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Asymptotic distribution of the largest entry of sample correlation
matrices from 1-dependent normal population
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Abstract. In this paper, we investigate the limiting distribution of the largest entry of sample correlation
matrices in the ultra-high-dimensional case. Let M,, = (X};) be an n X p random matrix whose n rows
are n observations coming from the p-dimensional 1-dependent normal population. Suppose that both
the population dimension p and the sample size n are large with logp = o(n') for any ¢ € (0,1/3]. For
L, = max<i<j<p Pij, where p;; is the Pearson correlation coefficient between i-th column and j-th column
of M,,p, the limiting distribution and the law of large numbers are obtained by the Chen-Stein Poisson

approximation method and the moderate deviation principle. Additionally, an example is given to test the
covariance structure.

1. Introduction

The present paper is inspired by the application in high-dimensional statistical inference problems,
where the dimension p is always expected to be much larger than the sample size . In such a setting, the
classical limiting theorems for fixed p (see, e.g., [2]) are no longer applicable, and we need to call for new
statistical theories and methods.

Consider a p-dimensional population represented by a random vector X = (Xj,..., X,)" with mean
p € R?, covariance matrix Xy, and correlation coefficient matrix Ryx,. Let M, , = (Xki)1<k<n,1<i<p be annXp
data matrix whose n rows are independent copies of X. Define

L, = max p;;, L/ = max |p;;
"R P 1si<]'SP|pl]|, 1
Ly = _max pij, Lp=_max pi,
1<i<j<p,i<j-1 1<i<j<p,i=j-1
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where

v (X = X)) X — X _ o1 Xri
by = Y= (Xii = Xi) (Xij = X)) g - D= X ?

ij
\/Zk 1(sz ) \/Zk 1(Xk] Xj)2 "

for 1 < i,j < p. The first statistic L, is the maximum magnitude of off-diagonal entries of the sample
correlation matrix. To obtain the limiting distribution of L,, it is necessary to consider the limiting properties
of L,;; and L,» in our work.

In the high-dimensional case where p is at most a polynomial function of #, at the origin of the related
researches is Jiang [11] obtaining the limiting distribution of L; by Chen-Stein Poisson approximation
method as follows.

Lemma 1.1. (Theorem 1.2 in [11]]) Assume E|Xi1|" < oo for some v > 30. If lim, .o n/p =y € (0, o), then

v/2
lim P (nL> — 4logp +loglog p < y) = ex (— ) (3)
forany y € R.

The limiting distribution in the above lemma is called the extreme-value distribution of type I. Zhou [31]
obtained similar results to (3) under the more relaxed moment condition that

n®P (1X11X12l >n) >0 asn — oo.

Li et al. [16}, 17] showed necessary and sufficient conditions for the asymptotic distribution of L;,. Further-
more, Li and Rosalsky [18] established strong limit theorems for L;,. In particular, Liu at el. [20] considered
a higher dimension case, where p = O (n%) for any a > 0. They proved similar results to (3) and showed
thet the rate of convergence is O((log 1)*/2/ v/n).

In the ultra-high-dimensional case, the asymptotic properties of L, and L;, have been extensively studied
recently. Cai and Jiang [5] obtained similar results to %D under the assumption logp = o(n') for any
t € (0,1/3]. Furthermore, Shao and Zhou [23] established similar results to ( . ) under the assumption
log p = o(nP) for any B € (0,1]. Cai and Jiang [6] proved that the limiting behavior of the coherence differs
in three regimes: (logp)/n — 0, (logp)/n — a € (0, 0) and (log p)/n — oo and exhibited interesting phase
transition phenomena when p grows as a function of n. Cai et al. [4] studied the limiting distribution of
the pairwise geodesic distances among n random points. Zhao and Zhang [28] assumed that # rows of
M, are strictly stationary a-mixing random vectors and obtained the limiting distribution of L;. Fan
and Jiang [9] proved the following limit theorem of L, under the assumption that X3, ..., X, are a random
sample coming from equi-correlation normal population and the entries of the population distribution have
a common covariance p;,.

Lemma 1.2. (Theorem 2.2 in [9]) Let p, > 0 for each n > 1 and sup, ., p, < 1. Assume that p = p, — oo and
logp = o(n'/®) as n — oo. Then

4 logp(\/n -1L, — yo) 4, &, pn/logp — 0,

Yt 2, 4 o, puIogp = A1 € (0,00),
FL: Vn—1L,—po d
ey VO, pnylogp = eo,

where g = Vn—1p, + (1= p,) (2+/logp — loglog7‘7) 1+2p,—p2 ¢ ~N(0,1), Ag = «f , and the distribution

X/
function of £ is Fs (x) = e St
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Very recently, Jiang and Pham [13] studied the limiting distribution of L, when the covariance matrix of the
population is the covariance matrix of the auto-regressive model AR(1) or a Toeplitz matrix with a fixed
sequence.

In addition, Bai et al. [3], Cai et al. [7], Lytova [21], Tieplova [24], and Xiao and Wu [25] studied the
asymptotic behavior of the maximum off-diagonal entry of the sample covariance matrix. Jiang [12],
Johnstone [15] and Péché [22] considered the limiting distribution of the largest eigenvalue of sample
correlation matrix. Some limiting properties of random tensor were derived in Jiang and Xie [14], Lytova
[21] and Tieplova [24].

In this paper, we assume X obeys the p-variate 1-dependent normal distribution, that is, two adjacent
elements of X have a common correlation coefficient p,. We will study the law of large numbers and the
limiting distribution of the largest magnitude of the off-diagonal entries of the sample correlation matrices in
the ultra-high-dimension case where the population dimension p = p, and the sample size n are sufficiently
large with log p = o(n') for any t € (0,1/3].

Similar to Fan and Jiang [9] and Jiang and Pham [13], we assume that X comes from a dependent
population, and its covariance matrix has a special structure. Fan and Jiang [9] considered a strong
dependent population, but this may have limitations in applications. In practical applications, it is often
observed that the correlation between random variables decreases as their distance increases. Therefore,
this paper considers a weak dependent case. Superficially, the 1-dependent structure is a special case of the
Toeplitz matrix in Jiang and Pham [[13]. The key difference is that the quantity of the correlation coefficient
pn in this paper varies with the sample size 7.

The main probabilistic tools in this paper are (i) the moderation deviation of the partial sum of the
independent but not necessarily identically distributed random variables (see [8], Proposition 4.5), and (ii)
the Chen-Stein Poisson approximation method which is a special case of Arratia et al. [1], Theorem 1.

Throughout this paper, the symbol % means convergence in probability, 2 means convergence in
distribution, and & 4 nimplies that £ and 1 have the same distribution. Let b, = o (a,,) denote lim,,,« b, /a, =
0, let b, = O(a,) denote limsup,_, _ |b,/a,| < co. &, = 0, (a,) and &, = O, (a,) are denoted by &,/a, — 0

in probability as n — oo and limc_,« limsup, _, P (I€,/a,] > C) = 0, respectively. And the symbol sgn (p,)
means

1, pu>0,
sgn(py) =40, p,=0,
-1, pn<0.

