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Extremal functions on the spaces 7" (R%!)

Hassen Ben Mohamed®*, Mohamed Moktar Chaffar®, Nahed Krir®

*University of Gabes, Department of Mathematics, Faculty of Sciences, Tunisia
bDepartment of Mathematics Sorbonne North Paris University, France
“University of Gabes, Department of Mathematics, Faculty of Sciences, Tunisia

Abstract. In this paper, we consider the generalized Weinstein operator A’f,’f’", we introduce and study the
Sobolev-Gevrey spaces associated with the generalized Weinstein operator and investigate their properties.
Next, as application, we study the extremal functions on the spaces 7" (R%*') using the theory of
reproducing kernels.

1. Introduction

The classical Sobolev-Gevrey space #,(IR?) is defined by the use of the classical Fourier transform as
the set of all tempered distributions u such that their classical Fourier transform u are functions satisfying :

f (1 + IRy [T @) 11 de < oo, )
R4

Gevrey spaces and their Sobolev generalizations provide an essential granularity in regularity scales that
captures phenomena invisible to both ¥ and analytic frameworks. Their ability to quantify how infinite
the loss of derivatives is, through the parameter 0, makes them indispensable in modern analysis of PDEs,
harmonic analysis, and numerical mathematics.

In [3], the author use the spaces 5, (RY) to get better explosion results of the maximal solution of incom-
pressible Navier-Stokes equations. In [16], the authors establish the well-posedness in Gevrey function
space with optimal class of regularity 2 for the three dimensional Prandtl system without any structural
assumption. ( See also [1] and [2]).

The study of these hybrid Sobolev-Gevrey spaces is motivated by their pivotal role in capturing intermedi-
ate regularity phenomena that are not precisely described by pure Sobolev or analytic frameworks. In PDE
theory, they provide the natural functional setting for analyzing the well-posedness and long-time behavior
of solutions to equations such as weakly hyperbolic systems or nonlinear dispersive flows, where one must
simultaneously track polynomial energy decay and the propagation of exponential regularity in phase

2020 Mathematics Subject Classification. Primary 42A38; Secondary 42B10, 42B30, 42B35, 43A32, 44A35, 46F12, 46E35.

Keywords. Generalized Weinstein operator, Generalized Weinstein transform; Sobolev Spaces, Sobolev-Gecrey Spaces, Extremal
functions, Reproducing kernels.

Received: 22 May 2025; Revised: 08 December 2025; Accepted: 19 December 2025

Communicated by Dragan S. Djordjevié

Research supported by Laboratory Mathematics and Applications of Gabes LR17ES11.

* Corresponding author: Hassen Ben Mohamed

Email addresses: hassenbenmohamed@yahoo. fr (Hassen Ben Mohamed), mohamed. chaffar@u-pec. fr (Mohamed Moktar
Chaffar), nahed.krir. fsg@gmail.com (Nahed Krir)



H. B. Mohamed et al. / Filomat 40:5 (2026), 1667-1684 1668

space [12, 21]. From the perspective of harmonic analysis, these spaces offer a refined tool for microlocal
and time-frequency analysis, enabling precise descriptions of generalized wavefront sets and the bound-
edness of operators with non-smooth symbols [14]. Furthermore, in approximation theory, membership in
a Sobolev-Gevrey class directly governs the transition from algebraic to exponential convergence rates for
spectral methods, delivering sharp a priori estimates for numerical solutions [13, 27]. It is this interplay
quantifying the precise blend of Sobolev and Gevrey characteristics that makes a detailed investigation of
their structural properties fundamental to advancing problems across these interconnected fields.

We give generalisations of the Sobolev-Gevrey space ./, (R%*!) by replacing in the relation (1), the classical
Fourier transform u by Weinstein transform f{fv’d. (See [4], [5], [15] and [23]-[25]).

The generalized Weinstein kernel A, 4, is the function given by :

Vx/ ye Cd+1/ Aa,d,n (x/ y) = xﬁzle_i<X/,y/>ja+2n(xd+1yd+1)r
where x = (X', x441), ¥’ = (x1,X2, ..., X4) and j, is the normalized Bessel function of index a defined by :

="

VEC, i) = Tl D) o (), @
n=0

(See [6] -[10]).
Using the Weinstein kernel A, 4, we define the Weinstein transform ﬂ{/’f]’d’" by :

YA ERM, Zui(H(A) = fR Ot Dilpaa(x),

where f € ILY(IR%*, 1, 4(x)) and 1,4 is the measure on R%*! given by :
Al a(x) = xf,i’l'ldx. 3)

We denote by .7,(R%*!), the Schwartz space of rapidly decreasing functions on R?*!, even with respect to
the last variable and .7, .(R7*!) the subspace of .7.(R%*!) consisting of functions f such that

of

k
aderl

Vke(l,..,2n—1},

(x’,0) = f(x",0) = 0.

