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Abstract. In the present work, we investigate the mixed generalized Hausdorff and packing measures.
We emphasize the significance of these measures in analyzing the geometric and dimensional properties of
product sets. Our study provides a thorough and detailed discussion on the measurement of product sets

in general metric spaces (X, p). Additionally, we will explore the 0 — co case under a geometric condition
on X, which has been excluded in several previous studies.

1. Introduction

The notion of "weighted” in fractal geometry is crucial for understanding the intricate nature of geomet-
ric sets and their dimensions. Weighted measures manifest in the form of weighted covers and weighted
packings, both of which provide essential insights into the approximation and quantification of complex
structures. A weighted cover comprises a collection of closed balls, each associated with a non-negative
weight, which collectively represents the set being studied. This methodology is particularly important for
assessing key properties such as Hausdorff and packing dimensions, capturing the scaling behavior inher-
ent in fractals. In contrast, weighted packings focus on the arrangement of disjoint subsets within a space,
enabling a detailed analysis of their density and spatial distribution. The requirements for weights and sizes
of these balls ensure that the packings exhibit desirable properties, allowing researchers to establish various
inequalities and results pertinent to fractal analysis. By leveraging both weighted covers and packings,
mathematicians can delve deeper into the geometric complexities of fractals, highlighting their relevance
and importance in ongoing mathematical research. The reader can be referred to [4, 16, 23, 33, 34, 41] for
more details of weighted Hausdorff and packing measures.

Weighted measures are crucial in fractal geometry as they allow for the assignment of varying impor-
tance to different regions of a set, reflecting the heterogeneity in geometric properties. Building on this
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idea, mixed multifractal analysis has recently attracted considerable attention. This approach examines
the simultaneous scaling behavior of multiple finite measures, each potentially associated with different
weights, thus offering a much deeper insight into the local geometric properties of fractal structures. In
contrast, classical multifractal analysis is limited to the local scaling behavior of a single measure, which
restricts its applicability to analyzing the multifractality of individual time series. Olsen [49] was the first
to develop a comprehensive mixed multifractal theory, unifying the concepts of mixed Rényi dimensions
and mixed coarse multifractal spectra.

Let (X, p) and (X, p’) be two separable metric spaces. The Cartesian product space X x X’ is defined
with the metric p X p’ given by

p X p'((xl,xi), (xz,x’z)) = max{p(xl,xg), p’(xi,xé)}.

Let M(X) denote the family of Borel probability measures on X. We denote by B(X) the family of closed
balls on X and by ®(X) the class of premeasures, i.e., increasing functions C : B(X) — [0, +0c0] such that
C(0) = 0. In this study, we explore general fractal measures by studying the fractal structure of product sets.

A key tool in our study is the weighted Hausdorff and packing measures, denoted as ‘WZ’C and QZ’C, which
play a crucial role in analyzing the geometric and dimensional properties of product sets. A complete and
comprehensive discussion is given especially when the measures y and C satisfy a doubling condition, the
metric spaces satisfy some geometric condition or Cis defined using Hausdorff function. Moreover, a special
focus will be placed on the situation where the weighted Hausdorff measure coincides with the Hausdorff

measure, i.e., ?{Z’C = W, In this framework, we will identify and explore several classic examples that
have been extensively studied and analyzed in the literature. This will be referred to throughout this work
to simplify the illustration and discussion:

- case 1: g = Ore and C(B(x, 1)) = diam(B(x, r))*, s > 0.

case2: g € Rand ((B(x,r)) = h(2r), where h is a Hausdorff function (called also a dimension function).

case 3: g € Rand {(B(x, 7)) = 2r), t e R.

case 4 : Hewitt-Stromberg measure are used instead of the Hausdorff and packing measures,

where B(x,r) = {y eX; plx,y) < r}. Notice, if X = R, that the standard Hausdorff measure ' coincides

with £!, the 1-dimensional Lebesgue measure. Let I be Lebesgue-measurable subsets of R?> and denote
by I'y = {(x,y) € I’; y € R}. Fubini’s theorem implies that I’ is L-measurable for almost all x, and the
2-dimensional Lebesgue measure of E can be expressed as

£21) = f H(T,) dH ()
R

LX) = HYE)YH'(F) ifT=ExF

These prove, in particular that H*(T') # H*(E)H' (F). The question of equality and the potential inequality
of previously established equalities has been extensively studied across various forms of fractal measures,
especially Hausdorff and packing measures. Researchers have explored this topic to examine the nature
of inequality, which always holds, and the conditions under which equality occurs. This investigation
spans multiple disciplines, including fractal geometry, measure theory, and mathematical analysis, aiming
to uncover deeper insights into the properties and behaviors of complex structures. One initial approach,
when considering I' = E X F, is to cover E and F with intervals of length less than 6, which would naturally
lead to covering I' with squares of side length less than 6. From there, one could attempt to estimate the
corresponding Hausdorff measures. Let {y be the Cartesian product measure generated by the product of
Cand ¢’ and defined on B(X x X’) by

Co(Bx B') = C(B)C'(B') (1.1)
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Under a general circumstance, we will establish in Section 3 the validity of the following inequality

¢ HI(E) HI® (E') < HO(EX E), 1.2)
where ¢ is a positive constant and with the convention, that 0 X co = c0o X 0 = 0. We also prove thatc =1
when we assume that g and v satisfy the doubling condition. The inequality (1.2) will be established
using the density approach. However, this method has a limitation: it cannot handle sets of infinite
measure. To overcome this issue and extend our study to such sets, we impose the semi-finiteness of the
mixed generalized measure. With this additional assumption, we can obtain a similar inequality without

restrictions on finite measure sets. More precisely, if HZ’C is semi-finite on E and HI“ is semi-finite on
E’, then (1.2) holds (see Section 3). However, a significant issue arises: the interval lengths that yield an
‘optimal’ covering for E may produce a ‘suboptimal’ covering for F, making such estimates ineffective. In
other words, the inverse inequality in (1.2) is not true as demonstrated in Example 3.6. Indeed, we will
construct two sets A and B such that

HISNAXB) 21> 0= HI(AH]" (B).

