1 V (K2t U K7)). This completes the proof of Theorem 1.2. O
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