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Abstract. In this paper, we consider the generalized Weinstein operator ∆d,α,n
W , we introduce and study the

Sobolev-Gevrey spaces associated with the generalized Weinstein operator and investigate their properties.
Next, as application, we study the extremal functions on the spaces H s,α,n

a,σ (Rd+1
+ ) using the theory of

reproducing kernels.

1. Introduction

The classical Sobolev-Gevrey space H s
a,σ(Rd) is defined by the use of the classical Fourier transform as

the set of all tempered distributions u such that their classical Fourier transform û are functions satisfying :∫
Rd

(1 + ∥ξ∥2)s
∣∣∣û (ξ)

∣∣∣2 e2a∥ξ∥
1
σ dξ < ∞. (1)

Gevrey spaces and their Sobolev generalizations provide an essential granularity in regularity scales that
captures phenomena invisible to both C∞ and analytic frameworks. Their ability to quantify how infinite
the loss of derivatives is, through the parameter σ, makes them indispensable in modern analysis of PDEs,
harmonic analysis, and numerical mathematics.
In [3], the author use the spaces H s

a,σ(Rd) to get better explosion results of the maximal solution of incom-
pressible Navier–Stokes equations. In [16], the authors establish the well-posedness in Gevrey function
space with optimal class of regularity 2 for the three dimensional Prandtl system without any structural
assumption. ( See also [1] and [2]).
The study of these hybrid Sobolev-Gevrey spaces is motivated by their pivotal role in capturing intermedi-
ate regularity phenomena that are not precisely described by pure Sobolev or analytic frameworks. In PDE
theory, they provide the natural functional setting for analyzing the well-posedness and long-time behavior
of solutions to equations such as weakly hyperbolic systems or nonlinear dispersive flows, where one must
simultaneously track polynomial energy decay and the propagation of exponential regularity in phase
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space [12, 21]. From the perspective of harmonic analysis, these spaces offer a refined tool for microlocal
and time-frequency analysis, enabling precise descriptions of generalized wavefront sets and the bound-
edness of operators with non-smooth symbols [14]. Furthermore, in approximation theory, membership in
a Sobolev-Gevrey class directly governs the transition from algebraic to exponential convergence rates for
spectral methods, delivering sharp a priori estimates for numerical solutions [13, 27]. It is this interplay
quantifying the precise blend of Sobolev and Gevrey characteristics that makes a detailed investigation of
their structural properties fundamental to advancing problems across these interconnected fields.
We give generalisations of the Sobolev-Gevrey space H s,α

a,σ (Rd+1
+ ) by replacing in the relation (1), the classical

Fourier transform û by Weinstein transform F α,d
W . (See [4], [5], [15] and [23]-[25]).

The generalized Weinstein kernel Λα,d,n is the function given by :

∀x, y∈ Cd+1, Λα,d,n
(
x, y

)
= x2n

d+1e−i⟨x′,y′⟩ jα+2n(xd+1yd+1),

where x = (x′, xd+1), x′ = (x1, x2, ..., xd) and jα is the normalized Bessel function of index α defined by :

∀ξ∈ C, jα (ξ) := Γ(α + 1)
∞∑

n=0

(−1)n

n!Γ(n + α + 1)
(
ξ
2

)2n. (2)

(See [6] -[10]).
Using the Weinstein kernel Λα,d,n, we define the Weinstein transform F α,d,n

W by :

∀λ ∈ Rd+1
+ , F α,d,n

W ( f )(λ) =
∫
Rd+1
+

f (x)Λα,d,n(x, λ)dµα,d(x),

where f ∈ L1(Rd+1
+ , µα,d(x)) and µα,d is the measure on Rd+1

+ given by :

dµα,d(x) = x2α+1
d+1 dx. (3)

We denote by S∗(Rd+1), the Schwartz space of rapidly decreasing functions on Rd+1, even with respect to
the last variable and Sn,∗(Rd+1) the subspace of S∗(Rd+1) consisting of functions f such that

∀k ∈ {1, ..., 2n − 1} ,
∂k f

∂xk
d+1

(x′, 0) = f (x′, 0) = 0.

Let s ∈ R, a > 0 and σ > 1, we define the Sobolev-Gevrey space that will be denoted H s,α,n
a,σ (Rd+1

+ ) as the set
of all u ∈ S ′

n,∗ ( the strong dual of the space Sn,∗(Rd)) such that F α,d,n
W (u) is a function and

F α,d,n
W (u) ∈ L2

(
Rd+1
+ , (1 + ∥ξ∥2)se2a∥ξ∥

1
σ ξ2α+4n+1

d+1 dξ
)
.

We provide H s,α,n
a,σ (Rd+1

+ ) with the inner product

⟨u, v⟩H s,α,n
a,σ
= C2

α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥2)sF α,d,n
W (u)(ξ)F α,d,n

W (v)(ξ)e2a∥ξ∥
1
σ ξ2α+4n+1

d+1 dξ,

and the norm ∥u∥H s,α,n
a,σ
=

(
⟨u,u⟩H s,α,n

a,σ

) 1
2 where Cα,d is the constant given by :

Cα,d =
1

(2π)
d
2 2αΓ(α + 1)

. (4)

The main objective of this paper is to investigate the properties of H s,α,n
a,σ (Rd+1

+ ). Using the theory of
reproducing kernels, we study the extremal functions on the spaces H s,α,n

a,σ (Rd+1
+ ).
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The contents of the paper are as follows :
In the section 2, we recapitulate some results related to the harmonic analysis associated with the generalized
Weinstein operator ∆α,d,nW .
The section 3 is devoted to define and study the generalized Weinstein Sobolev-Gevrey spaces H s,α,n

a,σ (Rd+1
+ ).

Finally, in the last section, as application, using the theory of reproducing kernels, we give good estimates
of extremal functions on the spaces H s,α,n

a,σ (Rd+1
+ ).