This construction is due to Falconer in [15] for case 1 and later adopted in [25] for case 4. Thus, the problem
of equality in (1.2) is not obvious and requires modification or additional conditions. It is also natural to
consider the general case where I' is not necessarily E X F. We can show in cases 1, 2, and 4 that inequality
(1.2) extends to an integral version. For instance, in case 3, we obtain

[ Hpen o < cogie, 1)

for EC R™" and EY = {x € R", (x,y) € E} and for some positive constant c. This inequality was established
in [48] and, for case 1, in [14] and [37]. But it is not reversible, as shown in Example 3.8. Turn back
to the inequality (1.2) and explore possible modifications that would lead to an equality. First, note that
the product measure H' H° is not required to be a Hausdorff measure. Nonetheless, a straightforward
reasoning shows that utilizing the covering by rectangles enables us to derive the inverse inequality since

{Bi X Bj}; is a cover of E X F whenever {B;}; is a cover of E and {B}}; is a cover of F. To formulate this, we

will consider H, q;fﬁ where the Cartesian product measure (y is defined by (1.1) on the class of rectangles

B(X)x B(X") by (1.1). We will prove in Theorem 3.10 that under appropriate geometric conditions, we have
HIG(E X E') < HIEYH! (E).
This inequality was proved for g € Rin [4]. When, we allow the Cartesian product measure (y to be defined
on the class of rectangles B(X) x B(X’), inequality (1.2) fails to hold in general. However, a valid alternative
can be established by introducing the weighted Hausdorff measure (see section 2). Specifically, we will
prove in Theorem 3.11 that the following inequality holds
WINEYHI® (E') < HIS(E X E).
At this stage, and still pursuing our goal of turning inequality (1.2) into an equality, we show that if, at least
one of the spaces X or X’, the Hausdorff measure coincides with the weighted Hausdorff measure, then one

obtains the equality. We further explore the application of this result in the case where the above condition
is satisfied.

When analyzing the structure of fractal sets, packing measures on Cartesian products exhibit distinctive
features compared to those observed with Hausdorff measures. Like the Hausdorff measure, the packing
measure quantifies the “size” of a set, but it does so by focusing on the arrangement of disjoint balls within
the set rather than covering it. This difference in approach provides unique insights into the geometric
and dimensional properties of fractal sets. For two sets E and E’ in metric spaces, an upper bound for the
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packing measure of the Cartesian product E X E’ can be derived in terms of the individual packing measures
of E and E’. Specifically, under certain conditions, the following inequality holds (see Section 3)

Pl EXE') < PL(E) Py (E), (1.4)
provided itis true in the case when the term on the right side is not 0 x co or cox0. It is natural to consider the
integral version of the inequality for packing measures, which takes a highly general form, as previously
discussed for Hausdorff measures. The integral version of the inequality for packing measures faces
significant difficulties due to the nature of these measure. Packing measures are defined as the supremum
over sums evaluated on disjoint packings. This maximization approach means that an optimal packing in
the product space does not decompose neatly into optimal packings in the individual spaces, making it
difficult to derive a coherent integral representation. To overcome this issue, the author in [37] introduced
the measure y*/, which is constructed using a Carathéodory method with coverings by rectangles rather
than general packings. This approach employs a gauge function adapted to the product setting, ensuring
better control over the measure distribution across different coordinate directions. As a result, y* provides
a crucial link between packing measures and integral inequalities, enabling the derivation of a Fubini-type
result that would not hold directly for classical packing measures. More precisely, we obtain

f@@ﬁﬂ@mﬂ&

for EC R? and E* = {y € R, (x,y) € E}. But it is not reversible, as shown in [37, Example 4.2.1]. Now to
study inequality (1.4) without additional conditions or assumptions, we introduce a new fractal measure
called the mixed weighted generalized packing measure, which is more general than the mixed generalized
packing measure (see Section 2). Specifically, we will prove in section 3 the following inequality

PIO(E X E') < QUNE) PI°(E), (1.5)

uxv

provided that the product on the right-hand side is not of the form 0 X oo or co X 0.

2. Preliminaries results

Let k € IN, the set of positive integers, be a fixed integer and let g = (u1, .. ., i) be a vector of probability
measures on X with a common support equal to K. Let

U(B(x, 1) = mi(B(x, 1)) ... ux(B(x, 1))

and for g = (q1,...,qx) € R, we write

p(B(x, 1)1 = p(B(x, n)™ ... ue(B(x, 1))

We denote RF = (—00,0] X -+ X (=00,0], and Rk = [0, +00) X -+- X [0, +c0). Fora > 1 and 1 < j < k, we write

(2,207

Mf;(y) = lim sup
N0

xesstlpg) u y]-(B(x, I’))

Now, we say that the measure y satisfies the doubling condition if there exists a > 1 such that M{;(y) < o0
forall 1 < j < k. Itis easily seen that the exact value of the parameter a is unimportant since M’ (i) < oo, for

some a4 > 1 if and only if Mﬁ(y) < oo, foralla > 1. Also, we denote by Mp(X) the family of Borel probability
measures on X which satisfy the doubling condition. We can cite as classical examples of measures that
satisfy the doubling condition, the self-similar measures and the self-conformal ones [47].
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2.1. Mixed generalized measures of Hausdorf{f type

For 6 > 0, a sequence of closed balls {B;}; is called a centered 6—cover of a set E C X if, for all i > 1, B;
is centered in E, diam B; < 26 and E C [J;2; B;. The mixed generalized Hausdorff measure with respect to
(u, 0), is defined as follows. For E C X, we write

HIS(E) = inf{ ) p(Blx,, 1)) (B 7)),

where the infinimum is taken over all centered 6-coverings of E and with the conventions 07 = co for g <0
and ‘HZ’;(E) is given infinite value if no centered o-cover of E exists. The mixed generalized Hausdorff
pre-measure is then given by

,C . ,C ,C
WZ’O(E) = %E%WZ,(S(E) = sup WZ’E(E).

Since 7—(‘7(: is o-sub-additive but not increasing, one needs a standard modification to get an outer measure.
Hence we modify the definition to

HI(E) = sup ngg(F).

