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Abstract. In this paper, we define the conformable Laplace transform on time scales. Conditions for
the absolute convergence, and some fundamental properties such as linearity, transform of conformable
integral, shifting theorem, transform of conformable derivative are given. The concept of conformable
convolution is discussed, and the convolution theorem is proved. At last a conformable dynamic equation
is solved.

1. Introduction

Fractional calculus is an extension of classical calculus which deals with derivative and integration of
non-integer order. The core concept of fractional calculus is summarized by two approaches, the first is
Riemann-Liouville, which uses integrals, and the Gamma function, and the second is Griinwald-Letnikov,
which is based on iterated derivatives and fractionalization through binomial coefficients. These traditional
fractional derivatives are complex and lack some of the properties of classical derivatives, such as the
product and chain rule. However, they do have good semigroup properties in some cases. In [19] Khalil R.
etal. introduced a simpler and more intuitive derivative based on the basic limit definition of the derivative
as a conformable fractional derivative. Consequently, in [2] Anderson et al. generalized the concept of
the conformable differential operator, which shows that it is more appropriate to regard the conformable
derivative as a concept in its own right, distinct from the fractional derivative theory.

While conducting research on conformable calculus, Abdeljawad T., in [1] introduced the conformable
Laplace transform of order &, 0 < a < 1 for f : [fp, 0) — R as

(t=tg)*
23

LEFONE) = f e F(dat, o). M

to

Further, Silva F S. et al. [20] established a sufficient condition to guarantee the reliability of solving the
constant coefficient fractional differential equation by the conformable Laplace transform.
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A time scale 7 is any non-empty closed subset of the real numbers, equipped with the subspace
topology inherited from the standard topology of real numbers. The theory of time scales was introduced
in 1988 through Hilger’s Ph.D. thesis [18]. This theory unifies the definitions and results from discrete and
continuous dynamical systems while extending these concepts to broader classes of dynamical systems. In
[4, 5, 20, 28] a conformable fractional calculus on arbitrary time scales is developed as an extension of the
classical conformable fractional calculus. Time scale studies mainly focus on dynamic equations. Therefore,
it is important to develop integral transform methods to solve these problems. Thus far, the generalization
of various integral transforms has been performed on time scales [3, 7, 11, 14, 21-26].

The motivation of this study is the generalization of the conformable Laplace transform for solving
conformable dynamic equations on time scales. The paper is organized as follows. In Section 2, we
recollect some basic concepts and notations of conformable fractional calculus on time scales. In Section
3, we generalize the conformable Laplace transform. In Section 4, some fundamental properties are given.
In Section 5, we show applicability of the conformable Laplace transform for solving linear conformable
fractional dynamic equation with constant coefficients.

2. Preliminaries

All results in this section are taken from [4-9, 12, 13, 15, 16, 27, 28]. Here, we assume that the time scale 7
under consideration is unbounded above and ¢y € T is fixed. For t € T, the forward jump operatoro : T — T
is given as o(t) := inf{s € T : s > t} while the backward jump operatoris p : T — Tis p(t) := sup{s € T : s < t}.
Furthermore, the forward graininess function p : 7 — [0, o) is given as u(t) := o(t) — t.

Definition 2.1. Ifa function g : T — IR is continuous at the right dense points in T, and has a finite limit at the left
dense points in T, then g is said to be rd-continuous. We denote the set of all rd-continuous functions by Cq(7, R).

Definition 2.2. Assumeg:7T = R, t € T, and a € (0,1]. For t > 0, if To(g)(t) is the number (provided it exists)
with the property that, given any € > 0, there exists a 6—neighborhood U C T of t,with 6 > 0, such that

[g(a(®)) = g©)1t' ™ = Ta(@)(DIo(t) = 51| < ela(t) —s|

forall s € U. We call To(g)(t) the conformable fractional derivative of g of order « at t. The conformable fractional
derivative at 0 is given as T,(g)(0) = thrg} Ta(g)(®).

Throughout the paper, we use the notation f*(¢) = 7.(9)(t).