Lets € R, a > 0and o > 1, we define the Sobolev-Gevrey space that will be denoted .7, %" (R%*!) as the set
of allu € ., (the strong dual of the space Zp+(RY) such that ﬁ&,’d’”(u) is a function and

1
g\&],d,n(u) c ]LZ (R[i+1/ (1 + Hé”2)562a||.£||o é§a+4n+1d£) .

+1

We provide 7" (R%!) with the inner product

on = (2 1 28 gadn Zadn 20|81 c2a+4n+1 d
(U, 0) sson = C 04 ) 1( + Ny F " W)(&)-F ™ (0)(E)e & &,
R+

1
and the norm [|u|| yzs0n = ((u, uy. ;ﬁs;z,n)z where C, 4 is the constant given by :

1

Cog = ——.
(2m)2 2°T(a + 1)

(4)

The main objective of this paper is to investigate the properties of 7 7"(R%"!). Using the theory of
reproducing kernels, we study the extremal functions on the spaces 7" (R4*1).
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The contents of the paper are as follows :

In the section 2, we recapitulate some results related to the harmonic analysis associated with the generalized
Weinstein operator A",

The section 3 is devoted to define and study the generalized Weinstein Sobolev-Gevrey spaces .7, 4" (R%1).
Finally, in the last section, as application, using the theory of reproducing kernels, we give good estimates
of extremal functions on the spaces 7" (R%+).

2. Preliminaires

In this section, we shall collect some results and definitions from the theory of the harmonic analysis
associated with the generalized Weinstein operator A%d’" given by the relation :

d+1

2 2a+1 4n (o + 4 +
P 8xl. Xgs1 OXgi Xi Xi

where n € N, a > -1 and Ag\’,d the classical Laplace-Bessel operator ( Weinstein operator ) given by :

d+1
92 N 20+1 0
Py ax? Xg+1 OXgs1

(See [4], [5] and [23]-[25]).

Notations. In what follows, we need the following notations:

o &(R%1), the space of ¢"*-functions on IR?*!, even with respect to the last variable.

e Z.(R™), the Schwartz space of rapidly decreasing functions on R%*!, even with respect to the last
variable.

e 7.(R™1), the space of ¥*-functions on R?*! which are of compact support, even with respect to the last
variable.

o J#(C*1), the space of entire functions on C%*!, even with respect to the last variable, rapidly decreasing
and of exponential type.

o .y, the map defined by :

Vx e R, 4, () (x) = 220 f (). 7)

where x = (x/, x441) and x” = (x1, X2, ..., X4)
o I} ,(R%1), 1 < p < +oo, the space of measurable functions on R%*! such that

ad _
Ay =

Wy = [ Jago 1 P Abtas2aa@)]” < 400, i1 < p < +o0,

£l 1,00 ess sup |4 f(x)| < +eo,

xeR4H

where 1, 4 is the measure defined on R%*! by the relation (3).
o L(R*) = I (R™?) and [|flloy = |fllagyr 1 < p < +o0.

¢ &,.(R™Y), 9, (R™!) and .7, .(R™!) respectively stand for the subspace of &,(R%*!), 2,(R™*!)and .7,(R*')
consisting of functions f such that

>f
k
d+1

Ykell,..2n-1}, (x’,0) = f(x",0) = 0.

Definition 2.1. The generalized Weinstein kernel A, 4, is the function given by :

Vi, y€ €, Agan (%, y) = X2 Y joinn (a1 Yan), (8)

where x = (X', X411), X' = (x1,X2,...,x4) and jo is the normalized Bessel function of index o defined by the relation

(2).
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Remark 2.2. i) We have
Vx, y€ €, Agan (x,9) = 333 Asana (4,1), ©)
where
Vx, y€ €, Aga (%, y) = Agao (x,y) = K />].a(xd+1 Yas1)-
ii) We have
Vx,y € REY, Aga (6,0) Ao (1, 4) = T8 [Aga (D] (1) (10)

The generalized Weinstein kernel A, 4, has a unique extention to C*1 x C*! and satisifies the following
properties.