The function WZ’C is a metric outer measure and thus, a measure on the Borel family of subsets on X. We

refer the reader to [53] for more information about the notion of metric outer measure. The function ‘Hg’c,
is of course, a generalization of the Hausdorff measures introduced in [4, 23, 27, 47, 50]. In the following,
we define the mixed weighted generalized Hausdorff measure. A sequence (c;, B;)i»1 of pairs, where ¢; is a
non-negative real number and B; is a closed ball of X, is said to be a weighted cover of E if

(o)
XE < Z CiXBi/
i=1

that is, for all points x of E, we have

Z cl,xeB (2.1)

i=1
In addition, for 6 > 0, we say that (c;; B;)i»1 is a weighted and centered 6—cover of E if
e itis a weighted cover of E;
e foralli > 1, B; is centered in E and diam B; < 20.

Now, we write
WINE) = inf{ )" cip(Blxi, r)1C(B(x;, 1))},
i
where the infinimum is taken over all weighted and centered §-covers of E and with the convention that
(WZ’(E(E) is given infinite value if no weighted and centered 6-cover of E exists. Now, applying the standard

construction we obtain the mixed weighted generalized Hausdorff (VVZ’C defined by
w () = sup Wc 75(E) = lim w S(E),
(WZ’C(E) = sup yf)(F).
FCE

Remark 2.1. If the weights c; are restricted to the value unity, then (2.1) requires each point of E to be covered once.
That is to be covered in the normal sense. It follows that

q,C q,C 4, 4,
Wy,o(E) < ﬂy,é(E) and then W, "(E) < H,"(E).
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Theorem 2.2. Let u € (M(X)), g € R* and C € &(X). Then,
1. the functions WZ’C and WZ’C are metric outer measures on X and thus measures on the Borel family of subsets

of X;
2. for E € X, we can find a Borel set B such that,

90y — g 9.0y — it
7‘(“,0 (B) = 7-(#,0(]5) and ‘W’J,O(B) = ‘W’J,O(E).
Proof. The proof is straightforward and mimics that in [4, Theorem 2.1] and [4, Theorem 2.3]. [

In general, we have WZ’C < WZ’C. Therefore it is worth to compute sufficient condition to get the equivalence
between H. Z’C and ‘WZ’C, that is,

Proposition 2.3. Let y € (M(X))k, qE€ R¥ and ¢ € ®p(X). Then, there exists a constant y such that, forany E C X
we have

HI“(E) <y WI(E). 2.2)
provided that q € R or g € R and p € (Mp(X))~.

Proof. Letd > 0,F C E C Xand {c;, Bj};>1 be aweighted and centered 6-covering of F. Since {[,t(B(xi, r))1C(B(x;, r,-))}

is a sequence of non-negative numbers, then using [13, Corollary 4.4], there exists a subfamily {B(x;, r;,};>1
of balls such that F € ;5 B(xi;, 3r;;) and

i>1

Y u(Blxi, 7)) <(BGxi, 7)) <8 ) cip(Bexi, 1)) (B, 71))-

j=1 i1

Therefore, there exists a constant C such that

HISE) <Y p(Bex,5r)) (B, 31:))
=1
< 8C Z cip(Bxi, ) (B, 7))
i>1

Now, taking the infimum over all weighted and centered d-coverings {c;, B;}i>1 of F we obtain

,C ,C
HIS(F) <8C WH(P).

Letting 0 — 0, one gets
wg;g@) < 8C w;;gw) <8C WIE).

Since F is arbitrarily chosen, we obtain ‘HZ’C(E) <8C "WZ’C(E). O

2.2. Mixed generalized measures of packing type
Let 0 > 0, a sequence (x;,;);, x; € E and #; > 0, is a 6-packing of E if, and only if, for alli,j = 1,2,... we
have
i#j = p(xi,x;)>ri+r7),

and r; < 6. Now, we write

r=sun ),

1



R. Guedri, N. Attia / Filomat 40:5 (2026), 1925-1942 1931

where the supremum is taken over all centered 6-packing of E and with the conventions 07 = oo for g < 0
and PZ’;(E) is given infinite value if no centered 6-packing of E exists. The mixed generalized packing
pre-measure is then given by
9C iy — 15 9C Ty _ 4,
P uo(E) = %TSPM(E) = }SggP”,é(E).
The function PZ’% is increasing but not g-additive. By applying now the standard construction [46, 51, 57],
we obtain the mixed generalized packing measure defined by

0o

PIE) = inf{ZPZ’g(Ei)} Ec O Ei.
i=1

i=1

The function PZ’C’ is, of course, a generalization of the packing measures introduced in [10, 23, 27, 36, 39, 47].
The mixed generalized packing measure is “dual” to mixed generalized Hausdorff measure. We will

introduce the mixed weighted generalized packing measure, QZ’h, which may be “dual” to mixed weighted
generalized Hausdorff measure. We say that (c;, x;, ;) with ¢; > 0,x; € E and 7; > 0 is a weighted 6-packing
of E if, and only if, for all x € E we have,

Z {C{, pxi, x) < ri} <1

andr; <o6fori=1,2.... We write,

QIS(E) = sup{ ) ci p(Blxi, ) C(BCxi, ),

1

where the supremum is taken over all centered 6-pseudo-packing of E and with the conventions 07 = oo for
g <0and QZ’E(E) is given infinite value if no centered 6-weighted-packing of E exists. Now, applying the

standard construction we obtain the mixed weighted generalized packing QZ’C’ defined by

9.C _1; 9.C _ q.C
Qy,o(E) - })E)T(} Qy,g)(E) - %)I;(I):Qﬂrb(E),

LiEy — s LEy.
QI“(E) = inf ZQZ,O(EI»), Ec| JE).
i=1 i=1
In general, we have PZ’C < QZ’C since any 0-packing of E is also a 6-weighted packing of E. Therefore it is

worth to compute sufficient condition to get the equivalence between PZ’C and QZ’C, that is,

Proposition 2.4. Let u € (MX))¥, g € RFand C € p(X). Then, there exists a constant y such that, for any E € X
we have

QIN(E) < yPI(E), 2.3)

provided that q € R or g € R and p € (Mp(X))~.