2. Preliminaires

In this section, we shall collect some results and definitions from the theory of the harmonic analysis
associated with the generalized Weinstein operator ∆α,d,nW given by the relation :

∆α,d,nW =

d+1∑
i=1

∂2

∂x2
i

+
2α + 1
xd+1

∂
∂xd+1

−
4n (α + n)

x2
d+1

= ∆α,dW −
4n (α + n)

x2
d+1

, (5)

where n ∈N, α > − 1
2 and ∆α,dW the classical Laplace-Bessel operator ( Weinstein operator ) given by :

∆α,dW =

d+1∑
i=1

∂2

∂x2
i

+
2α + 1
xd+1

∂
∂xd+1

. (6)

(See [4], [5] and [23]-[25]).
Notations. In what follows, we need the following notations:
• E∗(Rd+1), the space of C∞-functions on Rd+1, even with respect to the last variable.
• S∗(Rd+1), the Schwartz space of rapidly decreasing functions on Rd+1, even with respect to the last
variable.
• D∗(Rd+1), the space of C∞-functions on Rd+1 which are of compact support, even with respect to the last
variable.
•H∗(Cd+1), the space of entire functions on Cd+1, even with respect to the last variable, rapidly decreasing
and of exponential type.
•Mn, the map defined by :

∀x ∈ Rd+1
+ , Mn

(
f
)

(x) = x2n
d+1 f (x) . (7)

where x = (x′, xd+1) and x′ = (x1, x2, ..., xd)
• L

p
α,n(Rd+1

+ ), 1 ≤ p ≤ +∞, the space of measurable functions on Rd+1
+ such that

∥ f ∥α,n,p =
[∫
Rd+1
+
|M −1

n f (x)|pdµα+2n,d(x)
] 1

p

< +∞, if 1 ≤ p < +∞,

∥ f ∥α,n,∞ = ess sup
x∈Rd+1

+

∣∣∣M −1
n f (x)

∣∣∣ < +∞,
where µα,d is the measure defined on Rd+1

+ by the relation (3).
• L

p
α(Rd+1

+ ) = Lp
α,0(Rd+1

+ ) and ∥ f ∥α,p = ∥ f ∥α,0,p, 1 ≤ p ≤ +∞.
• En,∗(Rd+1), Dn,∗(Rd+1) and Sn,∗(Rd+1) respectively stand for the subspace of E∗(Rd+1), D∗(Rd+1) and S∗(Rd+1)
consisting of functions f such that

∀k ∈ {1, ..., 2n − 1} ,
∂k f

∂xk
d+1

(x′, 0) = f (x′, 0) = 0.

Definition 2.1. The generalized Weinstein kernel Λα,d,n is the function given by :

∀x, y∈ Cd+1, Λα,d,n
(
x, y

)
= x2n

d+1e−i⟨x′,y′⟩ jα+2n(xd+1yd+1), (8)

where x = (x′, xd+1), x′ = (x1, x2, ..., xd) and jα is the normalized Bessel function of index α defined by the relation
(2).
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Remark 2.2. i) We have

∀x, y∈ Cd+1, Λα,d,n
(
x, y

)
= x2n

d+1Λα+2n,d
(
x, y

)
, (9)

where

∀x, y∈ Cd+1, Λα,d
(
x, y

)
= Λα,d,0

(
x, y

)
= e−i⟨x′,y′⟩ jα(xd+1yd+1).

ii) We have

∀x, y ∈ Rd+1
+ , Λα,d (x, λ)Λα,d

(
y, λ

)
= Tα,dx

[
Λα,d (., λ)

] (
y
)
. (10)

The generalized Weinstein kernelΛα,d,n has a unique extention toCd+1
×Cd+1 and satisifies the following

properties.

Proposition 2.3. i) We have

∀x, y ∈ Rd+1
+ , |Λα,d,n(x, y)| ≤ x2n

d+1. (11)

ii) We have

∀x, y ∈ Rd+1
+ , Lα,nΛα,d,n(., y) (x) = −y2

d+1Λα,d,n(x, y). (12)

iii) The function x 7→ Λα,d,n(x, y) satisifies the differentiel equation :

△
α,d,n
W

(
Λα,d,n(., y)

)
(x) = −

∥∥∥y
∥∥∥2
Λα,d,n(x, y). (13)

Proof. i) The result follows from the relations (8) and the fact that

∀β > −
1
2
, ∀t ∈ R,

∣∣∣ jβ (t)
∣∣∣ ≤ 1.

ii) We start by showing

Lα,n ◦Mn =Mn ◦ Lα+2n. (14)

Let f ∈ C 2(R), for all t > 0, we have

Lα,n
(
Mn f

)
(t) =

(
t2n f

)′′
+

2α + 1
t

(
t2n f

)′
− 4n (α + n) t2n−2 f (t)

= t2n f ′′ (t) + (2α + 4n + 1) t2n−1 f ′ (t)

= t2n
[

f ′′ (t) +
2α + 4n + 1

t
f ′ (t)

]
=Mn

(
Lα+2n f

)
(t) .

Now, by invoking (8) and (14), we can write

Lα,nΛα,d,n(., y) (x) = e−i⟨x′,y′⟩Lα,n ◦Mn
(
jα+2n(xd+1yd+1)

)
= e−i⟨x′,y′⟩Mn ◦ Lα+2n

(
jα+2n(xd+1yd+1)

)
= e−i⟨x′,y′⟩Mn

[
−y2

d+1 jα+2n
(
xd+1yd+1

)]
= −y2

d+1x2n
d+1e−i⟨x′,y′⟩ jα+2n

(
xd+1yd+1

)
= −y2

d+1Λα,d,n(., y)
(
x, y

)
.
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Which gives the desired result.
iii) From the relation (12), for all x, y ∈ Rd+1, we get

△
α,d,n
W

(
Λα,d,n(., y)

)
(x) =

(
∆d + Lα,n

) (
Λα,d,n(., y)

)
(x)

= x2n
d+1∆dΛα+2n,d

(
x, y

)
+ Lα,nx2n

d+1Λα+2n,d
(
x, y

)
= −x2n

d+1

(
y2

1 + ... + y2
d

)
Λα+2n,d

(
x, y

)
− y2

d+1x2n
d+1Λα+2n,d

(
x, y

)
= −

(
y2

1 + ... + y2
d + y2

d+1

)
x2n

d+1Λα+2n,d
(
x, y

)
= −

∥∥∥y
∥∥∥2
Λα,d,n(x, y).

Thus the proof is finished.

Definition 2.4. The generalized Weinstein transform F α,d,n
W is given for f ∈ L1

α,n(Rd+1
+ ) by :

∀λ ∈ Rd+1
+ , F α,d,n

W ( f )(λ) =
∫
Rd+1
+

f (x)Λα,d,n(x, λ)dµα,d(x), (15)

where µα,d is the measure on Rd+1
+ given by the relation (3).

Example 2.5. Let t > 0 and n ∈N, we consider the two functions ξα,d,nt and θα,d,nt given by :

∀x ∈ Rd+1, ξα,d,nt (x) =
2x2n

d+1e−
∥x∥2

4t

π
d
2 Γ(α + 2n + 1) (4t)α+2n+ d

2+1
, (16)

and

∀x ∈ Rd+1, θα,d,nt (x) = Cα+2n,d

(
4t

(
α + 2n +

d
2
+ 1

)
− ∥x∥2

) x2n
d+1

(2t)α+2n+ d
2+3

e−
∥x∥2

4t ,

where Cα,d is the constant given the relation (4).
Then we have :

∀λ ∈ Rd+1
+ , F α,d,n

W

(
ξα,d,nt

)
(λ) = e−t∥λ∥2 , (17)

and

∀λ ∈ Rd+1
+ , F α,d,n

W

(
θα,d,nt

)
(λ) = ∥λ∥2 e−t∥λ∥2 .