In addition, C and C; are positive constants not depending n and p, and their values may be different from
line to line.

The rest of the paper is organized as follows. We begin in Section ?? by studying the limiting laws
of L1, Ly and L, in the ultra-high-dimensional case. Section [2| presents some technical tools and three
propositions from which the main results can be derived obviously. And the proofs of the main results are
given in Section[3] In Section[dwe give an example to test the covariance structure. Finally, four important
lemmas are proved in Section

Assumption 1.3. Let the n rows of M,,, = (Xk:i)nxp be independent identically distributed (i.i.d.) random vectors
with distribution Ny(u, R), where u € RP is arbitrary and R has the tridiagonal structure, that is,

1 p, 0 - 0
P 1 pn :
: . . . pa
0 -~ 0 p, 1

where sup,,.;|pnl < 1/2.
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Remark 1.4. By Horn and Johnson [10], Theorem 6.1.10, we find that R is positive definite if |p,| < 1/2.

Assumption 1.5. Let {p,;n > 1} be a sequence of positive integers such that p, — oo with logp = o(n') for any
te€(0,1/3]asn — oo.

Let &£ be a random variable with distribution function

1
F:(x) =exp|— ex/z), x€eR. 5
() P( N (5)
Set
log lo log lo Vn -1 log 8
p1 =2/logp - g &P and pp = 4/2logp - & 08P 4 P + 8% (6)

2 210gp 1-pp  242logp

The following two theorems are our main results.

Theorem 1.6. Under Assumptions the following holds as n — oo:

logp(\/n —1L,; - .“1) L& and 2,/21ogp(1ri—_21Ln2

n

d
— [,12) — 5
Theorem 1.7. Under Assumptions|l. suppose Q/IL — Aasn — oo. Then, the following holds as n — oo:
ogp

4 \/logp (Vn— —yl)—nf, /\G[—OO,Z—\/E],
2 ZIng(l—ﬂi;zan—pz)—uf, Ae(2- V2,00,

Remark 1.8. Cai and Jiang [5] assumed that Xi,...,X, are a random sample from (t — 1)-dependent normal
population and considered the statistic

Lic= _ max g,
1<i<j<pli-jlzt

where T > 2 s a integer. They found that nL2 . —4log p+log log p converges weakly to an extreme-value distribution
of type 1. In this paper, we relax L, . to L, and get similar results to Cai and Jiang [5]].

Remark 1.9. This paper considers the case of weak dependence, specifically a 1-dependent normal population. Ad-
ditionally, various forms of weak dependence among the elements of X remain to be explored. Moreover, the law of
large numbers for the maximum statistic is an interesting problem, as demonstrated by Jiang [11ll, Zhao and Zhang
12911300, and Zhang et al. [27]].

Theorems|[I.6land [1.7]imply immediately the following laws of large numbers.
Corollary 1.10. Under Assumptions the following holds as n — oo:

n-1 P 1 n-1 P
Ly52 Lo— 2.
ogp ™ and 1-p2 \[logp (Liz = pr) = V2
Corollary 1.11. Under Assumptions suppose \P/”l—ﬁ — Aasn — oo. Then, the following holds as n — oo:
ogp
-1
L, 52, Ael-o0,2- V2],
log p

1 n-—1 P
-2 Togp (Lr =P = V2, Ae(2- V2,0
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2. Auxiliary Results

The proofs of Theorems [I.6] and [1.7] are quite complicated. To prove the main results, we give some
technical tools and three essential propositions in this section.

For any p, € (=1/2,1/2), there exists a 0, € [0,1/2) such that /0, (1 — 0,)= |p.|. So we will substitute
\60, (1 = 6,) for |p,| in the proofs of theorems. Assume that the random variables

{Ek, Ek/,',‘k =1,2,...,i=0,1,2,.. } areii.d. as N(0,1). (7)
Define
Xi = \/G_nék,i—l + Sgl‘l(pn) . \/1 — Gnék,,', 1<k<n-1,1<i< p. (8)

Given 6, € [0,1/2) for each n > 1, set

0,> /1 -0, -0,
Gy =0p, by=1-6,, c, = \0,(1-0,), d, = _# e, = _M' )

2 T 2
Define
, c
Mij =sgn (pn) - (dnéii_l + Enéii + enéiiﬂ) + ki1 ki + Vhkilrint + Pnéric1Ekie- (10)
For x € R and integer p > 1, set
sp = V4logp —loglogp + x, (11)
s, = y2logp —loglogp +log8 + x. (12)

€
Vlog p
2.1. Some Technical Tools

Lemma 2.1. [Arratia et al. [1]], Theorem 1] Let {n,; o € I} be random variables on an index set I and {B,; a € I} be a
set of subsets of I, that is, for each a« € I, B, CI. Forany t € R, set A, = ¥ ,c; P (1o > t). Then, we have

. Denote m =n — 1.

Givene > 0, set

‘P (max Mo < t) — e < (LAN) by + b+ ba),
acl

where

b1=ZZP(na>t)P(n/;>t), bzzz Z P(na>t,nﬁ>t),

a€l BeB, a€l a#BEB,
by = ) EIP(1 > t| 0(g; B & Ba) = P (a > D),
ael

and o(ng; B & By ) is the o-algebra generated by {ng; B & B.}. In particular, if n, is independent of {ng; B & B} for each
«, then bs vanishes.

Lemma 2.2. [Chen et al. [8], Proposition 4.5] Let {n;; 1 < i < n} be independent random variables with En; = 0 and
Eelnl < oo for some hy > 0 and 1 < i < n. Assume that Y.\, En? = 1. Then

P(Y.yni 2 x)

— 3\ ., 4%y
- 0@ 1+Cn(1+x)ye

orall 0 < x < h, and v = Y.I, E(|nie*™, where sup, _,|C,| < C and C is a constant.
V4 i=1 n pnzl
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According to Fan and Jiang [9], Lemma 3.8, we could get the following lemma, and its proof will not be
described in detail in this paper.

Lemma 2.3. Let M, be a random variable for each n > 1 and h = {0,1}. Let g > 0 be a constant satisfying

lim P(Mn < \/gzlogp —loglogp —h-log8 +x) = F(x)

for any x € R, where F(x) is a continuous distribution function on R. Then

log 1. h-log8
My = g ylogp B BE - B

u,
29+logp  2g+/logp 2g+/logp

where U, converges weakly to a probability measure with distribution function F(x).