Definition 2.3. Assume g : T — R is a requlated function. Then the a-fractional integral of g, for a € (0,1], is
given as,

Tu(g)(b) = f gHAt = f gt At
Definition 2.4. A function g : T — R is said to be ‘a-regressive’ provided
1+ y(t)g(t)t"‘_l #0, forall teT¥,
holds. Similarly, g : T — R is said to be 'a-positively regressive’ provided
1+ ut)gHt* >0, foral teT"

The set of all a-regressive and rd-continuous functions g : T — R is denoted by R*.
R** is subset of R* containing all a-positively regressive functions.
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Definition 2.5. In R ‘a-circle plus” addition &, is defined as below

(91 @a 92)(H) = g1(1) + 92(t) + u(t)gr (t)ga(t)t*", forall t € T*.

The set R* forms an abelian group under &,.
For g € R%, the inverse of g is given as

—g(f)
1+ u(hg(yte-t’
Definition 2.6. For R*, ‘a-circle minus’ substraction ©, is defined as
g1(t) — g2(b)
1+ p(Hga(he’

The following theorem, gives important algebraic properties of a-regressive functions.

SHE forall t € T

(91 ©a 2)(t) = forall t € T .

Theorem 2.7. Let g1, g, € R, Then
(1) (91 a g1)(t) = 0;
(2) Su(Cagr)(t) = g1(1);
(3) ©a(g1 S 72)(t) = (92 ©a g1)(1);
(4) ©u(g1 ®a 72)(t) = [(Sag1) a (Sag2)(H);
(5) g1(t) @a T = 91(8) + 92(8),

Definition 2.8 (Generalized exponential function). Let g € R¥, then the generalized exponential function is
defined by

t
E,(t,s) = exp( f Euw(9(Y)AT), forall t,s € 7. )
S
Using the definition for the cylindrical transformation, [6, Definition 2.21] Equation (2) can be rewritten as
t
1
E,(t,s) = exp(f ﬁLog(l + [J(T)g(’[)’[a_l)A’[), forallt,s € 7. 3)

Next theorem collects some important properties of the generalized exponential function.
Theorem 2.9. If g1, 9, € R*, then for all s,t € T,

(1) Eo(t,s) = 1and E, (t,t) = 1.

(2) By (t,5)Ey, (s, 1) = By, (8, 7).

(3) Eg(t,s) = m = Eqg,g, (s, 1).

(4) By (t,5)Ey,(t,s) = Ega,4(t ).
9 (t5) _
(5) 543 = Fyeun(t,9)
(6) Eg(o(t),s) = (1 + ut)gr (O Ey, (¢, ).

Eeyg, (t5)
(7) Eeagl(cf(t),S) = WZ);W'
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(8) EL (t,5) = g1(H)Ey, (¢, 5)t* .
(9) EY(t,5) = qr()Ey, (¢, 5).
Definition 2.10. Forh > 0, we define the Hilger complex numbers, and the Hilger real axis as Cj, = {z €C:z# —%}
and, R, = {z €Cy:z€eRand, z > —,11} respectively. For h = 0, let Cy := C and Ry := R.
Definition 2.11. Let h > 0, and z € C,. The Hilger real part of z is defined as

lhz+1] -1

Rey(z) .= 7

Definition 2.12. For given time scale T, the minimal graininess function y. : T — R* U {0} is defined as
Us(to) := inf u(t) fortp e 7.
T€[to,00)

Further, for h > 0 and 0 € R, Cy,(0) := {z € Cp, : Rey(z) > 0}.

3. Main results

In this section, we present the concept of conformable Laplace transform on time scales. At first, we
define the following.

Definition 3.1 (Conformable exponentially bounded function). A function g : T — R is said to be con-
formable exponentially bounded, if there exists constants M, c > 0 such that

lg(H)] < ME(t, to).

Definition 3.2 (Conformable Laplace transform). Let g : T — C is rd-continuous. Then, the conformable
Laplace transform of order a with o € (0, 1] of g is defined by

Lalg(D}(z) = f Ee,z(a(f), to)g()A%t, for z € Dig}, (4)

to

where DAg} consists of all t € T for which the improper integral exists, and for which 1 + u(t)zt*~ # 0 forall t € T.