Proposition 2.3. i) We have

Vx,y € REL, (A0 y)l < 27, (11)
i1) We have
VYx,y € Riﬂ/ LanNagn(.,y) (x) = _ysﬂAa,d,n(x/ ). (12)

iii) The function x &= Ay a,(x, y) satisifies the differentiel equation :

7 (ot ) = ~ ol Ao ) "

Proof. i) The result follows from the relations (8) and the fact that

1
VB> —3, VIER,

js (B)] < 1.
ii) We start by showing

Loy © My = My © Loson. (14)
Let f € €*(R), for all t > 0, we have

20+ 1

Lo () () = (#1f) + = (Pf) = 4n(a+m) 272f (1)

=7 () + QRa+4n+ 1) (1)
— t2n [f// (t) + wf/ (t)]
= <%n (La+2nf) (t) .

Now, by invoking (8) and (14), we can write

La,nAa,d,n(-/ ]/) (x) = eii<x"y’>La,n o My (ja+2n (xd+1]/d+1))
= e—i(x’,y’>///n o Ly+on (ja+2n(xd+1]/d+1))

€_1<x Y >%n [—]/[21+1]'(x+2n (dede )]
2 on =il )
= _yd+1xd11e iy >]a+2n (xd+1]/d+1)

= Y Dadn( Y) (5 Y).



H. B. Mohamed et al. / Filomat 40:5 (2026), 1667-1684 1671

Which gives the desired result.
iii) From the relation (12), for all x, y € R™*!, we get

A (Agan( 1)) () = (Ad + Lan) (Aain( 1)) (%)
= xﬁziilAdAmzn,d (x,y)+ sz,nxlziilAa+2n,d (x,v)
= —x3, (y% Tt yi) Aasand (%, Y) = Va1 %501 Aasrana (%, )
=~ (U et G+ )35 A (3, 9)

== ||y||2 Aa,d,n(xr y)

Thus the proof is finished. O

Definition 2.4. The generalized Weinstein transform ,Z‘fv'd’” is given for f € L ,(R*1) by :

VA e RYY, F(f)(A) = f FOAadn(x, A)dpta,a(x), (15)
]Ril_+1

where 1,4 is the measure on R4 given by the relation (3).

Example 2.5. Let t > 0 and n € N, we consider the two functions E¥*" and 0" given by :

_ I

2x% o™
Vx e R™1, 047 (x) = a1 , (16)
t d a+2n+4+1
2l (a + 2n + 1) (4t) 2
and
d x2n 2
Vx € R, 094 (x) = Corna |4t (@ + 20+ 5 + 1) = [P | —2L_— 5
t / 2 (Zt)a+2n+%+3
where C, 4 is the constant given the relation (4).
Then we have :
2
YA SR, F (g () = 7)

and

«a, Q, — 2
VA e RYT, Zotm (6047) (A) = AP eI

Remark 2.6. i) The map .#, is an isomorphism from &,(R*1) (resp. %(]R”’”)) onto &, .(R™1) (resp. yn,*(IRd”)) )

a,dn

it) The generalized Weinstein transform 7 ;*" can be written in the form :

ﬁxd,n — <9~‘jt\]+2n,al o %n_l/ (18)
where F3" = F is the classical Weinstein transform.

Some basic properties of the transform ﬁ&‘,’d'”

results from the relation (18).

are summarized in the following results. We obtain the
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Theorem 2.7. i) Let f € I}, ,(R¥). If Z5*"(f) e L, (RE), then we have

a+2n
f@)=C f]R N T ) () Aaan(—X, Y)dlasana(y), a.ex € RET, (19)

where C, 4 is the constant given by the relation (4).
ii) The Weinstein transform L%f‘v’d’” is a topological isomorphism from .7, .(R**1) onto .Z.(R™') and from 9,,(R**!)
onto SA(CHY).