Lemma 2.4. [Fan and Jiang [, Lemma 3.2] Let X, ..., X, be i.i.d. random vectors and X, ~ N,(u, X) where
p € RP and X is a positive definite matrix. Let pjj be as in @) Suppose Y1,..., Y1 are i.id. and Y1 ~ Ny(0, E).
Write (Y1,...,Y, 1) = (Vy,. s Vp)n-1)xp- Then

(Pu)pxp : (”V‘[ﬁ]

Lemma 2.5. [Linnik [19]] Suppose that {C,Cq,Cy, ...} is a sequence of i.i.d. random variables with EC; = 0 and
EC? = 1. Define S, = Y-y Gi. If EeY" < oo for some 0 < a < 1and to > 0, then

pxp

S, 1

lim — lo P > =—=

%8 ( Vi ) 2
forany x, = 00, x, =0 (n 2<2(iﬂ>).

By the similar argument as in Lemma 3.6 from Fan and Jiang [9], we obtain the following lemma.

Lemma 2.6. Let U,V and W be i.i.d. N(0, 1)-distributed random variables. Let {a;;i = 1,...,7} be real numbers. Set
n=aU*+a,V? + a3W? + a,UV + asVW + agUW + az. Then

E(InPel) < CXL, laf* - e

as0 <x < sz—a where C is a constant not depending on a;.
i=1"1

Lemma 2.7. Let 0, € [0,1/2) for all n > 1. Under Assumption[1.5} suppose i < j— 1. Then
2 1 &
[ﬁ Z‘ Xk,zxk]] [ —m Z xkl + xk] l \/_ le Xk,iXk,j + Amij,

k=1

where

P(|Amij| > e,,) = o(}%)

fore>0asn — oo.
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Proof. 1f i < j—1, write

a2y
where
Smij = % kz_:, [”" (51%,1'—1 + 5?,;‘—1 - 2) +by (51%,1' + éi,j
m
Tmi] 5—%(5k1 15k1+5k] 15k])

-2)].

= 2 4+m 2+m
where
1 v  MinijSmij — Minij Toij
Myij = Xixe,j and Ay = - .
m ; 2+/m \m
Write

Xk,iXk,j = Anlki-18k,j-1 + bnr1ékj + pn <5k,15k,]'—1 + 5k,i—15k,j)-

Then, we know
E (xk,ixk,j) =0, Var (xk,ixk,j) =1 and EeP+*il/4 < oo,
By Lemma for € > 0, we can obtain

)Mmij) Gro? | ( 1 )
P 3 <Ce 2 %BP =o[—].
( a7 >3+¢ e 0 p

1629

(13)

Furthermore, it is obvious that E(Syij + 2Tij) = 0, Var(Syi; + 2Tyij) = 4 and EelSni*2Twil/4 < co. By Lemma

we see that
|Am1]| > ep)
P[|Am,]| > ep, M >3+ e] + P[|Am,«j| > €, M
logp ylogp
|Mm,]( |Smij +2Tmij| €
SP[ p>3+5]+P( 2V >(3+e)logp
:0(1) ( mij +2Tm1] S €\/ﬁ )
p* B+¢)logp
=0 (}%) +2-exp|— e’

23 +¢)’ (log p)

|

S3+8]

(14)
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for e > 0 and ¢ > 0. We find that the last item is identical to o(1/p*) by Assumption These prove the
lemma. O

Lemma 2.8. Let 0, € [0,1/2) for all n > 1. Under Assumption[1.5} suppose i = j— 1. Then

2 v 1 & m
[ﬁ Zxk,ka,j] . [1 ~ I Z (xkl + xk] l Z Mij + Amij + Pn \m,
k=1

k=1 k:

where 1y, is defined in and

P(|Amij| > Ep) = O(plél)

foralle >0asn — co.

Proof. Ifi = j — 1, then we have

1 m p m
n 2
— ) XkiXkj = Nuij + —= Z Eeir
Vi3 Vi3
where

1 m
Nyij = ﬁ Z (@n&ki-1éki + bnéiiCriv + Puékic1&kiv1) -
=1

Reviewing the proof the Lemma[2.7} we obtain that
2 v 1 v
2 .2
(_m Z xkixkri] : [1 ~ am ; (xk,i * xk,j)}
Sml] Tn'll] )
( mij + Z ék 1] ( 2 \/— \/—

1 iXklxk] ~ SwiiNmij — ToijNmij Pn( mij T 2Tmi]’) iéz

- X 2,
m = 2ym \m 2m p
1 ix N SmijNmij  TnijNmij P (Smij + 2Tmij) - (52 1) Pn (Smij + 2Tmij)
= — KiXk,j — — - - 7
T R TR o 2
1 m
iy Z nkz] + Amz] + Pn ‘/_
=

Ao SwiiNoij ToiiNwij P o (Smi + 2T i (&,-1)
i 2m \m 2m = '
Given ¢ > 0, define
Ae = { Nmij

v3logp
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Set Gk = &ki-1&ki + Ekikist + Eki1€k i1 and Cp = 5@ —1. Obviously, E¢x = 0, Var() = 3, Ee%/* < o0, EC; = 0,
Var((;) =2 and Eel%/* < oo, By Lemma we have

pac) <|| 2|5 54 |4 p % >3+¢
“ 7 \|Blogp \2mlog p
m m ’
N IR CLE R P I
\3mlogp \2mlogp

=1. e—@logv =0 (l)
P4

for e >0asn — oo. Fore > 0 and ¢ > 0, we see from and Lemma 2.5 that

P(|Aml]| > Gp) =P (lAml]| > GP,AE) + P(|Am,]‘ > GP,AE)

<P (2 )Smij + 2Tmij| > %) +P (AE)
<.p Smij + 2T pij . e\m P
- 2 43 +¢)logp

E‘an
o T o) wof )
p p

as n — co by Assumption[I.5} Then the proof is completed. [

2.2. Three Propositions
The first proposition presents the asymptotic behavior of L,,.

Proposition 2.9. Let 0, € [0,1/2) for eachn > 1. Under Assumptionsand set o2 = 032605 +3605-20,+1

— 1 1 m
and ]\/I,'1 = maXi<i<j<p,i=j-1 o (\/—7—" Zk:l nl/dj + Amij . Then

1

lim P(M;, <s,)=exp|— e‘x/z)

fim PV <) p( 42m
forany x € R.

Proof. Setl’ ={(i,j);1<i<j<p,i=j—1}. Fora = (i,j) € I, define

7

1(1 v,
Zy = o {ﬁ ;nkzj + Auij
B, ={(k,)el'; keli-2,i-1,i,i+1,i+2},but (k1) # a},

where A,;j is defined in Lemma Note that Z, is independent of {Zg; 8 ¢ B,}. By Lemma we have
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2

a€l’ BeB,,

and

vzzzz Z>s Zﬁ>s)

a€l’ a#PeB),

<5(p-1)-P Az o H.
R e WIS e WS ] U

Lemma 2.10. Under the conditions of Proposition we have limn_mo H = " r e for any x € R and

lim,,—e0 H3 = 0. Obviously, we have lim,_,c Ha = 0 by lim,,eo Hy = 7 «F e~/ for any x € R.