Remark 2.6. i) The map Mn is an isomorphism from E∗(Rd+1)
(
resp. S∗(Rd+1)

)
onto En,∗(Rd+1)

(
resp. Sn,∗(Rd+1)

)
.

ii) The generalized Weinstein transform F α,d,n
W can be written in the form :

F α,d,n
W = F α+2n,d

W ◦M −1
n , (18)

where F α,d
W = F α,d,0

W is the classical Weinstein transform.

Some basic properties of the transform F α,d,n
W are summarized in the following results. We obtain the

results from the relation (18).
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Theorem 2.7. i) Let f ∈ L1
α,n(Rd+1

+ ). If F α,d,n
W ( f ) ∈ L1

α+2n(Rd+1
+ ), then we have

f (x) = C2
α+2n,d

∫
Rd+1
+

F α,d,n
W ( f )

(
y
)
Λα,d,n(−x, y)dµα+2n,d(y), a.e x ∈ Rd+1

+ , (19)

where Cα,d is the constant given by the relation (4).
ii) The Weinstein transform F α,d,n

W is a topological isomorphism from Sn,∗(Rd+1) onto S∗(Rd+1) and from Dn,∗(Rd+1)
onto H∗(Cd+1).

Theorem 2.8. ( see [6] -[10])
i) For all f , 1 ∈ Sn,∗(Rd+1), we have the following Parseval formula :∫

Rd+1
+

f (x)1(x)dµα,d(x) = C2
α+2n,d

∫
Rd+1
+

F α,d,n
W ( f )(λ)F α,d,n

W (1)(λ)dµα+2n,d(λ). (20)

ii) ( Plancherel formula ).
For all f ∈ Sn,∗(Rd+1), we have :∫

Rd+1
+

∣∣∣ f (x)
∣∣∣2 dµα,d(x) = C2

α+2n,d

∫
Rd+1
+

∣∣∣F α,d,n
W ( f )(λ)

∣∣∣2 dµα+2n,d(λ). (21)

iii) ( Plancherel Theorem ) :
The transform F α,d,n

W extends uniquely to an isometric isomorphism fromL2(Rd+1
+ , dµα,d(x)) ontoL2(Rd+1

+ , C2
α+2n,ddµα+2n,d(x)).

Definition 2.9. The translation operator Tα,d,nx , x ∈ Rd+1
+ , associated with the operator ∆α,d,nW is defined on En,∗(Rd+1

+ )
by :

∀y ∈ Rd+1
+ , Tα,d,nx f

(
y
)
= x2n

d+1y2n
d+1Tα+2n,d

x M −1
n f

(
y
)
, (22)

where

Tα,dx f
(
y
)
=
Γ (α + 1)
√
πΓ

(
α + 1

2

) ∫ π

0
f
(
x′ + y′,

√
x2

d+1 + y2
d+1 + 2xd+1yd+1 cosθ

)
(sinθ)2α dθ, (23)

and x′ + y′ =
(
x1 + y1, ..., xd + yd

)
.

The following proposition summarizes some properties of the generalized Weinstein translation opera-
tor.

Proposition 2.10. i) For all f ∈ En,∗(Rd+1) and y ∈ Rd+1
+ , the function x 7→ Tα,d,nx f

(
y
)

belongs to En,∗(Rd+1).
ii) Let f ∈ Lp

α,n(Rd+1
+ ), 1 ≤ p ≤ +∞ and x ∈ Rd+1

+ . Then Tα,d,nx f belongs to Lp
α,n(Rd+1

+ ) and we have

∥Tα,d,nx f ∥α,n,p ≤ x2n
d+1∥ f ∥α,n,p. (24)

iii) The function t 7→ Λα,d,n (t, λ) , λ ∈ Cd+1, satisfies on Rd+1
+ the following product formula:

∀x, y ∈ Rd+1
+ , Λα,d,n (x, λ)Λα,d,n

(
y, λ

)
= Tα,d,nx

[
Λα,d,n (., λ)

] (
y
)
. (25)

iv) Let f ∈ Sn,∗(Rd+1) and x ∈ Rd+1
+ , we have

∀λ ∈ Rd+1
+ , F α,d,n

W

(
Tα,d,nx f

)
(λ) = Λα,d,n (−x, λ) F α,d,n

W
(

f
)

(λ) . (26)
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Proof. i) Let f ∈ En,∗(Rd+1) and y ∈ Rd+1
+ , we can write

∀x ∈ Rd+1
+ , f (x) = x2n

d+11 (x) , 1 ∈ E∗(Rd+1).

Then using the relation (22), we have

∀x ∈ Rd+1
+ , Tα,d,nx f

(
y
)
= x2n

d+1y2n
d+1Tα+2n,d

x 1
(
y
)
.

Since the function x 7→ y2n
d+1Tα+2n,d

y 1 (x) is in E∗(Rd+1) then the function x 7→ Tα,d,nx f
(
y
)

belongs to En,∗(Rd+1).
ii) Let f ∈ Lp

α,n(Rd+1
+ ), 1 ≤ p ≤ +∞ and x ∈ Rd+1

+ .
If f ∈ L∞α,n(Rd+1

+ ), then from the relation (22), for all y ∈ Rd+1
+ , we get∣∣∣M −1

n,yTα,d,nx f
(
y
)∣∣∣ = x2n

d+1

∣∣∣Tα+2n,d
x M −1

n f
(
y
)∣∣∣ ≤ x2n

d+1∥T
α+2n,d
x M −1

n f ∥α,∞

≤ x2n
d+1∥M

−1
n f ∥α,∞ = x2n

d+1∥ f ∥α,n,∞.

Then Tα,d,nx f belongs to L∞α,n(Rd+1
+ ) and we have

∥Tα,d,nx f ∥α,n,∞ ≤ x2n
d+1∥ f ∥α,n,∞.

Now let f ∈ Lp
α,n(Rd+1

+ ), 1 ≤ p < +∞. We have∫
Rd+1
+

|M −1
n,yTα,d,nx f

(
y
)
|
pdµα+2n,d(y) = x2pn

d+1

∫
Rd+1
+

|Tα+2n,d
x M −1

n f
(
y
)
|
pdµα+2n,d(y)

= x2pn
d+1

∥∥∥Tα+2n,d
x M −1

n f
∥∥∥p

α,p

≤ x2pn
d+1

∥∥∥M −1
n f

∥∥∥p

α,p

≤ x2pn
d+1∥ f ∥pα,n,p.