To prove Proposition 2.4, we introduce a new fractal measure called the mixed generalized pseudo-packing

measure, denoted by RI°. This measure is defined using d-pseudo-packing of balls. A sequence (x;, 17);,
where x; € Eand r; > 0, is considered a 6-pseudo-packing of E if, forall 7, j = 1, 2, ... . the following conditions
are satisfied:

i#j = p(xi,x;) >max(r;,r)),

and r; < 6. Now, we write

Rys(E) = sup{ ) (B, ) C(Bxi, )

1
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where the supremum is taken over all centered 6-pseudo-packing of E and with the conventions 07 = oo for

g<0and Rq’g(E) is given infinite value if no centered 6-pseudo-packing of E exists. The mixed generalized
(2

packing pre-measure is then given by

q,C _ 1 q,C o q,C
REG(E) = im RYS(E) = inf RY (E).

The function Rq’g is increasing but not g-additive. By applying now the standard construction [46, 51, 57],
we obtain the mixed generalized pseudo-packing measure defined by

RI(E) = inf{ iRZ’E(Ei); EC 0 Ei}.
i=1 i=1

The function 7€Z’C is, of course, a generalization of the pseudo-packing measures introduced in [12, 23, 33].

2.3. Proof of Proposition 2.4

Let 6 > 0 and E € X. We start by proving that QZ’(’(E) < RZ’C(E). We may assume that ﬂZ’C(E) < oo,
Suppose that we have shown

¥ v
QZ;(E) < RVL(E). (2.4)
Then, for € > 0, choose a sequence of sets E; such that
Ec U E; and Z RY(E) < RY“(E) +e.
i i
It follows, using (2.4), that

QB < ) Q(E) < ) RYG(E) < RI(E) +e

and we get the desire result by letting € to 0. Let us prove (2.4). Let! < QZ’E(E). Choose {c;, xi, 7i}; a weighted

0-packing of E. By choosing N large enough we may approximate c; by rational «;/N such that a;/N < ¢;
and Y2, ai/Nu(B(x;, 1;))7C(B(x;, 1;) > 1. In addition, by relabelling and choosing # sufficiently large we may
assume that

Y i/ Np(Blxi, 7)) TC(B(xi ) > . (25)
i=1

Now, we define the function my : {1,...,n} = INg by my(i) = a;, where INj is the set of the natural numbers
including 0. We consider the set of indices

Jo={iel,...,n), m(i) 2 1}.

It follows, using [23, Lemma 4], that we can choose I; C |1 so that {(x;,7;),i € I;} is maximal pseudo-packing
from the family of pairs {(x;, ;), mo(i) > 1} that covers {x;, mo(i) > 1}. Inductively, for j > 1, we choose I; C J;

and define
1) =1 ifiel;
mytiy = {0 =LA TE
m;-1(i) otherwise

where
Ji= {i €fl,...,n}, mi1(i) > 1}-
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Now, we define the function, for j > 0, C; : X — INg by

G = Y mi(i); plxi,x) <7y}

It is clear, since I; covers {x;, m;_1(i) > 1}, that, for i € J;, there exists k € I; such that p(x;, x) < 7. It follows
that, foreach i € {1,...,n}, we have

Ci(xi) < Cja(xi) = 1,
provides that m;_1(i) > 1. Suppose that Jy # @ and letk € |y C Jn-1... € J1. Thus

Co(xx) = N + Cn(xx) 2 N + my(k) > N + 1. (2.6)

By definition of the weighted packing, we have

Colxx) = Z {ai, p(xi, xx) < Vz'} < NZ {ai, p(xi, x) < ri} <N

contradicting (2.6). Then Jy = 0 and

N
Y (mja (i) = mj() = a.

=1

As a consequence, since for each j > 1, Ziel,- W(B(x;, r))1C(B(xi, 1)) < RZ” E(E), we have

Z mj-1t) —m;(1) 1(1) m;(i) t(B(xi, 1:))1C(B(xi, 7))

:1 i=1

[< ) ai/Np(Bi, r))"C(Blxi 1)
i=1

IN

Z RIS (E) = RIS(E)

as desired to get (2.4). Now, if (x;,1;) is a -pseudo-packing of E then (x;,r;/2) is a 6-packing of E. Hence,
there exists y such that

,C ,C
R (E) < yPL(E),
since C € ®p(X) and p € Pp(X). Finely, we get the desired result.

3. Product inequalities of fractal measures

3.1. Densities Theorem

In the following we give a version of density theorem with respect to the mixed generalized Hausdorff
and packing measures which will be useful to prove our results this section.

Definition 3.1. Let 0 € M(X), x € supp(0), g € Rkand y € (M(X))". The upper, respectively lower, (q, C)-density
of 0 at x with respect to i, is defined by

e » 6 (B(x, 1))
o 0 OSSP B, ) G

respectively,
6 (B(x, 1))

p(B(x, )" C(B(x, 1)

Whenever H:'C(x, 0)=d y"’c (x, ), we denote by d ;”C(x, 0) their common value, which will be called the (q, C)-density
of 6.

d qc(x 0) = hm 1nf
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Theorem 3.2. Let q € RF, u € (M(X))¥, 6 € M(X) and E be a Borel subset of supp(6).
1. (a) If p € (Mp(X))* and H,"“(E) < oo, then

() inf 4 (x, 0) < 6(E). @3.1)
(b) IFH“(E) < oo, then

6(E) < H,7“(E) sup 4o (x, 6). (32)

x€E

2. (a) We have
PL(B)inf dI (x, 6) < O(E). (3.3)
xeE—H
(b) If O has the strong-Vitali property, then
O(E) < PI(E)infd"*(x, 0). (3.4)
xeE—H

Proof. The proof of this Theorem is straightforward and mimics that Lemma 2.10 in [4] and in Theorem 4
in[23]. O

Example 3.3. Theorem 3.2 will be used to analyze product inequalities for various fractal measures. In this example,

we will demonstrate that inequality (3.3) remains invalid when considering the measure RZ’C. Consequently, our
density-based approach cannot be extended to encompass product inequalities involving pseudo-packing measures
RZ’C. To this end, let X = [],_, G(N,) be the Davies metric space [10, 23] constructed using the sequence {y,}. Now,
we consider the set of Hausdorff function ¥ that is, the set of continuous and increasing functions h : [0, c0) —]0, co)
satisfied h(0) = 0. It is proven in [10] that for all € F, where

F={heF, @)=y,

we have RY(X) = 1 > P(X) = 0. Take n such that (1/2)" < r < (1/2)""" and let u be the uniform measure on X;
that is u(B(u,r)) = 2y,. Let E be the set of eventually peripheral points of X, so u(E) = 1[10]. If follows that,

RO 22
e

=2. (3.5)

Therefore ingg‘zl'h(x, 1) > 2. Observe that, we have the equality in (3.5) for r = 27"*1. Then we obtain inbfng’h(x, W) =2.
ue ue
Moreover, since h € ¥ then R'(E) = w(E) = 1[10] which implies that

h : q,h —
R (E)g@y (x,v) =2
On the other hand, we have u(E) = 1. So, we obtain 2 < 1 which is impossible.