Lemma [2.10says that e*' — exp (—Te *l 2) v; = 0and v; — 0 as n — oo. These prove Proposition

42
29 O
Propositions [2.11|and [2.14 will show the limiting behavior of L, when \P/"l—ﬂ - Ae [—00,2 - \/E] and
ogp

PN _ .
N - A€ (2 V2, oo], respectively.

Proposition 2.11. Let 6, € [0,1/2) for each n > 1. Under Assumptions [1.3|and[1.5) set

1 m
M, = 11<r11<a]><<p[ N lek,ixk,j] { ~m ; X +xk]
> Ae|-00,2— V2|asn — oo, then
et |
lim P(M, <s,) = ex ( e—x/Z)
forany x € R.
Proof. Set

I={(Gj);1<i<j<pland!” ={(i,j);1<i<j<p,i<j-1}.
For a = (i, j) € I, define

2 v 1 &
- [ﬁ };‘ xk,ixk,j] : [1 -0 I; (o + 7)) Z ki

By={k,)eL {kin{i—-1,i,i+1,j-1,j,j+1} # (Z),but(k,l) +a},
B/ ={(kDel”; klin{i—-1,i,i+1,j-1,j,j+1} #0,but(k,]) # a}.

The crucial point is that X, is independent of {Xg; f ¢ B,}. Reviewing the definitions of I" and B, by Lemma
we have

P(maxX, <s,|—e ™| <uy +u,
p
acl
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where
A=Y P(Xa>s5)=Y P(Xe>5)+ ) P(Xa>s))
a€l a€l’ ael”
m
=(p- 1)P[ Z M1z > Sp] = 1)2(]9 2) [ Z M3 > Sp] 1+ G,
k:
=YY P(Xe>s)P(Xp>s,)
acl peB,
=YY P(Xa>s)P(Xs>5)+ Y Y P(Xa>5,)P(Xp>5))
a€l’ BeB;, a€l” BeBy

2
-1(p-2 1 «
<p-1)- [ an12>sp] +%‘(6P)‘P[ﬁ;mﬂs>sp] =F2+ G
and

=Y Y. P(Xa>s,Xs>s,)

a€l a#peB,

:ZZP(X“ > sp, Xp >S,,)+Z ZP(X“ > $p, Xp >5p)

acl’ BeB,, ael” BeB!!

1 m
<(p-1) [ Z Mk12 > Sp, ——= Z Mi3a > Sp
Vm =
p-Dp-2) 1
+—F——(6p) P|—= ) Mz >sp,—= ) ks >5p|:=F3+Gs.
2 %; P Z P

Lemma 2.12. Under the conditions of Proposition we have lim,,_mo G = f /2 for any x € R and

e for any x € R.

limy, e G3 = 0. Trivially, we have lim, 0o G2 = 0 by lim,, 0o G1 = I W

Lemma 2.13. Under the conditions of Proposition we have limy,_,., F1 = 0 and lim,_,., F3 = 0. Obuviously,
we have limy, ., F2 = 0 by lim,, o F1 =0

By Lemmas [2.12{and [2.13} we know that e~ A exp (_\_56 "/2) u; — 0and up —» 0 as n — co. Then

the proof of Proposition [2.11]is completed. [

Proposition 2.14. Let 6, € [0,1/2) foreachn > 1. UnderAssumptionsand set o2, = 03—205+302-20,+1
and M, = maxi<i<j<p (\% Yl xk,ixk,j) . [1 - =T (x]%,l. +x7 )] If \/_ (2 -2, oo] as n — oo, then

e—x/2

lim P(M <c,\Vm+ o8, )

n—oo 4V2n

forany x € R.
Proof. Sett = c, Vm + oms,. Recalling the proof of Proposition by Lemma 2.1, we have

‘P (max X, < T) —e M| < my + mp,
acl
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where
/\pg’:(p—l)P[%;nklz>T +(p)2¢ [T;nk13>’t] 7’{1"1"7-1,
1 (-1(p-2) 1 ¢ ’
my SS(p_l)'P[ﬁ;nk12>T +%‘(6p)'P[ﬁk:1ﬂk13>T] =H+ >

and

m 1 m
™y S(p—l)-5-P[TZT]k12>T,ﬁznk34>7]
k k=1
2)

-1 1 1 v
+(P )z(p (6) P[\/ﬁénkrs>T,ﬁ;nkl5>’f]:=7{3+j3.

Lemma 2.15. Under the conditions of Proposition we have limy, o 1 = 0 and lim,,_,.o I3 = 0. Trivially, we
have lim,_,o > = 0 by lim,, 1,00 91 =0

Then, we see from Lemmas [2.10{and [2.15that e™*»* — exp (—#Tne‘x/z), m; — 0and my; — 0asn — oo.
These imply Proposition[2.14] []

3. Proofs of Main Results

Now we are in a position to prove Theorems|I.6|and

3.1. Proof of Theorem

Proof. Reviewing (7) and , we find that the n — 1 rows of the matrix (xk;),_1)x, are 7 — 1 observations and
x1,; ~ N(0,1) for each 1 < i < p. In addition, for 1 < i, j < p, we have

COV(X X -): 0, |i_j|>1'
1irA1,j Sgn(pn) m/ |Z - ]) = 1,

wheresgn(p,) v0, (1 — 0,) = p,. Thatis, eachrow of the matrix (xi ;)(u-1)xp Obeys Ny (0, R). Write (xx;)(1-1)xp
(Vy,...,V,)such that V; = (x4, ... ,xu-1,;) foreach1<i<p. By Lemma we have

1 ym Ay
d m Zk:1 xk,zxk,]
m max p,] = max

1<i<j<p 1<i<j<p hihj ’
where
1 v C 1 v
h; = szizz 1+ 2 and G, —Z(x,%l—l)
k=1 m mia

By the Taylor expansion, we obtain

1 _ _ Cnl Cnl . _ Crl,j Cn,j _ Cnl Cn]
e ARl N e AR e e )
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where
R e R M G R ) ML )
jji=—— +|1-—=]- +11- . — |+ - .
= 2vi) P\ V) T\ )\ O\ )\
If Cyi/ Vm| < 6 and |Gy, i/ V/m| < 6, then max— ;|1 — Cui/(2 V/m)| < 2 due to 6 € (0, 1). Therefore,
2 2 2 2
eul-lel 28 2 G G _46irG)

| g | - 4m m m m m m
It follows that

8 2
max |&;i| < — -max 16
1<i<j<p } ]| m 1<i<p C”’l ( )

by maxi<i<p [Cui/ Vim| < 6. Let G = (7, — 1)/ V2 for 1 < k < m. Obviously, E¢; = 0, Var(y) = 1 and
Eel%/? < 0. Set

Y, = {111;?;|Cnri| <3 \llogp}.