Then Tα,d,nx f belongs to Lp
α,n(Rd+1

+ ) and we get

∥Tα,d,nx f ∥α,n,p ≤ x2n
d+1∥ f ∥α,n,p.

iii) From the relations (8), (9) and (10), for all x, y ∈ Rd+1
+ , we obtain

Λα,d,n (x, λ)Λα,d,n
(
y, λ

)
= x2n

d+1Λα+2n,d (x, λ) y2n
d+1Λα+2n,d (x, λ)

= x2n
d+1y2n

d+1Tα+2n,d
x

[
Λα+2n,d (., λ)

] (
y
)

= x2n
d+1y2n

d+1Tα+2n,d
x

[
M −1

n Λα,d,n (., λ)
] (

y
)

= Tα,d,nx
[
Λα,d,n (., λ)

] (
y
)
.

Which gives the desired result.
iv) Let f ∈ Sn,∗(Rd+1) and x ∈ Rd+1

+ , using the relations (18) and (22), for all λ ∈ Rd+1
+ , we have

F α,d,n
W

(
Tα,d,nx f

)
(λ) = F α+2n,d

W

[
M −1

n Tα,d,nx f
]

(λ)

= x2n
d+1F

α+2n,d
W

(
Tα+2n,d

x M −1
n f

)
(λ)

= x2n
d+1Λα+2n,d (−x, λ) F α+2n,d

W

(
M −1

n f
)

(λ)

= Λα,d,n (−x, λ) F α,d,n
W

(
f
)

(λ) .

Which completes the proof.
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The convolution operators based on the construct Tα,d,nx are known from the works by V.A. Kakichev
and L.N. Lyakhov ( see [17]-[20]).

Definition 2.11. Let f , 1 ∈ L1
α,n(Rd+1

+ ). The generalized Weinstein convolution product of f and 1 is given by :

f ∗α,n 1 (x) =
∫
Rd+1
+

Tα,d,nx f
(
−y

)
1
(
y
)

dµα,d(y), x ∈ Rd+1
+ . (27)

Remark 2.12. Let f , 1 ∈ L1
α,n(Rd+1

+ ). using the relations (22) and (27), we obtain

f ∗α,n 1 (x) = x2n
d+1

∫
Rd+1
+

Tα+2n,d
x

(
M −1

n f
) (
−y

) (
M −1

n 1
) (

y
)

dµα+2n,d(y)

= x2n
d+1

(
M −1

n f
)
∗α+2n

(
M −1

n 1
)

(x) ,

where for all φ,ψ ∈ L1
α(Rd+1

+ ), we have

φ ∗α ψ (x) := φ ∗α,0 ψ (x) =
∫
Rd+1
+

Tα,dx φ
(
−y

)
ψ

(
y
)

dµα,d(y), x ∈ Rd+1
+ .

Proposition 2.13. (See [6]-[10]) For all f , 1 ∈ L1
α,n(Rd+1

+ ), f ∗α,n 1 ∈ L1
α,n(Rd+1

+ ) and we have

F α,d,n
W ( f ∗α,n 1) = F α,d,n

W ( f )F α,d,n
W (1). (28)

Example 2.14. Let s, t > 0 and n ∈N, we consider the function ξα,d,nt given by the relation (16). Using the relations
(17) and (28), for all λ ∈ Rd+1

+ , we obtain

F α,d,n
W

(
ξα,d,nt ∗α,n ξ

α,d,n
s

)
(λ) = F α,d,n

W

(
ξα,d,nt

)
(λ)F α,d,n

W

(
ξα,d,ns

)
(λ)

= e−t∥λ∥2
× e−s∥λ∥2

= F α,d,n
W

(
ξα,d,ns+t

)
(λ).

Then, we get

∀x ∈ Rd+1, ξα,d,nt ∗α,n ξ
α,d,n
s (x) = ξα,d,ns+t (x) =

x2n
d+1e−

∥x∥2
4(s+t)

π
d
2 22α+4n+1Γ(α + 2n + 1) (s + t)α+2n+ d

2+1
.

Notations. We denoted by :
• S ′

∗ , the strong dual of the space S∗(Rd+1).
• S ′

n,∗, the strong dual of the space Sn,∗(Rd+1).

Definition 2.15. The generalized Fourier-Weinstein transform of a distribution u ∈ S ′
n,∗ is defined by :

∀ϕ ∈ S∗(Rd+1), ⟨F α,d,n
W (u), ϕ⟩ = ⟨u,

(
F α,d,n

W

)−1
(ϕ)⟩. (29)

The following proposition is as an immediate consequence of Theorem 2.7.

Proposition 2.16. The transform F α,d,n
W is a topological isomorphism from S ′

n,∗ onto S ′
∗ .

Remark 2.17. Let m ∈N and u ∈ S ′
n,∗, we have(

F α,d,n
W

) [
(∆α,d,nW )mu

]
= (−1)m

∥x∥2m
(
F α,d,n

W

)
(u), (30)

where

∀ϕ ∈ Sn,∗

(
Rd+1

)
, ⟨∆α,d,nW u, ϕ⟩ = ⟨u, ∆α,d,nW ϕ⟩. (31)
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3. Sobolev-Gevrey spaces associated with the generalized Weinstein type operator

The goal of this section is to introduce and study the Sobolev-Gevrey spaces associated with the gener-
alized Weinstein operator ∆α,d,nW .

Definition 3.1. For s ∈ R, we define the generalized Sobolev-Weinstein space of order s, that will be denoted
H s
α,d,n

(
Rd+1
+

)
, as the set of all u ∈ S ′

n,∗ such that F α,d,n
W (u) is a function and∫

Rd+1
+

(1 + ∥λ∥2)s
∣∣∣F α,d,n

W (u) (λ)
∣∣∣2 dµα+2n,d (λ) < ∞. (32)

We provide H s
α,d,n

(
Rd+1
+

)
with the inner product

⟨u, v⟩H s
α,d,n
= C2

α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥2)sF α,d,n
W (u)(ξ)F α,d,n

W (v)(ξ)dµα+2n,d(ξ), (33)

and the norm

∥u∥H s
α,d,n
=

[
C2
α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥2)s
∣∣∣F α,d,n

W (u) (ξ)
∣∣∣2 dµα+2n,d (ξ)

] 1
2

. (34)

Definition 3.2. For all s ∈ R, a > 0 and σ > 1, we define the generalized Weinstein Sobolev-Gevrey space that will
be denoted H s,α,n

a,σ

(
Rd+1
+

)
as the set of all u ∈ S ′

n,∗ such that F α,d,n
W (u) is a function and

F α,d,n
W (u) ∈ L2

(
Rd+1
+ , (1 + ∥ξ∥2)se2a∥ξ∥

1
σ dµα+2n,d (ξ)

)
.