3.1. Asymptotic decay of the generalized exponential function

In this subsection, we see some useful results to prove the asymptotic decay property of the generalized
exponential function.
Consider a function p(t) : C — C and a real constant A. Let us set

t a-1
T
M,(t, to) = —— A1 fortg,t € Tand A € R*(T,R). 5
At to) ftl,1+,u(T)A 0 (T, R) ®)

Lemma 3.3. Forsup 7T = oo. Let tg € T, and A € R*([ty, o0)7, R). Then, we have

(i) Mﬁl(t, to) > 0 for all t € (tg, 00), where Ay is delta derivative with respect to t.

(ii) Tim Ny () = oo.

Proof. The proof follows similarly, to the proof of the [10, Lemma 3.1]. [
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Lemma 3.4. Let ty € T and g € R**([ty, )5, R). Then,

t
0 < Iyt to) < exp{f g(T)T‘HAr}, Y t € [tg, ).
to

Proof. We have,
t
E,(t, to) = exp{f épm(g(’c)’c"_l)AT}, Y to,t €T witht > tg. (6)
to

As, 1+ p(1)g(1)7*! > 0, we have Log(1 + u(t)g(t)t* ') € R, and therefore, &) (9(1)1%!) € R.
Now, if u(7) = 0, then we have

afl) —

Eun(g(D)T g(r)r*

Further, if u(7) > 0, then we have

Eu 8O = s Log(l+ pEg(r )
_ 1
—u(n)
oy = [w(r)g(r)r* " —log(1 + u(t)g(r)r* )]
- ()

log(1 + y(’()g(’c)’[“_l)

< g(’[)’(“’l.

Here we have used the property log(1 + a) < a for all 4 € (-1,1). Thus, EH(T)(g(T)’[“*l) < g(t)T*! for all
T € [to, t)7, which proves the claim by using thisin 6. [

We define a function ®,(p(7), A) : C; X R, — R by

1+hA

THip() ifh>0
A—Re(p(r)) ifh=0.

1
By (p(1), A) = { 108

Lemma3.5. Leth >1,and A € R,. Then,
(1) Forallp(t) € C,

Dy(p(7), A) = Dp(Ren(p(7), A)).
(2) Suppose 1 + hA > 0and x1,x2 € R, 1 +hx; >0, 1 + hxp > 0if x1 < xp, then

q)h(xll /\) > q)h(x2/ /\)

Proof. The proof follows similarly, to the proof of [10, Lemma 3.3]. [

Theorem 3.6 (Decay of the generalized exponential function). Let ty € T and
A € R¥* ([to, 00)7, R). Then for any p(t) € Cy,1)(A), we have the following properties.

(1) Epepw(t to)l < Ee,Rey. o (o))t to) for all t € [to, 00)s.

) tlg?o EA@“‘RKH"UO)(P(T))(L tO) =0.

B)E&Emwmajwza
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Proof. Consider,

Llogll +hz| ifh>0
1 ,
Pn2): {Re(z) ifh=0.

for z € Cp, then from Equation (3) for any f € R*(T,C) we get

[E£(t, to)l = exp{[ ch(T)(f(T)T“‘l)AT} for all t € [tg, 00)s.

Therefore, ,
|E/\e«p(1)(t/ fo)| = exp{f (Py(f)[(/\ Sa P(T))Ta_l]AT} forall t € [to, OO)T
to

We know that, for all T € [{, t)7,
A —p(7)

O = @

Then from Equations (7) and (8), we get

~ —Llog |1 + u(t)(A &4 p(1))T*7} if u(t) >0,
a-11 _ (1)
Purl(A Su )] = { Re((A — p(r))z) if () = 0.