By Lemma we have
lim P (Y,) = 1. (17)

Then, we see from (15) that

2 m 1 m m
6 2 2
P IR B Rl DIRIE I | K (18)
k=1 k=1 k=1
where
{ o J
’
E.=|— Xk iXk &j
ij 1/—Z: AT
mia
Zhang et al. [26] proved that
m
maxX —— Zxk,ixk,j = Op( 11’1)
ha \
<i<jsp \m |&=
as n — oo. Therefore, by (16), we have
m m
, 1
max e,j‘ < max — Zxk,xk] - max |€1]| < —- max — Z Xk,iXk,j mame
1<i<j<p 1<i<j<p \'m = 1<i<j<p m 1<l<]<p pcy 1<i<p

by maXi<i<j<p |Cn,i/ \/ml < 0. Then,
8 2 logp
:a-Op(\/m)-<3 logp) :Op( m)

Therefore, writing Iy, = 1 — Iz, we see from and that
\Vm  max Pij

1<i<j<p,i<j-1

2 m 1 m ) m ) 1
1si<I]2;?3(< -1 {[ m ; kit ] [ 4m (; i ; X j % fogp

Iy, - max |g};
1<i<j<p ]

(19)
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By the same argument, we obtain that

Ym  max  pjj
1<iciiorjo P

_ LY e sy e !
_1<l<]<p”1{[ Zxk1Xk]] [ am (;‘Xk,i‘i‘kzzl‘xk,j]l}-l-op( 10gp}

Reviewing (T) and Lemma[2.7, we have

m
1
VmLy, = ¥Ym  max  pjj=  max Z XyiXxj + op( .
1<i<j<p,i<j-1 1<i<j<p,i<j-1 k: llogp

Then, by Proposition 6.4 from Cai and Jiang [5] and Lemma

loglogp N 1

1
Ui + 0| ——|,
a\logp  aylogp " p[vlogp)

where U, LA & with distribution function F;(x) as in . It follows that

VmL,; =2 logp

logp(\/%Lm - M1) =Un ¢,

og log p
log p
Recalling (1), Prop051tion Lemmas [2.3|and 2.8} one can get that

VL =Vm__max pj

1<i<j<p,i=j-1

where p11 =2 4/logp - and & is defined as above.

1
= max + Apii |+ o \Nm + 0
1<1<]<p1]1[\/—277k1] ] p P( (_logp]

loglogp log 8 1
=(1-p2)| +/2logp - + + Up |+ pn VM + 0
( P )( &P 242logp 242logp 2+2logp 2T g

1
x/logp)’

where U, LN & with distribution function F(x) as in . It follows that

2\/210gp(%an - #2) =Up &,

n

_ p \/> log logp log 8 . X
where pp = + +2logp - 22 logp N2l and ¢ is defined as above. [J

3.2. Proof of Theorem
Proof. In this section, we continue to use the notations in the proof of Theorem Then, by Lemma
Propositions and we have the results as follows.

Case (i): If A € [-00,2 — V2], then

1 1
M, = 2+/log 08 08P , 1 Uns,

4 \/log p 4 \/logp

where U3 4 & with distribution function F(x) as in .
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Case (ii): If A € (2 — V2, %], then

. log1 log 8
an = &%2 + y2logp — osogp , 8% 1 Uy,
T-py 1-py 2\2logp 2+R2logp 2+2logp

where U, 4 LN & with distribution function F(x) as in .
Recalling and the definitions of y, (2, M, and L,, we have

2 1 (v - 1 1
\mL, = max {[— xkixkj] . [1 - —[ xii + xiﬂ} + op( ] =M, +o0, (—]
1sisisp (( Vim ka dm ka = Vlogp Vlogp

Then, one can get the following conclusions by the above relations.
Case (i): If A € [-o0,2 — V2], then

4 logp(\/ﬁLn—M) L3

where 11 and the distribution function of & are given in (6) and (5), respectively.
Case (ii): If A € (2 — V2, =], then

4 \/log p( VL

1-p;

d
- uZ) - él
where (1, and the distribution function of & are given in (6) and (5), respectively. O

4. Testing the covariance structure

We apply Theorem [1.7)to the problem of testing the covariance structure of a high-dimensional random
vector. Let X3, ..., X}, be arandom sample from the population N,(u, ) with the corresponding correlation
matrix Ry,,. As the application of Section ??, we wish to test whether X comes from the 1-dependent
normal population, or equivalently in terms of the correlation matrix, we wish to test whether R’ has the

tridiagonal structure like R defined in (4). The specific hypotheses are
Hy:R"=R wvs. H;:R #R.

We find that L, can be used as the test statistic. Under Hy, the conclusion of Theorem [1.7]still hold. For
a given a € (0,1), set g, = —log(327) — 2loglog(1 — a/2)7!. It is obvious that g, is the (1 — @/2)-quantile of
the distribution F:(x) as in . Then, we can get rejection regions K; and K, when A € [—c0,2 — \/E] and
Ae2- V2, oo], respectively.

log 1 N
Ki=4Vn—-1L, -2 /logp + °8 ngz 1 ,
4\logp ~ 4logp
Vn — nVn—1 log1 log 8 .
%, = n—1L, paVn-1 ,210gp+ oglogp  log > q
\/14_‘0% \/1"‘0% 242logp 242logp 242logp
Specially, we also can test for independence in the normal case. That is, we wish to test whether R = I,,

where I, is the p X p identity matrix. By the same argument as above, we find that the corresponding
rejection region is %K.
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5. Proofs of Lemmas[2.10}[2.12| .13|and 2.15!

5.1. Proof of Lemma
Proof. Step 1: proof of limy e Hi = 7

x/2
\T for any x € IR. Review ( . Write

Cn
Moz =580 () - (Ao + &8, + n82, )+ Biolin + Biafea + pudiofia

It is obvious that

R R
E| — ) n4,|=0 and Var|—— ) n,,|=1 (20)
( 17 A= klz] [ 17 A= k12\]

Define

_sen(p) -, sen(p)oc __sen(pn)-es
\/_Unl ’ 2‘/_0'111 \/_O'nl ’
a; _ b __ Pn

, e= , = )
\/%Gnl \/1’;(7”1 f \/ﬁ‘jnl
Set 1 = aéio + béil + céiz +d&ko&k1 + eEx1ék2 + fE0&k2- Then it follows from @P that

d=

E()=0 and ) Var(n)=1 (1)
k=1

for each k. Furthermore, we have

1
max {|a|/ |b|r |C|/ |d|r |€|, |f|} < ﬁ (22)
Then, use the Holder inequality, the fact that [£ 1| < éil + éiz and independence to see
Ee" <Eexp [ (lal&2, + IDIE2, + Icl&2, + 1dEodial + le€kixal + |fSrodial)|
3h
<EeXP[ N (5ko + & & 2)] (23)
<Eexp (—Eio) -Eexp (—éil) -E exp (ﬂ5%2) < 00

for all h, k, m satisfying 0 < h < h,, := ‘1/—? and 1 < k < m. By Lemma we have

Y= i E (|n e#ll) < f C- (laP + 1B + [el® + P + lef’ + ) f mi <—
k=1 k=1

k=1

Then, we see from (1), (23) and Lemma[2.2] that
1 v - ,
Pl—=—Y nn>s,|=P|Y >5[ =[1-0(s))]- [T+ O (1+57) ye7] (24)
‘/ﬁanl k=1 k=1