We provide H s,α,n
a,σ (Rd+1

+ ) with the inner product

⟨u, v⟩(1),H s,α,n
a,σ
= C2

α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥2)sF α,d,n
W (u)(ξ)F α,d,n

W (v)(ξ)e2a∥ξ∥
1
σ dµα+2n,d(ξ),

and the norm

∥u∥(1),H s,α,n
a,σ
=

[
C2
α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥2)s
∣∣∣F α,d,n

W (u) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ)

] 1
2

.

The following properties of the spaces H s,α,n
a,σ (Rd+1

+ ) can easily be established.

Proposition 3.3. i) For all s ∈ R, we have

S∗(Rd) ⊂H s,α,n
a,σ (Rd+1

+ ).

ii) For all σ > 1, we have

H 0,α,n
0,σ

(
Rd+1
+

)
=H 0

α,d,n

(
Rd+1
+

)
= L2

α(Rd+1
+ ).

iii) For all s, t ∈ R, t > s, the space H t,α,n
a,σ

(
Rd+1
+

)
is continuously contained in H s,α,n

a,σ (Rd+1
+ ).

iv) If 0 < a < b then the space H s,α
b,σ

(
Rd+1
+

)
is continuously contained in H s,α,n

a,σ (Rd+1
+ ).

v) For s ∈ R, a > 0 and σ > 1, we have

H s
α,d,n

(
Rd+1
+

)
⊂H s,α,n

a,σ (Rd+1
+ ).



H. B. Mohamed et al. / Filomat 40:5 (2026), 1667–1684 1676

Proposition 3.4. The space H s,α,n
a,σ (Rd+1

+ ) provided with the norm ∥.∥H s,α,n
a,σ

is a Banach space.

Proof. Let (um)m∈N be a Cauchy sequence of H s,α,n
a,σ (Rd+1

+ ). From the definition of the norm ∥.∥(1),H s,α
a,σ

, it is

clear that
(
F α,d,n

W (um)
)

m∈N
is a Cauchy sequence of L2

σ,s

(
Rd+1
+

)
:= L2

α(Rd+1
+ , (1 + ∥x∥2)se2a∥x∥

1
σ dµα+2n,d (x)).

Since L2
σ,s

(
Rd

)
is complete, there exists a function u ∈ L2

σ,s

(
Rd

)
such that

lim
m→+∞

∥F α,d,n
W (um) − u∥L2

σ,s(Rd) = 0.

Then u ∈ S ′ and h =
(
F α,d,n

W

)−1
(u) ∈ S .

So, F α,d,n
W (v) = u ∈ L2

σ,s

(
Rd+1
+

)
, which proves that v ∈H s,α,n

a,σ (Rd+1
+ ) and we have

∥um − v∥(1),H s,α,n
a,σ
= ∥F α,d,n

W (um) − u∥L2
σ,s(Rd) →

m→+∞
0.

Hence, H s,α,n
a,σ (Rd+1

+ ) is complete.

Proposition 3.5. Let s1, s, s2 ∈ R, satisfying s1 < s < s2. Then, for all ε > 0, there exists a nonnegative constant Cε
such that for all u ∈H s2,α,n

a,σ (Rd+1
+ ), we have

∥u∥H s,α,n
a,σ
≤ Cε ∥u∥H s1 ,α,n

a,σ
+ ε ∥u∥H s2 ,α,n

a,σ
. (35)

Proof. Let s1, s2 ∈ R and s = (1 − t) s1 + ts2, t ∈ ]0, 1[. Let u ∈ H s2,α,n
a,σ (Rd+1

+ ). We put t =
1
p

and 1 − t =
1
q

,

applying the Hölder’s inequality, we get

∥u∥H s,α,n
a,σ
≤ ∥u∥1−t

H
s1 ,α,n

a,σ
× ∥u∥t

H
s2 ,α,n

a,σ

≤

(
ε
−t
1−t ∥u∥H s1 ,α,n

a,σ

)1−t
×

(
ε ∥u∥H s2 ,α,n

a,σ

)t

≤ ε
s−s1
s−s2 ∥u∥H s1 ,α,n

a,σ
+ ε ∥u∥H s2 ,α,n

a,σ
.

Thus the proof is finished.

Proposition 3.6. Let s, t ∈ R. Then, the operator

At : H s,α,n
a,σ (Rd+1

+ )→H s−t,α,n
a,σ (Rd+1

+ ),

defined for all x ∈ Rd+1
+ by :

Atu (x) = C2
α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥)tΛα,d,n(−x, ξ)F α,d,n
W (u) (ξ) dµα+2n,d(ξ),

is an isomorphism.

Proof. Let s, t ∈ R and u ∈H s,α,n
a,σ (Rd+1

+ ). The function :
ξ 7→ (1 + ∥ξ∥)t(1 + ∥ξ∥2)

s−t
2 F α,d,n

W (u) (ξ) belongs to L2
α+2n(Rd+1

+ ) and have

∀ξ ∈ Rd+1
+ , F α,d,n

W (Atu) (ξ) = (1 + ∥ξ∥)tF α,d,n
W (u) (ξ) .

Thus ∫
Rd+1
+

(1 + ∥ξ∥2)s−t
∣∣∣F α,d,n

W (Atu) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ)

≤ sup
x∈Rd+1

+

[
(1 + ∥x∥)2t

(1 + ∥x∥2)t

] ∫
Rd+1
+

(1 + ∥ξ∥2)s
∣∣∣F α,d,n

W (u) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ)

≤ 2|t|
∫
Rd+1
+

(1 + ∥ξ∥2)s
∣∣∣F α,d,n

W (u) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ) .
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Then, Atu ∈H s−t,α,n
a,σ (Rd+1

+ ) and we have

∥Atu∥H s−t,α,n
a,σ

≤ 2
|t|
2 ∥u∥H s,α,n

a,σ
.

Now, let v ∈H s−t,α,n
a,σ (Rd+1

+ ) and put

u =
(
F α,d,n

W

)−1 (
(1 + ∥ξ∥)−tF α,d,n

W (v)
)
.

From the definition of the operator At, we have Atu = v and we get∫
Rd+1
+

(1 + ∥ξ∥2)s
∣∣∣F α,d,n

W (u) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ)

=

∫
Rd+1
+

(1 + ∥ξ∥2)s(1 + ∥ξ∥)−2t
∣∣∣F α,d,n

W (v) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ)

≤ 2|t|
∫
Rd+1
+

(1 + ∥ξ∥2)s−t
∣∣∣F α,d,n

W (v) (ξ)
∣∣∣2 e2a∥ξ∥

1
σ dµα+2n,d (ξ) .

Hence, u ∈H s,α,n
a,σ (Rd+1

+ ) and we obtain

∥u∥H s,α,n
a,σ
≤ 2

|t|
2 ∥Atu∥H s−t,α,n

a,σ
.

Which completes the proof.

The following theorem gives a relation between the dual of H s,α,n
a,σ (Rd+1

+ ) and H −s,α,n
a,σ (Rd+1

+ ).