Next, we present the following lemma, which will play a crucial role in proving the main results discussed
in the next results.

Lemma 3.4. Let C € ®p(X), g € Rf, TS (MX))F and E C supp y be a Borel set such that PZ’C(E) < +o00. Let
01 = HI* _and 0, = PI°
1. If p € Mp(X))*, we have

EZ/C(X, 01)=1, WE’C—a.a. on E.
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2. If 0, has the strong-Vitali property, then

c_lZ’C(x, 0,) =1, P'Z,’h—a.a. on E.

3. If there exists 0 € M(X) such that sup, . H:’C(x, 0) <y < co, then

HI(E) > O(E)/y.

4. If there exists 6 € M(X) such that infyer d y”'c(x, 0) >y >0, then

PIYE) < O(E)/y.

Proof. The proof of this Lemma is straightforward and mimics that Corollary 2 in [23] and Corollary 2.11 in
[4]. O

3.2. Product inequalities related to Hausdorff measures

In this section, we consider first the case when (g is defined on B(X x X’) by (1.1). In this situation, we
may density theorem so that, we will prove Theorem 3.5.

Theorem 3.5. Let u € (Mp(X))¥, v € (Mp(X)), C € Pp(X), T’ € Pp(X’), g € R, E and E’ be two Borel sets of
supp(u) and supp(v) respectively. Assume that ?{Z’C(E) < +o00 and ‘HZ’C (E’) < +o00. Then,

HIYEYHI (') < HIS(E X E).

uxv

Proof. Let 01 be the restriction of ‘HZ’C to E and 6, be the restriction of (HZ’C to E’. We set

E= {x €E, 41 (x,6)= 1}

and
B = {x cE, (0= 1}
Then, using Lemma 3.4, we have 0(E) = 0 (E) and O(E’) = 0,(E’). Therefore, for (x,y) € E x E, we have
61(B(x, 7)) 02(B(y, 1)
u(Bx, ) C(B(x, 1) v(B(w))"c'(B(y,r))]

ZE?/((X y), 61 X 92)

lim sup
r—0

< HZ,C(X, 91) EZ,CI(]/, 62) =1.
Therefore, by Lemma 3.4,
HIMEXE) 2 01 x 0(Ex E') = 01(E)02(E) = O1(E)02(E).
Hence, ) ,
HIE X E) 2 HIS(EXE') 2 01(E)0x(E') = HI (EYHI® (E').
O

It is natural to ask whether an inequality in the opposite direction holds. More precisely, does there exist a
constant ¢ such that
HISE X E') < ¢ HINEYHI (E')?

[JXV

The following example shows that the answer is negative.
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Example 3.6. In this example, we take X = X’ = R, and
p=v=L,....LhH k=2
Letq=(q1,-..,q%) € RK, C(B(x, 1)) = (diam(B(x, r))* and C'(B(x, r)) = (diam(B(x, r))* such that
k k
(Zqi)+t>0 and (Zqi)+s>0. (3.6)
i=1 i=1

We show that there exist Borel subsets A and B of R of Hausdorff measure 0 such that WZfﬂ(A X B) > 0. Let {a;} be
a decreasing sequence of numbers with lim;_,. a;j = 0 and let {m;} be increasing sequence of integers. We can choose

mo = 0 and {m;} rapidly enough to ensure that, for all j > 1

-1

-

(Mogy1 —mok) < @ my;
0

=~
I

(3.7)

j
Z (mox —mor_1) < @) my;
k=1

Consider the set A C [0, 1] such that, if r is odd and m; + 1 < r < mj, then the rth decimal place is zero, i.e., A is
the set of x such that

x=0,x1...%m 0...0 Xpp41...%m 0...0
S~ S~

(my—my) times (mg—m3) times

where x; € {0,1,...,9}. Similarly take the set B C [0, 1] such that, if r is even and mj.1 < r < m; + 1 then the rth
decimal place is zero, i.e., B is the set of x such that

x=0,0...0 xp41-..%m, 0...0 Xpu1.. Xy ...
—— ——
my times (mz—my) times
where x; € {0,1,...,9}. It is clear that we can cover A by 10% intervals of length 10~ where
k= (m1 - mo) + (1113 - THQ) + -0+ (1112];1 - m%,z).
1t follows from (3.7) and (3.6) that ?{Z’E(A) = 0. This is true for all set A C A, then WZ’C(A) = 0, and similarly we
have 7{1',7@ (B) = 0. Now let ¢ denote orthogonal projection from the plane onto the line L : y = x. Then ¢(x, y) is the
point of L at distance 27V/2(x + y) from the origin. Take v € [0, 1] we may find two numbers x € A and y € B such

that v = x + y, indeed some of the decimal digits of v are provided by x, the rest by y. Thus ¢p(A X B) is a sub-interval
of L of length 2712, Using [14, Corollary 2.4], we have

HIO(AXB)>1>0= H“(AH]" (B).

uxv

Remark 3.7. The 0 — oo case does not present any problem in our situation, as we have adopted the convention
that 0 X co = 0. However, we can still raise the question if (]-(Zfﬁ(E x E’) is always equal to co? This question is
important for understanding the behavior of product measures in different contexts. To answer this question, the
author in [18] construct four sets K and ‘KZJ j =1,2,3, where ¥ (resp. ) be the one-dimensional generalized
Cantor set. For g = 0, {(B(x, 1)) = r' and U'(B(x,r)) = 1° for all B(x,r) in R", they proved that under appropriate
condition,lﬂé(wl) = oo and '7{3(7(2") = 0 while H™ (%K x ‘Kg) is infinite, positive finite, zero according as j =1,2,3
respectively.