due tos, < hy, := ‘F Notice that 5’37/ O(s m12e5/ ‘F) — 0asn — o by Assumptlon Hence, we
obtain
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1 . A2 1
P E T]]'( + /= > S; =P 1];(12 > S;, -
\m o YV (o
moyu1 =1 nl moyu1 =1 nl

k=1
Y ;A2 [Amz 2
=P kZ:;T]k o Sl el b e,,]
+P[Zm:nk SO ThE ) ELTIE1 ]
p oo Lo |7
fore > 0. By Lemmaand the fact 0,1 € (3/4,1], we have
offine s oo oS o) sf )0 e

m12

fore >0asn — oo. If o

< €y, we assume 2 A’"“ = —— for some ¢ € [—¢, €]. Review ( i 1 3) and Lemma
Vlog
2.2l Then, by choosmg € > 0 small enough, we have

- A
-P >s —le, <e
’ (;nk b Onl 4

=p- P(iﬂk” - \/10?
:p.[1—®[s;—\/@]]'[l+o(%)]

2
[
= P e [T+0(1)] — 4;6_"/2

Var (s, — —i—

Tt ( P /log p)

as n — oo. Combining the above equalities, , (IZEI) and , we get lim,, oo H = I \F
Step 2: proof of lim,,_,., H3 = 0. Let P; stand for the conditional probability given {&x0; 1 < k < m}. Then,

Ale
Onl

(27)

e /2 for any x € R.

R . Am12 R . Amss
P o+ >gl, oyt —— >s
[Gnl \/ﬁ ; nklZ On1 4 Onl \/ﬁ =1 rlk34 Onl p
. ) (28)
=E|P ' "2 >
1 ( Ol \/ﬁ ;‘ M12 o p
We see from independence that
1 m
’ 2
—\/ﬂ_wnl Z Mz ~ N (H”Z’OHZ)’ (29)
=1
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where
pn(1=6,)
M2 = — (S -1),
20—711‘/_ Z k2 )
e _e§+eg—9§+9n+1—9nigz
2 = k,2°
! 20%1 mail =1
Note that
0r+03-02+0, L7
2(1-06,) 16
due to 6, € 0,1/2).
Given 6 € (0,1) and € > 0, set
Y P 0+ 03 -62+0, <oﬁla§2 <1+6+6§+65—6,§+6n
o= 2(1-6,) 1-6, 2(1-6,)
1 v A2
:{1—6<a;éiz<l+6and o Se,,}.

Then, by the large deviations for the sum of i.i.d. random variables and Lemma 2.8, we obtain

> ep) <e "G 4 0(’%)

for 6 € (0,1) and € > 0, where Cs > 0 for each 6 € (0,1). By the inequality P(N(0,1) > y) <

Ale
Onl

P(By) < ( ngz [1- 61+6]]+P(

%e‘yz/ 2 for all y > 1, we have from that, on Bg,

3

=E [Pl (N (Hn2r Uiz) > S;’ B Ep)z]

(55— e - #"2)2

2
Zonz

<Eexp|-

V2m
where
(1-0.0, V2o, (s~ ¢)
a = zanlgﬁz and f; = T

/R

Review the fact that Ee@ (€ )" =
Jiang [9], Lemma 3.11. Then, we obtain

m 2 _ 2 ’_ 2
Eexp|-m [—Zk_lf/ik_; 1) - ﬁl] <exp —9 (Sf) 2 Gp)
—” + a

Jnl

2
1

<E|P ' +e€,>s

[1[\/%7”1 k:1’7k1z ! p]]

) . (2 )
=Eexp —al[w—ﬁﬁ} ,

\/Z;,ﬁexp( zlfxﬁﬂ)foranya >0, €eRand &

1640

g.V/2<

~ N (0,1) from Fan and

(30)
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for € > 0. By some calculations, we have

0, —1)* P2
(n z)pn+o_$lz
nl

-0 +703-702+0,+2 (1-6,)6
< n n n +
2(04 26} + 302 -20,+1) 0, =20, +367 =20, +1

o

3
S§(1+6)

on Bs. Combining the above inequalities and (28), we conclude that

1 A2 1 v Apsa
Pl—— ) n,, + > Moy + —— > 5,
k12 p’ k34 14

on1 \Nm = Onl On Vm = Onil

2
1 ) " , 2(5 —ep)
<E Pl(%\/_;nm 12 >sp] Igc}+exp - 3(”1+6)
2
2(s, —€
<P (Bg)+exp fg(p1+£))
2
2(s, —€
SO(—4)+exp - §:1+§))

We find that the last expectation is identical to 0 (1/p) by choosing 6 > 0 and € > 0 small enough.
Then, combining Step 1 with Step 2, the proof of Lemma is completed. O

5.2. Proof of Lemma
Proof. Step 1: proof of lim,_,.c G1 = ﬁfneﬂ/ 2 for any x € R. From Lemma we have

1 v 1 v
— Z M3 = —= Z X1 Xk3 + Ams,
m Vm &

1
P(|Am13| > €p) = 0(};) (31)
forall e > 0 as n — oo. Write

Xk1Xk3 = Anroék2 + bnr1és + pn (Exoéis + Ex1ék2) -

Then,

m

Z XkrlJCk/g) = ma? + mb> + 2mp? = m. (32)
k=1

E [Z xk,lxk,3J =0 and Var

k=1

Next, we takea’ = a,/ \m, b’ = b,/ \mand ¢’ = p,/ \m. Setn), = a' & o&ia+b Ex1épz+¢ (Eois + Ex1ék2)-
Then it follows from (32) that

E (n,’{) =0 and Zm: Var (17,’() =1 (33)

k=1
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for each k. By the same argument as in the proof of Lemma we have

, - , C
Eé"il < 0o and E(IniPernl) < — (34)

for all h, k, m satisfying 0 < 1 < h/,, := 3 \/mand 1 < k < m. Then,

m
% [ er[le >Sp] —%'P \/—Zxklka > 8y — m13]
P ooy
:EP Zn;{ >Sp_Aml3]
=1
- (3)
P /
:? P ; T]k > Sp - Aml3/ IAm13| > ep)
P ooy
+ ? . P(; TIIIC > Sp — Az, |Al1113| < ep]
for e > 0. By Lemma[2.7] we have
P m p?
3 - P Z 77)2 > Sp — Am13/ |An113| > €p < ? : P(|An113| > €p> -0 (36)

as n — oo. Review , , Lemma and the proof of Lemma If |[Ay13| < €p, then we assume