T+u(t)Atet .
_ | s ol mimmen | ifu(@ >0
Re((A = p(x))re™) if u(r) = 0.
= Dy (p(r)* ™, AT,

Therefore,

¢
Ere.po)(t, to)l = exp{f (D“(T)(p(”[)’fa_l,/\T“_l)AT} for all t € [tg, 00)7.
to

From Equation (9) and Lemma 3.5, we get for all A € RZ*([ty, o0)7, R) and p(7) € Cpi.1,)(A),

t
Ere.pio(t, to)l = exp] f Dy (Rey(oy(p(0) T, AT ) At}
to

t
Sexp{f CI),,(T)(Reu*(to)(p(f))T“_l,/\T“‘l)AT}
to

= Eje,Reyu (o) (t to)

for all t € [ty, o). Thus, statement (1) is proved.

Now since,

A= Re#*(fo)(p(ﬂf))
1+ p(D)Rey. ) (p(0) 72!

A 84 Rey, 1) (p(1)) =

A = Rey, 1) (p(7))
1+ u(0)AT + (1) [Rey, ) (p(7) — A)]ret

1704
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and

1+ u(r)A
1+ p(D)Rey. (1) (p()) !

1+ u(1)[A 64 Rey, 1) (p(1))]

1+ p(r)A
1+ p(0)ATet + u(t)[Rey, 4 (p(1)) — Alre1’

we have for 7 € [t, c0)s
A B4 Rey,1y)(p(1)) <0 and A &, Rey,)(p(1)) € R*[(to, )7, R).

Therefore, an application of Lemma 3.4 gives

t

B \6Re,. o o) (1 o) < exp ft (A ©a Rey ) (p(r)))r* " At}
0

t ,l_a—l
= exp{[/\ - RE’y*(to)(P(T))] ft‘o 1+ H(T)Rey,(tg)(P(T))Ta_l AT}
= exP{ - [Rey*(to)(P(T)) - A] MR",LA*<to)(P(T))T“71(t’ to)} (10)

for all t € [ty, 00)+.
Furthermore,

1+ u(DRey, 1) (p(D)7 ™ = 1+ p(DAT ™ + p(0)[Rep ) (p(1) = AT,

thus, p(1) € Cp,)(A) and Rey*(to)(p(’c))’[“‘l € R*¥*([to, )7, R). Therefore, from part (ii) of Lemma 3.3, and
from (10), we get tlim Eje,Re,. (t)(P(7)) = 0. This proves (2).

Finally, part (3) follows from (1) and (2), and thus, the proof is completed. [
Lemma 3.7. Let ty € T and g € Cy([to, 00)7, C) is conformable exponential of order c. Then,
lim g(0Ee, () = 0, (11)
where z € Cy,(1)(C).
Proof. We have,

|{](t)E6az(t/ t0)| < MEC(tl t0)|Eea (t/ t0)|
= MEce,:(t, to)l (12)

for all t € [tg, 00) for some M > 0. Then by Theorem 3.6 (3), and letting t — oo on both sides of (12), we get
11). O

3.2. Conwvergence of the conformable Laplace transform.

In the following theorem, we give conditions for the absolute convergence of the conformable Laplace
transform.

Theorem 3.8. Let g : T — C is rd-continuous function of exponential order c. Then, the conformable Laplace
transform L,{g(t)}(z) of g(t) exists for all z € Cy (1)(c) and converges absolutely.
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Proof. We have,

t
| [ Eestoto, gones

t
< f [Eo-(o(), ) (D] A"
to
t
<m f
to
Eceaz(t/ tO)

¢
- M]t; 1+ p(t)zte1

Mft Ecez,Re“*(,U)(z)(t/ tO)
- 1+ u(t)Rey, to)(z)t“"‘1

— Rey.t,)(2)]
p(to)

E A%t
[ RE(L, tg)(Z)] f 1 +y(f)R€y (tg)(z)ta T canRey, 1) (t,to)

Eeaz (tr tO)
1+ u(t)zte1 <(t:fo)

A%t

_ m f [C S Re# (to)(z)] cOqRey, (’0)(2)(t to)A t
0

(0() o
(¢, to)A*t
" e Rey (to)(Z)]f cenkey. o) 10)

" |p@ ; 1
[C - Re:“»(fo)(z)] CSaRey. 1) (2) ( 0) — ]

Taking t — oo and using Theorem 3.6, we get

[Lalg(D}(2)] =

t
| Eeto s
to
M
S —
Rey,1)(z) — ¢
forall z € Cy (c). O

3.3. Conformable Laplace transform of some elementary functions

The conformable Laplace transform of some elementary functions found using Definition 3.2 are given
in the Table 1.