R. Guedri, N. Attia / Filomat 40:5 (2026), 19251942 1937

Example 3.8. This example proves that the reverse inequality of (1.3) does not holds. Let E be the segment in the plane
with endpoints (0,0) and (1,1). Take u(B(x, 7)) = v(B(x, 7)) = LY(B(x, 7)) and C(B(x,)) = (2r), T’ (B(x, 1)) = (2r)°
for all ball B(x,r) in R. Let m(B(x,vy),r) = min{y(B(x, ), v(B(y, r))} and 6 = 7{|}5 Take g,t,5 € R such that
2 = 2q +t + s and notice that

O(B((x, y),1) < V2 m(B((x,y),7))

X v(B((x, ), NYICo(B((x, ), 1) = X v(B((x, y), M)1Co(B((x, y), 7))
V3 (@I = V2

— ,C ,
Hence, SUP(y ek dZX?,((x, y),0) < V2. It follows, using Lemma 3.4, that

H'O(E) > O(E)/ V2 = 1.

Uxv

In the other hand, for all x € (0,1), E* is a singleton so for all s, t > 0, we have
[ Hren o - [oantw -

Now, in order to obtain the reversed inequality of (1.2), we need to modify the construction of the generalized
Hausdorff measure in the product space. Specifically, we define the Cartesian product measure y on the
class of rectangles B(X) x B(X’) by

Co(Bx B') = C(B) T'(B).
In order to include the 0 — co case, we shall require some restrictions in the metric space X as indicated in
the following Remark. We assume that, for a given g € RK, (X, C, ) satisfy the following assumption
X can be covered by a countable collection of balls (B;); with arbitrarily small
diameters and that the expression p(B;)7C(B;) remains finite for each i. (3.8)

Remark 3.9. Let g € RK, 6 >0, EC Xand E' C X'. Assume that (X q, y) and (X', T, v) both satisfy condition

(3.8). Then, if WZ’;(E) is infinite and 7—(3’5 (E’) is zero then (H'7 o 5(E X E’) must also be zero. Indeed, let us consider

(Bi)iz1 a centered 6-cover of E such that {u(B;)10(B;)} is finite for each i > 1. Then, for € > 0, we may choose for each
i, a centered O-cover (B,’.j) j=1 of E’ such that

(1))’ c(B; )2 v(B)))' C(B) < 5 (3.9)
Consequently, (B; X B! ); j>1 is a centered 6-cover of E X E’. Using (3.9), we get :
]

Hios(EXE) < ) px v(Bi x B)1Co(B; X B))
ij=1
= Y uvE s E)
=
y(B')qC(Bi)( Z V(B;],)qC’(B,{/»

ZZ; =1
Y-

<

'\Jlm

i=1
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Theorem 3.10. Let u € (M(X))X, v € MX)), C € O(X), T’ € O(X’) and q € Rk Assume that both triples
(X, C, ) and (X, T, v) satisfy (3.8), then

HI(E X E') < HI(EYH! (E). (3.10)

uxv

Proof. We first prove that
q,C ’ q,C q,C
prﬂ,b(E X E") < ﬂy,b(E)Wv,b (E). (3.11)
We assume that ?(Z’E(E )ﬂff’ (E") is finite. Let {B;};>1 and {B’};>1 be centered 6-covers for E and E’ respectively.
The Cartesian product E X E’ is then covered by the sets {B; X B;-}i,jzl is a centered 6-cover for EX E’. As a
consequence, we have

HIG (EXE) <Y pxv(B;x B)ICy(B; x B)

i,j=1

Y w(B)T(B)IC(BIC (B)

i=1
= (Y uyreE))( Y vByTB)).
i1 j=1

Then, (3.11) holds. Now, let E; C E and E] C E’. By letting 6 — 0,

H o(Er X Ef) < HIG(EVHG (Er) < HEY(EYHI (E).

Therefore

HIG(E X E') < HINEYHC (E) .

IJXV
O

Note that inequality fails to hold in general when applied to the class of rectangles. However, a valid
alternative can be established by introducing the weighted Hausdorff measure (see section 2). Specifically,
we have the following result

Theorem 3.11. Let g € RY, C € ®(X) and (' € O(X’). Assume that both (X, , w) and (X', T, v) satisfy (3.8), then
Wi EYHI (E') < HEG(E XE) (312)

uxv

Proof. Without loss of generality, we suppose that 7-(253 s(E X E’) is finite and ng’ (E’) is positive. Let p any

number such that 0 < p < 7‘(55 (E’) and (B; X B)i>1 be any centered 6-cover of E X E’. Tt follows that (B!);>1
is a centered 6-cover for E’. For each i, let u; = v(B; )qC’(Bl’.) /p, then

(o) (o)

p< Zv(B;.)qc'(B;) and Z w>1.
i=1 i=1
Xx€B;

Since this holds for each x € E, we obtain a weighted and centered 6-cover (u;, B;)i>1 of E and we have :
Y xv(B; x B)ICo(By x B) = Y u(Bi)IC(B)v(B})'C'(B)
i=1 i=1

=p ) wpBYICB) = pWL(E).

i=1
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Since (B; X B));>1 and p are arbitrarily chosen, we obtain

q,C 9, (s 4,C ’
WIEYH!S (E) < HIS (EXE).

O

3.3. Product inequalities related to packing measures

We now turn to the study of packing measures on Cartesian products. The following theorem establishes
an important inequality that provides an upper bound for the packing measure of a product set in terms
of the individual packing measures of its factors. Its proof relies on the density approach, which was
introduced earlier and will allow us to derive precise estimates on the measure of the product set.

Theorem 3.12. Let u € (Mp(X))¥, v e (Mp(X'))r, C € p(X), T’ € Dp(X’')and g € RF. For EC Xand E' € X,

we have
PLA(E X E') < PIE) PL(E),

uxv

provided it is true in the case when the term on the right side is not 0 X oo or co X 0.