Theorem 2.8. (see [6]-[10])
i) For all f, g € ., .(R**1), we have the following Parseval formula :

[ M) = Cony [ F ODZ G DMt 20 0)

ii) ( Plancherel formula ).
Forall f € %, .(R*™), we have :

fR el dpea = € fR F O ditasana). 1)

i11) ( Plancherel Theorem ) :
2

The transform ?{j‘v’d’" extends uniquely to an isometric isomorphism from IL2(R4*1, di, 4(x)) onto L2(R4*1, C2 2 dbas2n,d(X))-

Definition 2.9. The translation operator T, x € R%*1, associated with the operator A‘g\’,d'" is defined on &, ,(R%*1)

by :
Yy e R, TV f (y) = a3t yd T2t £ (v) (22)
where
T () = f F(¥ 49 ¥ By + 250sayans cos ) in 0)* a6, (23)
\rr (a + %) 0

and X' +y' = (X1 + Y1, ..., Xg + Ya).

The following proposition summarizes some properties of the generalized Weinstein translation opera-
tor.

Proposition 2.10. i) For all f € &,.(R™") and y € R, the function x — T f (y) belongs to &, .(R¥1).
ii) Let f e I, ,(R™1), 1 < p < +o0 and x € R4\, Then TS f belongs to L), ,,(R%*") and we have

TS Fllamp < 201 fllanp- (24)
iii) The function t = Ny g, (£, A), A € C1, satisfies on ]R’jfr1 the following product formula:

Vx,y € RTY, Agin (6,4) Agan (1,A) = TH [Agin (D] () - (25)
iv) Let f € .7, (R and x € R, we have

VA € RYT, Zod™ (TY £) (A) = Aaan (=2, A) Z5" () (1) . (26)
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Proof. i) Let f € &,.(R™") and y € R¥*!, we can write
Vx e R™, f(x) = xd+1g(x) g € (R,

Then using the relation (22), we have

vx € R’-j:—l/ Tf:/d 'ﬂf (]/) = xd+1yd+1Ta+2n dg (y) *

Since the function x — y2", T4 (x) is in &(R¥!) then the function x = T4 f () belongs to &,,.(R*).
ii) Let f € L}, ,(R7*1), 1 < p < +o0 and x € R?*.
If f € LY, (R4, then from the relation (22), for all y € R4, we get

|y T £ ()| = o3 [Tt f ()| < G2l oo
< x?:.l”%n f”a,oo = xd+1”f”a,n,oo-

Then T f belongs to Ly, (R%1) and we have

., 2
T nf”a,n,oo < x,jzl“f”a,n,oo-

Now let f € L, ,(R%*1), 1 < p < +00. We have

f]Rd*l |%;;;T€,d nf (]/) |pdf’la+2n a(y) = xd+1 fIR |T?+2n,d%n_1f (y) |pd‘ua+2n,d(y)

;ﬁfi |Ta+2nd% 1f||

an

<l |4 51,
an
< xS W

Then T4*" f belongs to IL, ,(R%*") and we get

TS fllanp < 23531 Fllan -
iii) From the relations (8), (9) and (10), for all x, y € R%*!, we obtain

Aain (6 A) A (Y, ) = X2 Agsana (6, A) Y2 Agsana (%, A)

=23 Y2 TSP [Agsana (o V] ()
Xy T [/// e (- A)] )
= TS [Awan (D] (Y).

Which gives the desired result.
iv) Let f € .%,.(R%1) and x € R%*!, using the relations (18) and (22), for all A € R%*!, we have

y]z/xv,d,n (Tg,d,nf) (A) — yoﬁzn,d [%—1 T;t,d,nf] (A)
— x?}-lgaﬂn A (T,i‘*z”’d.///,,’lf) ()\)
= 231 Agsana (=3, ) Z (A £) ()
= An (-X,A) F Nd"(f)m).

Which completes the proof. O
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The convolution operators based on the construct T¢" are known from the works by V.A. Kakichev
and L.N. Lyakhov ( see [17]-[20]).

Definition 2.11. Let f,g € L} (R4, The generalized Weinstein convolution product of f and g is given by :

frang ()= f}R T £ (=y) 9 (v) dpaa(y), x € RE. (27)

Remark 2.12. Let f,g € L} ,(RT™). using the relations (22) and (27), we obtain

fran g () =23, f}R TP ) () () () dptasana(y)

= 33y (A7 f) wasn (7 9) (),
where for all g, € ILL(IRI*1), we have

*a P (X) 1= @ ra0 P (x) = fR TV (=y) ¢ (y) dpaa(y), x € RE

Proposition 2.13. (See [6]-[10]) For all f,g € IL} ,(R™Y), f*,, g € L} ,(R™) and we have

a,n

T (f 20 g) = T TN (9)- (28)

a,dn

a,n

Example 2.14. Lets,t > 0 and n € IN, we consider the function &}’
(17) and (28), for all A € R%*!, we obtain

given by the relation (16). Using the relations

y]?\//d’n( ttx,dn - gkdn)(/\) 5~adn( adn)(/\)gzadn( adn>(/\)