Table 1: The conformable Laplace transform of some elementary functions

L9 Lig®i@) |

1 1
Eq(t, to) =
Sina (t/ tO) 2102
cos,(t, o) 2;2
sinh,(t, ty) T
coshy(t, to) T

4. Fundamental properties

In this section, we discuss some elementary properties of the conformable Laplace transform

1706
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Theorem 4.1 (Linearity). Let, g1,9, : T — C are rd-continuous functions with conformable Laplace transforms
Lalg1(ONz) for z € Digr} and Lo{g2(H)}(2) for z € Dig,} respectively. Then, for constants ay and a,

Lalarg1(t) + a292(D}(2) = a1 Lalg1(D}(2) + 22La{g2(H)}(2)
forall z € Dig1} N Dig»}.
Proof. The proof follows directly from Definition 3.2. [J
Theorem 4.2 (Shifting property). Let w € T, w > 0, the unit step function H,(t) is defined as

0 if teTN(—o0,w)

Ha®) = {1 if t €T N[w, o),

and g : T — C is rd-continuous, then Lo {H,(t)g()Nz) = Eo,z(w, to)Lalg(t)}(2).

Proof.

2 10)e) = f Ee,(0(8), toyHu (Dg(DAL

to

—_ “ Eeﬂz(t, to) R
- jt; 1+ u(t)zte-! Ha(Bg(BA"t

_ ® Eeaz(t/ tO) a
B fw 1+ p(t)ztal At
_ foo ]Eeuz(t a))Eeaz(w t())
- 1+ u(t)zte-1

Eg .(t, a))
= Bo.:(@, tO)f 1+ u(t)zte- TT (a1

g(t)A%t

= Eo (@, h) f Ee,.(0(8), @)g(DAt
= Eo (@, 0)alg(D)2).
[l

Theorem 4.3 (Transform of integrals). If g : T — C is regulated, then
t 1
€ f gOIAY)z) = ZLlg®)@),
to
forall z € R*(T,R), provided tlim Eg, (¢, to) ft s gAYy = 0.

Proof. Consider, G(t) = ft: g(y)A%y for t, tg € T. So, GW(t) = g(t) and G(tp) = 0
Then,

2 ACHIE) = f Ee,.(0(8), k) GOA®
fo

N D O
_ f Lol g v
b 1 + p(t)zte

1 -z
=—= —— T, (£, to)G(H) A%t
| e s
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Il
N | = NIH N | =

©nz Eg - (t, 1)) G(H) A%t

S L (f, to)G(H A"t

[(Boct, 0)G(B)” ~ o 2(0(8), )G (D)%

NI»—\

L -6 - [ Eatott, i) G0t

to

1 00
:Eft; Eg,-(o(t), to)g(t) A"t

= 2L 90)2).
O

Theorem 4.4 (Transform of conformable derivative). Assume that g : T — C is rd-continuous such that
g9 : T — C is rd-continuous, and lim e, - (t, to)g(t) = 0, then

(1) Lafg)(2) = 2Lalg(H)(2) = g(to).
(2) Lulg @ ()H2) = 2Lalg(B) (@) — 2g(to) — 9 (ko).
Proof.
(1) Lalg (1)) (2) = f " Eo-(0(0), t)g (DA
f [ tto>g<t>) — GBSt to)]A%t
= [Bo.e(t, o)y )], f gOES (¢, o)At

to

= —g(to) - f 90 64 2 oot o)A

to

= —!J(to)—jt; gt )[WE@Z(E o)At

“ E@ Z(tr tO)
)z [ gl

= gto) +z f Ee,.(0(8), to)g(DAL

= 22,{g())(@) - g(to).