Apiz = \/IZE for some ¢ € [~¢, €]. Then, by choosing € > 0 small enough, we have
ooy
5 P[Z M > Sp = Az, [Amal < €p]
k=1
=5 P} > -
2\ \log p
2 37
Z [1—®(sp— ]Huo(i)] (37
2 Tog Vi
: ]
P e W [1T+0(1)]— Le*"/z
2 \/— 4 \/2_7'6
T \/ ogp

as n — oo. Combining the above equalities, (35), and (37), we complete the proof.
Step 2: proof of lim,_,. G» = 0. Let P, stand for the conditional probability given {&xo, &k1;1 < k < nj.
By independence,

P[% };‘ Mk13 > Sp, ——= Z Nk15 > Sp] = Pz[ Z Nk13 > Sp] ] (38)

Given {&kp, 151 < k < n}, we have from independence that

Zxklxk3 0 0n4) (39)
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where

1 [ m

,214 = E Z (anék,o +sgn (Pn) : Cnék,l)2 + Z (bnék,l +sgn (Pn) : Cnék,o)z}
k=1 k=1

m

2

1

= ( a2 + A& +sgn(py) - A3+ c,zlék,l) .
=1

Given 6 € (0,1) and € > 0, set

2

(02
As=11-6<—"4 _ <1+6and |A,3| <€y
o { LY s ”}

d
Observe a2 + c2&o + sgn(py) - Vb2 + Aék1 = a3 + b2 + 2c2&, due to (EI) Thus, 2+h2”12c £ LY &

Then, by the large deviations for the sum of i.i.d. random variables and Lemma 2.7, we obtain

JWAQSPLEZiEieu—a1+ﬂj+P0Amﬂ>60S6%Q+ﬁ(%)
=1

forall 6 € (0,1) and € > 0, where Cs > 0 for each o € (O 1)
By the inequality P(N (0,1) > y) < ye -2 < ley */2 for all y > 1, we have from 9) that, on As,

(%‘%Y

1 _ 2 7
[\/_anl3>5p]<P2[\/ﬁk 1xk,1xk,3+€p>Sp]—P2(N(O/Un4)>Sp_€p)sexp _2(1+5)

m

We use the fact that o2, < (1+0) (a,zl +b2+ ZC%) =1+ 6 on As in the above inequality. Recalling l) we
conclude

1 v 1 v
Pl— ) Mz >5sy,—= ) N5 >
[Vﬁg} pv%g; ’
1 v ’
P — > 5, | Iac
2[W;17k13 p] AS
2
P

$24+€2—-2s,-€
<_nco+o(1)+exp[ P—H]
p* 1+6

We see that the last item is identical to o(1/p®) by choosing 6 > 0 and € > 0 small enough. These imply
lim,,_,oo gz =0.
Combining Step 1 with Step 2, the proof of Lemma[2.12]is completed. [

(%‘%Y

<
<E 1+6

+exp|—

5.3. Proof of Lemma

Proof. Step 1: proof of lim,_,.. 1 = 0. In order to prove Lemma we consider two different cases, that
is, p, 2 0 and p, < 0.
Case (i): p, > 0. By Lemma[2.8] write

1 m m
= (77k12 - Cn) = — k12 + Am12/
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where

P(|Am12| > ep) = 0(}%)

foralle > 0 asn — oo. Then,

E[Zn,’dzJ 0 and Var
k=1

Set 02, = 0} — 205 + 302 — 20, + 1. Then, 9/16 < ¢* < 1. Reviewing the proof of Lemma we have
Mk = a&py +bEp, +c&F, +dEolit + eciéa + fEkolra. Now, take xo = (s, — ¢y Vi) /o1 Trivially, xo < s
Observe that x5y = O (sgm‘l/ Zesr/ ‘M) — 0 as n — co by Assumption|1.5 Then, we have

Z nm] m (0% - 203 + 3062 20, +1). (40)
k=1

P[%éﬂklz >Sp]= Tkzlil: T]klz—Cn)>5p—Cn‘/ﬁ]
=P qu + /:7"22 > xo] (41)
=P kZ’:‘nk + [?7212 > Xq, | G’"lz' > ep] + P(g: "2 > xo, |AG;:12| < ep]
for € > 0. By Lemma 2.8} one can get
p. P[Zn 4 Domz 'A"f' ep] < p'P(% > ep) < p-P(|Am12| > Ze,,) 0 42)

fore > 0asn — co. From (21), and Lemma 2.2} we obtain that

m
A
(Z A2 > Xo, | m12| < ep]
o

=1 nl

Sp-P(an+ep>x0]

k=1
=p-[1-®(x0-¢)|" [1 + O(%)] (43)
= P om ~(sp=cu Vii—€pom ) 202,
\/ﬁ(sp e epom)e [1+0(1)]
—tn \/_ ’
_\/E(S ’Z T )~exp —M—%G%r( cn\/ﬁ)ep [1+0(1)]
p — Cn VI =

fore >0asn — oo. If A € [-00,2 — V2], then

2 2
_S_p_ cpm

2 2

+ ¢y Vms, + logp — %loglogp — —00

as n is sufficiently large. Combining this with and choosing € > 0 small enough, we obtain the desired
conclusion.
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Case (ii): p, < 0. Write

1 i 1 ¢
= (nklZ + Cn) = Z 7]]’(12 + Az
Vi = Vi =

Recalling , and Case (i), we have

1 v 1
P —an >, | <P —Z(Uk12+cn) > Sp
Vi3 Rt
m
A S
-p . + m12 >_P
=1 Onl Onl
m m
A Sy |A A S
:PZT?k"' m12>_P’|n112|>p+PZ L Am S
= Onl Onl Onl P Onl Onl

for € > 0. Then, by and Lemma 2.8, we know

S
e 2 )

for € > 0 as n — oo. Recalling and the definition of ¢? , we obtain that

|1Amz|
Onl

- Apz S5 12|
(kzzl nl On1 ep]
SP'P(ZTM >5p_€p]
k=1
=p- [1 - (D(sp - e,,)] -(1+0(1))
p _Ge)®

ez -0

) V2ri (s, - )

for e > 0 as n — oo. Then, combining the above two cases, we get lim,,,., 1 = 0

|Ale| <

1645

Onl

Step 2: proof lim,_,. #3 = 0. Let P; stand for the conditional probability given {&x2;1 < k < n}.

Case (i): p, > 0. By indenpendence,

1 i 1 «
= T]k12>5pr_ZT]k34>Sp =E
Vim i Vim i

Given {&i2; 1 < k < n}, we see that

TZ‘ Mz ~ N (13, 0%),
=1

where

m 2
Py [% k;(nm —Cn) > Sp = Cn \/ﬁ] } :

(Gn_l)Pn - 2
é _11
2m ;‘( k2 )
, _ 0r+05-05+6, 1-0

= 1
n n n 2 .
> + - E 5k2 = Ag, +
k=1

Hn3 =

Q
=
w

(44)

(45)
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Given 6 € (0,1) and € > 0, set

A 02
Ds=11-6+—0" _ «_M 1465+
a

Ap,
d |Apl <
- 9;1) 1- en (1 6 ) an l 12' ep}

1 m
={1—6<a25i2<1+6and |Am12|S€p}.

k=1

Then, by , Lemma[2.8|and the large deviations for the sum of i.i.d. random variables, we obtain

m
P(D5) sp(%;g,’g el-61+06]

for all 6 € (0,1) and € > 0, where Cs > 0 for each 6 € (0, 1).
By the same argument as in (30) and the inequality P (N (0,1) > y) < 21 o 2 < ley 2 forall y > 1,

we have from ({@5) that, on Ds,

m 2
Z(nklz —Cn) > Sp—Cn \/ﬁ] ]
mi=

2
T]k12 + A > Sp —Cn \/%] ]

_ 1
+P<|Am12| <e) e+ 0(;?)