— —t\l/\ll2 —SII/\II2

ﬁadn( adn)(/\)

s+t

Then, we get

d+1 a dan a,dn _ x dn _ d+1
Yx € R *an Gs (x) = ;+t (x) = 1 IR
702220+ 4nH (@ + 21 + 1) (s + £) 2

Notations. We denoted by :
e .7/, the strong dual of the space .7, (R%*1).
e .7/, the strong dual of the space .7, .(R%*1).

npr

Definition 2.15. The generalized Fourier-Weinstein transform of a distribution u € .7, is defined by :

Vo € LRW), (Fw), ¢) =, () (@) (29)
The following proposition is as an immediate consequence of Theorem 2.7.
Proposition 2.16. The transform 7 ; wdn s g topological isomorphism from S onto F/.

Remark 2.17. Let m € Nand u € ., ,, we have

(Za) [sebryru] = (1" Il (F) (), w
where

Vo € S (R™Y), (A0, ) = (u, A" ). (31)
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3. Sobolev-Gevrey spaces associated with the generalized Weinstein type operator

The goal of this section is to introduce and study the Sobolev-Gevrey spaces associated with the gener-
alized Weinstein operator Agf’”.

Definition 3.1. For s € R, we define the generalized Sobolev-Weinstein space of order s, that will be denoted
e, (]R‘i”), as the set of all u € 7], such that F"" (u) is a function and
a,d,n 2
@ |7 @ W iz () < o )
Ré*

We provide 77, | (]R‘i“) with the inner product

w0y, = C oy f (1 + EIPY 3 (u)(E) 2™ ) ptas2na(E), (33)

and the norm

lill s, = [Mm f (1+ i€l )S1ﬁxd’”(u><al2dumw(5)]2. (34)

Definition 3.2. Foralls € R, a > 0and ¢ > 1, we define the generalized Weinstein Sobolev-Gevrey space that will
be denoted ;" (lR‘i“) as the set of all u € 7], such that F"" (u) is a function and

FI (1) € 1.2 (]R”i“, (A + NEIPY N Aty (5))-

We provide ;" (R4*Y) with the inner product

(W, 0y zon = Cop g f (1 + IEIRY ZE" ) () F e @) E)e N Aty 2a(E),

and the norm
1
2

n 2 al|&] %
l[ullay, e = [Cim f A DER [ F ) O MY ditgsana ()
RG*

The following properties of the spaces 7+ (R%*!) can easily be established.
Proposition 3.3. i) Forall s € R, we have
FURY) C Ay (REF).
ii) For all o > 1, we have

‘%7)?&“/” (]Rtiﬂ ) R

adn

(RE7) = LARE.

iii) For all s,t € R, t > s, the space ;" (Ri“) is continuously contained in ;" (R).
iv) If0 < a < b then the space %ﬁf‘ (IR'i“) is continuously contained in ;" (R).
v)Forse R, a > 0and o > 1, we have

%S

adn

(RE) € 2" R
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Proposition 3.4. The space %f‘;“’”(]R‘i”) provided with the norm ||.|| A is a Banach space.
Proof. Let (u),,en be a Cauchy sequence of 77" (R%). From the definition of the norm ||.[|), ez, it s
clear that (.# ( Fon (um)) is a Cauchy sequence of 1.2 (]R"’“) = L2(RH, (1+ ||x||2)532“”x”% Aptgsand (X))

Since IL2, (]Rd) is complete there exists a function u € L2, (]Rd) such that

a,dn —
lim 170" () =l (o) = O-

adn)~1
Thenu €.7" and h = (F™")  (u) € 7.
So, ™" (v) = u € L2, (]Ri“), which proves that v € 77" (R%!) and we have

A,
lltm = Vlly,ssen = 1T 5" () = U||]L§'S(]Rd) e 0.