Theorem 3.7. The dual of H s,α,n
a,σ (Rd+1

+ ) can be identified with H −s,α,n
a,σ (Rd+1

+ ). The relation of the identification is as
follows :

⟨u, v⟩(0) = C2
α+2n,d

∫
Rd+1
+

F α,d,n
W (u)(ξ)F α,d,n

W (v)(ξ)e2a∥ξ∥
1
σ dµα+2n,d(ξ), (36)

with u ∈H s,α,n
a,σ (Rd+1

+ ) and v ∈H −s,α,n
a,σ (Rd+1

+ ).

Proof. For all u ∈H s,α,n
a,σ (Rd+1

+ ) and v ∈H −s,α,n
a,σ (Rd+1

+ ), we have∣∣∣⟨u, v⟩(0)

∣∣∣ ≤ ∥u∥(1),H s,α,n
a,σ
∥v∥(1),H −s,α,n

a,σ
. (37)

Then, (u, v) 7→ ⟨u, v⟩(0) is a continuous bilinear form on
H s,α,n

a,σ (Rd+1
+ ) ×H −s,α,n

a,σ (Rd+1
+ ).

Let v ∈H −s,α,n
a,σ (Rd+1

+ ), we consider the function ϕv : u 7→ ⟨u, v⟩(0).
From the relation (37), we see that ϕv is a continuous linear form on H s,α,n

a,σ (Rd+1
+ ) and we have∥∥∥ϕv

∥∥∥ ≤ ∥v∥(1),H −s,α,n
a,σ

.

On the other hand for u0 (λ) =
[
F α,d,n

W

]−1 (
(1 + ∥λ∥2)−sF α,d,n

W (v)
)

(λ), we obtain

u0 ∈H s,α,n
a,σ (Rd+1

+ ) and ⟨u0, v⟩(0) = ∥v∥2(1),H −s,α,n
a,σ

.

Then
∥∥∥ϕv

∥∥∥ = ∥v∥(1),H −s,α,n
a,σ

.

Let now v∗ ∈
(
H s,α,n

a,σ (Rd+1
+ )

)′
. By the Riesz representation theorem and the relation (33), one can see that

there exists w ∈H s,α,n
a,σ (Rd+1

+ ), such that for all u ∈H s,α,n
a,σ (Rd+1

+ ), we have

v∗ (u) = ⟨u, w⟩(1),H s,α,n
a,σ

= C2
α+2n,d

∫
Rd+1
+

(1 + ∥λ∥2)sF α,d,n
W (w) (λ) F α,d,n

W (u) (λ)e2a∥ξ∥
1
σ dµα+2n,d (λ) .
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We put v (λ) =
[
F α,d,n

W

]−1 (
(1 + ∥λ∥2)sF α,d,n

W (w) (λ)
)
.

Then, v ∈H −s,α,n
a,σ (Rd+1

+ ) and we have

∀u ∈H s,α,n
a,σ (Rd+1

+ ), v∗ (u) = ⟨u, v⟩(0).

Hence the map v 7→ ⟨., v⟩(0) is an isometry from H −s,α,n
a,σ (Rd+1

+ ) into
(
H s,α,n

a,σ (Rd+1
+ )

)′
.

Thus the proof is finished.

Proposition 3.8. For s ∈ R, the Hilbert space H s,α,n
a,σ (Rd+1

+ ) admits the reproducing kernel:

∀x, y ∈ Rd+1
+ , Rα,d,n

s,σ (x, y) = C2
α+2n,d

∫
Rd+1
+

(1 + ∥ξ∥2)−se−2a∥ξ∥
1
σΛα,d,n(−x, ξ))Λα,d,n(y, ξ)dµα+2n,d(ξ), (38)

That is :
i) For every y ∈ Rd+1

+ , the distribution given by the function
x 7→ Rα,d,n

s,σ (x, y) belongs to H s,α,n
a,σ (Rd+1

+ ).
ii) For every f ∈H s,α,n

a,σ (Rd+1
+ ), we have

∀y ∈ Rd+1
+ , ⟨ f , Rα,d,n

s,σ (., y)⟩(1),H s
α,d,n
= f (y).

Proof. i) It easy to see that

∀a > 0,∀s ∈ R,
∫
Rd+1
+

(1 + ∥ξ∥2)−se−2a∥ξ∥
1
σ dµα+2n,d (ξ) < +∞. (39)

Then using the relation (11), we deduce that the function
(x, y) 7→ Rα,d,n

s,σ (x, y) is well-defined.
Moreover for all y ∈ Rd+1

+ and s ∈ R, the function

ξ 7→ (1+∥ξ∥2)−se−2a∥ξ∥
1
σΛα,d,n(y, ξ) belongs toL1

α,n(Rd+1
+ )∩L2

α,n(Rd+1
+ ). Then, from the relation (19), the function

x 7→ Rα,d,n
s,σ (x, y) belongs to L2

α(Rd+1
+ ) and we have

∀ξ ∈ Rd+1
+ , F α,d,n

W

[
Rα,d,n

s,σ (., y)
]

(ξ) = (1 + ∥ξ∥2)−se−2a∥ξ∥
1
σΛα,d,n(y, ξ). (40)

Then ∥∥∥Rα,d,n
s,σ (., y)

∥∥∥
(1),H s,α,n

a,σ
≤ ksy2n

d+1, (41)

where for all s ∈ R, we have

ks = ks (α, d,n, a, σ) = Cα+2n,d

(∫
Rd+1
+

(1 + ∥ξ∥2)−se−2a∥ξ∥
1
σ dµα+2n,d (ξ)

) 1
2

. (42)

Hence for all y ∈ Rd+1
+ and s ∈ R, Rα,d,n

s,σ (., y) ∈ Hs,α,n
a,σ (Rd+1

+ ).
ii) Let f ∈ Hs,α,n

a,σ (Rd+1
+ ) and y ∈ Rd+1

+ . Using the relations (33), (40) and ( 19), we obtain

⟨ f ,Rα,d,n
s,σ (., y)⟩(1),H s,α,n

a,σ
= C2

α+2n,d

∫
Rd+1
+

F α,d,n
W

(
f
)

(ξ)Λα,d,n(−y, ξ)dµα+2n,d (ξ)

= f (y).

Which achieves the proof.
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4. Extremal functions on H s,α,n
a,σ (Rd+1

+
)

The theory of reproducing kernels started with two papers from 1921 ( see [26] ) and 1922 ( see [11] )
which dealt with typical reproducing kernels of Szegö and Bergman and since then the theory has been
developed into a large and deep theory in complex analysis by many mathematicians.
In this section, using the theory of reproducing kernels, we study the extremal functions on the Hilbert
space H s,α,n

a,σ (Rd+1
+ ).