@) Lalg™ (H)(2) = f Ee,(0(), f0)g™ (DA%t
to

) ff (st g @) - g0 Bt A%
0
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[Be.(t, to)g* (t)] f gE) 60 2 B, (8, to) A"t
_g@ _ @O —= (W) ay
49to) ft ()(Hy(t)ml) © (4, o)t

(a
2(t, to)
—g@ @222 7 77
g (f0)+2ft0 <>1+M(t)zta 1

gt) + 2 f Ee,.(0(t), to) g (DAL
t

0

—g (ko) + 22,91 (2)

—7(to) + 2[2Lalg(1)} @) - g(to)]
= 22Lg(0)2) - zg(to) — 9 (ko).

More generally, we have
n-1
Lalg)z) = 2" Lalg(O}) = )20 Dg (ko).
j=0

O

Theorem 4.5 (Initial and final values). Let g : T — C have the conformable Laplace transform £,{g(f)}(z). Then
g(to) = lim z8,{g(t)}(z), and tlim g(t) = lirr01 z8,{g(t)}(z) with tlirn Ee,-(t, to)g(t) = 0, provided the limit exists.

Proof. We have
Llg V(D)) = 28algM)(@) — g(to)

Now, as z — oo on both sides, we get

lim £,(g}(2) = lim 224{g()}(2) - lim g(to)

Thus, lim z€.{g(t)}(z) = g(to)-

Again, for z — 0, we get

lim €,{7(1)(2) = lim 22, {g(1)}(2) - lim g(t0);

lim [ g*(DEe,:(0(t), to)A"t = limzLa{g(H}(z) - g(to);

z—0 fo

[ son = tim 20010 - ooy

to
lim g(t) = lim 22, {g()(@).
O

4.1. Convolution

In this section, we discuss the concept of conformable convolution on time scales, and prove the
convolution theorem for our proposed transform.
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Definition 4.6 (Conformable convolution). Let g : T — C is rd-continuous function of t*, and h : T — C
is piecewise rd-continuous and conformable exponential, then the conformable convolution of g and h denoted by

(g *o h)(t) is given by,
t
(7m0 = [ g0, 0P

Theorem 4.7 (Convolution). Let g : T — C is rd-continuous function of t*, and h : T — C is piecewise rd-
continuous function having conformable Laplace transforms L,{g(t)}(z) and L. {h(t)}(z) respectively. Then,

Lal(9 %0 1)(B)@) = Lalg(t)}@) - Lath(DN(2)

Proof.

Lal(9 %0 B)O)2) = f " Bo 000, to)| (g %0 2)(1)] A

to

00 t
= f [ f g(f“,G(T“))h(T)A“T]lEeAz(a(t),to)A“t
to to

= fm h(’t)[ mg(t“,a(T"‘))IEeaz(a(t), to)A"‘t]A“’r
to

a(1)

- [ o Ao o) ate
= [ ofEe @, et

- f Ee(0(2), i) h(D)AT Lalg())(2)
to

= (gt (2) - Lath(t)}(2).
O

5. Application
In this section, using conformable Laplace transform, we solve linear conformable dynamic equation.

Example 5.1. Solve the following conformable dynamic equation.
Y = Ay(t) (13)
with the initial condition y(0) = yo.

Applying the conformable Laplace transform on both sides, and using Theorem 4.4, we get

LAy (D)) = LalAy(B)(2);
28a{y(D))(2) = y(0) = ALy (D)} (2);

Loty @)z = A) = y(0);

Laly(D)E) = Yo
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Applying the inverse conformable Laplace transform on both sides of the above equation, and using results
from Subsection 3.3, we get

y(t) = yoEa(t, 0).
Note that, for 7 = R, Equation (13) is linear conformable fractional differential equation 7,{y}(t) = Ay(t)
with the initial condition y(0) = yo, and its solution is y(f) = yogﬁ%

Conclusion

In this study, we generalized the conformable Laplace transform on time scales. The asymptotic decay
properties of the generalized exponential function on time scales are discussed, and using them the condi-
tions for the absolute convergence of the transform are given. Together with some fundamental properties,
the concept of conformable convolution and the convolution theorem are given. The applicability of our
proposed transform is shown by solving a linear conformable dynamic equation.
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