Hence, 7" (R%") is complete. [J

Proposition 3.5. Let s1,s,s, € R, satisfying s; < s < sy. Then, for all € > 0, there exists a nonnegative constant C,
such that for all u € 5,>*"(R%), we have

llull ssen < Ce ||u||%;3,a,n +¢€ ||1/i||3f;§f“f" . (35)

1 1

Proof. Letsi, s, € Rands = (1—1#)sy +tsp, £ €10, 1[. Letu € %j,fg'“’”(Rﬂ”). We put ¢ = ;—7 and 1 -t = —,
applying the Holder’s inequality, we get

t
ol o < Nl X Nty

8 1-t t
) x ()
< €7 [lull oy + € llull e
Thus the proof is finished. O
Proposition 3.6. Let s, t € R. Then, the operator
s A" (RET) = A M (RE,
defined for all x € RE! by :

) =y [ A+ I At ) Z50) €) i 206,

is an isomorphism.

Proof. Lets,t € Rand u € 57" (R%*1). The function :

Em L+ IEDA+11EPDT ﬁad"(u) (&) belongs to L2, (IR%*1) and have

a+2n

VE e REY, 204 (atu) (&) = (1 + IEIN Z5™" (u) (&)
Thus

f (14 16 | Z 2 ) (O PV iyt (E)
]Rd+l

(1 + [lxll)*
(1 + lIxl?)!

xEIRdH

<2 f (U +IEIRY |78 1) (©) 11 A (6.
]Rzi+1

] f (1 + 1EIR) |28 ) )] M1 dt sz (E)
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Then, u € 7, ""(R%*!) and we have
el oo < 2% lull gzon
Now, let v € 75" (R**!) and put

w=(F) 7 (A I ).

From the definition of the operator .27, we have @4u = v and we get

[ a0 Of 9 dpeana @

+1
RY

= [ IRz e 75 @ @ 0 a0
IR:{H

< oM f A+ 1P | 2 @) @) 1 dt i (6).
Ri+1

Hence, u € 77" (R%*!) and we obtain
1
el sz < 22 il st -
Which completes the proof. [J
The following theorem gives a relation between the dual of .7,"(R%*1) and 7, >*"(R%*).

Theorem 3.7. The dual of 5,5 (R%*1) can be identified with 7, " (R). The relation of the identification is as
follows :

W0 = sy [ P ONOF OO drs2a@), 36)

with u € 5" (RTY) and v € 77" (REY).
Proof. For all u € " (R%*1) and v € 57, " (R%*!), we have

[, 00| < Nutllay, sz 0l ay s (37)

Then, (1, v) = (u, v)() is a continuous bilinear form on
Ay "(REY) x A 7 (RET).

,0
Let v € 7, *"(R%*1), we consider the function ¢, : u - (1, v)().
From the relation (37), we see that ¢, is a continuous linear form on ;" (R%*1) and we have

”(PZ;“ < Hv”(l),jg;;’sm .
On the other hand for uy (1) = [9&/@,”]—1 ((1 N ||A||2)*5§€\‘;dr"(v)) 1), we obtain

Q) d+1 _ 2
uO € %fj‘”(l{{_ﬁ ) and <1/l0, 'U>(()) - ”v”(l)/%’;ﬁﬂr” .

Then [[| = [[0lly), 0 -

’
Let now v* € (%’jj‘;"’”(]l{i”)) . By the Riesz representation theorem and the relation (33), one can see that
there exists w € 7" (R%*1), such that for all u € 77" (R%1), we have

o (1,{) = <Ll, w>(1),%%a,n

Sk
= Couznd f A IAIRY ZE @) (4) F3" @) (DM dpgna (1)
R%*
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-1
We put o (A) = [Z] ™ (1 + IAIPY Zo*" (@) (1)
Then, v € 7, 7*"(R%!) and we have

Vu € A7 RETY), v (u) = (u, v)).

Hence the map v - (., v)() is an isometry from .7, ~*"(R%") into (%j,fgfa’"(]Ri”)), )
Thus the proof is finished. [

Proposition 3.8. For s € R, the Hilbert space 7" (R%*Y) admits the reproducing kernel:

Vx,y € RYT, 257, y) = Coin f (1 + 1P €M A (=2, E) A Yy E)ttarana(€), (38)
]Riﬂ

That is :

i) For every y € R, the distribution given by the function
X = B(x, ) belongs to 52" (REFY).

ii) For every f € ;7" (R4, we have

Yy e R&Y (f, 5" )dayne, = fy).

adn

Proof. i) It easy to see that
Ya>0,¥seR, f 1+ €7 e’za”‘f”%dyaﬂnld (&) < +00. (39)
]Riﬂ