Definition 4.1. Let r > 0 and L : H s,α,n
a,σ (Rd+1

+ )→H be bounded linear operator. For all f , h ∈H s,α,n
a,σ (Rd+1

+ ), we
define the inner product in H s,α,n

a,σ (Rd+1
+ ) by :

⟨ f , h⟩(2),H s,α,n
a,σ
= r⟨ f , h⟩(1),H s,α,n

a,σ
+ ⟨L f ,L h⟩H . (43)

The norm associated with this inner product is given by :

∥ f ∥2(2),H s,α,n
a,σ
= r∥ f ∥2(1),H s,α,n

a,σ
+ ∥L f ∥2

H
. (44)

Lemma 4.2. The norms ∥.∥(1),H s,α,n
a,σ

and ∥.∥(2),H s,α,n
a,σ

are equivalent.

Proof. Let u ∈H s,α,n
a,σ (Rd+1

+ ), we have

√
r∥u∥(1),H s,α,n

a,σ
≤ ∥u∥(2),H s,α,n

a,σ
≤

√
r + ∥L ∥2∥u∥(1),H s,α,n

a,σ
.

This clearly yields the result.

Proposition 4.3. Let r > 0 and s ∈ R. The space
(
H s,α,n

a,σ (Rd+1
+ ), ⟨., .⟩(2),H s,α,n

a,σ

)
possesses a reproducing K r,L

s,a,σ
satisfying the identity :

K r,L
s,a,σ

(
., y

)
= (rI +L ∗L )−1 Rα,d,n

s,σ (., y), (45)

where I = Id and L ∗ : H →H s,α,n
a,σ (Rd+1

+ ) is the adjoint of L given by :

∀ f ∈H s,α,n
a,σ (Rd+1

+ ),∀h ∈ H , ⟨L f , h⟩H = ⟨ f ,L ∗h⟩(1),H s,α,n
a,σ
.

Proof. From [22], the space
(
H s,α,n

a,σ (Rd+1
+ ), ⟨., .⟩(2),H s,α,n

a,σ

)
has a reproducing kernel denoted by K r,L

s,a,σ and we
have

f
(
y
)
= ⟨ f ,K r,L

s,a,σ
(
., y

)
⟩(2),H s,α,n

a,σ

= r⟨ f ,K r,L
s,a,σ

(
., y

)
⟩(1),H s,α,n

a,σ
+ ⟨L f ,L K r,L

s,a,σ
(
., y

)
⟩H

= ⟨ f , (rI +L ∗L ) K r,L
s,a,σ

(
., y

)
⟩(1),H s,α,n

a,σ
.

Then for all y ∈ Rd+1
+ , we have

(rI +L ∗L ) K r,L
s,a,σ

(
., y

)
= Rα,d,n

s,σ (., y). (46)

Thus the proof is finished.

The following proposition summarizes some properties of the kernel K r,L
s,a,σ .
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Proposition 4.4. The kernel K r,L
s,a,σ satisfies the following properties

i) We have

∥K r,L
s,a,σ

(
., y

)
∥(1),H s

α,d,n
≤

ks

r
y2n

d+1, (47)

where ks is the constant given by the relation (42).
ii) We have

∥L K r,L
s,a,σ

(
., y

)
∥H ≤

ks
√

2r
y2n

d+1. (48)

iii) For all y ∈ Rd+1
+ , we have

∥L ∗L K r,L
s,a,σ

(
., y

)
∥(1),H s,α,n

a,σ
≤ ksy2n

d+1. (49)

Proof. Using the relation (41) and (46), for all y ∈ Rd+1
+ , we get

r2
∥K r,L

s,a,σ
(
., y

)
∥

2
(1),H s,α,n

a,σ
+ 2r∥L K r,L

s,a,σ
(
., y

)
∥

2
H
+ ∥L ∗L K r,L

s,a,σ
(
., y

)
∥

2
(1),H s,α,n

a,σ

= ∥Rα,d,n
s,σ (., y)∥2(1),H s,α,n

a,σ
≤ k2

s y4n
d+1. .

Then the assertions i), ii) and iii) are an immediate consequence of the above result.

The main result of this section can be stated as follows.

Theorem 4.5. Let s ∈ R.
For all h ∈ H and for all r > 0, the infimum

inf
f∈H s,α,n

a,σ (Rd+1
+ )

[
r∥ f ∥2(1),H s,α,n

a,σ
+ ∥h −L f ∥2

H

]
, (50)

is attained by a unique function f ∗r,h given by :

∀y ∈ Rd+1
+ , f ∗r,h

(
y
)
= ⟨h,L K r,L

s,a,σ
(
., y

)
⟩H . (51)

Moreover, the extremal function f ∗r,h satisfies the following inequality :

∀y ∈ Rd+1
+ ,

∣∣∣ f ∗r,h (
y
)∣∣∣ ≤ ks

√
2r
∥h∥H y2n

d+1. (52)

Proof. The existence and unicity of extremal function f ∗r,h represented by the relation (50) is given by [22].
On the other hand from the relation (48), we get

∀y ∈ Rd+1
+ ,

∣∣∣ f ∗r,h
(
y
)∣∣∣ ≤ ∥L K r,L

s,a,σ
(
., y

)
∥H∥h∥H ≤

ks
√

2r
∥h∥H y2n

d+1.

Which gives the desired result.

Corollary 4.6. Let s ∈ R and r > 0. If L is isometry ( L ∗L = Id) then
i) ⟨., .⟩(2),H s,α,n

a,σ
= (r + 1) ⟨., .⟩(1),H s,α,n

a,σ
.

ii) For all x, y ∈ Rd+1
+ , we have

K r,L
s,a,σ

(
x, y

)
=

1
r + 1

Rα,d,n
s,σ (., y).
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iii) For all h ∈ H , we have

∀y ∈ Rd+1
+ , f ∗r,h

(
y
)
=

1
r + 1

L ∗h
(
y
)
.

iv) For all f ∈H s,α,n
a,σ (Rd+1

+ ), we have

∀y ∈ Rd+1
+ , f ∗r,L f

(
y
)
=

1
r + 1

f
(
y
)
.

Corollary 4.7. Let s ∈ R and r > 0. Let f ∈H s,α,n
a,σ (Rd+1

+ ) and h = L f .
i) For all y ∈ Rd+1

+ , we have

f
(
y
)
= lim

r→0+
f ∗r,h

(
y
)
.

ii) We have

∀y ∈ Rd+1
+ ,

∣∣∣ f (
y
)
− f ∗r,h

(
y
)∣∣∣ ≤ ks∥ f ∥(1),H s,α,n

a,σ
y2n

d+1.

iii) We have

∀y ∈ Rd+1
+ ,

∣∣∣ f ∗r,h (
y
)∣∣∣ ≤ ks∥ f ∥(1),H s,α,n

a,σ
y2n

d+1.