Proof. 1f PZ’C(E) = o0 or PZ’C'(E’) = oo there is nothing to prove. So, we assume they are both finite. Let 6;
be the restriction of SDZ’C to E and 60, be the restriction of PZ’C to E’. We set

E=|xeE i (x, 01) = 14,

and
E={xeE, d¥x0)=1}.

Then, using Lemma 3.4, we have 04(E) = Gl(E) and 6,(E") = GZ(E’). Therefore, for (x, y) € E x E, we have
01(B(x, 1) 02(B(y, 7))
lim inf

=0 | w(BG, n) CB ) v(Bly,n)'T By, ")
d(x,61) d7°(y,62) = 1.

a2 ((x,y), 01 % 62)

\%

Therefore, Lemma 3.4, we have

61 x 02(E X E') = 04(E) 62(F)
O1(E) 02(E') = PLY(E) PI° (E).

P (E X E’)

uxv

IA

O

Transitioning from Theorem 3.12 to Theorem 3.13, we replace one of the generalized packing measures
with its weighted version. This modification allows the product inequality to hold without the need for
any doubling conditions on the measures p and v, resulting in a more general and broadly applicable
formulation

Theorem 3.13. Let p € (M(X))", v € (IM(X)), C € ©(X), ' € d(X’) and g € R*. For E C Xand E' € X', we
have
PIY(E X E') < QU(E) PI° (E),

uxv

provided that the product on the right-hand side is not of the form 0 X oo or co X 0.
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Proof. We may assume that QZ’C(E) < oo and SDZ’C (E’) < oo. For ¢ > 0, we choose sequences of sets {E;}i>1
and {E } j=1 such that

-

1l
—_

Ec| |E and ZQ”CE)<QqC(E)+e

1

8

E'C E; and Z ch (E’) + €.
j=1
Now, we will prove that
. .
PZXV(S(E x E') < Q" o(E) P5 (E). (3.13)

Letd>0andl < PZ’XCE s(E X F). Choose {(x;, yi),7i}i a 6-packing of E X E” such that

Y 1(BCxi, 7)) (B(yi, 7)) C(B(xi, 1)) (B, 1) > . (3.14)

i=1
Let N,ne€Rand, foreachi=1,2,...,
a; = Nu(B(x;, 1:))7C(B(xi, r:)) =1 and  b; = Nv(B(y;, r:))'C’ (B(x;, 1:)) — 1.

We can choose N big enough and 1 small enough, so that
y abi,
i=1 N?

In addition, by relabeling and choosing n sufficiently large we may assume that ).
b; > 0. Letx € E, then

”1!

i1 3¢ > [, witha; > 0and

{(yi, i), plxi,x) < 7’1’}

is a 0-packing of F. It follows that

IA

Yl plix)<rl <) Nw(B(yi, )T (Blxi, 1)

IA

Loy
NPZ,@ (E)).
Thus, (bi/N, x;, ;) is a weighted d-packing of E. Hence (3.13) follows. Therefore, foralli,j=1,2,---
P o(Ei X E)) < Q S(E) P (E). (3.15)

uxv,0

Thus summing over i and j, we have

Y PUCNEXE) <Y QUENPL(E)
i,j i,j

IA

(@) +€) (PI(E) +e).

The result follows on lettinge — 0. O



R. Guedri, N. Attia / Filomat 40:5 (2026), 19251942 1941

References

(1]
[2]

(3]
[4]

[5]
(6]

[7]
(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]
[20]

[21]
[22]

[23]
[24]

[25]
[26]

[27]
[28]

[29]
[30]
[31]
[32]

[33]
[34]
[35]
[36]

[37]
[38]
[39]
[40]

[41]

[42]
[43]
[44]
[45]

N. Attia, Relative multifractal spectrum, Commun. Korean Math. Soc. 33 (2018), 459-471.

N. Attia and B. Selmi, Different types of multifractal measures in separable metric spaces and their applications., AIMS Mathematics. 8(6)
(2023), 12889-12921.

N. Attia and R. Guedri, A note on the Regularities of Hewitt-Stromberg h-measures., ANNALI DELL'UNIVERSITA’'DI FERRARA.
69(1) (2022), 121-137.

N. Attia, H. Jebali and R. Guedri, On a class of Hausdorff measure of cartesian product sets in metric spaces., Topol. Methods Nonlinear
Anal. 62(2) (2023), 601-623.

N. Attia and B. Selmi, Regularities of multifractal Hewitt-Stromberg measures, Commun. Korean Math. Soc. 34(1) (2019), 213-230.
N. Attia, H. Jebali and M. Ben Hadj Khlifa, A note on fractal measures of cartesian product sets, Bulletin of the Malaysian Mathematical
Sciences Society. 44 (2021), 4383-4404.

A.S. Besicovitch and P.A.P. Moran, The measure of product and cylinder sets, . Lond.Math. Soc. 20 (1945), 110-120.

R.O. Davies, Measures not approximable or not specifiable by means of balls. Mathematika, J. of Pure and Appli. Math. 18 (2) (1971),
157-160

G. A. Edgar, Measure, topology, and fractal geometry, New York: Springer. Vol. 2 (2008).

G. A. Edgar, Packing Measure in General Metric Space, Real Anal. Exchange 26 (2001) 831 - 852.

G. A. Edgar, Integral, probability, and fractal measures, Springer-Verlag, New York, (1998).

G. A. Edgar, Centred densities and fractal measures, New York J. Math. 13 (2007), 33-87.

B. Esmayli and P. H. Lasz, The Coarea inequality , arXiv preprint arXiv:2006.00419 (2020).

K.]. Falconer, Fractal geometry: mathematical foundations and applications. Chichester (1990). Wiley.

K.]. Falconer, The geometry of fractal sets. Cambridge university press, 85 (1885)

H. Federer, Geometric Measure Theory, Springer-Verlag(1969)

D-J. Feng, S. Hua and Z.Y. Wen, Some relations between packing pre-measure and packing measure, Bull London Math Soc. 31 (1999),
665-670.

K. Hatano, Evaluation of Hausdorff measures of generalized Cantor sets. ournal of Science of the Hiroshima University, Series Al
(Mathematics), 32(2) (1968), 371-379.