Then using the relation (11), we deduce that the function
(x,y) %ﬁff’" (x, ) is well-defined.
Moreover for all y € ]RdJrl and s € R, the function

E (T+IEIP)~ sl Anin(y, &) belongsto Ll  (RI)NIL2 , (R4*1). Then, from the relation (19), the function
x > 2 (x, ) belongs to IL2(R*!) and we have

VE € R, Fot [, )] (€) = (14 IEIRY e 21 Ay (y, €). (40)
Then
12527 oy s < Kt (41)

where for all s € R, we have

1

1 2
ks =k (@,d,1,8,0) = Carana (f A IEPY e i (©)) (42)
]R++1

Hence for all y € R%*" and s € R, Z24"(., y) € HYY"(R¥).
ii) Let f € H}5"'(R%*!) and y € R4*!. Using the relations (33), (40) and ( 19), we obtain

<f' ‘%Scff/n(" ]/)>(1),3ﬁi’,‘”” = C§+2n,d fd L yg\//d/n (f) (5) Aa,d,n(_y/ E)d‘ua+2n,d (E)
R+

= f.
Which achieves the proof. [
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4. Extremal functions on ./ sf’" (]Ri”)

The theory of reproducing kernels started with two papers from 1921 ( see [26] ) and 1922 ( see [11] )
which dealt with typical reproducing kernels of Szegé and Bergman and since then the theory has been
developed into a large and deep theory in complex analysis by many mathematicians.

In this section, using the theory of reproducing kernels, we study the extremal functions on the Hilbert
space " (RI™).

Definition 4.1. Let r > 0and . : 75" (RT) — H be bounded linear operator. Forall f,h € ;" (RA), we
define the inner product in 5" (RT7) by :

@), 0m = 1{f, W), 50 + (L f, LY. (43)
The norm associated with this inner product is given by :

12y, n = A1, pean + 1L F1 (44)

Lemma 4.2. The norms ||.||q), A and ||.||2), ssan are equivalent.

Proof. Letu € 7" (R4*1), we have

/ 2
Vrllully, sz < Milly szen < AT+ 1L Ul ez

This clearly yields the result. [

Proposition 4.3. Let r > 0 and s € R. The space (%’j,i;“’"(]Ri“),(.,.)m %a) possesses a reproducing A~
satisfying the identity :

Koo (9) = 01+ L") R y), (45)
where I = Id and &* : H — ;7" (RIY) is the adjoint of £ given by :

Vf e A (R, V€ H, (Lf, g = f, L)y, szzom.

Proof. From [22], the space (%fé“’"(l(i“), (D), %%a,n) has a reproducing kernel denoted by #,% and we
have

fy)=<f, t%/sru%) (. y)>(2),,%§fg‘f"
= rf, s (. Wy (LS, LATE (Y
= <f, (rl + D‘Z*z) %Zf (., y)>(1)“;ﬁi,;r,n .

Then for all y € R%*!, we have
T+ 2°2L) A2 (y) = B y). (46)

Thus the proof is finished. [

The following proposition summarizes some properties of the kernel %2’? .
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Proposition 4.4. The kernel %/S;“f satisfies the following properties
i) We have

1, kS n
s Gy, < Zvik, (47)

where ks is the constant given by the relation (42).
i) We have

1L A5E ()l < —=y2",. (48)

ks
Nor
iii) For all y € R%*', we have

12" L A58 (o) Ny oz < ksl (49)
Proof. Using the relation (41) and (46), for all y € R%*!, we get

L L * o L
PIALE (DI o + 2L HLE ) B+ 1L L AT (DI s

4,
”%;XU ”( ]/)”(1) 920””‘ k yd+1
Then the assertions i), ii) and iii) are an immediate consequence of the above result. [J

The main result of this section can be stated as follows.