Proof. Let f ∈H s,α,n
a,σ (Rd+1

+ ) and h = L f .
i) From the relations (46) and (51), we get

∀y ∈ Rd+1
+ , f ∗r,h

(
y
)
= ⟨ f ,L ∗L K r,L

s,a,σ
(
., y

)
⟩(1),H s,α,n

a,σ
. (53)

Then, for all y ∈ Rd+1
+ , we obtain

f ∗r,h
(
y
)
= ⟨ f ,Rα,d,n

s,σ (., y) − rK r,L
s,a,σ

(
., y

)
⟩(1),H s,α,n

a,σ
.

Hence

∀y ∈ Rd+1
+ , f ∗r,h

(
y
)
= f

(
y
)
− r⟨ f ,K r,L

s,a,σ
(
., y

)
⟩(1),H s,α,n

a,σ
, (54)

and we have

lim
r→0+

f ∗r,h
(
y
)
= lim

r→0+

[
f
(
y
)
− r⟨ f ,K r,L

s,a,σ
(
., y

)
⟩(1),H s,α,n

a,σ

]
= f

(
y
)
.

ii) By invoking (47) and (54), for all y ∈ Rd+1
+ , we can write∣∣∣ f (

y
)
− f ∗r,h

(
y
)∣∣∣ = r

∣∣∣∣⟨ f ,K r,L
s,a,σ

(
., y

)
⟩(1),H s

α,d,n

∣∣∣∣
≤ r∥ f ∥(1),H s,α,n

a,σ
K r,L

s,a,σ
(
., y

)
∥(1),H s,α,n

a,σ

≤ ks∥ f ∥(1),H s,α,n
a,σ

y2n
d+1.

iii) Using the relations (49) and (53), for all y ∈ Rd+1
+ , we obtain∣∣∣ f ∗r,h (

y
)∣∣∣ ≤ ∥ f ∥(1),H s,α,n

a,σ
∥L ∗L K r,L

s,a,σ
(
., y

)
∥(1),H s,α,n

a,σ

≤ ks∥ f ∥(1),H s,α,n
a,σ

y2n
d+1.

Which finishes the proof.
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Example 4.8. For all s ∈ R, the identity operator id : H s,α,n
a,σ (Rd+1

+ )→ L2
α,n(Rd+1

+ ) is bounded ad we have

∀u ∈H s,α,n
a,σ (Rd+1

+ ), ∥id (u) ∥α,n,2 ≤ ∥u∥(1),H s,α,n
a,σ
.

Its adjoint operator id∗ : L2
α,n(Rd+1

+ )→H s,α,n
a,σ (Rd+1

+ ) is given by :

∀v ∈ L2
α,n(Rd+1

+ ), id∗ (v) =
(
F α,d,n

W

)−1
[
(1 + ∥ξ∥2)−se−2a∥ξ∥

1
σ F α,d,n

W (v)
]
.

On the other hand, the inner product associated with the operator id can be written

⟨u, v⟩(2),H s,α,n
a,σ
= C2

α+2n,d

∫
Rd+1
+

[
1 + r(1 + ∥ξ∥2)se2a∥ξ∥

1
σ

]
F α,d,n

W (u) (ξ)F α,d,n
W (v)(ξ)dµα+2n,d(ξ).

In this case, the Hilbert space H s,α,n
a,σ (Rd+1

+ ) admits the following reproducing kernel :

K r,id
s,a,σ(x, y) = C2

α+2n,d

∫
Rd+1
+

Λα,d,n(−x, ξ)Λα,d,n(y, ξ)

1 + r(1 + ∥ξ∥2)se2a∥ξ∥
1
σ

dµα+2n,d(ξ).

For all h ∈ L2
α,n(Rd+1

+ ) and for all r > 0, the infimum

inf
f∈H s,α,n

a,σ (Rd+1
+ )

[
r∥ f ∥2(1),H s,α,n

a,σ
+ ∥h − f ∥2α,n,2

]
,

exists and it is attained by a unique function f ∗r,h given by :

f ∗r,h
(
y
)
= ⟨h,K r,id

s,a,σ
(
., y

)
⟩L2

α,n(Rd+1
+ )

= C2
α+2n,d

∫
Rd+1
+

Λα,d,n(y, ξ)F α,d,n
W (h) (ξ)

1 + r(1 + ∥ξ∥2)se2a∥ξ∥
1
σ

dµα+2n,d(ξ)

= ⟨h,F α,d,n
W

(
K r,id

s,a,σ
(
., y

))
⟩L2

α,n(Rd+1
+ ).

Moreover, the extremal function f ∗r,h satisfies the following inequality :

∀y ∈ Rd+1
+ ,

∣∣∣ f ∗r,h (
y
)∣∣∣ ≤ ks

√
2r
∥h∥α,n,2y2n

d+1,

where ks is the constant given by the relation (42).

Example 4.9. For m ∈ L∞α,n(Rd+1
+ ), we define the multiplier operator Lm by :

∀u ∈H s,α,n
a,σ (Rd+1

+ ), Lmu :=
(
F α,d,n

W

)−1 [
mF α,d,n

W (u)
]
.

For all s ≥ 0, the operator Lm is bounded from H s,α,n
a,σ (Rd+1

+ ) into L2
α,n(Rd+1

+ ).
The Hilbert space H s,α,n

a,σ (Rd+1
+ ) admits the following reproducing kernel :

K r,Lm
s,a,σ (x, y) = C2

α+2n,d

∫
Rd+1
+

Λα,d,n(−x, ξ)Λα,d,n(y, ξ)

r(1 + ∥ξ∥2)se2a∥ξ∥
1
σ + |m (ξ)|2

dµα+2n,d(ξ).

For all h ∈ L2
α,n(Rd+1

+ ) and for all r > 0, the infimum

inf
f∈H s,α,n

a,σ (Rd+1
+ )

[
r∥ f ∥2(1),H s,α,n

a,σ
+ ∥h −Lm f ∥2α,n,2

]
,
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exists an it is attained by a unique function f ∗r,h given by :

f ∗r,h
(
y
)
= ⟨h,LmK r,Lm

s,a,σ
(
., y

)
⟩L2

α,n(Rd+1
+ )

= C2
α+2n,d

∫
Rd+1
+

m (ξ)Λα,d,n(y, ξ)F α,d,n
W (h) (ξ)

r(1 + ∥ξ∥2)se2a∥ξ∥
1
σ + |m (ξ)|2

dµα+2n,d(ξ).

Moreover, the extremal function f ∗r,h satisfies the following inequality :

∀y ∈ Rd+1
+ ,

∣∣∣ f ∗r,h (
y
)∣∣∣ ≤ ks

√
2r
∥h∥α,n,2y2n

d+1,

where ks is the constant given by the relation (42).
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