K. Hatano. Notes on Hausdorff Dimensions of Cartesian Product Sets, Hiroshima Math. J. 1 (1971). 17-25.

L. V. Kovalev and D. Maldonado, Mappings with convex potentials and the quasiconformal Jacobian problem, Illinois J. Math., 49 (2005),
1039-1060.

L. V. Kovalev, D. Maldonado, and J. M. Wu, Doubling measures, monotonicity, and quasiconformality, Math. Z. 257 (2007), 525-545.
S. Jurina, N. MacGregor, A. Mitchell, L. Olsen and A. Stylianou. On the Hausdorff and packing measures of typical compact metric
spaces, Aequat. Mat. 92 (2018), 709-735.

R. Guedri and N. Attia, ON THE GENERALIZED HAUSDORFF AND PACKING MEASURES OF PRODUCT SETS IN METRIC SPACE, Mathematical
inequalities & applications. 25 (2) (2022), 335-358.

O. Guizani, A. Mahjoub and N. Attia, On the Hewitt-Stromberg measure of product sets, Annali di Matematica Pura ed Applicata.
200(2) (2021), 867-879.

O. Guizani and N. Attia, A note on scaling properties of Hewitt Stromberg measure, to appear, Filomat.

O. Guizani, A. Mahjoub and N. Attia, On the Hewitt-Stromberg measure of product sets, Annali di Matematica Pura ed Applicata
(1923-) 200, 2 (2020), 867-879.

N. Attia, R. Guedri and O. Guizani, Note on the multifractal measures of cartesian product sets, Commun. Korean Math. Soc. 37 (4)
(2022), 1073-1097.

O. Guizani, A. Mahjoub and N. Attia Some relations between Hewitt-Stromberg premeasure and Hewitt-Stromberg measure, to appear,
Filomat.

H. Haase, the packing theorem and packing measure, Math. Nachr. 146 (1990), 77-84.

H. Haase, Dimension of measures, Ada Universitatis Carolinae -Mathematica et Physica 31 (1990), 29-34.

H. Haase, On the dimension of product measures, Mathematika 37 (1990), 316-323.

E. Hewitt and K. Stromberg, Real and abstract analysis. A modern treatment of the theory of functions of a real variable, Springer-Verlag,
New York, (1965).

J. D. Howroyd, On Hausdorff and packing dimension of product spaces, Math. Proc. Camb. Philos. Soc., 119 (1996) 715-727

J. D. Howroyd, On the theory of Hausdorff measure in metric spaces, Ph.D. thesis, University College London, (1994)

X.Hu and S. J. Taylor Fractal properties of products and projections of measures in R, Math. Proc. Camb. Phil. Soc. 115 (1994), 527-544
B. Jia, Z. Zhou, Z. Zhu, J. Luo, The packing measure of the Cartesian product of the middle third Cantor set with itself. ]. Math. Anal.
Appl. 288 (2003) 424-441.

Jr. Mullins and N. Mullins, Derivation bases, interval functions, and fractal measures. The Ohio State University, (1996)

X. Jiang, Q. Liu and Z. Wen, An intermediate value property of fractal dimensions of Cartesian product, Fractals 25(06) (2017) 1750052.
H. Joyce and D. Preiss, On the existence of subsets of positive finite packing measure, Mathematika. 42 (1995), 14-24.

S. Jurina, N. MacGregor, A. Mitchell, L. Olsen, and A. Stylianou, On the Hausdorff and packing measures of typical compact metric
spaces, Aequationes Math. 92 (2008), 709-735

J. D. Kelly, A method for constructing measures appropriate for the study of Cartesian products, Proc. London Math. Soc. (3) 26 (1973),
521-546

J. M. Marstrand, The dimension of Cartesian product sets, Proc. Cambridge Philos. Soc., 50 (1954), 198-202.

P. Mattila, Geometry of sets and Measures in Euclidian Spaces: Fractals and Rectifiability, Cambridge University Press (1995).

EB. Nasr, I. Bhouri, Y. Heurteaux The validity of the multifractal formalism: results and examples, Adv in Math. 165 ( 2002), 264-284
D.G. Larman, A new theory of dimension, Proc. London Math. Soc. 17 (1967), 178-192.



[46]

[47]
[48]
[49]

[50]
[51]
[52]
[53]
[54]
[55]
[56]
[57]
[58]

R. Guedri, N. Attia / Filomat 40:5 (2026), 19251942 1942

Y. Pesin, Dimension theory in dynamical systems, Contemporary views and applications, Chicago Lectures in Mathematics, University
of Chicago Press, Chicago, IL, (1997).

L. Olsen, A multifractal formalism, Advances in Mathematics, 116 (1995), 82-196.

L. Olsen, Multifractal dimensions of product measures, Math. Proc. Camb. Phil. Soc. 120(1996), 709-734.

L. Olsen, Mixed generalized dimensions of self-similar measures., Journal of mathematical analysis and applications. 306(2) (2005),
516-539.

X.S. Raymond and C. Tricot, Packing regularity of sets in n-space, Math. Proc. Camb. Philos. Soc. 103 (1988), 133-145.

B. S. Thomson, Construction of measures in metric spaces, J. London Math. Soc. 14 (1976), 21-24.

C. Tricot, Two definitions of fractional dimension, Math. Proc. Camb. Philos. Soc. 91 (1982) 57-74

C.A. Rogers, Hausdorff Measures . Cambridge University Press, London (1970)

S. Wen and Z. Wen, Note on packing and weak-packing measures with Hausdorff functions, J. Math. Analysis Appl. 320 (2006), 482-488.
C. Wei and S. Wen, On cantor sets and packing measures, Bull. Korean Math. Soc. 52 (5) (2015), 1737-1751.

C. Wei, S. Wen and Z. Wen, Remark on dimension of cartesian product sets, Fractals, 24 3 (2016).

S. Wen and M. Wu, Relations between packing premeasure and measure on metric space, Acta Mathematica Scientia. 27 (2007), 137-144.
O. Zindulka, Packing measures and dimensions on Cartesian products, Publ. Mat. 57 (2013), 393-420.