Theorem 4.5. Lets € R.
For all h € H and for all r > 0, the infimum

: _ 2
B [+ 21, (50)

is attained by a unique function f;, given by :

Yy e REY, f1,(y) = (h, LALE (). (51)

Moreover, the extremal function f;, satisfies the following inequality :

k
< ——=hllgy3L;- (52)
\/Z yd+1

rh

Proof. The existence and unicity of extremal function f’, represented by the relation (50) is given by [22].
On the other hand from the relation (48), we get

<N2ALZE Coy) lgdinlly <

rh

(]‘{y .
( d+1

Corollary 4.6. Let s € Rand r > 0. If £ is isometry ( £*.Z = Id) then
i) () Yy omon = (4 1) €, ) zon
i) For all x,y € R4, we have

T, 1 a,d,n
Hig (0 Y) = —= R ().
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i11) For all h € H, we have

d+1 * _ 1 *
Yy e R, [ (y) = 5L h(y).

iv) For all f € 5" (R4, we have

. 1
v]/EIRiH/ j;/ff(y) = r+1f(y)

Corollary 4.7. Lets € Rand r > 0. Let f € 5" (R and h = £ .
i) For all y € R4, we have

fy) = lim £, (y).
i1) We have

Vy e R,

f) -1 (y)| < ksl fllry, 5 y;ZT
i1i) We have

Vy e RI*L,

£ @) S Kllflly, s v -

Proof. Let f € ;7" (Ri) and h = Zf.
i) From the relations (46) and (51), we get

VY EREL, £ () =, L L AL (i
Then, for all y € R%*!, we obtain

£ ) = B y) = r KL (oY), oesen

Hence

Yy e RYY, £, () = £(y) = r(f, A5 oy,

and we have
Tim £, () = i [ () = 10, 52 Gy e | = £ ().

ii) By invoking (47) and (54), for all y € R%*!, we can write

F ) = £ ] = [(f, 2 Gy,

7
< flly,sezen Ao (o), ssen

2
< kllf ), 50 Y-

iii) Using the relations (49) and (53), for all y € R%*!, we obtain

% * ,g
Fin | < Wflly szl 2" L A (o) iy e
< ksl fllry, s Yil

Which finishes the proof. O

1681

(53)

(54)
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Example 4.8. Forall s € R, the identity operator id : 7,5 " (R) — L2 (RT) is bounded ad we have
Vu € A (REY), Nlid (u) llane < lluall 2y, sezseon
Its adjoint operator id* : L2 ,(R™) — 52" (RI) is given by :
-1 1
Vo e 12, (R, i (0) = () [+ [Py e 2 7 o).

On the other hand, the inner product associated with the operator id can be written

<u/ v>(2),jﬁf‘;"'" = C§+2n,d fd [1 + 7"(1 + HEHZ)SEZaHéllﬁ ] yg\;d’n (M) (é)j&/’d’n (U)(é)dIJOHZn,d(fS)'

+1
RY

In this case, the Hilbert space ;" (R admits the following reproducing kernel :

i Aadn(=% E)Na,an(y, &)
i) = [, T
RET 14 (1 + [€]R)sell?

d[»la+2n,d(£)~
Forall h € L2 ,(RT) and for all v > 0, the infimum

: 2 _ R

a,0

exists and it is attained by a unique function f7, given by :

f;h (y) =<h, f%/sya”i (s y)>L§,,,(JRi+1)

Agin(y, EFS" (1) ()
fwﬂ 1+ 7(1 + ||E|R)se2alel’t
= (, T (Ao (y)hiz, e,

=C?

a+2n,d

d,ua+2n,d(€)

Moreover, the extremal function f;, satisfies the following inequality :

ks
vz

where ks is the constant given by the relation (42).

Vy € R,

2
“h”a,n,ﬂ/d:l_l/

Fn )] <

Example 4.9. For m € L, (RT), we define the multiplier operator £, by :

-1
Vu e A" REY), L= (F50) [mayt ).

For all s > 0, the operator %, is bounded from ;5" (R4 into L2 ,(REH).

a,n

The Hilbert space 7" (RT) admits the following reproducing kernel :

H(x, ) = C2 f B3 &) Radn(y, £)
4, a+2n,d R (1 + ”énz)sezaugn% +|m (£)|2

duaJan,d(é)'

Forall h € L2 ,(RT) and for all r > 0, the infimum

: 2 _ 2
ot [V = 201 ]

1682
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exists an it is attained by a unique function f;, given by :
* ,gm
f,,h (y) = h, L 5" (., ]/)>JL§M(JR1+1)

f (&) A (y, E)FS () (£)
RET (1 + |11 + i (£)P

=C?

a+2n,d

d(ua+2n,d(5)-

Moreover, the extremal function f7, satisfies the following inequality :

k
\/_% “hl a,n,Zyﬁil/

where k; is the constant given by the relation (42).

Vy e R,

fin )] <
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