E|P;

3

=E P1

- ﬂ\

k=1

- B )
<E|P; %;rh’ﬂz+e}g >s,,—c,,x/ﬁ] ]
:E ( (p,,g;, n3) > Sp — Cn \/_ e,,)z]
< —Cn ‘/_ €p — HnS)

2
20n3

(sp —cp\m - ep)z
(Qn - 1)2 P% + 03,3

(46)

<Eexp|-

<exp|-—

Note that (6, — 1)* P2+ Gﬁ3 < 3/2+ 6 on Ds. Reviewing , we then obtain
1 v« 1 &
Pl— N2 > Sp, —— Mk3a > 8
[ Vi Z " Z ’
1 n 2
Pl —= Z(nklZ - Cn) > Sp — Cn \/ﬁ IDfS +exp|-
\=

2
<e"C 4ol = 1 +ex (p—cn\/r?—ep)
P20 et R YO I

(s,, -y \Vm — ep)z

<E 7 5
6y —1)" py + 07,

Choosing 6 > 0 and € > 0 small enough, we know the last item is identical to o (1/p).
Case (ii): p, < 0. By independence,

1 v 1 v
Pl— ) M2>8y,—— ) MNwa>sy|=E

m 2
P, [% ;mm +Ca) > 5y + O x/ﬁ] } . 47)
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Reviewing the definitions of 3, 0, and D;, we find that — \F Yl (a + ¢u) ~ ([,lng,, ofﬁ). By the same
argument as in (46), we have that, on Db,

[ 2
E|\P [ Z(T]ku +cu) > Sp+ Cn \/_] ]
k 1

- . )
<E|P [ an12+ep>sp+cn\/ﬁ]]
k:

2
=E P1 p,,3, i3) > 8p+Cn \m - ep) ]

. —cyu\m — ep)
=PITT 305
Recalling e then have

m 1 m
—— k12 > Sp, —— Nk34 > S
[WX - Ems)

2
(s,, +cp Vm — ep)

=E|P 3/2+06

+exp|—

2
m
Z(nm +Cu) > 5p + C \/_] Ip;
k:

s 1 (sp +cn\/rﬁ—ep)2
+0 " +exp|- 3255

We see that the last expectation is identical to 0 (1/p) by choosing 6 > 0 and € > 0 small enough.
Combining Step 1 with Step 2, the proof of Lemma[2.13]is completed. [

5.4. Proof of Lemma
Proof. Step 1: proof of lim, .. J1 = 0. Reviewing (35) and the proof of Lemma we have

p*- P[ i & Z M3 > T] =p? P(Z N + Apiz > T, 1Az > Gp] +p? P[Z M + Az > T, 1Azl < €p (48)

k=1 k=1

for € > 0. By Lemma[2.7} for € > 0, we obtain
m
P P{Z o+ Az > T, [ A > ep] 50 (49)
k=1
asn — oo. Then, it is necessary to estimate P Zk 17+ Az > T, 1Al < ep> from two different cases.
Case (i p”——>)\e 2- 12 B 1 ) 1 andLemrnaZ we have
0 gy A< ) By 3, 4

m
pz . P[Z n + Am1z > T, 1Al < ep]
k=1
m

sz 'P[ N > Ca Vi + anls;, - e,,)
k=1

pz (r” Vin+a,q s”g —ep )2
ez

B \/2_77(% \/"_1 + GVIIS;J - ep)
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for € > 0. To prove the lemma, it is sufficent to show

exp|—

(cn \m + oSy — ep>2 1
e Nl

fore >0asn — . If A € (2— V2, 00 ) then p, = O( ‘1;1”) = o(\/f_). Furthermore, 0,1 = 4/1 —pﬁ =
ogp

1- p” +o0 (pn) =1+o (logp) Then, without loss of generality, we assume ¢, Vm = ( -V2+ e) +vlog p for

some ¢ > 0. Note that ¢, \/_+sp > (2 -2+ e) Vlogp +s), > = y*és’ +s, = (\/_+ e)s;,. Then, we obtain
that

2
(cn Vm + a,,ls;, — ep)
2

NP
—expl- [Cn \m + (1 -;0 (logp)) SP] -exp {_%65 +c, \/ﬁep + [1 + o(@)] S;,ep}

(eo v+ )

2

2
V2 +¢) s?
=exp —% +0(1) -ecezo(%)

exp|—

(50)

=exp|-— +0(1) 'ECG

as n — oo, where C is an absolute constant.

Case (ii): i}’i — 00. By the same argument as above, it is obvious that
ogp

2 (c,z Vini+a,sh—€) )2
] : e 0 (51)

m
2 ’
p~-P nk+Am13 > T, | A3l <€ <
{kz‘; V2n (Cn \m + omSy — ep)

fore >0asn — oo.
In summary;, for € > 0,

P P[Z M+ Az > 7, [Aps| < ep] -0 (52)
k=1

as n is sufficiently large. Then, the desired conclusion follows from (48}, and (52).
Step 2: proof of lim,_,. J3 = 0. Let P; stand for the conditional probability given {&o, &x1;1 < k < n}.
By independence,

1{;L
m

=E|P

1 m

ﬁ Z Mhis > Cu Vi + On1S),

1=

Mas > ¢n Vi + ams,,

>~
1l
—_

§

2
1 m
ank13>cn\/_+anls ]}
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Reviewing the proof of Lemma and the definition of As, choosing 6 > 0 and € > 0 small enough, we
have from (52) that

7

1 m
Pz ﬁ anls >Ccp Vm + onlsp < exp|—
k=1

(c,, \/ﬁ+anls;7 —ep)z (1
2(1+0) “’( )

on As as n — oo. Then, we see

1 m 1 m
P T Z Mk13 > Cp VM + anls;,, T Z Nk15 > Cp VM + onls;,
mis mia

2

1 v ,
<E|P, ﬁanlg>cn\/ﬁ+o,ﬂsP IAfs +exp|—
k=1

2
(cn Vm + anls;, - ep)

1+6

(cn \Vm + TSy — ep)z
1+6

—HC(, 1
<e +0 F? +exp|—

Then the desired conclusion follows from the arbitrariness of 6 and €.

Combining Step 1 with Step 2, the proof of Lemma 2.15is completed. [J
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